




3 3679 00061 7896 

BNWL-1562 AOPG 
UC-32 

OPS: RISK ANALYSIS IN CAPITAL INVESTMENT AND DEVELOPMENT OPPORTUNITIES 

R. W. Legan 
R. L. Engel 

Systems Engineering Department 

May, 1972 

BATTELLE 
PACIFIC NORTHWEST LABORATORIES 

RICHLAND, WASHINGTON 99352 



TABLE OF CONTENTS 

SUMMARY . 

LIST OF FIGURES 

LIST OF TABLES 

INTRODUCTION . 

DISCUSSION . 

Alternative Analytical Methods. 

OPS Program . 

Probability Distribution 

Monte Carlo . 

Program Details. 

Sample Runs of the OPS Program. 

ACKNOWLEDGEMENTS 

REFERENCES . 

APPENDIX A: RANDOM VARIABLES AND DISTRIBUTION 

Beta Distribution . 

APPENDIX B: NEWTON-RAPHSON ALGORITHM 

APPENDIX C: INPUT FORMATS. 

DISTRIBUTION 

i i 

Page 

i i i 

iv 

v 

4 

4 

7 

8 

10 

11 

17 

26 

26 

A.l 

A.8 

B .1 

c .1 

Di str-1 



.. 

BNWL-1562 AOPG 
UC-32 

OPS: RISK ANALYSIS IN CAPITAL INVESTMENT AND DEVELOPMENT OPPORTUNITIES 
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SUMMARY 

Decision makers are constantly faced with the problem of analyzing 

the potential profit of a proposed investment or with the choice between 
alternative courses of action. The more commonly used methods for such 
analysis are discussed as well as their individual advantages and dis 
advantages. A common shortcoming of all past methods has been their 
failure to provide an indication of the risk inherent in a given invest
ment; while a project may indicate a certain rate of return, no analysis 
is provided to show the probability of actually realizing that return . 

A computer program, OPS, was developed by Battelle-Northwest to 
perform such a risk analysis. This program uses the Monte Carlo method 
to determine probability distributions for the calculated rate of return, 
present worth, and benefit-cost ratios for investment opportunities. The 
logic flow of the program is described as well as its input/output 
characteristics. A sample problem is also included. 

The theory of random variables and their application to probability 
distributions is discussed. The Newton-Raphson algorithm for the solution 
of the rate-of-return polynomial equation is explained. Detailed user 
instructions are also included. 
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R. L. Engel 

Decision makers always have been faced with the problem of choosing 

between alternative investment possibilities. To quote from a basic text 
on the subject: "The conduct of a business enterprise requires a suc
cessive series of business decisions--decisions between possible alterna
tives with reference to the future." 1 The success of management can be 
judged by its ability to make the optimum selection of alternatives 

through the accurate, subjective analysis of all pertinent factors. There 
are numerous published methods for performing such analyses. Some of the 
more common ones are the rate of return, present worth, and benefit cost 
techniques. 

Recently, including discount analysis in these various forms of 

economic analysis has become popular. It also appears that use of these 
methods may increase because of the desire to articulate difficult 
alternatives for public review. To simplify such review, there is a 
strong desire to apply a system that develops a single ratio or small 
group of numbers as a basis for meaningful decisions. Discount analysis, 

as practiced in the past, appears to offer a reasonable means of assist
ing in decision making with respect to relatively well developed alterna
tives for accomplishing fairly firm objectives, such as building a large 
standard design process plant in the industrial sector or a waterworks 
in the public sector. In these instances, the uncertainties involved 
generally are relatively small and can be accounted for through concepts 
of economic risk associated with classical private and governmental finan
cial resources and investment. 

This document is concerned with the inadequacy of applying these 

classical discount analysis methods to situations involving larger 

uncertainties, such as those related to introduction of new products 
into the market place, construction of new untested facilities, or 



prediction of events far in the future. In particular, two such areas come 

to mind: 1) evaluations of projects based on results from recent or future 
research and development and 2) evaluations of the worth of preserving 

facets of our natural environment. Often, evaluation of these areas has 
been considered to include intangibles beyond numerical quantification:. 
The careful scientific analyst, of course, has rationalized applying past 
methods of economic analysis in areas of uncertainty by adding suitable dis

claimers to the credibility of the results in each instance. However, since 
decisions involving these areas are evermore in the public eye, the danger 

of total misinterpretation of results is large. Often, during reporting 
to the public, disclaimers are withheld or omitted, and in the event dis
claimers are not omitted, there is a distinct danger of error in both direc
tions by the public either under- or overcompensating for the disclaimers. 
Perhaps, then, it is best to sum up that the disclaimers may be either lost, 
ignored, or misinterpreted. 

The degree of difficulty in making economic decisions can vary widely 
depending on the number of factors to be considered, the size of the invest
ment (and its attendant financing), and the economic lifetime of the project. 
It is axiomatic that a planner can predict with more accuracy and confidence 
near-term economic trends as opposed to those of the long term. The methods 
used by the decision makers will vary, then, with both the complexity and 
time span of the project. It is the intent of this document to describe 
some of the mor~ commonly used analytic methods, to discuss their strengths 
and weaknesses, and, finally, to describe a computer program which uses the 
Monte Carlo technique developed for neutron physics analysis to solve the 
complicated problem of determining the probability of realizing the calcu
lated returns. Such a solution assists the decision maker when evaluating 
competitive investments and by providing a description of the probabilities 
of success inherent in each of the alternatives. 

The various methods of discounted benefit cost analysis are described 
in the literature. While it is tempting to provide a thorough treatment of 
the subject in this report, we shall only briefly describe the salient 
features to acquaint the newcomer with discount analysis and, at the same 

2 

• 



time, provide a brief review for the more experienced reader. In essence, 

discount analysis is applied when numerous expenditures and receipts must 
be accounted for when making a decision and when the length of time involved 

is greater than a single accounting period, possibly as long as decades. 
Thus, discount analysis is involved with what are known as impressment 
expenditures; the crucial dimension that distinguishes them from other 
types of expenditures is the elapse of time; investments are made now in 
anticipation of future returns. Obviously, a sum received today is worth 
more than the same sum to be received tomorrow. For the sum received and 
invested today will grow in value by tomorrow; or, the sum received and 
spent today for a pleasure is spent on the basis that the pleasure of today 
is worth more than a larger pleasure tomorrow. Thus, in evaluating invest
ment projects, it is fundamental to consider the timing of returns on the 
investment and the amount of future return that imparts adequate future 
satisfaction so that the tendency to spend today for returns today is over
ridden by the satisfaction of anticipated returns. 

In extending the use of discount analysis, time is important in another 
sense because of the changing world. The conditions of the future may be 
different from those of today. This creates much uncertainty in both the 

future rates of return and future costs. The probability of realizing a 
desired return on an investment is quite dependent upon the probabilities 
of future returns and costs actually occurring. 

From an investment viewpoint alone, time has another importance in the 
sophisticated world of today because of inflation. A dollar invested today 
will be repaid by the inflated dollars of tomorrow. It is desirable to 
know the rate of return in terms of both today's and tomorrow's dollar so 
that a measure is obtained of the ability to realize a reasonable rate of 
return and also be able to replace the proposed facilities when they are 
obsolete. 
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The computer program, OPS*, has been designed to assist evaluation of 

these uncertainties related to future investment possibilities. Each of 
the cost flow items (installation costs, operating costs, incomes, etc.) used 

in the evaluation is expressed three times; as a most probable value, the 
least likely value, and the highest likely value. The code then calculates 
the probability distribution for the present worth, the rate of return, and 
the benefit cost ratio. This permits the evaluator to determine the proba
bility that any goal value for these economic parameters will be realized. 
Much better evaluation of investment possibilities should be possible in 
comparison to use of classical economic evaluations based on only use of the 
most probable values for the cash flow items. 

DISCUSSION 

Alternative Analytical Methods 

Probably the most easily understood method of investment analysis is 
the one using simple interest rate of return. If a $100 investment offers 
a net annual profit of $15, it can be said to be yielding a 15% return on 
investment. If the lifetime of the investment is short and if its size is 
small compared to the liquid assets of the company, such an analysis, while 
not elegant, may be adequate. Assuming that other economic alternatives 
possess the same time and size characteristics, a sound choice would be that 
option which yielded the greatest return on investment. 

This method of analysis has the obvious advantage of simplicity. Its 
disadvantages are great, though, when the investment size of one or more of 
the options becomes large, when the economic lifetimes of the alternatives 
become long, and when such items as cash flow and salvage value must be 
included. At this point the time cost of money becomes very important and 
to neglect it can cause gross errors. 

By using a sinking fund calculation, the depreciation of the original 
investment can be reduced to an annual amount. If this is the only invest
ment and if the revenues and expenses are uniform, a more realistic rate 

*OPS is the Roman goddess of the earth as the source of fertility and also 
the goddess of abundance and wealth in general. The name is appropriate 
for this code because of the abundance of data provided by the code and 
because use of the code should assist attainment of greater wealth. 
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of return may be calculated for it includes an allowance for the reinvested 
value of the depreciation account. This technique becomes impractical to 
use, though, when the annual cash flow items are non-uniform or when several 
capital outlays are required. It has the further disadvantage that the reve

nues accruing from the depreciation account are assumed to be reinvested in 
the business at the same rate of return as that used for the depreciation 
schedule. In order for this approach to be accurate, the depreciation rate 
used must coincide with the average before tax (revenues from depreciation 
accounts are tax exempt) return of all capital invested in the business. 

A more versatile rate of return calculation is called the internal
rate-of-return method. This method discounts all expenses and revenues 
and thereby fully accounts for the time value of money. The basic equa
tion for such a,n analysis is: 

c = 
Bl 

( l+r) 

where C = the initial capital investment 
B1 = net revenue in the first year 
B2 = net revenue in the second year, etc. 

+ ... 

When this equation is solved for "r" the resulting rate is called the 

internal-rate-of-return. Subsequent capital investments can be readily 
handled by this method by discounting them in the same manner as the 
revenues. This can be accommodated by combining net revenues and invest
ments in a given year. If, for example, B2 is redefined as the net reve
nue of the second year minus the capital expenditures of that year, the 
same basic equation may be used. 

The advantage of using this analytical method is that the results 

are independent of the size and timing of the required investment. If the 
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calculated rate of return is materially higher than the cost of borrowing 
capital, the investment is favorable; if alternatives are being analyzed, 
the one with the highest rate of return is superior. No decisions need to 
be made on the appropriate interest rate to be used. 

The chief disadvantage of this method is that it is essential that 

the revenues be reinvested at the same rate of return as calculated, if the 
results are to be accurate. If the indicated rate is near the average rate of 
return for all capital investment in the business, the probable error in 
selection on this basis is small. A second drawback to this technique is 
the fact that the solution of the basic equation for "r" involves an itera
tive technique; with a computer available, this is a trivial criticism. 
Lastly, the solution of a polynomial equation can give more than one answer. 
Usually extraneous roots may be eliminated by inspection. 

A modification of the same basic equation as discussed above may be 

used to find the net present worth of a project. In this case, though, "r", 
the present worth factor, is assumed--usually the current cost of capital. 
If B is defined as net revenue in a year minus any capital expense in that 
year, and if all terms are gathered on the right hand side, the sign of the 
sum indicates the desirability of the project. If the sum is positive, the 
present worth of the net revenues exceeds the present worth of the capital 
expenditures and the venture is profitable. It is said to have a positive 
net cash flow. Of two alternatives, the one with the greater net present 
worth is deemed superior. 

One advantage of this method over the internal-rate-of-return is the 
small inherent error induced by the interest rate used. For the present 
worth analysis to be accurate, it is only necessary that the annual revenues 
be reinvested at the assumed interest rate. If this is the current market
place cost of money, the only error induced will come from time fluctuations 

in this rate. If this method is used for selecting the better of two alter
natives of the same economic lifetime, t he errors will probably not be such 
as to change the validity of the decision. 
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Even though the use of a rate equal to the cost of borrowing money 
has technical merit, there are many arguments for using a rate equal to 
the average return on capital invested in the business. This, in essence, 

dictates that a new project must show profitability equal to the average 
of other company projects to be considered. There are further arguments, 
which are too abstruse to discuss at length here, which claim that all 
projects should not be analyzed with the same interest rate--the higher 
the risk or the larger the investment, the higher the interest rate to 
be used. 

There are many variations of the methods discussed briefly here. 

These include a commonly quoted one which is the benefit-to-cost ratio. 
This is usually the discounted revenues divided by the discounted costs. 

While all of the methods discussed here have unique advantages, they 
all share a single disadvantage. None of them gives an indication of 
the probability of a calculated return (or a net present worth) actually 
being realized from a given investment. Even though it is often necessary 

to guess at economic lifetimes and cash flows for many years in the 
future, the results from none of these analyses indicate the uncertainties 
inherent in the investment being considered. If the rate-of-return as well 
as the probability of achieving it could be calculated, the decision 
maker would have a much more satisfactory basis for selection. For 
example, if Project A indicated a 20% internal-rate-of-return, but only 
a 30% chance of achieving this return, while Project B showed a 70% chance 
of returning 15%, Project B might be selected--converse to the choice 
which might be expected if the probability data were not available. 

The following sections describe a computer program which was writ
ten to fulfill this need for analysis of the common economic indices, 
rate-of-return, net present worth, and benefit-cost ratio--all on a 
probabilistic basis. 

OPS Program 

A computer program, OPS, has been developed to present a comparative 
analysis of investment projects, as represented by a cash flow sequence. 

It estimates the probability distributions of calculated present worths, 
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present worth benefit-cost ratios, and rate of return. The investigator 

can use these distributions of the project value indicators to determine 
the probability that a project will yield the desired economic results. 
The technique used by OPS to arrive at these results is the Monte Carlo 
simulation technique. 

In the following section the Monte Carlo technique will be described 

as well as probability functions. The program details of OPS will be dis
cussed. Detailed instructions will be given for use of the program; and, 
lastly, sample calculations will be illustrated. 

Probability Distribution 

Suppose that an event is going to occur and that this occurrence can 
be measured somehow and the measurement will then be expressed by a number. 
Usually, the exact value of the occurrence will not be known; but often the 
set of all possible values can be described and each value in the set will, 
then, have some probability of being the one that occurs. This probability 
is represented by a number, which must be between zero and one, and the sum 
of the probabilities of all possible values equals one. A function that 
expresses this probability relationship is called a probability density 
function, and the set of all possible values is said to be distributed 
according to that function. 

Figure 1 shows three simple probability density functions. Figure la 
is called a uniform distribution, each value between 0 and 1 has equal prob
ability of occurring. If the event represented by this distribution were 
repeated a large number of times, each value should occur about the same 
number of times. Figure lb is a distribution in which the value l/2 is 

twice as likely to occur as either value l/4 or 3/4. Probability distribu
tions of various shapes can be used; the most common, known as the normal 
(or Gaussian) and which is always symmetric, is shown in Figure lc. The 
distribution used in the OPS Program is known as the beta distribution. It 
was selected because it is very versatile, can take on many shapes, and 
does not need to be symmetric. A more complete discussion of probability 
distributions, and in particular the beta distribution, is contained in 
Appendix A. 
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The events of interest in OPS are the items in a cash flow sequence. 

Future expenditures or incomes are not know exactly, not even the proba
bilities of possible values are known exactly. However, the most prob
able value and a likely range of possible values usually can be estimated. 
This range should be estimated so that the investigator is reasonably sure 

that the value will fall in this range. If a range were all inclusive, 
it probably would be too broad for useful analysis. Using the three 
input parameters, most probable value, lower likely value, and upper 
likely value, the OPS Program estimates a beta distribution which repre
sents the probability associated with each possible value in the selected 
range. The beta distribution parameters are determined from the three 
input parameters by a method known as matching moments, which is discussed 
in Appendix A. 

Monte Carlo 

Monte Carlo is a technique which has been popularized since the intro

duction of high-speed computers. It is a simulation technique that has 
been used extensively in neutron physics because the transmission of beams 

of neutrons through scattering media is a random process so complicated. 
that analytical solution is practically impossible. The technique is 
useful for simulating performance of other complex systems when the distri

butions of system input components are known or estimated. The technique 
estimates a distribution of system performance values. It has also been 
referred to as synthetic sampling or empirical sampling. 

The technique is based upon selecting a random value from a distri
bution of problem input values. To use this technique, each system input 
component is represented by a probability distribution. Then one value 
is selected randomly from each input component distribution. Treating 
these selected values as system components known with certainty, a system 
performance value is calculated. These sampling-calculating steps are 
repeated many times, always selecting new random values from each input 
distribution. The results from these many calculations are then summa
rized and plotted, resulting in an approximation of the probability 
distribution of the system performance. In the OPS Program, the system 
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input components are the items in a cash flow sequence and the system per

formance values are net present worth, rate-of-return, or benefit-cost ratio. 
Figure 2 is a flow chart of the monte Carlo technique as applied to a cash 
flow sequence by the OPS Program. 

There are tables of random numbers available for use in selecting 
values from the input component distributions, but with the calculational 
speed of modern computing equipment, it is more economical to generate 
random values. In practice this is a pseudo-random number set since it is 
generated by a systematic mathematical process, where randomness is 
defined with respect to the lack of any short-range correlation of digits 
or sequences of digits. The basic random number generator produces a 
non-repeating series of integer values from a large interval of values. 
These random integers are translated into real numbers whose frequency of 
occurrence will resemble the input parameter beta distribution of interest. 
The following four steps are required to make the desired transformation: 

1. Divide the random integer by the length of the range of 
integers, resulting in a uniformly distributed set of 
random real numbers. 

2. Transform the uniformly distributed values into a nor

mally distributed set of values symmetric about 0 with 
variance 1. (2) 

3. Several values from the normal distribution are trans
lated into a single value from a beta distribution on 
the interval between 0 and 1. (3) 

4. Translate to the proper interval. 

A single sample from this beta distribution might be any allowable value, 
but a frequency plot of values generated will resemble the proper beta 
distribution function when the number of samples generated is large enough. 

Program Details 

The OPS Program gives the user considerable flexibility as to the pro
jects that can be analyzed. First of all, a single project can be analyzed 
or two projects compared. When two projects are to be compared, they can 
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be analyzed independently and then the cash flow difference between the two 

projects can be treated as another cash flow and analyzed. Up to five pre
sent worth factors can be specified. Up to five end-of-project times can be 
specified. An inflation percentage can be specified. Finally, either dis

crete or continuous interest can be used. Usually interest is compounded 
a small number of times annually, such as quarterly. This corresponds to 
the discrete interest convention. If the compounding period gets smaller, 
such as daily, it is very nearly equal to continuous compounding, so the 
user has the option of using continuous interest. 

Table I is a sample of cash flow input data for two alternate pro
jects (A and B). A general listing of the input data for the code is 

presented in Appendix C. 

The OPS Program operates in the following manner: first the input 
parameters, consisting of the above option specifications and the cash 
flow values are read into the computer. Detailed input instructions 

are given in Appendix C. Three values are specified for each cash flow 
item, the most likely value, and the highest and lowest values of the 
range in which the user is reasonably sure the cost will fall. The most 
likely value is the value where the probability distribution function 

peaks. Each cash flow item is represented by a beta distribution in OPS, 
so the program first calculates the beta parameters (y,n) from the three 
input values, as described in Appendix A. 

Next, the computer selects a single value randomly from each dis
tribution. Then five (or three) economic attributes are calculated by 

use of these selected values: 

1. Net present worth (present worth benefits minus 
present worth costs). 

2. Present worth benefit-cost ratio. 

3. Rate of return (determined by the Newton-Raphson 

iterative technique discussed in Appendix B). 

4. Inflated benefit-cost (optional--whenever an 
inflation rate is specified by the user). 

5. Inflated benefit-cost ratio (also optional). 
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TABLE I 

Listing of OPS Input Parameters 

The Following Data is Input to This Program 
No. of Cash Flow Cards 10 

Project A Project B 
Year of Cost or Benefit Cost or Benefit 
Cost or Probable Minimum Maximum Probable Minimum Maximum 
Benefit Value Value Value Value Value Value 

Cash Flow 1 1.00 -1000.00 -980.00 -1030.00 -1000.00 -980.00 -1030.00 
Cash Flow 2 2.00 100.00 60.00 160.00 .00 -40.00 -60.00 
Cash Flow 3 3.00 400.00 340.00 490.00 100.00 40.00 190.00 
Cash Flow 4 4.00 300.00 220.00 420.00 200.00 120.00 320.00 

~ 

~ Cash Flow 5 5.00 200.00 100.00 350.00 200.00 100.00 350.00 
Cash Flow 6 6.00 100.00 -20.00 280.00 200.00 80.00 380.00 
Cash Flow 7 7.00 100.00 -40.00 310.00 200.00 60.00 410.00 
Cash Flow 8 8.00 100.00 -60.00 340.00 200.00 40.00 440.00 
Cash Flow 9 9.00 100.00 -80.00 370.00 200.00 20.00 470.00 
Cash Flow 10 10.00 100.00 -100.00 400.00 200.00 .00 500.00 

Future Cash Fl 0\'1 100.00 -120.00 430.00 200.00 -20.00 530.00 
Present Worth Factors 5.00 7.50 10.00 12.50 
Time Periods 10 
Rate of Inflation 3.00 

IN THE FOLLOWING CALCULATIONS END OF YEAR (DISCRETE) INTEREST IS USED. 
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The selected values read into the computer are assumed to be not inflated. 
Then for the calculations of inflated values, the inflation factor is 

applied to the random samples after which the present worth factors are 
applied. The three (or five) calculated values are stored and later used 
to describe the probability distributions for the calculated project attrib
utes. This random selecting--calculational procedure continues until con
ditions satisfying convergence control are satisfied. Convergence is 
tested every 100 simulations. Three convergence parameters are specified: 
a minimum number of simulations, a maximum number of simulations, and a 
ratio applied to the average present worth benefit-cost. That is, if lli 
is the average present worth benefit-cost, then convergence is satisfied 
when: 

1. -
ll· 1 

lli-1 
< ratio 

Usually a minimum of from 300 to 500 iterations and a maximum of 600 to 
800 iterations will yield adequate convergence for most problems. Within 
these limits, a convergence ratio of 0.005 should be specified. A 
minimum of 100 and a maximum of 2000 iterations are assumed if not 
specified. 

This simulation method is performed for each case, where a case is 

determined by an interest rate, a project end-time, and a project (either 
project A, B, or A-B). Three types of output are available for each 
attribute calculated for each use. Table II is the results of an OPS 
calculation based on the data of Table I and presents the following 
information for the calculation of the present worth: 

1. 

2. 
3. 
4. 
5. 
6. 

Number of simulation iterations. 

Average value of present worth. 
Standard deviation for present worth. 
Maximum value observed. 
Minimum value observed. 
Skewness estimate. 
Skewness is a measure of assymetry. 
If this value is less than 0, the distribution is skewed to the 
left (long left tail). If this value is greater than 0, the 
distribution is skewed to the right (long right tail). 
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TABLE II 

Typical Results of Present Worth Calculation 

Project A 

The Distribution of Present Worth (Benefit Minus Costs Discounted) at an Interest Rate of .00 
and thru the 10 Cash Flow Period 

The Sampling From the Beta Distribution of each Cost or Benefit (The Cash Flow Diagram) is 
Checked Every 100 Times and if the Percent Change is Less Than 0.5, The Sampling Stops 

Number of Entries in Table 300 
Average 5.9765278+02 
Standard Deviation .1485803+03 
The Maximum Value is 1069.58730 
The Minimum Value is 194.47788 
Skewness Estimate From f1oments .20902 

Skewness Estimate From K-Statistics .21042 

The Distribution is Skewed to the Right That is it has a Right (High) Tail 
Kurtosis Estimate From Moments 3.07823 
Kurtosis Estimate From K-Statistics 

The Distribution is More Peaked Than a Normal Distribution . 
3.09982 
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7. Kurtosis estimate. 
Kurtosis is a measure of peakedness. 
The normal distribution is used as a peakedness standard. 

If this value is greater than 3.0, the distribution is more 

peaked than a standard normal distribution; if less than 
3.0, the distribution is less peaked than a normal distri
bution. A flat distribution has a value of 1.8. 

Table III is a frequency table. This table presents, for several intervals 
of calculated values: 

1. The frequency 
2. The relative frequency (percent) 
3. Cumulative percentages 
4. Cumulative remainder (100 minus item 3) 

The cumulative percentage is a powerful analytical guide. It estimates the 
probability that the calculated attribute will be less than a certain amount. 

Table III may be suppressed by input parameter control. Figure III, which may 
also be suppressed by input parameter, is a histogram of the distribution 
and presents a graph of the probability density function of the calculated 
attribute. 

Sample Runs of the OPS Program 

The two fictitious projects described on Table I were selected to 
demonstrate the OPS analysis. Each project is represented by different 
cash flows, but both have a total cost of $1000 and a total benefit of $1500. 

The values for the two cash flows are repeated in Tables IV and V. These 
cash flow streams were input as the most probable cash flows into the OPS 
Program. Uncertainty associated with each cash flow item was specified as 
a function of the year (distance in the future) as follows: 

Minimum Value = Probable Value - Year Multiplied by $20 

Maximum Value = Probable Value+ Year Multiplied by $30 
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TABLE IV 
Project A Cash Flow 

Typical 
Calculated Generated 

Probable Minimum Maximum Average Average 
Year Value Value Value Value Value 

-1000 -1030 -980 1001.67 -1001.94 . . 
2 100 60 160 103.33 103.80 

3 400 340 490 405.00 405.15 

4 300 220 420 306.67 305.22 

5 200 100 350 208.33 212.36 

6 100 -20 280 110.00 109.82 

7 100 -40 310 111 . 67 116.71 
8 100 -60 340 113.33 113.54 

9 100 -80 370 115.00 111.73 

10 100 -100 400 116.67 121 . 27 

TABLE V 

Project B Cash Flow 

Typical 
Calculated Generated 

Probable Minimum Maximum Average Average 
Year Value Value Value Value Value 

-1000 -1030 -980 -1001.67 -1002.05 
2 0 -40 60 3.33 2.12 

3 100 40 190 105.00 105.45 

4 200 120 320 206.67 207.22 

5 200 100 350 208.33 209.45 
6 200 80 380 210.00 208.34 
7 200 60 410 211.67 218.86 

8 200 40 440 213.33 218.08 
9 200 20 470 215.00 219.46 

10 200 0 500 216.67 221.58 
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The column headed .. Calculated Average Value .. is the average value of the 

beta distribution representing the cash flow item. It is calculated from 
the probable value, minimum value, and maximum value as described in the 

discussion of matching moments in Appendix A. Note that this average value 
does not coincide with the most probable value. The column headed .. Gener
ated Average Value 11 is the average of the random values generated by OPS 
in the analysis of this sample problem. 

The OPS analysis of these two sample projects assuming no inflation 
is summarized in Tables VI and VII, and the 3% inflated analysis in 
Tables VIII and IX. Project A, which has earlier return, is clearly the 
superior project. 

The greatest advantage of this type of analysis over more conventional 
ones is the calculation of the probability of achieving a given success 
from an investment. For example, Project A indicates a 12.0% rate-of
return which might be an acceptable figure for some companies. More 
important, though, a company might want to know with a high degree of 
certainty that their investment would yield at least a 10% return. The 
OPS analysis shows that Project A fills this requirement while Project B 

does not. 
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TABLE VI 

OPS Analysis of Project 11 A11 

Interest Rates 
0% 5% 7.5% 10% 12.5% 

Average B-C 597.6 297.2 184.0 88.4 14.0 

Minimum B-C 194.5 -0.3 -68.8 -151 . 3 -161 . 2 .. 
Maximum B-C 1069.6 552.0 458.7 296.0 278.1 

Benefit/Cost 1.59 1.31 1.20 1.10 1.02 

Probability of 
Earning at Least 

-200 100 100 100 100 100 
-100 100 100 100 98.7 96.5 

0 100 99.8 98.2 86.7 55.2 
100 100 96.8 83.4 43.7 9.5 
200 100 79.0 41.8 10.3 0.5 

300 99.0 48.8 8.8 0 0 
400 89.8 17.0 0.8 0 0 
500 73.5 3.0 0 0 0 
600 49.0 0 0 0 0 
700 23.7 0 0 0 0 
800 8.7 0 0 0 0 
900 2.7 0 0 0 0 

1000 1.0 0 0 0 0 
1100 0 0 0 0 0 

Rate of Return Cumulative Probabilitl 

18% 1 
16% 6 

14% 29 

12.8% 50 

12% 65 

10% 87 

8% 99 
6% 100 
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TABLE VII 
OPS Analysis of Project 11 B11 

Interest Rates 

0% 5% 7.5% 10% 12.5% 

Average B-C 608.5 203.7 58.0 -49.1 -141.3 
.. 

r1i ni mum B-C 153 .l -131 . 4 -191.4 -293.2 -316.2 

Maximum B-C 1003.1 479.4 307.3 214.5 25.1 

Benefit/Cost 1.60 1. 21 1.06 0.95 0.84 

Probability of 
Earning at Least 

-400 100 100 100 100 100 

-300 100 l 00 100 100 99.6 

-200 100 100 l 00 97.6 80.6 

-100 100 99.7 95.5 73.0 28.6 

0 100 96.3 73.5 27.0 1.2 

100 100 84.0 33.0 3.4 0 

200 99.7 53.0 9.0 0.2 0 

300 98.3 16.3 0.5 0 0 

400 89.0 3.3 0 0 0 

500 73.7 0 0 0 0 

600 53.7 0 0 0 0 

700 32.0 0 0 0 0 

800 13.3 0 0 0 0 

900 3.0 0 0 0 0 

1000 0.3 0 0 0 0 

1100 0 0 0 0 0 

Rate of Return Cumulative PrQI:>~bil ity 

14% 0 

12% 3 

10% 30 

8.9% 50 

8% 67 

6 ~ 92 

4% 99 

2% 100 
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TABLE VII I 

OPS Analysis of Project 11 A11 With 3% Inflation 

Interest Rates 

0% 5% 7.5% 10% 12.5% 

Average B-C 837.8 469.0 329.0 211 .1 121 .0 .. 
Minimum B-C 317.0 106.6 16.4 -82.8 -94.3 

Maximum B-C 1428.6 807.0 666.8 470.1 445.4 

Benefit/Cost 1.81 1.48 1.34 1.23 1.13 

Probability of 
Earning at Least 

-100 100 100 100 100 100 

0 100 100 100 98.7 93.2 

100 100 100 98.2 88.3 56.8 

200 100 97.5 86.6 53.3 16.5 

300 100 89.2 61.0 17.0 2.0 

400 99.3 68.2 25.0 4.0 0.5 

500 98.1 41.8 6.0 0 0 

600 89.3 17.2 0.6 0 0 

700 76.2 4.2 0 0 0 

800 55.6 0.2 0 0 0 

900 39.0 0 0 0 0 

1000 17.2 0 0 0 0 

1100 8.2 0 0 0 0 

1200 2.7 0 0 0 0 

1300 1.7 0 0 0 0 

1400 0.3 0 0 0 0 

1500 0 0 0 0 0 
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TABLE IX --
OPS Analysis of Project 11 B11 With 3% Inflation 

Interest Rates 
.. 0% 5% 7.5% 10% 12.5% 

Average B-C 939.7 424.6 238.0 l 02.0 -15.5 

Minimum B-C 372.8 4.86 -70.5 -195.8 -233.1 

Maximum B-C 1429.9 777 .l 554.4 412.2 184.2 
Benefit/Cost 1. 91 1.43 1.25 1.11 0.98 

Probability of 
Earning at Least 

-300 100 100 100 100 100 

-200 100 100 100 100 99.2 

-100 100 100 l 00 98.6 83.4 

0 100 100 98.2 86.6 46.2 
100 100 99.3 87.5 47.6 6.6 
200 l 00 95.3 61.2 17.6 0 
300 100 81.7 29.8 2.4 0 

400 99.7 58.7 10.2 0.4 0 
500 98.8 29.7 1.2 0 0 
600 96.0 9.0 0 0 0 

700 86.4 2.0 0 0 0 
800 73.8 0 0 0 0 

900 57.0 0 0 0 0 
1000 40.3 0 0 0 0 

1100 23.5 0 0 0 0 

1200 12.3 0 0 0 0 

1300 3.8 0 0 0 0 

1400 0.8 0 0 0 0 

1500 0 0 0 0 0 
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RANDOM VARIABLES AND DISTRIBUTIONS 

The discussion of random variables and distributions that follows will 
be relatively brief and is designed to serve only our purposes here. Our 
objective is not to teach mathematical techniques although a few mathe
matical concepts must be introduced. The reader should be aware that we 
are only touching on the topics mentioned, and he is referred to any 
good book on statistics or probability for a more complete treatment. 

Our particular problem is one of representing the results of a deter
mination in terms of the likelihood that certain results or sets of results 
will occur. Mathematicians tend to express everything ultimately in terms 
of set theory. The basic concept in our case becomes then the set of all 
conceivable outcomes of the experiment, and this set is called the sample 
space. This space is thought of as consisting of points, each of which 
represents a certain outcome. For example, if an experiment consists of 
tossing a penny twice and observing heads or tails, the sample space con
sists of four points which can be represented by the symbols {H,H), {H,T), 
(T,H) and (T,T), where H designates heads and T designates tails. 

For the moment, let us suppose that the sample space is discrete, that 
is, it contains only a finite number of points or an infinite number which 
can be counted (that is, the positive integers 1, 2, 3, ... ). Associated 
with each point in a discrete sample space is a number which we call the 
probability that the outcome represented by that point will occur. There 
is no reason to define this beyond specifying that these probabilities are 
non-negative numbers whose sum is one. 

Next we need the concept of a random variable, which is a function 

defined on the sample space to the real numbers. To the many readers who 
find this kind of abstraction unexciting at best, we hasten to point out 

that it is sufficient here to think of a random variable as a symbol for 
a number which is going to be produced by an experiment or determination. 
Once produced, the number is, of course, no longer random, and is called 
a realization, or instance of the random variable. The word random 
applies to the process that produces the number, rather than to the 
number itself. 
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To put these ideas together lets go back to the penny tossing experi

ment and define the random variable R as the number of heads occurring in 
the two tosses. Clearly the random variable R can take on just three values; 
0 for no heads in two tosses, 1 for one head in two tosses and 2 for two 
heads in two tosses. Further, if the probability of tossing a head is 0.7 
and the probability of tossing a tail is 0.3 we can associate a probability 

with each point in the sample space and consequently with each value of R. 

Sample Space: (H,H) (H, T) (T,H) (T,T) 

Probability: 0.7(0.7)=0.49 0.7(0.3)=0.21 0.3(0.7)=0.21 0.3(0.3)=0.09 
Value R: 2 1 0 

Therefore the 11 probability function 11 which describes the distribution of 
the random variable R is easily written as: 

p{X) = Pr(R=X) for X= 0,1,2 

p(O) = Pr(R=O) = 0.09 
p(l) = Pr(R=l) = 0.42 
p(2) = Pr(R=2) = 0.49 

The function p(X) which describes the distribution of a random variable 
is called a probability density function. A random variable is also charac
terized by a related function called its cumulative distribution function 
(or simply distribution) P(X), defined by 

P(X) = Pr(RsX) 

read, 11 the probability that R is less than or equal to X. 11 For the coin 
tossing example, the cumulative distribution function is easily derived as: 

P(O) = Pr(R~O) = 0.09 = p(O) 
P(l) = Pr(Rsl) = 0.51 = p(O) + p(l) 
P(2) = Pr(R$2) = 1.0 = p(O) + p(l) + p(2) 

The relationship between the probability density function and the 

cumulative distribution function for a discrete random variable is obvious. 

Although it may be possible to express all problems as discrete prob
lems, this would often be highly inefficient. For example, an experiment 

A.2 

.. 



may have as its outcome the position of a needle on a meter. The possible 

outcomes are from a continuum, as opposed to a discrete space. If the scale 
on the meter runs from 0 to 100 and it can be read at best to a tenth of 
a unit, then it is true that there are just 1,000 distinguishable positions 
of the needle, and these make up a discrete sample space that could be used 
to study the experiment. It is usually easier not to use the discrete 
model when there are so many points in the space. 

When the sample space is not discrete, the concepts of probability, 
random variable, and distribution are developed in an analogous way, but 
the procedure for doing so requires the use of measure theory. We shall 
not go into this, but simply define a random variable as a quantity R 
characterized by a distribution 

Pr(R~X) = P(X), 

where P(X) is any function of a real variable satisfying the conditions 

(1) P{-co) = 0 
(2) P( co) = 1 
(3) P(X) S P(X+a) for a>O. 

In the discrete case, R can take on only a set of values x1 , x2 , x
3

, ... 

and the situation is described by the probability p(X1) that R is equal to 
X;· This probability function tells the whole story. In the nondiscrete 
case this is usually not possible, but when P(X) is differentiable, the 
derivative P'(X) plays a role analogous to that of the probability function 
and so is written p(X) and again called the probability density function. 
The relation between these two functions may be expressed by 

or by 

P(X) = P'(X) = ~ P(X) 
dX 

X 

P ( X) = Loop ( t) d t 
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since 

P(X) = Pr(R~X), it follows that 
b 

Pr(a~R~b) = P(b) - P(a) = Jap(t)dt. 

These ideas may be more apparent by considering Figures A.l through A.4. 

To relate these ideas to the problem at hand we need first to consider 

the notion of a random number generator. A random number generator is a 
mechanism by which we can produce a random sample from a completely defined 
distribution of numbers. A random sample of size n is a set of realizations 
or instances of the random variable X defined by the distribution P(X) such 
that every possible sample of size n has an equal chance of being selected. 
In actual operation the random number generator produces a sample of size 
n by successive samples of size one. 

Suppose we are considering the cost of building project. In estimat
ing the total cost of the project it is logical, if not necessary, to parti
tion the project into units which are fairly independent in a cost sense. 
A partitioning of this nature could include such things as excavating, 
electrical wiring, sheet metal work and landscaping. Now if the cost of the 
ith unit is estimated to be Ci then the estimated cost of the project can 
be defined as: 

where k is the number of units. 

k 

CT = 2:: Ci 

i=l 

Here it is important to recognize that while the estimate of the cost 
of the ith unit is obtained by considering the best information available, 
there are still a number of factors either overlooked or not anticipated 
which can cause the true cost when actually incurred to deviate from the 
estimated cost. This, of course, will in turn cause the true cost of the 
project to deviate from the estimated total cost. This fact can be used 
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THIS FIGURE IS SIMPLY A PICTURE OF THE PROBABILITY DENSITY 
FUNCTION p(X). THE AREA UNDER THE CURVE COMPUTED AS 
!~00p(X)ax IS ONE IN ORDER FOR p(X) TO QUALIFY AS A 
PROBABILITY DENSITY FUNCTION. 

FIGURE A.l 
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THE SHADED AREA UNDER THIS CURVE IS P(a) DEFINED AS: 

P(a) = Pr(X<a) = fap(t)dt 
- 00 

FIGURE A. 2 
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p(X) 
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THE SHADED AREA UNDER THIS CURVE IS P(b) 
DEFINED AS: 

P(b) = Pr(X b) = !b p(t)dt 
- -oo 

FIGURE A.3 

a b 

THE SHADED AREA UNDER THIS CURVE IS 

X 

X 

P r ( a < X < b ) . B Y C 0 M P A R I N G F I G U R E S 2 , 3 , _: r. j 4 I T 
BECOMES CLEAR THAT: 

Pr(a :X<b) = P(b) - P(a) = Ib p(t) dt - fa p(t)dt 
-oo - oo 

= ~~ p(t)dt 

FIGURE A. 4 
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to enhance the cost analysis of the total project if, at the time we are 

assigning a probable cost (Ci) to the ;th unit, we can identify a point 
C~ which the cost of the ith unit is not likely to go below and a point C~ 
which the cost is not likely to go above. Obviously 

1 2 c. $ c. ~ c .. 
1 1 1 

Now if we think of the cost of the ith unit as a random variable then 
the numbers C~ and C ~ described above will define a continuous sample 

1 1 
space. Further, if the probability density function pi{X) describes the 
distribution of numbers for the sample space so defined, we then have a 
completely defined distribution of numbers and a random number generator 
provides us an efficient sampling mechanism. 

Before looking at how these ideas are used to perform an analysis of 
total project cost lets examine two specific probability functions which 
we have chosen to describe the distribution of unit costs. 

Normal Distributionl 

Many random variables in physical situations are distributed in such 
a way as to have (at least approximately) the probability density function 

p(X) = cr r2TI 
2 

(X-~) (-oo<X<oo) cr - 2 , 
2cr 

1. The normal curve was first discovered by A. De Moiure (1667-1754), a 
French mathematician and it was published in 1733 in a privately 
printed pamphlet. He obtained it while working on certain problems 
in games of chance which were proposed to him by the gamblers of his 
day. Actual statistical use of the normal curve began with the work 
of the famous mathematical astronomers, Laplace (1749-1827) and 
Gauss (1777-1855), each of whom derived it independently and pre
sumably without knowing of De Moiure•s treatment. They found 
that it represented very well the errors of observation in the 
physical sciences. Since that time, experience has shown that it 
serves quite well to describe many of the distributions which arise 
in the fields of biology, education, and sociology. Much of the 
theory of statistics is built around it. 
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where ~andcr are real numbers, the latter positive, and X runs over the 
real numbers. Such random variables are said to have the normal, or Gaussian, 

distribution. The distribution of a normally distributed random variable 
depends upon two constants, which are called parameters and they are repre

sented in the above expression by the symbols ~ and cr . 

The normal curve is bell-shaped and is symmetrical about the line 

X = ~ as shown in Figure A.S. The distribution of a normally distributed 
random variable is completely determined by identifying the values of the 
two parameters ~ and cr . Mu(~) is the location parameter and its value 
determines the position of the curve along the X-axis. Sigma (cr) is the 
scale parameter and its value determines the width of the normal curve. 
Its value is the distance from ~ to the points of inflection (there is a 
point of inflection on each side of ~ and it is the point where the curve 
breaks over from concave to convex). Figure A.6 shows several normal curves 
which are located at the same place (same value of ~) but different values 
of cr. Figure A.7 shows several normal curves with the same value of cr but 
different values of the location parameter ~. 

Note that for smaller values of cr we have a larger proportion of values 
of the random variable located near the center point ~· This makes the 
normal curve appear more peaked. The degree of peakedness of a probability 

distribution curve is referred to as kurtosis. Regardless of the combination 
of values of ~ and cr the normal curve retains its characteristic bell-shaped, 
symmetrical appearance. 

Beta Distribution 

The beta distribution is a useful probability model for random variables 

whose values are limited to a finite interval. The beta probability density 
function defined over the interval from zero to one is 

r(y)n 
p(X) = ffYl"fn 

y-1 1 
X (1-X)n- , (O~X~l, O<y, O<n) 

where r{y) represents the gamma function of any number and is defined by 

r(y) = !o
00

ty-le-tdt. 
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p(X) 

p(X) 

X 

X = J.l 

FIGURE A.5 
A Normal Distribution 

a = 2.0 
I ~___<" / I ~~ 111r X 

J.l = 0 

FIGURE A.6 
Normal Distributions With Constant J.l 
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p (X) 

~ = I ~ = 2 ~ = 3 

X 
FIGURE A.7 

Normal Distributions with Constant a 

The beta distribution, like the normal distribution, depends upon two param
eters which are represented in the above expression by the symbols y and n. 
Unlike the normal distribution which has a location parameter and a sca1e 
parameter, but no shape parameter, both parameters of the beta distribu-
tion are shape parameters. What this means is that with the proper choices 
of values for the parameters y and n we cah generate a wide variety of dis
tributional shapes. This is illustrated in the following sequence of 
pictures (Figures A.8 through A.lO). 

When y>l and n>l the distribution is single peaked with peak at the 
point X = · {y+--ll) . For n>y>l the beta distribution is positively skewed 
~ 

meaning that the curve is asymmetric with the tail pointing in the positive 
X direction. For y>n>l the curve is negatively skewed with the tail point
ing in the negative X direction. For y~n>l the beta distribution is 
symmetric. 

When y<l and n<l the beta distribution curve is U shaped as shown in 
Figure A.9. The skewness statements made above still apply. The curve is 
symmetric for y=n. 
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Beta Distributions with y<l and n< l 
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Beta Distribution with y<l and n~l. 
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For y<l and n~l the beta distribution is reverse J shaped as shown in 
Figure A. 10. This is the extreme example of positive skew. Similarly when 
y>l and n<l the beta curve is J shaped which implies extreme negative skew. 

For our problem we have chosen the beta distribution to represent the 
distribution of unit costs largely because of the wide variety of shapes 
available using this distribution. In evaluating the costs of the unit 
factors we will find that quite often, for a variety of reasons, the cost 

of a unit factor is more likely to deviate from the estimated value (Ci) in 
one direction than another. Suppose we have estimated the cost of excava
tion (CE) and in evaluating our estimate in terms of assigning lower (C~) 
and upper (C~) bounds we come to the conclusion that should the true cost 
deviate from the estimated cost it is more likely to cost less than what 
was estimated than it is to cost more. If we now think of the cost of ex
cavation as a random variable the distribution which describes the random 
variable would need to be skewed since a symmetric distribution would imply 
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that the true cost could deviate from the estimated cost in either direc

tion with equal probability. The beta distribution allowed us to skew the 
distribution in the required fashion. 

The normal distribution is included largely because it is easy to 
work with. It can also be used to describe the distribution costs where 
the required distribution is symmetric. 

Choosing between normal and beta for symmetric intervals, the upper 
and lower bounds (which have been identified using superscripts 1 and 2) 

on the cost of a unit factor as well as its estimated cost ( 11 most probable 
cost") play a particularly important role since not only do the bounds 
on the cost define a sample space, but the three numbers together supply 
enough information to obtain values for the parameters of either the 
normal distribution or the beta distribution. A brief discussion of how 
this is done is contained in a footnote. 2 

2. The following information is available: 

Ci 
dl) 

1 

c(2) 
1 

- the estimated 11most probable .. cost of the ith unit. 

- an estimated cost less than Ci chosen in such a way as be 
certain that the actual cost of the ith unit is not likely 
to go below it. 

- an estimated cost greater than Ci chosen in such a way as 
be certain that the actual cost of the ith unit is not 
likely to go above it. 

If the normal curve is to be used to describe the distribution of a 
unit's cost then the location of the distribution is estimated simply 
by setting 

)..I=C .• 

This implies that the sample spac~ defined by the points C~ and c? 
is symmetrif abo.~;t the 11 most probable 11 point Ci. This means simph 
that Ci - Ci = Cl - C;. The scale parameter is estimated by 
a$suming that 9!1%of the distribution is contained in the interval 
C~ ~ X ~ Cf. This, together with the fact that for a normal 
d1stribution approximately 99% of the distribution is contained in 
the interval )..1 - 3cr < X < )..1 + 3cr allows us to compute an estimate 
of a by substituting-Ci for )..1, equating the endpoints of the two 
intervals and solving for a()..l could be computed in this way also). 

A. 13 



Footnote 2 (Cont.) 

(J = 
1 c. - c. 

1 1 
3 = 

2 c. - c. 
1 1 • 
3 

The beta distribution parameters are more difficult to compute. We again 
assume that 99% of the distribution is contained in the interval 
c1 ~ X ~ Cf. The mean and variance of the distribution can be estimated 
as follows (the mean and variance of a distribution are now terms and they 
will not be defined beyond pointing out that the mean is the first moment of 
the distribution about zero and the variance is the second moment about 
the mean). 

mean = 
1 2 C. + 4C. +c. 
1 1 1 

6 

variance = [1/6 (C~- C~)]2 
1 1 

These computations are familiar from the PERT analyses (Ref. 4) and jus
tification is available from a number of sources. These calculations yield 
so-called sample moments and these numbers are then equated to the 
population moments which are functions of the parameters y and n for which 
we are trying to obtain estimates. The equations can be written as: 

2 1 
= Ciy + Cin 

1 2 c. + 4C. + C. 
1 1 1 

6 Y + n 

and [1/G(c~ _ cl)l2 = (c~ - cj)
2 

rn 
1 2 (y + n) (y + n + 1) 

We have two equations and two unknowns and the solution yields the 
following: 

for 

Y = An 

n = 36A 
(A+ 1)3 (A+ 1) 

A = 
1 2 5C. - C. - 4C. 
1 1 1 

1 2 C. - 5C. + 4C. 
1 1 1 

This method of estimation is called 11 matt;hjng moments 11 and is well 
described in the statistical literature.~3J 
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We now have all that is needed to perform a cost analysis of the pro

ject. For each of the unit factors we have an estimate of the "most prob
able" cost (C.) along with estimate of cost intervals for each factor. 

1 
With the appropriate choice of distribution (normal or beta distribution) 
estimates of the distributional parameters follow as indicated above. This, 
of course, requires that we think of the unit costs as random variables 
distributed according to the distributions estimated above across the 
selected intervals. This information can be summarized as follows: 

Unit Probable 
Factor Cost 

1 cl 

2 c2 

3 c3 

n en 

Lower Cost 
Limit 

cl 
1 

cl 
2 

cl 
3 

cl 
n 

Upper Cost 
Limit 

c2 
1 

c2 
2 

c2 
3 

c2 
n 

Estimated 
Probability 
Function 

P1(x1) 

P2(X2) 

P3(X3) 

Pn(Xn) 

For each unit we now have a completely defined distribution of numbers. 

Under these circumstances an appropriate random number generator can be 
used to obtain random samples from these distributions and the samples 
can in turn be evaluated in an attempt to understand the variability in 
total project cost. The procedure for doing this is straight forward. 

Total project cost was defined as the sum of the costs of a number 
of unit factors. Now using the random number generator and the above 
indicated information for each factor, we obtain a random sample of 
size one from each of the distribution of numbers. That is, for each 
factor we obtain an instance of the random variable (factor cost) defined 
by the appropriate distribution function. These numbers are then com
bined into an estimate of project cost. This procedure is repeated 
k times with the following result. 
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Let Xij designate results of sampling from the unit cost distributions . 
The subscript i is used to identify the factor sampled(i=l,2, ... , n). The 

subscript j is used to identify the sample (j=l,2, ... ,k) . By our defini
tion of project costs we have: 

n 

yj = L 
i = 1 

X •. 
lJ 

(i = 1,2 , ... ,n) 

(j = 1,2, ... ,k) 

The k estimates of total project costs obtained in this fashion is in fact 

a sample from the distribution of project costs . At this point we can 
attempt to fit a distribution to the sample results so obtained , compute 
probabilities, and do a variety of statistical analyses. 
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NEWTON-RAPHSON ALGORITHM 

If a cash flow sequence has several terms, the rate of return equation 
will be a polynomial of higher degree. No easy formula exists to find the 

roots of higher degree polynomials, so an iterative technique is used. This 
iterative process is known as the Newton-Raphson method. The geometric 
significance of the Newton-Raphson iteration (for real roots) can be seen 
by consideration of Figure 8.1. 

::r: 
l
ex:: 
0 
3 

+ 

1- 0 
z: 
1..&..1 
(/') 

1..&..1 
ex:: 
CL 

THE ROOT 

FIGURE B. 1 

A Newton-Raphson Iteration 

INTEREST RATE 

Assume that the present worth as a function of the interest rate is 
represented by the curve in Figure B.l. The algorithm starts by assuming 
the root, r 1. The value of the present worth and the functions slope is 
calculated and then we move along the straight line representing the slope, 

represented as line A8, of the curve to obtain the second guess, r 2. This 
procedure is repeated until the newest guess is essentially the same as the 

last guess: 
r
4 

= (1 + £)r3 

8.1 



where the root is approached as a limit when £ approaches zero. On the 

average, this algorithm took four iterations to get within 0.2 percent 
of the root . If multiple roots exist, this algorithm could have diffi culty 

in finding a root. If the root finding technique is not converging when 
the OPS program is used, this fact is printed out and this data point is 
eliminated for just the rate of return calculation. 
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INPUT FORMATS 

The following input data cards are required by the OPS Program. For 

all cards except the last two, those columns preceding the first parameter 
can be used for comments. These comments are printed in the output list 

of input parameters . 

Card 

1 

2 
to 
N+l 

N+2 

N+3 

N+4 

Columns 

29-30 

16-20 

21-30 

31-40 

41-50 

51-60 

61-70 

71-80 

21-80 

20 

30-39 

40-49 

50-59 

60-69 

70-79 

15 

Mode 

Integer 

Real 

Real 

Real 
Real 

Real 
Real 

Real 

Real 

Integer 

Real 

Real 

Real 

Real 

Real 

Integer 

Value 

N = the number of cash flow cards that follow 
this card 

Year of cost or benefit. This is the time 
used in the present worthing and inflation 
expressions. This number does not need to 
be an integer value. 

Probable cost or benefit (Project A) 

Minimum cost or benefit (Project A) 
Maximum cost or benefit (Project A) 

Probable cost or benefit (Project B) 
Minimum cost or benefit (Project B) 

Maximum cost or benefit (Project B) 

Six 10 character values as in the previous 
card. Expected cash flow extended for 
each year after the N values input above 

Number of interest rates to consider. 
Maximum is 5. 

Interest rate in percent 

Interest rate in percent 

Interest rate in percent 

Interest rate in percent 

Interest rate in percent 

Number of end of projects to be 
considered. Maximum is 5 
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Card 

N+5 
N+6 

Col umns 

16- 20 
21-25 
26-30 
31 -35 
36-40 

19- 26 
1-3 

Mode 

Integer 

Real 
Alpha
betic 

Value 

Index of the number of cash f l ow cards that 
represents the end of project . These indices 
may be larger than N, the number of cash flow 
cards, in which case the future cash flow (card 
N+2) is repeated for each additional year. 

Rate of inflation (percent) 
Type of interest CON for continuous END for 
end of year 

The last two cards use the free format concept. Each numeric field may be 
in any columns. Each field is separated by a comma. 

Card 

N+7 

N+8 

Field 

2 

3 

4 

1 

2 

3 

Mode 

Integer 

Integer 

Integer 

Interger 

Integer 

Integer 

Real 

Value 

Which project to start analysis 
1 = Project A 
2 = Project B 
3 :: Project A-B 

Which project to end analysis 
1 = Project A 
2 = Project B 
3 = Project A-B 

Frequency table print control 
0 = Don't print 
1 = Do print 

Histogram print control 
0 =Don't print 
1 = Do print 

Minimum number of samples in hundreds. That is, 
if 5 is specified, at least 500 random numbers 
will be generated 

Maximum number of samples in hundreds 

Ratio for convergence test. If p . is the 
average present worth for i hundred samples, 
convergence test is satisfied if: 

1 p. 
• - 1 < Ratio 

p . 1 1-
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