IS-1730

MASTER,

TID-
4500, Margh 1, 1967

UNITED S
TAT
ES ATOMIC ENERGY COMMI
SSION

Reséarch
and Develo
‘ pment Re
port

MEASUREM
dEaey ENTS OF SO
(AL TELATE IN TSIz avp
N VERSION COEF A
NT-CRYSTAL MFICIENTS
CHROMATOR Hie

E N- a

November 1967

This report was prepared as an account of Government sponanred work. Neither the United
States, nOT the Commission. nor any person acting on pehalf of the Commission:

A. Makes any warranty oF represemxﬂon. expreased or implied, with respect 10 the accu~
racys comp\eteneas. or usefulness of the information contained in this report, OF that the use
of any {nformation, apparatus, method, OF process disclosed in this report may not infringe

ts; or
B. Assumes any 1iabilities with respect 0 the use of, or for damages resulting from the
use of any {nformation, apparatus, method, oF process disclosed in this report.

disssmh\nws, or prov!des access 10, any informsﬁon pursumt to his amp\oymem. or contract
with the Commission, or his emp\oyment with such contractor.

Ames Laboratory

at

Iowa State
Uni :
I‘fl.lVI—CIrSItY of Science and 1
Cont. Spedding, Direcré e
ract W-7405 eng 8§r

DISTRIBUTION OF THIS DOCUMENE 1§




DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency Thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States
Government or any agency thereof.



DISCLAIMER

Portions of this document may be illegible in
electronic image products. Images are produced
from the best available original document.



ii
s 1S-1730

This report is distributed according to the category Physi -
as listed in TID-4500, March 1, 1967, gory Physics (UC-34)

-

LEGAL NOTICE

This report was prepared as an account of Government sponsored work,
Neither the United States, nor the Commission, nor any person acting
on behalf of the Commission:

A, Makes any warranty or representation, expressed or implied,
with respect to the accuracy, completeness, or usefulness of
the information contained in this report, or that the use of any
information, apparatus, method, or process disclosed in this
report may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for
damages resulting from the use of any information, apparatus,
method, or process disclosed in this report.

‘As used in the above, ''‘person acting on behalf of the Commission"
includes any employee or contractor of the Commission, or employee
of such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates,
or provideés access to, any information pursuant to his employment or
contract with the Commission, or his employment with such contractor.

A

Printed in the United States of America
: Available from
Clearinghouse for Federal Scientific and Technical Information
National Bureau of Stahdards, U.S. Department of Commerce
‘ Springfield, Virginia 22151
Price: Printed Copy $3.00; Microlicha 0. 65

ot ivmer L L i nermswmieinia




IT.
III.
Iv.

TABLE OF CONTENTS

ABSTRACT -

INTRODUCTION

A. Definition of the Internal Conversion Process

B. Remarks About Internal Conversion Coefficients

C. Experimental Methods of Measuring Internal Conversion
Coefficients '

D. Some Experimental Methods of Measuring Gamma-Ray

Relative Intensities

THEORY OF THE LINEAR LEAST-SQUARES SCINTILLATION METHOD

. EXPERIMENTAL EQUIPMENT AND METHODS

MEASUREMENTS AND RESULTS

A.

Internal Conversion Coefficients of the E2 Transitions

170 166 S

in Yb™. " and Er

1. 1nterna1 conversion coefficient of the 84.3-keV

transition in Yb170' ‘
2. Internal conversion coefficient of the 80.6-keV

transition in Er166

3. Discussion of the E2 internal conversion coefficients

170 166

in Yb and Er

Internal Conversion Coefficients in Hf180

1. Analysis of the Hf180

X-ray and gamma-ray spectrum
2. Results and discussion -

K Internal Conversion Coefficients in Gd155

1. Analysis of the Gd155 X-ray and gamma-ray spectrum
2. Results and discussion :
Relative Intensities of the 104-, 142- agd 246-keV

Gamma Rays in Eu?®

Page

18
23
38

38

38
49

56
57

59
71

76
76

84

86

3 cy By G s b Coet et Loa ot b At Eo AL S d e T S ke s g (it



VI.
VII.
VIII.
IX.

iv
1. Analysis of the Eulss
2. Results and discussion
E. Concluding Remarks

LITERATURE CITED
ACKNOWLEDGMENTS

gamma-ray spectrum

APPENDIX A: EFFECTS DUE TO SOURCE WIDTH AND POSITION

APPENDIX B: CALCULATION OF THE EFFICIENCY OF THE NAI CRYSTAL

APPENDIX C: . DERIVATION OF THE ERRORS ASSOCIATED WITH THE

LINEAR LEAST-SQUARES PROCEDURE

APPENDIX D: FLOW CHART AND REVISED COMPUTER PROGRAM

Page
87
90
96
98
103
104

110

121
137

_,
K|
S

f;a

G A S R S SO LR AR
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MEASUREMENTS OF SOME GAMMA -RAY RELATIVE INTENSITIES
AND INTERNAL CONVERSION COEFFICIENTS USING
A BENT-CRYSTAL MONOCHROMATOR

Gez;ald C. Nelson and E. N. Hatch

ABSTRACT

The X-ray and gamma-~ray relative intensities were measured

170 166 180m 155 155
f , u

from the decay of Tm  , Ho , H E and Sm with a

bent-crystal monochromator and a linear least-squares computer

program. The K-shell internal conversion coefficients were deter-

170 166. The K-shell con-

170
w

mined for the E2 transitions in Yb and Er

for the 84. 3-k‘evV transition in Yb as

version coefficient, OlK,
'determined to be '1 .-43:1:0. 04 while the K-shell internal convérsion co-
efficient for the 80. 6-keV transition in Er166 was determined to be
1..72+0.06. .The results for these 2+ —>O+ fransitions are five percent
higher than the theoretical values fo'r these transitions. From the

rclative intensities of the transitions in I—Ifl 80 it was possible to deduce

a valuce for the total intcrnal conversion coefficient for the 93.3-keV

93
T

conversion electron intensities of Edwards and Boehm and the present

transition of « = 4.91%0.23. Using the previous measurements of

measured gamma-ray relative intcnsities, internal conversion coef-

ficients for all the other transitions were obtained. The present

*This report is based on a Ph.D. Thesis submitted by Gerald C.
Nelson, November, 1967 to Iowa State University, Ames, Iowa.
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measurements of o, for the 215.3~, 332.5- and 443.8- keV E2

K

transitions are 11 percent lower than the theoretical values, while

O for the 93.3-keV E2 transition agrees closely with the theoretical

value. These results are in close agreement with the previous mea-

surements of Edwards and Boehm. The present value for oo for the

501 =kcV transition agrees ¢loscly with the theoretical Oy for an K3
” %

multipolarity. From the X-ray and gamma-ray relative intensities of

155

the transitions in Gd and the previous measurement of the ratio of

K conversion electrons for the 86- and 105-keV transitions of Subba
Rao, it was possible to determine the K conversion coefficients for the

86- and 105-keV transitions of aK = 0.43%+0.06 and aK = 0.23%0.03.

"These results are in agreement with the theoretical values for pure El

transitions. The relative intensities of the 246-, 142- and 104-keV
gamma rays following the decay of 22 minute Srn155 were determined .
with improved pfecision in order that they might be used to determine

accurately the conversion coefficients for these transitions.



I. INTRODUCTION

A. Definition of the Internal Conversion Process

Below 1-MeV the principal processes by which an excited nucleus can
make a transition to a lower energy level are gamma-ray emission and inter-
nal conversion. In the first process the nucleus emits a gamma ray with

energy equal to the transition energy,
N*-»N-+y

where N* is the nucleus in the excited state, N is the nucleus in the lower
energy state and y is the emitted gamma ray which-has an energy equal to

the transition energy. In internal conversion the nuc]ear transition energy
is transferred to one of the orbital electrons by a direct interaction be-
tween the e]ectron and the charged nucleons. The electron is then ejected
from the étom with an energy equal to the nuclear transition energy minus

the binding energy of the electron.

* -
- NHze '+ M(Z-1)e +e continuum

E =E

e = Eyxy - F

binding

where N* +Ze is the excited nucleus with Z electrons, N + (Z-1)e is the

nucleus in the lower energy state with Z-1 electrons, e is the

continuum
ejected electron in the continuum, Ee is the energy of the ejected electron,

EN*—N is the transition energy and E

ejected electron.

binding is the binding energy of the

/
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Following the ejection of‘an internal conversion electron, the atomic
electrons will readjust, and an outer electron will fill the vacancy. The
energy difference is carried off by one of two proces;es. The first and
predominant process is the emission of an X-ray which - will have an energy
equal to the difference between the binding energy of the shéi] in which the
vacancy occurred and the bfnding energy of the. shell from which the outer
eiectron came. The other process by which energy is carried off following
internal conversion is. the emission of a second electron called an Auger

electron. The resulting atom is ionized in two shells. The energy of the

emitted electron is approximately given by

E (KXY) = E (K) - E (X) - EX (Y) = E (K) - E¥ (X) - E (Y),

where K, X, and Y are respectively the shell from which the internal conver-
sion electron is ejected, the shell from which the K shell is filled, and
the shell from which the Auger electron is emitted. EX (Y) is the electron
bindihg energy of the Y shell in an atom with chargé Z ionized in the X
shell.

For a given transition the internal conversion coefficient, a, is de-
fined as the ratio of N, the number of internal conversion eleciruns

emitted per unit time, to NY, the number of gamma rays emitted per unit time,

Q

n
2"02
<

The internal conversion coefficient for a particular shell or subshell is

defined similarly. For the K shell - Ct
. N
e

a = N ® -
Y o !



where NZ is the number of internal conversion electrons emitted from the K
shell per unit time. The total internal conversion coefficient is the sum

of the 1nterna1'conversion coefficients of the individual shells.

aT = aK+0LL+0LM+...

B. Remarks About Internal Conversion Coefficients

The 1nterna1.conversion coefficients depend strongly on five para-
meters; the shell in which the conversion occurs, the transition energy, the
atomic’number, the angular moméntum change and the parity change between the
initial and final nuclear states. Internal Conversion coefficients always
increase as the transition energy decreases. They normally increase with Z,
and always increase as the angular momentum, L, increases. To a large ex-
tent, internal conversion coefficients are independent of detailed nuclear
structure. This makes it possible to obtain information about the spin and
' périty of the nuclear transition by comparing the experimentally determined
conversion coefficients with those theoretically predicted.

When the nuclear angular momenta for initial and final states are J;

and Jf, the emitted gémma ray can have any angular momentum-L fur which

= |g.-d. €<
00 = |35-0gl€ <00,

The electromagnetic transitions are classified as electric ZL, EL, or mag-

netic’ZL, ML, if the parity change between the initial and final nuclear

)L (_1)L+l

states is (-1)" or » respectively.

The internal conversion coefficient is in general a mixture of




conversion coefficients of pure angular momentum L

where ) a = L
L

The a, represent the fraction of total gamma rays emitted with angular mo-
mentum L. For a given type of multipole, the relative intensity for multi-

poles with L and L+2 is .given by (1)

where R is the nuclear radius and A is the wavelength of the radiation. For

9. Therefore, the

A = 200 and.Es= 511-keV, one gets a ., / a = 3.2 x 107
mixture can be restrfcted to two multipoles. Assuming parity conservation
in electromagnetic transitions, and from the parity selection rules, if the
" parity changes in the transition, only electric multipoles of odd order or
magnetic multipoles of even order can occur. If the parity remains the
same, only electric multipoles of even order or magnetic multipoles of odd

order can occur. For example, if Ji = 1 and Jf = 2, and the parity does not

change

ay = alaK(Ml)+azaK(E2),

and




Similarly,

§L~; alaL(Ml)+a2a
where L now denotes the L shell. These two equations can then be solved for
the mixing ratio
2 . a, aK(Ml) - aK/aL aL(Ml)

a, qK(EZ) - aK/aL aL(EZ) ?

where ag/o) is the measured value, and aK(Ml), aL(Ml), aK(EZ) and aL(EZ)

are theoretical values. If either Ji or J. = 0, then L = aJ, and the tran-

£
sition consists of 6n1y one multipole. Therefore, direct comparison can be
made in this case between the experimental conversion coefficient and the
theoretical conversion coefficient.

Rose (1) and Sliv and Band (2) have tabulated internal conversion coef-
ficients as a function of atomic number and transition energy. These tables
have been calculated taking into account screening effects and finite nu-
.clear size. A uniform charge distribution is used inside the nuclear volume
and a Thomas-Fermi-Dirac potential is used outside the nuclear volume.

By allowing the nucleus to have a finite nuclear size, the electron
wavefunction is modified since the electron moves in the field of an ex-
tended charge distribution. This is the so-called static effect because it
depends only on the nuclear density. Also, the electron spends a fraction
of its time inside the nucleus where it probes the details of the nuclear
charges and currents. This is the dynamic effect. If this penetration term

is ignored, the conversion coefficient depends only on the electron wave-

function. Rose (1) has calculated conversion coefficients for the K, Lys




and L1 shells including screening and static effects. His Li11 convérsion
coefficients include only screening, and'his M coefficients are calculated
for a:poinﬁ nuc]eu; without écreeﬁing. STiv and Band (2) have calculated
conversion coefficients for the K and L shells including sﬁreening, static
effects, and dynamic effects. For the dynamic effects, they assume a uni-
form surface current density.

The dynamic effect is usually small since the electron spends so little
time inside the nucleus. However, Church and Weneser (3) have pointed out
that there are transitions for which the gamma-ray matrix element is greatly
inhibited, whf]e the nuclear penetration matrix element may have its unin-
hibited value, In cases where the penetration terms are not important, the
errors in the tabu]atéd values are about three pércent (1).

Convers1on coefficients in isotopes in the highly deformed regions are
of particular 1nterest for showing nuclear structure effects These regions
are A = 23, 150=A=190 and A>230. In these regions the transitions may be
highly retarded over single par#ic]e estimates, and conversion coefficients
'fof these hindered transitions méy deviate considérab]y from those predicted

by theories which do not take into.accodnt the detailed nuclear structure.

C. Experimental Methods of Measuring Internal Conversion Coefficients

Subba Rao (4) has recertly written an extensive review article on the
methods for measuring internal conversion coefficients. All of these
methods have areas where they are applicable. It is often necessary to pjck
the method most suitaB]e for the particular internal conversion coefficients

under investigation. Only those methods most widely used for high precision
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will be mentioned here.

In the internal-external conversion method a beta-ray spectrometer is
used to detérmine the internal conversion electron relative intensities.
The gamma-ray relative intensities from the same source are then determined
by the external conversion method, which will be described in Section D of
the Introduction. The internal conversion coefficients can then be deter-
mined from the ratios of the electron iﬁfensities to the gamma-ray intensi-
ties. Internal conversion toefficienté have been measured to five percent
with this method (5, 6).

It is possible, -in cases where there is only one gamma-ray transition,
to determine the K internal conversion cbefficient by measuring the ratio’
of N§; the number of K X-rays emifted following internal conversion to the
NY number of gamma rays. The K internal conversion coefffcient ay, €an

then be calculated from

G T N v Equation 1

where wy is the probability. that a vacancy in the K shell is filled under
emission of K X-rays, and it is called the fluorescent yield of the K shell.
The values of w, have been determined by fitting the observed data fo a
semi-empirical formula. These values have been-tabulated by Wapstra et

al. (7).

In some cases it is more convenient to measure the total transition
rate, N{+Ne’ by’observfng the rate of emission of particles which uniquely
feed the transition. This can be done by gating the spectrum from the tran-

sition of interest by another particle which is in coincidence with that

-



transition. Then, along with either NY or N,, the total conversion coeffi-
cient can be determined.

Relative internal conversion coefficients can be determined from the
ratios of relative internal conversion electron intensities and relative
~gamma-ray intensities. If a norma]fzation constant can be determined, ab-
solute conversion coefficients can be calculated. The internal conversion
electron relative intensities can be medsured to a few percent with magnetic
beta-ray spectrometers. Gamma-ray relative intensities are often known to
no better than five or ten percent. ‘Thus, to determine accurately internal
conversion coefficients with this method, the gamma-ray relative intensities
must be measured to ffve percent or less.

The present investigation is concerned with the accurate measurement of
gamma-ray and X-ray re]atiVe intensities and the appiication of these accu-
rately determined intensities to the determination of internal conversion

coefficients.
D. Some Experimental Methods of Measuring Gamma-ray Relative Intensities

Three methods have recently been used to obtain gamma-ray relative in-
tensities with high accuracy. They are photoelectric conversion, crystal
diffraction, and least-squares analysis of scintillation spectra.

Hultberg (8) has described in detail the photoelectric conversion
method. In this method gamma rays, whose .intensities are to be measured,
pass into a converter, a substance with a high atomic number, which is
mounted in the source position of a magnetic beta-ray spectrometer. The
gainma Fays eject K, L, and M electrons from the atoms in the converter. The

energy of the electrons is given by




E =E

e Y—E Equation 2

binding’
If the resolution is good and the converter not too thick, the shape of the
distribution of photoe]ectrons.yielded from the K shell will approximate

the shape of the transmission curve of the spectrometer. The procedure is

to take a series of counts at a sufficient number of settings of the magnetic
field to determine the profile of the liﬁe. If the number of counts re-

ceived per unit time at the field B is N, and since the momentum interval

accepted by a magnetic spectrometer is proportional to Bp, it follows that

N (Bp) d (Bp) = (N/Bp) d (Bp),

where n (B ) is the number of counts per momentum interval. A plot of N/B

vs; Bp 1s made. The area under the line is

Tine (N/Bp)-d (Bp) = const t, (E ) f (E) =A

K ( Y Y 2

~where T, (E ) is the photoelectric cross section from the K shell and

f (EY) is the fraction of all K photoe]ectrohs at energy E detected by the
spectrometer. The f (EY) depends on the particular source and the converter
geometry and is very difficult to determine.

For this method,. intense thin sources are needed. This method takes

advantage of the high resolution of the beta-ray spectrometer. Using this

‘method, gamma-ray relative intensities can be measured to about five percent.

The crystal diffraction method has been used by Lind et al. (9), Hatch
(10), Bergvall (11), and Edwards and Boehm (12). In this method, a bent-
crystal spectrometer is set at a. diffraction maximum for a particular

gamma ray. The intensity of the gamma ray is then proportional to the
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counting rate (13). Corrections must be made for absorption of the gamma
ray§ in the air path between the source and detector, for the absorption of
the cover of the detectbr, the half life of the source, the efficiency of
the detector, the absorption of the gamma rays in the source itself, the
absorption in the source container, the absorption in the diffraction
crystal, and the energy dependence of the reflectivity of the diffraction
crystal. The density of the source matéria] is sometimes not known well
and can contribute a large error. Also, unless an extensive study is made
of the reflectivity of the diffraction crystal, a rather large error could
be introduced byvassuming an analytical expression for the energy depen-
dence of the crystal ref]éctivity.“

Edwards (13) has carried out an extensive study of the reflectivity of
the diffraction from the (310) planes of a 2mm thick quartz crystal and has
measured gamma-ray re]ative'intensit%es with an uncertainty of less than
five percent. For very weak gamma rays this method is often the.only one

available for intensity measurements. Because of the solid angle and the
.poor efficiency of the diffraction crystal, source strengths from 0.1 curies
to several curies are needed; This method takes advantage of the high reso-
lution of.the bent-crystal spectrometer.

The least-squares scintillation method has been applied extensively to
activation anaiysis as well as gamma-ray relative intensity measurements.
This method has been developed by.Reyno]ds (14), Trombka (15, 16), Heath
(17), Ferguson (18), Salmon (19), Parr and Lucas (20) and McWilliams "(21).

A detailed discussion will be'given of the linear 1east-squafes method since

it is basically this approach which was used in the present investigation.
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The procedure used in this method is to expose a NaI(T]) crystal to
. the source under investigation. The resulting light pulses are converted
to electrical pulses in a photomultiplier and these electrical pulses are
amplified and fed into a multichannel analyzer to obtain a counts vs. pulse-
height spectrum. From a library ofiresponse functions for monoenergetic
- gamma rays, an interpolation is made to determine the response of the Nal
(T1) crystal for the particu]ar'energie§ contained in the source under in-
vestigation. A computer_program is then applied to determine the gamma-ray
re]étive intensities. | |

The Tlinear least-squares method for determining gamma-ray relative in-
tensities assumes that the complex gamma-ray pulse-height spectrum is a
linear combination of response functions due to the presence of gamma rays
of various energies.

The response fuhctions depend on the various ways that gamma rays
interact with the detector material. Below 1-MeV there are two ways in
~ which gamma rays interact with matter. ‘They are photoelectric absorption
and Compton scattering. Photoelectric ;bsorption is most important at low
energies (below 500-keV) and Compton scattering is most important at higher
energies (above 500-keV). Photoelectric absorption occurs when a gamma ray
transfers all of its energy to an electron by ejecting the electron from a
K, L, or M shell. The energy of the electron is given by Equation 2. After
the electron is ejected from the atom, an outer shell electron will fill the
vacancy causing emissﬁon of an X-ray or Auger e]ectron as described in
Section A of the Introduction.

Compton Scattering is the process in which a photon interacts with an

essontially free electron by transferring part of its energy to the electron
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and scattering in such a way as to conscrve energy and wmomentuir.  The

energy, E;, of the scattered gamma ray will be

‘ E
E = — ,

1+ M%Q (1 - cos o)

where © is the angle of the scattered gamma ray makes with the original di-
rection of the gamma-ray photon and EY is the energy of the incoming gamma
ray.

In NaI(T1), the eléctrons'which‘have gained energy by photoelectric
_absorption or Compton scattering give rise to light pulses. The decay time
of the light pulse in the crystal is longer than the interaction time of the
gamma ray. Therefore, a gamma ray may be scattered several times and photo-
e]ecfrica]]y absorbed before the light pulse decays. To a first order ap-
proximation, the intensfty of the light is proportional to the energy which
the gamma ray loses in the crystal. A response function of a NaI(T1) detector
.té a monoenergetic gamma ray of 444-keV is shown in Figure 1. It consists
vof a photopeak and the Compton continuum. The photopeak corresponds to the
full energy of the incoming gamma ray regardless of the manner in which it
trénsfers energy to the electrons. The maximum energy for the Compton scat-
tering occurs when the gamma ray scatters through 180 degrées, and it is

given by

where EC is the maximum energy for Compton scattering, EY is the energy of
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the incoming gamma ray and Mc2 is the rest mass df the electron.

Another feature which becomes evident below 100-keV is the iodine es-
cape peak. Figure 2 shows a photopeak‘and an iodine escape peak for a 57-
keV gamma ray. The escape peak is due to iodine X-rays escaping undetected
from the NaI(T1) crystg] following photoelectric absorption.

The number of counts in the photopeak of each monoenergetic response
functioﬁ is related to the intensity.of'the gamha ray by

w -“idi
Ni = Ii t . e &1Pi (22),

where Ni is the number of counts in the photopeak of gamma ray i with energy
Ei’ Ii is the number of gamma rays of energy Ei emitted per unit time, t is

the time the detectdr is exposed to the rqdioactiye source, w is the solid
angle subtended by the crystal, e-ujdiis the fraction of gamma rays not ab-
sorbed before reachiﬁé the .crystal, € is the efficiency of the crystal, and
Pi is -the ratio of the number of counts in the photopeak to the total num-

ber of counts in the response function. Thus,

-u.d.

Ii Ni e JjJj esP. ‘
St JJ Equation 3
I. N, _-u.d. . ,

J - e i eipi

The efficiency as a function of energy has been tabulated (23) for ceftain
~geometries or it can be calculated. The absorption coefficients, u, for the
various materials between the source and detector are also tabulated (24,
25). The photopeak to total ratios must be experimentally determined in a
scatter free geometry. for the given source to cr&sta] distance. The photo-
peak area is used in the method of Trombka (15, 16) to determine the gamma-

_ray intensity because it is least affected by scattering. The problem has
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been thus reduced to determining Ni/Nj'

It will be shown in Section II that the sum of the squares of the dif-
ference between the experimental gamma-ray pulse-height spectrum and a
Tincar combination of the normalized gamMa—ray response functions will he
a minimum when the Ni's are'the coefficients of the Tinear combination.
Thus, a computer program to determine the best least-squares fit can be
applied to determine ‘the Ni‘s. |

To obtain the needed monoenergetic response functions, the photopeaks

-of the measured monoenergetic emitters are fit with Gaussians. The full

width at half maximum is then determined as a function of energy. The shape
of the Compton. continuum is'a1so determined as a fanction of energy. From
this an interpolation is made to determine the count rate for each channel
for the particular energy desired. A computer program is then used to de-
termine Ni/Nj' The only corrections which are necessary are the enekéy
dependence of the efficiency of the detector and the absorption of the ma-
terial between the source andvthe detector.

This method e11mjnates many of the corrections involved in the crystal

diffraction method and the external conversion method. Using this method,

~gamma-ray relative intensities have been measared with errors of three to

fifteen percent. One serious disadvantage of this method is the 1imited
number of monoenergetic-emittets. This often necessitates interpolation
over a large energy range. ”

The method wsed in the present investigatioﬁ was developed by Brown
and Hatch (22, 26)f 1t dses the bette; features of the least-squares scin-

tillation method and of the crystal-diffraction method. Basically it con-

sists of measuring the monoenergetic response functions of the gamma rays
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of tha sowrce under investigation with a bent-crystal monochromator. A
very thin line source is then placed on the focal circle of the bent-crystal
‘spectrometer, and the diffraction crystal is remoVed. The collimator and
detector of the spectrometer are rotated Qnti] a maximum in counting rate
is observed. The composite pulse-height spectrum is then recorded in a
multichannel analyzer. A linear 1east-squafes computer program is applied
to determine the relative intensities of the gamma rays. Brown and Hatch
(26) found that the total response function could be used to determine the
gamma-ray intensity Father than the photopeak area. This was due to the
effectiveness of the collimator in reducfng background. Thus, it was not
necessary to know the photopeak to total ratio. They redefined the Pi's in
Equation 3 to be the curve to total ratio. The curve to total ratios cor-
rect for the counts between zero energy and the energy at which the fitting
procedure began. The Pi\s were experimentally determined.

In summary, the present method experimentally measures the monoener-
~getic response functions for the gamma rays contained in the source under
investigation. A linear least-squares analysis is then carried out to de-
termine the relative iﬁtensities of the gamma rays contained-in the ob-
served pulse-height spectrum; Corrections are then applied for the effi-
ciency of the detector, the absorption between the radiocactive source and

the detector and the curve to total ratio.
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II. THEORY OF THE LINEAR LEAST-SQUARES SCINTILLATION METHOD

In this section the equations for the least-squares procedure will be
derived following the method of Trombka (15). Let the composite gamma-ray
pu]seiheight spectrum be represenfed by R (i =1, ..., C) where R, is the
total number of counts in channel i due to all Q gamma rays, and C is the
number of channels used to record the composite spectrum. Let ain (n=1,

..» Q) be the number of counts in channel i of a normalized monoenergetic
gamma-ray response function of energy E, normalized so the area under the
response function is unity, i.e. Z ;. = 1. Let Bn be the area in the com-
plex spectrum.due to a gammd ray ;f ehergy En. Let X; be the independent
random error in channel i due to statistical fluctuations in Ri' Then, if

the a].n are assumed to be known without error,

el
|

g a. B +x,
i inTn

or

X: =R, - %'aian . L Equation 4
=] "

Now, assuming that the error X3 is random, it can be shown (27, pp. 16-20)

-

that the probability P; that there.will be an error X; which lies between

X; and X; ¥ dxi is given by

p. = . - € T dx; 5 Equation 5
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where °1(R1) is the standard deviation of R.. The probabjlity P that C

errors will be observed such that x 1is between x, and X, * dx, and x, 1is

between x

) and X, + dx2 ... and Xc is between XC and xC + dxC will be a

product of C terms like Equation 5, since the measurement in a given chan-

nel is independent of the measurements in the other channels.

o
1
=
—
o
i
4
—

C
1 i '
le 7 Gy G dx, Equation 6

2
2m oi(Ri)

The principle of maximum probability states that the most probable values

of the Bn are those values which maximize P. P is a maximum when

C x?
i

{21 262(R.

i=1 201‘R1)
is a minimum. Substituting Equation 4 into this expression we are led to
minimize

(Ry - g a. B )?

p21 inon

Equation 7

with respect to Bk‘ Taking partial derivatives with respect to the Bk and

setting them equal to zero we are led to

-2) (R, - . B )(a,
B_U-=o=§ (-2) (R, nglam )asy)




20

¢ ‘
= 121 Z% (Ri) Equation 8
These are the normal equations. Fetting wy = 03 %Rj) and i = 350 the
normal equations become
C C g
izl a5 wR, -121 CHE L a; B = 0. A Equation 9
Rewriting Equation 9 in mgfrix notation we have
(ATWA)B = ATWR
or
B = (ATwA)"! ATWR - Equation 10

for ATWA nonsingular. In this equation A is a C X Q matrix, W is a Q X Q

diagonal matrix with the weights on the diagonal, R is a C X 1 column matrix
and B is a Q X 1 column matrix. The relative intensities can then be calcu-
lated by substituting B, = N, in Equalion 3.

One of the major advantages of the Tinear least-squares method is that
it enables one to obtain the standard deviation fn the gamma-ray relative
intensities. The derivation of the standard deviafions of the Bi's will
be found in Appendixlﬁ along with the derivation of the equation used as a

figure of merit. Only the results of these derivations will be quoted

here.

e o AW W 0 b e MO o e e Tt e e Dt e e



21
The expected value of the matrix R is given by

E (R.)\

i

\ E (RC))'

From the definition of covariance, the ij element of the covariance matrix

is given by
cov (Ris Ry) = E [(R{=E(R;)) (Rj-E(R,))]

The covariance matrix, cov (R), has the variance of the Ri on the diagonal
and zero for the off diagonal elements because the fluctuations in each

channel are assumed to be independent of those in any other channel. Thus

cov (R) = E [(R-E(R)) (R-E(R))T]

Toay-1,T

It is assumed that A and W are known without error and thus (AWA) "A'W
is known without error. Then, it will be shown in Appendix C that when

B = CR, where C is known without error,

T

cov (8) = o2 (ATWA)™?

cov (B) is a Q X Q matrix with the variances of the B, on the diagonal, It

is also shown in.Appendix. C that an unbiased estimate of 02 is $2 where
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w?¢ (R.- a. B, )
2 . 371 J k=1 KK

C-Q

S2 has a 2 distribution and can be used as a figure of merit. The expected
value of $2 is 1.

- The gamma-ray relative intensities can be then determined from

=2

7] Nj -u.d

by Tooking up the e's, P's and u's in tables and obtaining the N's from the

elements of B = (ATWA)'1 ATWR. The standard deviations in the N's are given

o) = 52 [T

The standard deviations in the gamma-ray relative intensities are obtained

by

from the fractional deviations of the gamma-ray relative intensities which

are in turn dctermined from the square root of the sum ot the squares of the

fractional deviations of N, ¢, P and e Hd,
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ITTI. EXPERIMENTAL EQUIPMENT AND METHODS

The two meter bent-crystal spectrémeter used in the present experiment
is patterned after one described by Seppi et al. (28). .Figure 3 is a sche-
matic drawing and Figure 4 is a line drawing of the bent crystal spectrom-
eter. It consists of five basic-elements. These are a radioactive source, .
a bent diffraction crystal, a device for measuring the rotation of the dif-
fraction crystal, a collimator to separate the direct beam from the dif-
fracted beam, and a detector.

In the present experimental arrangement, the radioactive source con-
sists of a quartz capillary approximately one inch long with an inside diam-
eter varying between 0.002 and 0.020 inches. This capillary is filled with
the material to be studied. The capillary is then irradiated with neutrons.
Because of the so]id'angle involved and the poor efficiency of the diffrac-
tion crystal, sources from 0.1 curies to several curies, depending on the
particular isotope under study, are needed. This is one of the limiting
factors in determining which nuclei can be studied with a bent-crystal
spectrometer. |

After the source material has been irradiated, it is placed in a source
holder which precisely positions it on the focal circle of the bent-crystal
spectrometer. During the present investigation, two source holders were
used. Figures 5 and 6 are line drawings of these source holders. The‘first
source holder consists of two cylindrical lead pigs. The outer one is per-
manently fixed on the focal circle of the spectrometer and has a rotating

shutter to allow the beam of gamma rays to reach the diffraction crystal or
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tb shield the source completely so personnel can move freé]y between the
source and the diffraction crystal. The inner lead pig served as the source
‘ holder and a container for transporting the source. The quartz capillary
cohtaining the source material is held in a V groove by two spring clips.
The bottom half of the inner pig can be raised or lowered to shield or ex-
pose the source. The inner pig is positioned in the stationary pig by three
positioning screws. This source holder Was very effective in working with
long-Tived sources.

The second source holder was designed to be used with short-lived ma-
terials. Boasso (29) has described this system in detail. Basically it
consists of a rabbit made from beryllium metal and lexan plastic and a re-
ceiver to position accurately the rabbit on the focal circle of the épec—
-trometer. Beryllium was chosen because of its small cross section for neu-
‘tron capture (0.009 barns) and the long half life of the resulting activity
(2.7x106 years). Thds, for the irradiation times of interest, very 1itt1e
contaminating activity would be produced from the beryllium. Lexan was
chosen for its high impact strength and for its ability to retain its
strength after irradiation with neutrons. The receiver can be rotated in
all directions for alignment of the source, as can be seen in Figure 6.
Figure 7 shows a detailed drawing of the rabbit. It has a tapered nose cone
and a key slot which match a similar taper and key in the receiver. This
enables the .source, which is contained in.a V groove in the nose cone of the
rabbit, to be repositioned to less than 25 x 1076 inches (29). The rabbit
can then be placed in a closed loop with the reactor for fast transport via
a pneumatic tube to and from the reactor. Since the rabbit may come out of

the reactor with any orientation of the source, a means is necessary to
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Figure 6. Line drawing of the source holder and transfer system used with the beryllium rabbit
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rotate the rabbit until the source is vertical. This transfer system is
shown in Figure 6. As the rabbit returns from the reactor it is slowed down
and stopped by a plunger. This action trips a micro switch which starts a
motor that rotates the rabbit until a pin falls into the key in the rabbit.
At this time the source is vertical. An air cylinder then moves the rabbit
over to the rear of the receiver and a vacuum system pulls the rabbit into
the receiver. The whole process, from withdrawal from the reactor to the
seating of the rabbit in the receiver, takes about 12 seconds. To irradiate
the rabbit, a button is pushed which begins a sequence of withdrawing the
rabbit from the receiver and moving it to the pneumatic tube to be sent into
the reactor. Figure 8 is a photograph of the transfer system and the pneu-
matic tubes which are connected to the reactor.

If it is desired to study a nuclide which has a half-1ife of more than
a few hours, it is necessary to irradiate the quartz capillary in one of the
vertical thimbles of the reactor and then manually place the capillary in
the nose cone of the rabbit. The rabbit is then placed in the transfer
system which is moved behind the receiver where the vacuum system pulls the
rabbit into the receiver.

In the present spectrometer, the diffraction crystal is bent to a radius
of two meters as described by DuMond (30). The crystal is held between two
clamping blocks which are machined to a radius of two meters. Two crystals
were used in the present investigation. One was .the (400) planes of a
single crystal of germanium 2.75 inches wide and 3 inches long and 1.4 mm
thick. The other crystal was a single crystal of quartz 2.75 inches wide,

3 inches long, and 2 mm thick cut such that the (310) planes were used for

the diffraction. The quartz crystal was mainly used for X-ray measurements
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Figure 7.

Line drawing of the beryllium rabbit
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Figure 8. Photograph of the rabbit transfer system.
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while the germanium crystal was used for gamma-ray measurements.

The rotation of the diffraction crystal is controlled by a precision
Tead screw which is connected by an arm to the diffraction crystal. The
screw is 15 inches Tong and has 40 threads per inch. The rotation of the
screw is controlled by a Datex encoderdyne and control unit. The position
of the screw is read out on a set of lights on the control unit to the
nearest 0.001 revolution. The screw can be controlled in' two ways. In the
's1ewing mode, the encoder runs the screw at a continuous speed until a
preset-position is reached. This mode is useful in going quickly from one
region to anothe;. In the second mode, the encoder steps the screw in incre-
ments of 0.002, 0.005, or 0.010 revolutions until a preset position.is
reached. The 0.002 revolutions corresponds to a rotation of the diffraction
crystal of approximately 0.4 seconds of arc. This mode is used when
searching for diffractfon peaks. . ‘

The collimator consists QfA3O lead plates three inches high, 18 inches
long, and 0.040 inches thick; The spaces between the plates are 0.040 of an
inch near the diffraction crystal and are tapered such that if the center
Tines of the plates were extended, they would intersect at the source posi-
tion. The collimator shields the detector from the intense undiffracted
beam and is very effective in reducing scattering. | .

The detector consists of a HarshaQ Integral Line Asscmbly Type 12S with
a 3 inch x 3 inch NaI(T1) crystal. The NaI(T1) crystal has'a resolution of
7.5 percent for 662-keV gamma rays. The detector is placed immediately be-
hind the collimator and is shielded by two inches of lead.

The collimator and detector rest on a table which is constrained to

rotate through an angle 20 as the diffraction crystal rotates through ¢ in
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accordance with the mirror law. This rotation is accomplished by a gear
reduction by a factor of two and a selsyn generator and receiver. This per-
mits the diffraction crystal and source to be mechanically isolated from the
detector. The diffraction crystal and source are iso]ated from vibrations
in the floor by a concrete block one foot thick. This block rests on springs
and rdbber stoppers. The rubber stoppers damp out any oscillations of the
-concrete block. The collimator also is ‘on a concrete block one foot thick
but this block‘is rigidly attached to the floor since small oscillations do
not effect the performance of the collimator. Figure 9 is a photograph of
the bent-crystal spectrometer, |

The electronic components consist of a RIDL Model 10-17 transistorized
preamplifier, a RIDL Model 30-19 Tinear amplifier, and a RIDL Model 34-12B
400 channel multichannel analyzer. A RIDL Model 54-6 time base generator
selected the counting interval for each screw setting while stepping over
the diffraction peaks. A RIDL Model 33-10 singTe channel analyzer was used
"to select out the region of interest for the multichannel analyzer. The out-
put of the multichannel analyzer was either an IBM typewriter or a Tally
punch péper tape. The paper tape was converted to IBM cards on an SDS 910-
IBM 1401 computer system. The'power for the photomultiplier was supb]ied
by a Fluke Model 4058 high vo]tﬁge power supply. All of the electronic
components were connected to a Stabiline fegu]ated.power supply. Figure 10
is a block diagram of the experimental equipment.

To medsure the monoenergetiﬁ response functions it was necessary to
determine what<sett{ngs 6f the lead screw corresponded to the diffraction
maxima for the gamma rays contained in the source material. This was done

in the following way. From a rough energy calibration for the particular
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diffraction crystaj being used, the approximate location of the gamma rays
could be determined. Searches were made in these energy regions to determine
the exact location of the diffraction peaks. This was done by gating the
multi-channel analyzer in the time mode with the single channel analyzer
whose window was set over the desired energy region. The:control unit was
operated in the stepping mode and the time base generator was set at the
desired time 1nterva]7 A1l of the counts reaching the detector which fell
within the window of the single channel analyzer were recorded in the first
channel of the multichannel analyzer. At the end of the time interval de-
terminéd by the time base generator, the screw was stepped through the cho-
sen increment and the counts were recorded at this new setting in the second
channel of the.multichannel analyzer. This process was repeated until a
preset position was reached on the contro] unit. Thus, the number of counts
vs. screw setting was displayed on the osci]loscope'screen of the multi-
channel analyzer. From this.display it was possible to determine the screw
setting for the diffraction peak. This procedure was repeated until the
settings for all of the gamma rays.had been determined. The response func-
tions were then recorded by setting the screw at the diffraction maxima énd
recording the resulting pulse-height spectrum. Background was accounted
for by recording the pulse-height spectrum on both sides of the diffraction
peak and averaging. This was a very effective way of subtracting background
since only a very small rotation of the diffraction crystal is necessary to
obtain the backgroundbposition. Thus, the geometry is almost identical with
that of the diffraction peak position.

After the response functions had been measured, a very thin source of

the same source material was placed on the focal circle of the bent-crystal
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spectrometer at ﬁoint V in Figure 3. The diffraction crystal was removed

and the collimator and detector were rotated until a counting rate maximum
was observed. The gamma-ray pulse-height spectrum from this source was

then recorded. Background was determined by going off the transmission max-
imum and recording the pulse-height spectrum. In this way the composite
gémma-ray spectrum was recorded in essentially the same geometry as the mono-
energetic response functions.

The only corrections that had to be.app11ed were the absorption in the
air pdth between the source and détector and the absorption due to the
aluminum covering of the NaI(T1) crystal. The thickness 6f the material
covering the NaI(T]) crystal was-obtained from the Harshaw Chemical Company
at the time of purchase of the detector. The efficiency as a function of
energy for the present geometry was calculated by a numerical integration
computef program which is described in Appendix B.

| One of the major difficulties with the least-squares method which is
aiso true of the present method is the necessity for stability of the elec-
tronic components while the data is being taken. Various analytical schemes
(19, 20, 31) have beeh devised for correcting fof gain shifts which might
occur between the recording of response functions, but no analytical method
has been devised to correct for gain shifts during the recording of a re-
sponse function. Several companies manufacture pulse-height stabilizers
which electronically correct fo% gain shifts both du;ing and between the
recording of the response functibns. However, all of these depend on a peak
which is always present in the gamma-ray spectrum. In the present case it
is not practical to place a weak gamma-ray source near the crystal to supply

this peak because of the large amount of Compton distribution which would be
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pfesént. One method which has been devised is to put an Am241 alpha emitter
in the NaI(T1) crysta].- There are very few counts below the alpha peak.
However, this peak occurs at approximately 2.5-MeV in the gamma-ray spectrum
aﬁd is much too high in energy for measurements where. the maximum energy
being studied is 500-keV as in the present case. Since in the present in-
vestigation data were recorded over a period of 5 to 10 hours, only short
tefm stability was needed. Thus, it waé practical to rely on the stability
of the system during the recording of the data. .

The effect of assuming‘that the monoenergetic response functions are
known without error has been investigated by Parr and Lucas (20). In their
test cases the response functions and the complex spectra had equal statisti-
cal errors. They found that the intensities of the components chénged very
Tittle by including the statistical fluctuations in the response functions,
but the goodness of fit did tend to decrease. They point out that this
effect is normally even less important than it was in the test cases since
in most practical applications, the response functions have smaller statisti-

cal errors than the complex spectra.

4
r—
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“ IV. MEASUREMENTS AND RESULTS

170 166

A. Internal Conversion Coefficients of the E2 Transftions in Yb and Er

The K internal conversion coefficients of the E2 transitions in Yb17O

and Er166 were measured by determining the ratio of the K X-rays to gamma

rays.

170 166

The predominant mode of décay from Tm and Ho is by beta decay to
a Tow-lying 2" 1evel in the daughter nucleus as is shown in Figure 11 (32,
PpP. 6-4-87, 6-4-36, 1964). Nuclear structure effects are expected to be
negligible in these-transitions. Church and Weneser (33) have shown that
for enhanced E2 transitions the static and dynamic nuclear structure effects
are very small. The K conVersion'coefficients'for these transitions have
beeﬁ reportéd to be from 5 to 20 percent higher than the theoretical values
(34-46). This investigation was undertaken to determine accurate]y these

conversion coefficients.

170

1. Internal conversion coefficient of the 84.3-keV transition in Yb

170 69

The Tm sources were obtained by irradiating pure Tm1 in the

Materials Testing Reactor at Arco, Idaho, in a neutron flux of 5 x 1014

neutrons/cmz/sec for 28 days. The line source consisted of 5 mg TmC]3 in a
quartz capillary 1 inch long and 0.008 inches inside diameter. The material
for the composite source consisted of 3 mg of TmC]3 in a quartz capsule. By

the iime the sources were used the line source had a strength of approxi-

mately one curie. Because of the cross section for neutron capture of Tm170

171

(125 bharns), considerable Tm will be contained in the source material
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along with the Tm17°.' Since Tm17.1 has a half-lTife of 1.9 years as compared

170 171

, the percentage of Tm will increase with time.

171

to 127 days for Tm

m171

T beta decays to a 67-keV level in Yb

Following internal conversion

of this 67-keV level, Yb X-rays will be emitted. These X-rays will have

the same energy as the X-rays following internal conversion in o170 and

will give erroneous results for the conversion coefficient. To eliminate

171 from the Tm170 170

171

the Tm source material, the Tm was isotopically sepa-

ratéd from the Tm in the Ames Laboratory Isotope separator. This sepa-
rated source was 0.2 cm x 1.5 cm and was deposited on an aluminum foil which
had a thickness of 1.75 mg/cmz. The estimated strength of this source was

6 millicuries. Figure 12 displays a NaI(T1) pulse-height spectrum taken

with this separated source. This pulse-height spectrum consists of the
84.3-keV photopeak, X-ray photopeak, jodine escape peak due to the Yb X-rays,
and a continuous gamma-ray spectrum called the bremsstrahlung spectrum. The
bremsstrahlung spectrum results from absorption of the high energy beta
particles. A]so'present in the source but not evident in Figure 12 are

170 to E1,‘170.

Er X-rays due to the K capture branch of Tm The energy of the
Er X-rays is veryvclose to the energy of the Yb X-rays and falls under the
same photopeak as the Yb X-rays. |

One ganma ray and six X-ray monochromatic response functions were
measured with the quartz diffraction crystal. They were the 84.3-keV
~gamma ray, Yb Kal, Yb Kaz, Yb KBl,a’ and Yb KBz
In addition to these, response functions for the Er KOL1 and Er KOL2 X-rays

X-ray response functions.

were measured. The six X-ray response functions could not be fit to the
X-ray photopeak in the composite spectrum because of the large amount of

overlap. The procedure used instead was. to fix the ratio of the Yb K&l
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X-rays to the Yb‘K&2 X-rays at the values from the tables of Wapstra et al.

(7). These tables were derived by reading the values from a graph drawn

smoothly through the experimental values. Thus, a response function was
obtained for the Yb K X-rays. Response functions for the Yb KB and Er Ka

X-rays were obtained in the same manner. The Er KBl 3 and KBZ X-rays were

too weak in intensity for the recording of response functions. A response

function for the Er KB X-rays was needed, however, to obtain an accurate

measurement of the Er X-ray intensity. A response function for the Er K

B

X-rays was obtained by interpolating from the Yb K, response function. The

B

ratio of Er Ka to Er K X-rays wés then fixed at the value from the tables

B
of Wapstra et al. (7).A Figure 13 shows four of the response functions fit by
the linear least-squares computer program.

To account for the bremsstrahlung, a thin source was made'from P32, a
pure beta emitter, which had the same dimenéions as the thin source. The
pulse-height spectrum from this source was then recorded in the same manner

170 thin source. This pulse-height spectrum was fit to the

as that of the Tm
composite spectrum along with the X-ray and gamma-ray response functions.

Four sets of data were analyzed by the linear least-squares computer
program described in Appendix D. The weighted averages for the four sets of
data are

I(84):I(YbKa):I(YbKB):I(ErKa+ = 944i18:1QOOi20:263i10:58i11 (47).

g)

The weights used in computing the average values were the reciprocals of the

squares of the estimated errors in the relative intensities for each

- measurement.
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Figure 14 shows the fit obtained. The smooth curve is the computed
composite spectrum, and the points are the experimental spectrum. The
dashed curves are the response fuhctions, which add up to the composite
spectrum. The lower curve is the deviation of the experimental spectrum
from the computed spectrum divided by the square root of the counts in the
experimental spectrum. As an added check on the fit in the X-ray region,
the ratio of KB X-rays ?o Ka X-rays was determined. The experimental value
was 0.263+0.011 while the expected value (7) is 0.258t0:007. The fluorescent
yield from Wapstra et al. (7) for Yb is 0.937+0.005. The K conversion coef-

ficient can then be determined from

where wy is the fluorescent yield for the K shell. The value obtained from
the four sets of daté was 1.43+0.04.

The total, the L, and the.M+N... conversion coefficients can be deter-
ﬁined using ¥(K):I(L):I(M#N+...)conversion electron intensities of Hatch

et al. (34),

I(K):I(L):I(M#N+...) = 35.7£0.5:100:33.540.5.

A

The tdta], the L, and the M+N+... conversion coefficients can then be cal-

culated from
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o B Il VY PR
and were determined to be

o = 4.010.12, o .. = 1.3420.05 and o = 6.78+0.14.

It was also possible to determine the K-capture branching ratio to

Erl/o from the Er K X-ray intensiiy relative to the Yb K X-ray intensity.

The total number of decays to the 84.3-keV level can be determined from
- _ 84 .84 84
Bgg = oy I+ 1
The relative disintegration rate can then be determined from the branching

ratio to the 84.3-keV Tevel

= _ Bgg
8_—8—'
84
where 884 is the branching ratio to the 84.3-keV level and g~ is the relative
disintegration rate. If the K X-rays from conversion on the K-capture side

are ignored, the K capture branching ratio can be determined from

Er o,
s o P
. Er Er .84 84 i
wK I_Y (1+YT )
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Er

where wy is the K-fluorescent yield for Er and Nir is the relative intensity

of the Er X-rays With respect to the 84-keV gamma ray. The value obtained

for the K-capture branch to Er170

from this equation is 0.19%0.04%. This
value is in agreement with the value of Day (48) of 0.15%0.05% and of
Graham et al. (35) of less than 0.3%.

In Table 1 are given the measurements of the K conversion coefficient

for the 84.3-keV transition. in Yb170

along with the methods used ta determine
these values. The theoretical values of Bhalla (49), Rose‘(l) and Sliv and
Band (2) arelgiven for comparison. The theoretical value of Bhalla was
calculated for this transition while the values of Rose and Sliv and Band
were interpolated from their tab]es.‘ The present result is in agreement

with most of the previous measurements but is five percent higher -than the
theoretical value of Bhalla and of STiv and Band. fhe present result is in
Agood(agreemént with the previous measurements of Hatch et al. (34) and

Dingus. et al. (36) .which.were obtained by two completely different methods.

The value of Hatch et al. (34) was obtained by mixing the ™% source ma-

terial with Te123m.

A magnetic beta-ray spectrometer was used to measure

the conversion electron re]ative intensities, and a bent-crystal spectrom-
eter was used to measure the gamma-ray reiative intensities. The absolute
conversion coefficient for the 84.3-keV transition was then obtained by

123 for normalization. The value of -

using the 159-keV transition in Te
Dingus et al. (36) was obtained by fitting analytical expressions with a

non-lincar least-~squares computer program to experimental singles and coin-
cidence spectra which were obtained with a well-type NaI(T1) crystal. It
should be noted that the value of Dingus et al. (36) was obtained with both

TiC14 and pure T sources and that no difference in the value of the
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Table 1. K conversion coefficient of the 84-keV transition in Yb170

Reference | Method Gy %Tota]
Present Result KX/Y (singles) ~1.43+0.04 6.78+0.14
Hatch et al. (34) Mag Spect/Bent-xtal :

: Spect ' 1.47+0.09 6.96+0.24
Dingus et al. - (36) KX/ (singles & g-y .
: ~coin) 1.47+0.05
Hooton (37) KX/Y (singles) 1.46i8:83
Jansen et al. - (52) IEC 1.3620.108
Jansen and Wapstra  (50) KX/, (singles & p-v
coin) : 1.32£0.05
Erman and Hultberg (53) IEC 1.37+0.07
Houtermans (51) KX/Y (singles) 1.34+0.08
Thosar et al. (54) KX/, (B-y coin) 1.31+0.08
Graham et al. (35) KX/, (singles) - 1.60:0.15
Liden and Starfelt (38) KX/Y (singles) . 1.56%0.15
Croft et al. (39) KX/Y (singles) | 1.66+0.11
KX/. (singles with
 E¥KX coin) .52+0.07
Bisi et al. (40) KX/Y (singles) .69+0.02

{KX)/Bly)(B-y coin) .10

McGowan and Stelson (41) KX/Y (singles)

e T o e T
(e)]
—
I+
(]

.65x0.12
Bernstein -(42) coul excit-half life A1£0.11 6.7£0.4
Fossan and Herskind (43) coul excit-half life .52+0.,11 7.2+0.4
Theoretical
Bhalla (49) 1.36
STiv and Rand (2) 1.36
Rose (1) 1.33

aOriginal]y published as 1.57?8’%?, but corrected value is given in Ref. 50.
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conversion coefficient was detected. Thus any effects of chemical bonding
on the electron wave functions are very small. It has been suggested (50)
that the higher values for the conversion coefficient were obtained with
flat NaI(T1) crystals and the lower values with well type NaI(T1) crystals.
However, the value of Dihgus et al. (36); which is 10 percent higher than
the theoretical value, was obtained with a well-type crystal. Scveral of
the carly singles measurements were not done with an isotopically scparated
source and thus the~reported values for the K conversion coefficient is
higher than it should be. Also the reported values of Graham et al. (35),
Liden and Starfelt (38), Bisi et al. (40), McGowan and Stelson (41),
Houtermans (51) and Hooton (37) have not'been corrected for the presence of
Er.X-;ays. This correction would lower these K conversion coefficients. A
weighted average of the values of Dingus et al. (36), Hatch et al. (34) and
the present result which were obtained by three different methods and‘which

are in good agreement is presented here as an average experimental value for

the conversion coefficient of the 84.3-keV transition in Yb170. This -value
is .
ay - 1.45 = 0.04.
2. Internal conversion coefficient of the 80.6-keV transition in Er166
.The Ho166 source;'wére made by irradiating pure Ho166 in a neutron flux
13

of 3 X 10 neutrons/cmz/sec for 24 hours in the Ames Laboratory Research

Reactor.. The line sources consisted of 19 mg of HoOZ'in a quartz capillary

1 inch long and 0.015 inches inside diameter. The material for the thin

Ve

source consisted of 0.3 mg of HoO, in a quartz capsﬁ]e. The thin source ‘for

the composite spectrum was made by depositing approximately 0.1 mg Ho166 on

-

0
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a strip of aluminized mylar 0.00025 inches thick and 0.2 cm wide and 3 cm
long. Figure 15 is a NaI(T1) pu]se-heighf spectrum of the low energy region
taken with a Ho166 source. -

As can be seen from Figure 11 (32, p. 6-4-36, 1964) there is a weak beta

decay to high energy states in Er166 which lead to hirh energy gamma-ray
transitions. However, the K corversion ccz¥./miiel. o7 o . 80.6-keV level in
Er166 can still be measured from the ratio of K X-rays to 8L, Z-keV gamma

rays since the high energy gamma-ray transitions are very weak in intensity
and conversion coefficients for high energy transitions are small and thus
produce few X-rays. However, a correction should be made under the low
energy portion of the spectrum for the Compton distribution due to the high
energy gamma rays.

The thermal neutron cross section of Ho165

167

is much larger than that of

166 167

Ho so very little Ho should .be produced. Any Ho that is produced

can be allowed to decay out since its half-Tife is 3.7 hours compared to 27

hours for Ho166

As can be seen in Figure 15 the pulse-height spectrum from Ho166 is

170

very similar to the pulse-height spectrum from Tm However, there has

been no observed K-capture branch to Dyl66 (54). Thus, the X-réy photopeak
on]ylconsists of Er X-rays.

>

Monochromatic response functions for the 80.6-keV gamma ray, Er KOL1

Er Kaz, Er KBl 5 and Er KBz X-rays were measured with the quartz diffraction

170

crystal. As in. the Tm case, the ratios of the Er K061 to Er Kaz and

Er K31-3 to Er K62 were fixed at the values from the tables of Wapstra
93_91,1(7). Three of the response functions used in the fitting procedure

are displayed in Figure 16.
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The Compton distribution from the high energy gamma rays could not be
determined directly because of their weak intensity and high energy. In-
stead, the Compton distribution from a CoeO source was recorded with the
diffraction crystal removed and the collimator set at the transmission maxi-
mum. Because this Compton distribution was small, it was subtracted out be-
fore tHe fitting procedure was applied. The amount to be subtracted was

60

determined from the photopeak to total ratio for the Co = source and from

the intensity of the high energy gamma rays in the Ho166 source.

To check on the contribution of Hol®’

in the source material, data
were taken two hours after 1rrédiation and 24 hours after irradiation. No
difference in the X-ray to gamma-ray ratio was detected.

Five sets of data were analyzed by the least-squares computer program
which is described in-Appendix D. The weighted averages for the five sets

of data are

I(80):I(KB):I(KQ) = 781+14:253+9:1000+17

Again the weights were the reciprocals of the squares of the estimated errors
in the intensities for each measurement. A least-squares fit to the data is

shown in Figure 17. The experimental value of the ratio of K, X-rays to

B
K, X-rays was 0.253%0.010, and the expected value (7) is 0.253%0.007. The

K conversion coefficient obtained from

was determined to.be @ = 1.72+0.06., The fluorescent yield, Wy s from Wapstra

et al. (7) was 0.932#0.005. In Table 2 is given the present value along
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Table 2. K conversion coefficient of the .80-keV transition in Er166

-

Reference Method Gy

Present Result . KAZY \3. 0y
Sunyar (44) KX/y (singles) 1.9+0.2
McGowan and Stelson (41)  KX/y (sing]esj | 1.85+0.13
Helmer and Burson (55) "~ KX/y (singles) 1.7+0.3
Marklund et al.  (45) KX/v (singles) 1.76%0.15
Foglio and Bettoni (46) KX/v ' 1.75+0.07
Thosar et al. (54) KX/y (singles and B-y coin) 1.67+0.07 -
Erman and Hultberg (53) CIEC 1.680.15
Theoretical

Bhalla (49) 1.62

Sliv and Band (2) . - o | 1.66

‘Rose A(i) | . : 1.60

with the previously determined values of the K conversion coefficient for

the 80.6-keV transition in Er166.

The theoretical values of Bhalla (49),
Rose (1) and S1iv and Band (2) are given for compérison: The value of
Bhalla was calculated for this transition, while the values of Rose and Sliv
and Band were interpolated from their tables. The present value is in

agreement with all of the previous measurements but is $ix percent higher.

than the theoretical value of Bhalla (49).
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170 166

3. Discussion of the E2 internal conversion coefficients in Yb and Lr™

The present results for the K internal conversion coefficients for the

84.3-keV transition in Yb170 166

and the 80.6-keV transition in Er are about
5 percent higher . than the theoretical values. While this is not a signif-
1cant:difference, it is interestihg to note thaf they are of the same
magnitude and in the.same direction. The 10 to 20 percenf deviations which
had previously been reported were not observed. The present value for the

170

-conversion coefficient of the 84.3-keV transition in Yb is in good agree-

ment with the values reported by Dingus et al. (36) and Hatch et al. (34)

which were determined by completely different methods. The present results

for the 80.6-keV transition in Er166

agrees, within the experimental error,
with all of the values which have previously been reported. It is slightly
higher, however, than the value reported by Thosar et al. (54) and Erman
and Hultberg (53) which are in agreement with tHe theoretical value.
Recently Gelletly et al. (56) have reported the L subshell ratios for

170 and Er166.

several §2 transitions including Yb They report the LII/LIII
subshell ratios agree with the corresponding theoretical values to less than
2 percent while the LI/LII and LI/LIII ratios are about 5 percent higher
than the theoretical values. This deviation is the same magnitude and in
the same direction as the deviation of the K conversion coefficients for
these transitions. A possible explanation of the difference between the
experimenta]iy determjned and theoretically calculated LI/LII and LI/LIII
subshell ratios ana fhe‘difference between the experimental and theoretical

K conversion coefficients is that the's electron wave functions are altered

-
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due to the s electrons penetrating the nucleus. The p and d electron wave

functions are not altered since these electrons do not penetrate the nucleus.

B. Internal Conversion Coefficients in Hf180

180 180m

The level structure in thé nucleus Hf following the decay of Hf
is shown in Figure 18 (32, p. 6-6-121, 1965). An interesting feature of
this decay is that the decay of the 641-keV level consists of three E2
transitions in cascade with no observed crossover transitions. This means
that the total transition intensities of these three transitions are equal.
It is possible to use this fact to determine the total internal conversion
coefficient, o, for the 93.3-keV transition from a measurement of the gamma-
ray relative intensity of this transition along with that of the 332-keV
transition. Mcasurements of the gamma-ray relative intensities and internal
conversion electron relative intensities for all of the other observed tran-
sitions enable the determination of the internal conversion coefficients for
. the transitions usingithe previously determined coefficient (aT) for the
93.3-Kev transition for normalization.

Edwards and Boehm (57) have carried out precise measurements of the
gamma-ray and internal conversion line relative intensities and have ob-

180 internal conversion coefficients through

tained éccurate values for the Hf
a least-squares adjustment of their data. They report that the K-shell
internal conversion coefficient for the 93.3-keV transition was in agree-
ment with theory and those for the 215.3-, 332.5-, and 443.8-keV transitions
were approximately 10 percent lower than the theoretical coefficients of

Rose (1). Although such a discrepancy could not be considered very signif-

jcant, the fact that the deviation is of the same size and in the same
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direction for each of the latter three E2 transitions is interesting. This
deviation is larger than would be expected based on most of the recent re-

su]ts.for nigh precision determinations of Gy for pure E2 transitions.

180

1. Analysis of the Hf X-ray and gamma-ray spectrum

Figures 19 and 20 show NaI(T1) and Ge(Li) pulse-height spectra from

180m

the decay of 5.5 hourle To obtain the relative intensities of the

X-rays and gamma rays,. the spectrum was divided into two overlapping sec-
tions. The region from 93.3-keV to 501-keV will be called the "gamma-ray"
poftion of the spectrum, and the region up to 215-keV will be called the "X-
ray'portion of the spectrum. In the gamma-ray portion the relative intensi-
ties of the gamma rays from 93.3-keV through 501-keV were determined, while
in the X-ray portion the relative intensities of the X-rays and 57—keV.
gamma ray were determined using the 93.3-keV and 215-keV gamma rays for
normalization. The Tine sources for the two sections were made by filling
quartz tubes, which Were about 1 inch long with an inside diameter of about

0.2'mm, with approximately 12 mg of Hf02. The material for the gamma-ray

179

portion of the spectrum was enriched to 57 percent in Hf and contained

180

30 percent Hf"~ ", while the material for the X-ray portion of the spectrum

179 180

was enriched to 87 percent in Hf and contained 8.6 percent Hf""". The

materials for the so&rces were irradiated with neutrons in the Ames Laboratory

13

Research Reactor in a neutron flux ofv7 x 10 neutrons/cmz/sec for 10 hours.

The 5.5 hour Hf80M

179

activity was obtained from single neutron capture by

The 45 day Hfl81

the Hf activity was also present in the sources. The
time from the reactor shut down until data were taken was approximately

two hours. Data could be taken during approximately two half lives for each
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source. The thin source for the gamma-ray portion was made by depositing

180m

approximately 0.6 mg. of Hf source material on a strip of 0.00025 thick

aluminized mylar over an area of 0.2 ¢m x 3 ¢cm. The thin source for the

. . . - . LN s
X-ray portion was made in a similar fashion except 0.3 mg of Hfldom Was

deposited on the mylar. In order to correct for the presence of Hel8l iy

the source'material, a Hf181 source was prepared from neutron capture of

180

Hf This source was allowed to decay for several days to allow any

Hf18om to decay out.

The response fuqctions for the 93.3-keV, 215-keV, 333-keV, 444-keV and
Sbl-kev transitions were obtained with the germanium diffraction crystal
and are shown in Figure 21. The pulse-height spectrum from the Hf181 source
was recorded in the same manner as the composite spectrum. This spectrum
waé then fit to the observed composite spectrum as a response function in
the same manner as the monochromatic response functions. Six sets of data
were analyzed with the linear least-squares computer program. Figure 22
displays the composite spectrum along with the response functions aﬁd the
calculated composite spectrum. lThe bottom curve again shows the deviation
of the experimental composite spectrum from the calculated spectrum. The
results of the least-squares fitting—yielded the relative intensities which
are'presented in Table 3.

In the X-ray portion of the spectrum, the Kal, Kaz’ K61,3’ K82 X-ray
and the 57-keV gamma-ray response functions were obtained with the quartz
diffraﬁtion crystal while the response functions for the 93.3-keV and
215-keV gamma rays were obtained with the germanium diffraction crystal. As

in the other X-ray intensity measurements, response functions for the Ka

and-KB X-rays were obtained by fixing the ratigs of the Kyp 1O KOL2 and
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Table 3. Relative intensities of the gamma rays above 90-keV from the decay

of Hf180m

Energy (keV) "~ Intensity
501.3 13612
443.8 904+30
332.5 - . .1000+25°
215.3 . 865+20
93.3 180+5

K to K,  X-rays at their respective values from the tables of Wapstra

B1,3 B2
et al. (7). These response functions are shown in Figure 23. Figure 24

shows the Tow energy pulse-height spectrum obtained with the thin source

179 181

which was enriched to 87 pefcent in Hf It can be seen that the Hf

contribution is considerably reduced over what it was in Figure 19. This

enabled the Hfl80

X-ray and 57-keV gamma-ray intensities to be determined

to a higher degree of precis1on. The contributfon from the Compton distri-
bution from the higher energy gamma rays was determined by fixing the ratios
of the Cpmpton distributions from the higher energy gamma rays at the values
obtained in the previous experiment and by fitting this distribution along

181 spegtfﬁm was again used as a

with the other response functions. The Hf
response function in the fitting procedure.
Five_sets of data were analyzed with the lTeast-squares computer program

which is described in Appendix D. Figure 25 shows the composite spectrum
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along with the resﬁonse functions and the calculated spectrum. The experi-
mental value for the ratiq of KB X-ray to Ka X-rays was 0.254+0.019 and the
expected value (7) is 0.263%0.005. The least-squares fitting procedure
yielded the values fof the intensities which are given in Table 4. The in-
tensities of the 215-keV and 93.3-keV gamma rays were normalized to their
values in Table 3, and this normalization constant was used to determine
the relative intenéities of the KB and Ka X-rays and the.57-keV gamma ray
with respect to the higher energy gamma rays. The X-ray and gamma-ray rel-
ative intensities, normalized such that the 215-keV gamma ray has an inten-
sﬁty of 1000, are presented in Table 5 along with the values of Edwards and
Boehm (57) which were obtained by the crystal-diffraction method. For com-
parison, the ratios of the values obtained by Edwards and Boehm (57) to the
present values are given in the fourth column of Table 5. The agreement is
within five percent except for the 501.3-keV transition. The present deter-
mination for this transition was a direct measurement while thaf of Edwards

180m

and Boehm (57) was inferred from the Hf decay scheme and from their

otﬁer intensity measurements. The present value of 1.25+0.08 for the ratio
of the 57-keV gamma ray to the K X-rays is in agreement with the value of
1:6i0.5 obtained from critical absorption by Deutsch and Bauer (58).

The power of the present method for determining gamma-ray relative
intensities 1s demonstrated by the unfolding of the 57-keV gamma ray from

the Ka and K X-rays. This was only possible because the intensity of the

B
57-keV gamma ray was approximately the same as the X-ray intensity. Added

confidence in the resolvihg of the one photopeak into the three components,

Ka X-rays, 57-kéV gamma ray and K, X-rays, is obtained from the agreement

B

between the experimental and expected ratio of K, to Ka X-rays.

g
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Table 4. Relative intensities of the gamma rays below 250-keV from the

decay of HleOm
. Energy (keV) | Intensity
. 215.3 1000+23
93.3 20946
KB 9616
57 595+23
K 379+17
o .
Table 5. Hf18q gamma-ray relative intensities following the decay of HleOm
Present a Fdwards and Boehm®
Energy (keV) results Edwards and Boehm Present resulis
501.3 . 136%12 180+55 1.324
443.8 90430 86646 7 0.958
332.5 100025 100042 ' 1.000
215.3 865+20 - 882+25 1.020
93.3 180%5 1764 0.978
Kq 83;5 '
57. - 513+20 . 513%17 A 1.000
K 327+15
a t

qsource: (57).
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2. Results and di;cussion -

Following 1s a description of how the present values for the Hf180 in-
ternal conversion coefficients were obtained. Because the final three tran-
sitions are in cascade with no crossover transitions, the total transition

intensities for these transitions are equal. Thus we can write

332 332 93 9
%1+ a3 = 10 (1)
Thereforg, 1332 v
93 Y 332
ar” = ;gg* (1 + ar ) -1,
’

where 1332 represents the gamma-ray intensity of the 332.5-keV transition

and a$32 the total internal conversion coefficient for the same transition.

The notation- is similar for the corresponding quantities for the 93.3-keV

transition. Since a$32 has a value of about 0.060 as discussed later, and
1332 / 133 is large, any uncertainty in a%32 has only a small effect in de-

93

termining uT 332

For example, an uncertainty of 10 percent in oy would

lead to an uncertainty of 0.7 percent in computing‘a$3. The latter coef-

332 t 93 93
Y

ficient is determined mainly by the ratio of I 0 IY .  Therefore, oy

can be determined from measurements of the gamma-ray relative intensities

332 332

compared with IY , along with a correction for at , which is relatively

small. The value determined by Edwards and Boehm (57) of 0.060+0.004 was

332

used for ol Since the error in this value is only 6.5 percent, it con-

tributes an uncertainty of 0.5 percent, to the present determination of a?3.

33 - 4.91%0.23 was obtained. The same procedure was not used to de-

T ,
termine a$15 since 1332/1515 is near one, and any uncertainty in the value

Thus «
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332

of oT 215. 93

has a large effect in determining ot Once o™ has peen determined,
the corresponding internal conversion coefficients for the atomic shells can
be obtained from K:L:MtN... ratios obtained by Edwards and Boehm (57). The
remainder of the 1ntefnaJ conversion coefficients for the 57-, 215.3-,
332.5-, 443.8- and 501.3-keV traﬁsitions were determined by taking the
ratios of the internal conversion electron intensities of Edwards and Boehm
(57) to the present values of the gamma-ray relative inteﬁsities. These
ratios were then normalized using the value of a$3 which was obtained from
the present gamma-ray relative 1ntehsity measurements. Thus, the present
conversion coefficients debend on the'cbnversion line relative intensities
of Edwards and Boehm (57) but have been computed using new measurements of
the gamma-ray relative intenéities and an independently obtained normali-
zation constant. ‘The conversion coefficients obtained in this manner (59)
are presented in Figure 26 along with the coefficients obtained by Edwards
and Boehm (57), Gvozdev et al. (60) and Scharff-Goldhaber and McKeown (61).
The theoretical values obtained by 1nterpo1atin§ values from the tables of
S1iv and Band (2) are presented in the last column of the table. The theo-
retical values of Rose (1) are in good agreement with those of Sliv and Band
(2). The large errors in the values of Gvozdev et al. (60) are probably
due to the thick sources which were used due to the fact that they used
natural Hf instead of enriched Hf. Since the present gamma-ray relative
intensities agree with those of Edwards and Boehm (57), it is not surprising
that the present internal conversion coefficients also agree closely.

In Figure 27 are.disp]ayed the ratios of the present determinations to
the theoretical values of Sliv and Band (2) for the K-shell conversion coef-

180

ficients of the Hf E2 transitions. The errors were obtained by



Energy (keV) Conversion Corversion electron Conversion coeffs

line intensities Edwards and . Gvozdev and
(Ecwards and Boehm)? Boehm? Present results Rusinov Theoreticald
L] 0.303:0.02¢ £l w2
57.5 LI*LII 0.248:0.014 0.458:0.036 0.45610.040 0.163 €9
R L
‘LIII 0.045:0.006 0.084;0.012 0.082:0.014 . - 0.062 22
Liotal 0.294:0.012 0.543+0.036 0.541:0.040 0.33:0.10 0.225 91
Total 0.378£0.013 0.698:0.045 0.696:0.048
: - £2
93.3 K 0.205x0.012- 1.100.09 1.05:0.09 1.3:0.4 : ) 1.06
LTotal 0.58240.017 ©3.13:0.19 2.99:0.22 L 2.75
MHN+, L. 0.169£0.012 0.909:0.08 0.868:0.08
Total 0.9560.023 5.14+0.24 4.91£0.23¢8
. ' . : . £2
215.3 X 0.114:0.005 0.12310.009 0.122:0.009 0.15:0.05 . 0.137
LTota1 0.072:0.006 0.077+0.007 0.077:0.008 9.070
Total 0.2210.010 0.23720.017 - 0.236:0.018 :
. £2
332.5 K 0.040010.0016 0.038:0.003 0.037:0.003 0.055:0.014 0.0¢2
LTotal 0.0154+0.0012 0.0146+0.0015 0.0142:0.0014 0.0132
Total. 0.0634:0.0025 0.0603:0.004 - 0.0586:0.0044
. 2
443.8 K 0.0173:0.0010 0.0189:0.0017 0.0177:0.0016 0.026£0.007 0.020
LTotal 0.0040+0.0005 0.0044x0.0007 0.0041+0.0006 0.0063:0.0016 0.0049
MENE. L 0.00141x0.00028 0.0015:0.0003 0.0014+0.0003
. Total 0.0227+0.0012 0.0249+0.0022 0.0232:0.0020
: ' o
501.3 K 0.007010.0009 0.0370+0.012 0.048+0.008 0.035:0.014 0.121 0.038
Total 0.0104:0.0011 0.0549:0.018 0.071£0.011

3source: (57).
’bSource: (60).
CSource: (61).
dSource: (2).

®This value was obtained from the present gamma-ray intensities.

Figure 26. Hf'80 internal conversion coefficients following the decay of Hfl 80m,

€L
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statistically adding the experimental error and a.five percent error in the
theoretical value. The a§3 agrees, c]oéé]y with the theoretical value, but
the previous]y obsefved deviation of the experimental from the theoretical
values for the 215.3-, 332.5- and 443.8-keV transitiohs remains. In fact,
while this deviation for the coefficients of Edwards and Boehm was 10 per-
cent, the present coefficients are slightly lower and the deviation of the
present values from the theoretical values is 11 percent for these three

E2 transitions. This deviation is larger than has been recently found in
other precise measurements for E2 transitions. Before any statement can be
made about the possible théoretica] origins of these deviations, such as

due to the K electron wave functions overlapping the nucleus, an independent
measurement of the conversion electron intensities would be necessary to
determine conclusively if these deviations are real. The present experi-
mental oy fof the 501-keV transition agrees closely with the theoretical

dK for an E3 multipolarity and is'in‘agreement with the E3, M2 mixture ob-
tained from an angular correlation experiment by Bodenstedt et al. (62) of
96.5 percent E3 and 3.5 percent M2. Scharff-Goldhaber and McKeown (61) have
recently made accurate measurements of the LI’ LII and LIII conversion coef-
ficients for the 57-keV transition. They report the LI and LII coefficients
are higher than the theoretical conversion coefficients for an E1 transition

while the L coefficient is in agreement with the theoretical value. They

IT1
point out that no admixture of M2 can account for this difference. Paul et

al. (63) have shown that the difference is not due to parity mixing.

Scharff-Goldhaber and McKeown (61) conclude that the anomalously high Lf

and L,. conversion coefficients are due to penetration effects in this

II
extremely K-forbidden El transition.
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C. K Internal Conversion Coefficients in Gd155

The present investigation was carried out to measure accurately the

gamma-ray relative intensities of the 105-, 86- and 60-keV gamma rays and

155

the Gd X-rays from the decay of Eu and to use these accurately determined

intensities to determine the K conversion coefficients for the 105- and 86-

keV transitions. The level structure exhibited by 6> following Eul®d

decay is shown in Figure 28 (32, p. 5-5-52, 1963).

155

1. Analysis of the Gd X-ray and gamma-ray spectrum

The 1ine source for the bent-crystal spectrometer was made by double

153

neutron capture of EUZO3 which was enriched to 95 percent in Eu A quartz

capillary 1 inch long and 0.012 inches inside diameter was filled with 10

mg of enriched Eu203. The capillary was then irradiated with neutrons in

the Materials Testing Reactor at Arco, Idaho, in a neutron flux of 5 X 1014

neutrons/cmz/sec~for 28 days. The thin source for the composite spectrum

could not be produced in the same manner because of the large amount of Eu154

155

which would be present in the source material. Instead, Eu material was

purchased from Oak Ridge National Laboratory Isotope Sales Division. This

material had been produced by beta decay to Eu155

54

following single neutron

The source material had been allowed to decay for more
156

capture of Sm1

than two years to allow the 15.2 day Eu156 activity to die out. The Eu

156 following double neutron

155

had been produced byAbeta decay of 9.4 hour Sm

154'a‘nd by singlc ncutron capture of Fu

155

capture of Sm The thin source

was made by depositing the Eu material on a strip of aluminized mylar

0.00025 inches thick and 0.2 cm x 3 cm. In Figures 29 and 30 are shown
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Figure 28. Decay scheme of Eu™®® (32, p. 5-5-52, 1963)
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I s
NaI(T1) and Ge(Li) spectra from the thin Futod source. It can be scen in

the Ge(Li) spectrum that there is a gaﬁma ray at approximately 123-keV.

This gamma ray is due to Eu152 and Eu154 present in the source material.
Sincé.fhe Eu155 source material was purchased in solution from Oak Ridge, it
was not possible to detefmine the amount of material deposited on the strip
of mylar. To check the effect of the source thickness, a very thin source

55 onto 1.75 mg/cm2 aluminum. This source was

was made by evaporating Eu’
0.75 inches long and 2.mm wide. The ratios of K X-rays to the 86-keV plus
105-keV gamma rays was determined. The ratio for the evaporated source was
0.52 while that for the drop source was 0.53. From this it was concluded
that there was no appreciable effects due to the thickness of the drop
source. The evaporated source was not used for the composite spectrum be-
cause of the long counting times that would be necessary due to the weak
intensity of the source.

It can be seen from Figure 29 that the gamma-ray spectrum mainly con-
sists of the 105-, 86- and 60-keV gamma rays and the Gd X-rays. Weak tran-
sitions at 26- and 45-keV are also present. The other transitions which
are shown on the decay scheme are extremely weak and can be'ignoréd when the
vganmm=ray relative intensities are determined. Response functions were
measured for the 105-, 86- and 60-keV gamma rays and the Kal’ Kaz’ K@l,a and
and KBZ X-rays. Ka énd KB response functions were again obtained by fixing
the ratios of the qu to Kaz and-KBl’ato KBz X-rays. Since the 26-keV
~gamma-ray intensity is small and since the absorption corrections fqr 26-
keV are very large, no attempt was made to determine accurately the relative

intensity of the-26-keV gamma rays. However, a response function was in-

cluded to improve the fit to the experimental data. This response function
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was obtained from the shape of the photopeak of the Kal X-ray and from the
energy calibration in the X-ray region. The 45-keV gamma ray lies between

the Ka and K, X-rays. No attempt was made to unfold this gamma ray from

8
the X-rays. The X-ray intensity was, however, corrected for the 45-keV
~gamma rays. Since the gamma rays at 123-keV are the most intense gamma rays

52 154 and since the intensity of the 123-keV

in the decay of Eu1 ‘and Eu
gamma rays in the Eu155 source was small, no correction was made for the
Compton distributions from higher energy gamma rays. A correction was made,
however, for the Gd X-rays due to the conversion of the 123-keV transition.
“The germanium diffraction crystal was used to obtain the resﬁonse func-
tions shown in Figure 31. Four sets of data were analyzed with the least-
squares computer program. Figure 32 shows one of the fits obtained. The
wéighted average values are presented in Table 6 along with the previously
reported values. The preseht X-ray intensities have been corrected for the
45-keV gamma rays and the Gd- X-rays due to the conversion of the 123-keV
trénsitibn. The 45-keV intensity was taken from Hatch and Boehm (64). The
correction for the Gd X-rays from the conversion of the 123-keV transition
was made in the following way. From the relative intensity of the 123-keV

gamma ray which was obtained from the least-squares fitting procedure and

from the K conversion coefficient for this transition, the number of K X-

rays was calculated from N§23 = wKaiZ3I$23’ where wy is the K flourescent
152 154

yield. The corrections for the Eu and Eu X-rays and the 45-keV gamma

rays were small and about equal. The ratio of KB to Ka X-rays was determined
to be 0.234:0.012, while the expected value from Wapstra et al. (7) is

0.244+0,007.
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155

Table 6f Gd .Agamma;ray relative intensities following the decay of Eu155

Energy (keV) $2§3$2: Subba Rao® Hatch and Boehm® VergnesC
58.516
105 - 68.3%2.7 68 5+5 64 65
' 86 100£3 100 100 100
60 4.30.3 5.0£0.6 | 4
K 15.320.6
B 97.5+0.3

K 65.6+2.2 .

qsource: (65).
bSowce: (64).

CSource: (66).

2. Results and discussion

The preéent values for the gamma-ray intensities are in agreement,
within the experimental errors, with all of‘the previously reported values
except the Tower of the two values reported by Subba Rao.  The X-ray relative
intensity presented here is 16 percent lower than the value reported by
Subba Rao (65). Recently Subba Rao (4) has reanalyzed his data and has re-
ported readjusted values for the conversion coefficients. Tﬁe magnitude of
the change would correspond to a change in his X-ray intensity which would
bring it into good agreement with the present value.

| ihe K.interna] ponversion coefficients for the 86-keV and 105-keV tran-

sitions were determined in the following way. Since the energies of the
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26-keV and 45-keV gamma rays are too lTow for K conversion, the K X-rays are

due predominantly to the 60-, 86- and 105-keV transitions

60

86 105
X N

Ny = Nyo + Ne© o+ Ny ' | - Equation 11

60
X 2

ber of K X-rays due to 60-, 86- and 105-keV transitions respectively. The

86 105

where NX is the total number of K X-rays and N NX and NX are the num-

number of K X-rays from the 60-keV transition can be determined from

Ngo = agowKIi?' Equation 12

60

where wy is the fluorescent yield, IY is the relative intensity of the 60-

keV gamma ray and aﬁo is the K internal conversion coefficient for the 60-
keV transition. The GEO can be obtained from the mixing ratio of 5/95
which has been determined from the Tb decay (67)yand the theoretical con-
veréion coefficients of Rose (1). Using these values, aﬁo is 6.89. Sub-
stituting this value into Equation 12 along with the fluorescent yield and
thebintensity of the 60-keV gamma ray from Table 7, the number of X-rays
due to the 60-keV transition was deterwined to be 27.343.3. Using this
value in Equation 11, the number of X-rays from the 86- and 105-keV tran-

sitions was determined. The number of K conversion electrons for each of

these transitions was then determined from
' 86 . 105
86 . 105 Ny t Ny
e, +e, ="
K K wy ‘
. 86, 105 a .
and the ratio of e /e, " obtained from Subba Rao (65). Using these electron
intensities and the gamma-ray relative intensities from Table 6, the K con-
version coefficients for the 86- and 105-keV transitions were determined and

are presented in Tab]e 7 along with the values of Subba Rao (65) and the
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155 155

Table 7. Gd™""K internal conversion coefficients following the decay of Eu

. - . A C
Energy (keV) Eg§3$2§ Subba Rao? ~ Subba Raob‘ ThE?ret1§%1
105 0.23x0.03 0.29+0.054 0.23+0.03 0.21 11

86 0.43+0.06 0.49x0.075 . 0.35x0.04 0.37 26

qSource: (65).
bSource: (4).

Csource: (2).

theoretical values of Sliv and Band (2). The values in column 4 were re-
ported to be from a re-analysis of the data reported in (65). It can be
seen that the present value and the revised value of Subba Rao are in good
agreement with the theoretical values for pure El transitions.

D. Relative Intensities of the 104-, 142- and 246-keV Gamma Rays in Eu155

The relative intensities of the 104-, 142- and 246-keV gamma rays from

the decay of 22 minute Sm155

have been reported with values differing by

45 percent and with errors of 10 percent or more (68:73). The present in-
vestigation was undertaken to determine accurately the relative intensity of
these gamma rays so they may be used to obtain the internal conversion coef-

-

ficients for these transifions.
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1. Analysis of the Eu155 gamma-ray spectrum

155 155

The level structure in the nucleus Eu following the decay of Sm

155 155

is shown in Figure 33 (32,.p. 5-5-51, 1963). The Sm
155

beta decays to Eu

155

with a half-l1ife of 22 minutes and the Eu in turn beta decays to Gd

with a half-life of 1.81 years. In Figure 34 is shown a NaI(T1) pulse-

height spectrum from the decay of Sm155.
Because of the short half-life of Sm155, it was not possible to irradi-
ate the Sm154 and load it into the source holder manually as had previously

been done. The'procedure used instead was to use the rabbit system de-
scribed in section III. The line source for the bent-crystal spectrometer

154, in a quartz

consisted of 22 mg of Sm203, enriched to 99.2 percent in Sm
cap111éry 1 inch long and 0.018 inches inside diameter. The quartz capillary
was placed in the V groove of the nose cone of the beryllium rabbit which is
shown in Figure 7. The rabbit was then inserted into the pneumatic tube

and sent into the reactor. The sample was irradiated for 20 minutes in a
neutron flux of 9 x.lO12 neutréns/cmz/sec. At the end of the twenty winute
irradiation the rabbit was automatically brought down into the transfer
system and on into the source position of the spectrometer as described in
section III. The time from withdrawal of the rabbit from the reactor to the
beginning of the recordfng of the response functions was approximately 12
seconds. The (400) planes of germanium were used to diffract the gamma

réys. Background was recorded before and after the recording of the response
function. After the response function for the£246-kev gamma ray was meas-

ured, the rabbit was sent back into the reactor for another 20 minutes of

1rfadiation. The 142-keV gamma-ray response function was then recorded in



88

22m

o Sm55
.39-MeV 3/2 +

5%
1.53-MeV 8/2

95% 572+ |

155
63Eu

Fjgure -33. Decay scheme of Sm

MeV
0.246

0.1044

(o) 1.8iy

185
STABLE 64°4

155 (32, p. 5-5-51, 1963)



COUNTS X10™3

80

60

D
o

20

GAMMA-RAY SPECTRUM
FROM THE DECAY OF

Sml55
/104'keV
Eu X-RaY i
EScARS X4 A ) 2467 kev
| \/\'x | l
50 100 150 200 250 : 300 350 400

CHANNEL NUMBER

[
Fiqure 34, Eul“5 gamma-ray spectrum

68



90

the same manner as the 146-keV gamma ray. Immedfate]y after the 142-keV
response function was measured, the 104-keV response fuﬁction was measured.
The thin source for the composite pulse-height spectrum was made by irra-
diating 0.1 mg enriched Sm in solution for 20 minutes in a neutron flux of

13

4 x 10 neutrons/cmz/sec. This source material was then deposited on a

strip of a]umini;ed mylar 0.00025 inches thick and 0.2 c¢cm x 3 cm. Back-
_ground for this source was recorded before and after the measurement of the
composite spectrum. Because of the half-life of the source, no attempt was
made to determine the relative intensities of the X-rays. Because of the

155 155

difference in half lives of the Eu and Sm

155

there was an extremely small

155

amount of Eu in the source. By allowing the 22 minute Sm to decay

away, it was found that there was a small amount of 47 hour Sm153 present

in the source material. As can be seen in Figure 35 the gamma-ray spectrum

153

from the decay of Sm mainly consists of a 103-keV transition. This

~ gamma ray required a small correction to the intensity of the 104-keV gamma-

ray when the'Sm155 data was taken immediately after irradiation.

12

2. Results and discussion

Figure 36 shows the three response functions used in the fitting pro-
cedure. Because of the poor statistics of the 142- and 246-keV gammé rays,
seven sets of data were ana]yzed. In Figure 37 is displayed one of the fits
qbtained.' The points are the experimental spectrum, and the smooth curve
is the calculated spectrum. The dashed curves are the response functions
which add up to the céTcu]ated spectrum. In this case only the low energy
tails of the response functions can be distinguished from the experimental

data and the calculated spectrum. The bottom curve is again the deviation
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of the experimental spectrum from the calculated spectrum. The weighted
averages for the gamma-ray 1ntensitie$ from the seven sets of data are
presenfed in Téb]e 8 along with the preiious1y reported values. The present
values, for the intensity of the 104-keV and 246-keV gamma rays-are in agree-
ment with the values of Funke et al. (68) and Kracik et al. (69). The
present value for the 142-keV éamma fay is higher than any of the previously
reported values. It is interesting to note that the ratio of the 246-keV
gamma ray to the 142-keV gamma ray for the present measurement and for the
recent measurement of Potnis et al. (70) are in good agreement. The gamma-
ray relative intensities of Funke et al. (68) and Potnis et al. (70) were
obtained with Ge(Li) detectors. The 104-keV and 142-keV gamma rays are on
top of the large Compton distribution from the 246-keV gamma rays. This
,cén add a large uncertainty to the determination of the intensities of these
~gamma rays, particularly the 142-keV gamma rays.

Schmid and Burson (73) have measured conversion coefficients for the
104-keV and 142-keV transitions from beta-gamma coincidences. Kracik et
al. (69) héve measured the conversion coefficients for the 104-keV and 246~
keV transitions by measuring the percentage of the total decays which are
due to conversion electrons from the 104-keV and 246-keV transitions by
measuring the conversion Tine intensities relative to the continuous beta
spectrum with a magnetic spectfometer. The gamma-ray intensities can then
be normalized by assuming the‘104-keV and 246-keV transitions are the only
ones which lead to the ground state. This means that the total transition
1nten$ity for these transitions must be 100 percent. Because of the half

Tife of the source, this was a very difficult experiment to do. Both of
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Table 8. Eulss gamma-ray relative intensities following the decay of Sm155

Energy (keV)

Reference 104 142 246
Present results 2000£90 56+5 100+6
Potnis et al. (70) 2000 48 88
Funke et al. (68) 2000£200 45x5 100
Kracik et al. (69) ZOOQ 49 108
Funke et al. (71) 2000 49 114
sund et al. (72) 2000 26 134
Schmid and Burson (73) 2000 31 83

the réportgd values for the 104-kéV transition are higher than the theoret-
ical prediction for a pure El transition, Schmid and Burson's being 29 per-
cent higher and Kracik et al. being 76 percent higher. Also, Schmid and
Burson's value for the 142-keV transition is 69 percent higher than the
theoretical prediction for a pure El transition. The value of Kracik et
al. (69) for the 246;kev transition is in agreement with a pure Ml tran-
sition. The errors in the reported values are from 22 percent to 40 per-
cent. It is hoped that by using tﬁe present accurately determined gamma-
ray intensities along with conversion electron intensities measured with a

Si(Li) detector, accurate conversion coefficients can be determined for

these transitions. A more meaningful comparison can then be made with the
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theoretical predictions. The Si(Li) measurements are presently being

carried out.*
E. Concluding Remarks

Gamma-ray and X-ray relative 1ntensi£ies and internal conversion coef-
ficients from five different isotopes were measured and reported in this
investigatioh. The gamma-ray and X-ray relative 1ntensit1e§ were measured
with uncertainties from 2 percent to 19 percent and the internal conversion
coefficients had uncert&ﬁnties from 3 percent to 14 percent. The K internal

170 and Er166 were

conversion coefficients of the E2 transitions in Yb
measured in an attempt to‘clear up the controversy over these values. The
present results for the K internal conversion coefficients for these tran--
sitions are approximately 5 percent higher than the theoretical values.

© The relative intensities of the gamma rays from the decay of Hr 180m
determined in this investigation are in good agreement with the reported
values of Edwards and Boehm (57) except for the 501-keV transition. The
present value was a. direct measurement while the value of Edwards and Boehm
(57) was deduced from their other data. Because of the good agreement of
the gamma-ray relative intensities and since the internal conversion elec-

tron ratios of Edwards and Boehm (57) were used in the present investiga-

tion, the values of the internal conversion coefficients reported here are

These measurements are present?y being carried out at the Ames
Laboratory by D. F Boneau.
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in agreement with those of Edwards and Boehm (57). The 10 percent deviation

in the K-conversion coefficients of the E2 transitions reported by Edwards
and Boehm remains.
The gamma-ray relative intensities reported in the present studics of

the 105-keV, 86-keV and 60-keV transitions from the decay of Eu155

are in
agreement with most of the reported values for these transitions. The K
inte;né] conversion coefficients for the 105-keV and 86-keV transitions
determined in this 1nve§tigation are in good agreement with the reviged
values of Subba Rao (4) and with the theoretical predictions for pure El
transitions.

The gamma-ray relative intensities of the 104-keV and 246-keV tran-
sitions from the decay of Sm155 reported in the present work are in agree-

ment with the values for these transitions‘reported by Funke et al. (68)

and Kracik et al. (69). " The present value for the 142-keV transition is

slightly higher than the previously reported values.
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VII. APPENDIX A: EFFECTS DUE TO SOURCE WIDTH AND POSITION

The present method for measuring the gamma-ray relative intensfties
assumes that the comﬁbsite spectrum and response functions are measured
under identical conditidns; Since it was desirable to use a thin composite
source that was wider than the Tine source and since.the geometry with re-
spect to the room was slightly different for the thin source and line source,
an 1nve§tigation was made to determine the effects of varying the thin
source width and position.. The procedure used was to record a “normal”
pu]sé;height spectrum and a pulse-height spectrum under the condition being
checked. The “"normal" pulse-height spectrum was recorded with the thin
source located at the position where the data which are described in this
dissertation were recorded. The two spectra were then normalized to a
constant area and subtracted. The type of effects looked for were due to
scattering and a change in the photopeak to total ratio. For a constant
source to crystal distance the éffect; due to scattering would be much
larger than those due to a change in photopeak to total ratio. This is not
necessarily true when the source to crystal distance is changed drastically.

If the differences fluctuate statistically around zero if was assumed
that there was no observable difference in the spectra and that either
source position'was equally good. If the difference remains positive or
negative over several channels it was assumed that there were effects due
to either scattering and/or a change in theAphotopéak to total ratio. If
these éases were used in the Teast-squares fitting procedure the goodness

of fit parameter S%, would be large and the data would be rejected as
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unreliable.
The effect of varying the source width was determined by recording the

169

composite spectra from Y sources of 0.5 mm, 3 mm and 5 mm wide and

subtracting each of these from a second spectrum obtained from the 0.5 mm
wide Yb169 source. The spectra were normalized such that the total area

was a constant. These differences are shown in Figure 38. The investigation
of the scattering due to the slight difference in geometry between the com-
posite source and the source used for the resﬁonse functions was carried out
in the following way. The pulse-height spectrum from a thin Eu155 source

2 mm wide was recorded at three different positions on the focal circle.
These positions were the normal source position, two inches and six inches
to the left of the normal source position. The spectra were again normal-
ized so that the total area was é constant and were subtracted from the
spectrum recorded at the normal source posi;ion. Figure 39 displays these
differences.

Four other éffects of soﬁrce width and position were investigated.
These are the effect of the thin source not being perpendicular to the
collimator, scattering due to the crystal clamping block, the effect of not
being at the transmission maximum and moving the source closer to the de-
tector. This last effect was checked with the hope of being able to use
much weaker sources. These effects were again determined by recording

spectra from a thin Yb169

source and subtracting. Figure 40 shows these
differences. The top curve was obtained from spectra from a 5 mm wide disk
source recorded at 0° and rotated through 70° with respect to the collimator.

The next curve was obtained from a 2 mm wide source without a clamping
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block and with a clamping block which did not have a diffraction crystal.
The third curve is the difference of spectra recorded at the transmission
maximum and at half maximum. The bottom curve is the difference of spectra
recorded from the source at 261 cm from the detector (6p the focal circle)
and at 130 cm. Because of the focussing properties of the collimator, the
collimator plates were removed in the latter case.

As can be seen in Figures 38, 39, and 40 the difference for the various
source widths and positions are statistical. Therefore, there is either
very little scattering in these cases or the collimator does a very effective
job in eliminating the scattering. Because of this, it was possible to keep
the thickness of the thin source for the éomposite sbectrum at a minimum by
making it wider. The optimum width was aphroximate]y 2 mm. Also it seems
that the assumption of 1dentica] gedmetries for the line source and the
thin source is a good one. As can be seen from the lower two curves in
Figure 40 the differences are not statistical in these cases. It appears
to be critical that the.collimator and detector are set at the transmission
maximum. However, th{s can easily be done by recording the count rate as
- funﬁtion»of detector position. Also, it appears that it is not possible

to move the source-closer to the detector to achieve higher counting rates.
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VIII. APPENDIX B: CALCULATION OF THE -EFFICIENCY OF THE NAI CRYSTAL

This appendix describes the calculation of the efficiency of a 3 inch
x 3 inch NaI(T1) crystal for a line source 1 inch long and 261 cm from the
detector. These calculations were doné in collaboration with Michael Yester.
The efficiency is defined as the fraction of thé gamma rays which are
emitted from a sourceithat are detected by the NaI(T1) crystal. The frac-
tion of the particles with energy E that strike a crystal of thickness t.

and absorption coefficient t that will be absorbed is given by

(1 _ e'T(E)t)

The efficiency for a line source is then given by

Lo om 0 .. _
T(E) = —l—-l'f [ ™ (e T(E)t) sin 0do de¢dx Equation 13
0 ' .

where 4rL is the total solid angle. Due to the symmetry, Equation 13 can

be rewritten as

ey =) @ f M T (et (B)) i odedadx
4arL 0 i 0

Equation 14
As can be seen in Figure 41 the integral over © mdst be divided into two
parts corresponding to a gamma ray'exiting thrqugh the -bottom or the side

of the crystal. Therefore,
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T(E) = fo'-/?-. f ’/’22 [:foel (1-e"%1) sin odo
m : .

+ °, (l-e'th) sin ode ] dédx . Equation 15
0
1

First consider only the case in which the gamma ray leaves through the
bottom of the crystal. Consider theA]ihe source as a series of point

sources a distance x from the axis of the crystal, where 04x<L/2. 0, is

1
~ the angle between the perpendicu]ar from the point source to the crystal
and the line PR in Figure 41. By finding P'R, 0, can be determined from

the relation

0, = tan'l( HP+E ) . 4 4 Equation 16
From triangle ORU in Figure 42 we have
-R-Uz = O_.RZI'- .602’:

082 = p2 . . o
but OR ro [ . . .

and 002

n
—
*x
1
O
[y
~—

N
-
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therefore RU2 = r3 - x2-2xP'U-(P'U)? .
From the triangle P'RU in Figure 42

RUZ = PTR2-P'U2

Combining Equations 17 and 18 we get

r2-x2-2xP'U-P'U2 = PTR2-P"U2,

v

or rg-x2-2xP'U = P'R2 .
but P'U = P'R sin ¢ ,

so'rs-xz-ZxﬁTﬁ sing = P'R2

Equation 17

Equation 18

. Equation 19

Rearranging Equation 19 and solving for P 'R we obtain ki

P'R = -xsing+ \/xzsin2¢-(x2-r6)

Using Equation 20 in Equation 16 we get

oy | X sing+ \/x251n2¢-(x2-r8)
-0, = tan TN
0" "0

1

The distance t, a gamma ray will travel through the crystal can be found

from Figure 41

.t1=-ST<-’ ‘ | '

but SR = ty/cose

Equation 20

Equation 21
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so t = to/coso .'A ‘ Equation 22

Now consider the case where the gamma ray exits through the side of the

crystal. It is evident from Figure 46 that

c Q= tan'll:(—g—q—)] , ~ Equation 23

but Q' GQ=P'R .

Therefore, substituting Equation 20 into Equation 24 we have

xsi ZeinZo-(x2-r2
.y -xsing+ \/x2sin2¢-(x2-r§)
0, = tan

2 - Hy

Equation 25

From Figure 41 it can be seen that

t, = ST = PT-PS" ,

—_—  —— -xsi Seirige (n2ord)
T pTR_ -Xxsinet \J x2sin2¢-(x r§)

but PT = <376 = STne ~ 51n@
H ‘
— _
and PS — C0so
-xsingt \f x2sin2¢-(x2-r2)  H
so t, = ' 0 0 Equation 26

Sine . " T Ccoso

Combining Equations 21, 22, 24 and 26 with Equation 15 we have

/ ) . - o/
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Hitt

e 3 2¢in24a({y2_p2
tan™l xsino+ \/ x2sin2¢ I(x ro)
0 "0

_ o
E-e COSO] s$inodo

; [ -xsingt\/x2sin2¢-(x2-r2) |
tan™! - 0

0
\
o (-xsin¢+ \/xzsin2¢-(kz-r8) Ho )
l-e Sne ~ c0s®] | sinodo , ddx -
tan”? -xsing+ \/x2§in2¢-(x2-r6) . -
an e . k
0 "0
, Equation 27
where L = source length | ' o

rg = radius of the NaI(T1) detector
t(E) = absorption coefficient for. energy E

ty = thickness of NéI(T])-cr&staI.

Equatidn 27 Was numerically integrated using the trapezoidal rule and an

1BM 7074 computer;’ The input parameters for the computer program were o>

e

tos Hos Ls E, t and the number of intervals -to be used for each integral.

The absorption coefficients t(E) were taken from the tables of Vegors et
al. (23). - |
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As a check on the accuracy of the computer program, a comparison was

made with the calculations of vegors et al. (23) for H, = 10 cm and L =

0
0.75 inches. The difference was less than 1 percent for energies above
50-keV. The differences were probably due to the different methods used in
the numerical integration. When HO = 261 cm the variables change much more
slowly and it is believed that the agreement would be even better at this
dis;ance.

The dependence of the efficiency on the source length and the distance
between the source and crystal was detérmined. In-Table 9 are given the
efficiencies at four energfes for source lengths of 0.25, 0.50 and 1.00
inches and a source to crystal distance of 261 cm. As Ean be seen, the
efficiency is independent of the source length in the given ranges. The
variation of efficiency as a funct1on of source to crystal distance is given

in Figure 43. At 500-keV the efficiency only changes by 0.02 percent for a

variation in the source to crystal distance of 2 cm.

Table 9. The efficiency of a 3 inch x 3 inch NaI(T1) crystal for a source
to crystal distance of 261 cm as a function of energy and source

length
, Source length
Energy (keV) 0.25" 0.50" - . 1.00"
' ' Efficiency
50 1.0000  1.0000 ~1.0000
150- - 0.9975 . 0.9975 ~ - 0.9974
300 - 0.9949 - 0.9949 . 0.9947

500 - 0.9041 0.9041 0.9038
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I I I ' I
 |00- keV

100= o— o o o o o -0
98— - : 300-keV

RELATIVE EFFICIENCY

500- keV;

90

L | L 1

150 - 7 200 250 300 350
SOURCE DISTANCE IN cm

Figure 43. ReTative efficiency of a 3" x 3" NaI(T1) crystal as
a function of energy and distance from the source
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Figure 44 is the relative efficiency as a function of'energy of a 3
inch x 3 inch NaI(T1) crystal for a line source 1 inch long and 261 cm from
the crystal. "An error of x1 percent was assigned to the values read from

the graph.




RELATIVE EFFICIENCY

120

100

S8

96

94

92

20 N 1 |
100 200 300 400 500

ENERGY IN keV

(o]

Figure 44.  Relative efficiency of a 3" x 3" NaI(T1) crystal
261 cm from a one inch line source as a function
of energy ' '
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IX. ~APPENDIX C: DERIVATION OF THE ERRORS ASSOCIATED
WITH THE LINEAR LEAST-SQUARES PROCEDURE

In this appendix the equations used in the determination of the stan-
dard deviations of the gamma-ray relative intensities will be derived.

To determine the standard deviations of the Bi’ several theorems about
expected values will be needed. The proofs below follow those of Stevenson

(74). We define the expected value of any function of the variable z as
E [f(zi] by
| e[(2)] = .2 ) ()

where pz(u) is the'd{stribution function of z. The distribution function
pz(u) of the variab]efé is defined such that pz(u)du is the probability that
a measurement va1ue.of z will be between u and utdu. pz(u) is normalized
such that | " h

f;: p,(u)du = 1.

Also define the covariance of two variables z and h by

cov(z,h) = E[E—E(z] E-E(h_)-l:l .

The variance of z is defined by var(z) = E l:EfE(z] %} = o%, where o, is

called the standard deviation of z. Then for a constant a, the relation-

ships follow:

E(d) = [_, ap,(x)dx =a ., , o Equation 28

(x)dx = aE(z) ,' I A Equation 29
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" E(a+z) = f_: (a+x)pz(x)dx = a+E(z) , Equation 30

: [(a-E(a)) 2] - € [(a-a) zjl -0, Equation 31
o] o))

E [éz(z-E(z))éj = a2 var(z) y- Equation 32

Var(a)

Var(az)

Var(a+z) = E [(a+z—E(a+z)).2] E [(a+z a-E(z ) ] = Var(z

Equation 33
Also,

E(z+h) = [ XP4p (x)dx

but p,,p,(x) = [ 7 p(v)p,(x-v)dv ,

then E(z+h) = f_: f_: _xph(v)pz(x-v)dvdx .
Reversing the order of integration and letting x = v-v+h we get

E(z+h) [] (x- v)dx+vf p,(x-v)dx | dv .
dx = d(x-v) for fhe inner integrals since v is held fixed.

E(z+h) = fﬂ: ph(v) []_: (x-vjpz(x-v)d(x-v)+vf_: pz(x?v)d(x-vi] dv

/.o p,(v) [ﬁ(z)+v dv = E(z)f_" ph(Y)dV+f-: vpy, (v)dv
E(z+h) = E(z)+E(h) . o \ Equatiqn 34
cov(z,h) = E [Xz-E(Z))(h-E(h)[] = [ zh-zE(h)-hE(z)+E(z)E(hi]

"= E(zh)-E(h)E(z)-E(z)E(h)+E(z)E(h)

= E(zh)-E(2)E(h) . | o  Equation 35
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var(z+h) = € [[zth-E(z+)) "] = € [[z-E(2)eh-E(n))” ]

= € [[2-E(2)) “+2(2-E(2)) (n-€(n)] +(n-E(n)) * ]

= E [(z-E(z))Z:] +E [(h-E(h)) “ ] ve [(z-eE.(z)) (h-E(h) ]
var(z+h) = var(z)+var(h)+2é§v(z,h), : o | Equation 36

We will also need to show that the expected values of B, determined
from the normal equations are the.trhe'va]ues. To show this we will follow

the method of Kenny and Keeping (75, p. 309 ff.).

Let ATWA = D, and G = A'WR . ' Equation 37

C
The normal equations then become DB = G and B = D™'G or Bj =) (D'l)jkGk .
' : o k=1

Equation 38
The expected value of Bj is then determined from Equation 29

C
B} -1 .
E(Bj) = kzl(D, ) jkE(Gk){ N Equation 39

_ T g
where E(G,) = aki“iE(Ri)‘ If F(R ) = a1 where ny are the true

1< 151

I~

)
S

values of the B], then

C C

- T _ T
E(Bj) = Z ;Z ,8 (D l-) jkakiwiai1”1 é-131[:n]k21[3041)Jk1£1akiwiai]] J

k=1i=11=1
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| g ! ' (8.) gJ: g (o7t
but from Equation 37 W, so E(B,) = n- D”7)..D J .
S 21 3k T 351 7 Dy 372l k5 Jk7kT

Equation 40

Ly 3k’k1 T %17 in Equation 40 we get

m
—
(4]
g
1]
—
~10
—

L n]Gj] =0y - Equation 41
We can now proceed to calculate the variances of the B.. To do this

we need to calculate the covariance matrix of the vector B. We will follow

the approach due to Scheffe (76, pp. 8-12). Define the expected value of a

matrix to be the matrix ﬁprmed from the expected values of its components.
\

For a vector V, =~ = E(Vl)
E(V,)
E(V) =
E(Vn)
\ /

and  cov( E[V E(V)) (v-E(v)) ]

For a constant matrix G and if W = GV then by appTying Equation 12 we get

3 [{w-a(w))(w-E(W))T] + EEG(\)-E(V)) (V-E'(V))TGT]

e [ (v-£(v )(VE T]G = Geov(V)G'- Equation 42

cov (W)
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a. . ' R
For simplicity let A.. = and VY.

i [&ar(Rj;jl/z i [}ar(R;i]l/z

Equation 43

where var(R) = 02(R) from the definition of standard deviation.

Then Equation 10 becomes B = (ATA)'IATA . ' Equation 44

Assume the covardiance matrix of ¥ is cov (¥) = o2l

where I is the identity matrix. Then Equation 42 becomes, with W = B,

Ve=vandg=(ata) T,
cov (B) =.FATA)-IAT°COV(W)-[}ATA)-IAT]T
- 02y )-yiAT.I_A,[EATA)-IJT.
Since A'A is symmetrical, ( T )'lﬁis symmetrical. Therefore,

cov(B) = o2(na) " aTar (aTa)"? = 20Tt .

Using Equation 43 one gets

T

cov(B) = o2(A'WA)"L . ' Equation 45

We must now find an unbiased estimate of ¢2. Following the method of
Kenney and Keeping (75, pp. 311:312) we define the residual rs by -
: I
c =y .-T, o
5705
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where wj is, as before, the weighted observed value, and Tj is the weighted
value computed from‘the least-squares solution. Define the error Gj by

dj = wj—Bj where Bj is the true value of Wj.‘ Then bx applying Equation 34
we get

EE.BJ'MJ)?_] = E[32+23 8 +62]

E(s§)+E(2Bj6j)+E(6§),

E(wg)

b Equation 28 E(B%) = g2, ) = =B.) = E(v.)-B.
ut from Equation (BJ) B2 and E(GJ) .E(WJ BJ) E(yJ) BJ from

Equation 30, but from Equation 41 E(Wj) = Bj. therefore, E(Gj) = 0. Also
E(aﬁ) = o2 from the definition of variance. Therefore,
E(v2) = B2+02%2 .. - ‘ ) Equation 46

J J
If the true values of the Bi are n, then

- 8

7 1/2
L aji ”i/ var(Rji] .

™
|

1/2 /2 .,
Therefore E(w;’-].) 181 kgl ning aJ1aJk/E/ar(R :] [var ] + g2 ,

Sum over all j and apply Equation 34

= E(jgl(W§5) - Co2+ gi'kgln “k Z aJ1aJk/[}ar J:]I/Z var( :]1/2

o
Ho~-10;
—
m
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But from Equation 37,

Z a 8 Jk/var( J) = Dip»
N
0Bl F ()2 = cots § |} -
so E L = Co4+ n:n, D, . Equation 47
j=1 3 i1 k51 KK o
The normal equations were DB = ATWAB = ATWR = G,
Q. : : :
so0 G ) D, B, . Multiply both sides by B, and sum over i
T 2y TkTK - 1

Ve -1 Fooose
S I =S L

Taking expectation values and applying Equations 29, 35 and 28 respectively,
ve get . 4

E(.g B;6;) =-.§ g D E(B3By) =§ g D5 [nymicteov(B;8, )]

i=1 i=1l 1=1 i=1 i=1

Substituting from Equations 45.and 37 we have

E( g B.G.) = g g Dik [ﬁi”k+°2(0-l)ik]

i=1 i=1 i=1

Q %’ -1
or E( Z D. n.n,+Qo%, since D. . (D°%);, = 8., = 1,
& i1 K=l ik ik , k=1 ik ik k=1 »1k
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Thus,

g g nym Dy = E( 8 B.G

; '].)-Qo2 . Equation'48
i=1 k=1 SR o

Substituting Equation 48 into Equation 47 we get
E( ) (¥.)2)-E( ) B.G.) = (C-Q)o? . Equation 49

Also, since r = ¥-T = v-AB/ va_r(R_)]l/2 ,

ATr/[var (R)] /2 = ATy/{var(R)]V/2-ATAB/var (R) = G-ATAB/var(R) = 0.

C
) r% = rTr = (WT-TT)r = WTr—TTr, TTr = BTAT/ var(Ri]I/2 r=B8'-0=0.

C
Therefore ) rg = WTr = WT(W-AB/ var(ri]l/z) = y1y-G'G from Equation 37,
j=1
, C
s0 lerJ = Z WJ JZIBJGJ .

Substitute in Equation 49

Z rs / (C-Q)) ' 4 _k. Equation 50
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Q
(R.-kglajkBk)%/(c-Q) , Equation 51

then E(S2) = 02, and $2 is an unbiased estimate of o2.

Thus N = B, =\ /s2(ATuA)™" . | . . Equation 52

Fb]]owing the method~ofABeer§ (27, pp. 46-48) we will now show that for
large N, var(Ri) =.Ri' Let the probability that N partic]és are observed in
time t be Py. Then, if t is divided into d equal intervals so small that
the probability of emission of two partic]es in the same interval is ﬁeg]i-
gible, the probabiTify of the emission of one particle in a given interval
is N/d where N is the average number of particles. The probability of
emission of N particles in the first N intervals and none in the remaining

d-N intervals is given by (NYd)N (1-N7d)d'N.

The number of ways of dis- .
tributing N particles in d intervals is given by d(d-1)...(d-N+1). The
number of ways of interchanging the particles is N!. The probability of

obtaining N counts is then given by Py = d(d-1)...(d-N+1)/N: (/)N
jd-N

(1-N/d

dN and (1-N/d)

, the binomial distribution law. If d»=, then d{(d-1)...(d-N+1)~
d-N, =N Thus, Py = NN/N!, the Poisson dis%ribution.

~Now use Stirlings approximétion in the form y!";\/E;— NN+1/2 e'N
(this approximation has an errof of less than lnpércent when N>10) then N! =
Sz TV eV, and Pp = IN2N . Let Y= 1nPy,"then

-

Y = -N}N]nﬂlln\/Zn -(N+1/2)1nN+N
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-

O = In-(N+1/2) (1/N)-Tnle1
When PN is a maximum %%—= 0 so InN-1-1/2N-1nN+1 = 0 'and 1an1ne1/2N-1nN =0
yielding N'-Nel/2N = 0. Since N is postulated to be large, e1/2N is essen-

tially unity, and the maximum occurs close to N = N. Expand Y about N in a

Taylor series and retain only the first two nonvanishing terms.

Y(N) = Y(N)+dY/dN(N-N)+1/2d2Y/dN2(N-N)2+, ..

Since the maximum occurs close to N, the first derivative of Y with respect

to N is zero.

Y(N) = -In/2nN +1/2(N-T)2d2Y/dN2

"

dZY/sz'=l-1/N-1/2(-1/N2)

0 Y(N) & =TiJ2uN +1/2(N-N)* E(l/'N‘-l/Z’N’??)] .

Since N is large, 1/N>>1/2N2 and we drop the 1/2N2 term. Taking anti-

loyarilhms we get
g SN2
Py = /2N e 2N

Letting N-N = x, we then have
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. X2
- X
but from Equation 5 P(x) = 1/\/2702 e 20° ,

SO 1f on the average N counts are observed in a time t, the standard devi-
ation in the number of counts is o /N . If it is assumed N is near N,
o =\/N‘ . Thus the weights in Equations 10 and 52 are
w, = l/Ri . _ Equation 53

In practice, bécause of background radiation, the weights given in
Equation 53 must be modified. If Ni are the true number of counts in the
experimental composite spectrum, then Ni = Ri-MBRj, where M is the ratio of
the time for which the composite spectrum was recorded to the time for
which the background Was‘recorded, and BRi is the number of counts recorded
in the background spectrum. Then, aN, = BR,-MABR, , (ANi)Z = (ARi)z

+ MZ(ABRi)Z-ZMARiABRi. Take the average of both sides of the equation

()7 = (R 2 e (B2

since the AR1 and ABRi are independent. Therefore, assuming.Ri and BRi are

large,

(U(Ni))z = (‘3<R1))2+M2(‘7(BR1))2 =(R1+MZBR1'

and w, = 1/(R1+M28R1) .

Following the method of Fry (77, pp. 285-289) we will now show that S2

has a x? distribution and can be used as a figure of merit. We had

C x?
L Vg
' : _ i= i
P(xl, X, x3,...)dx1dx2dx3... =Ke dxl dx,...
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where xi = Ri - ;

I ~10
o]
o

p 1373

But P(xl, Xz"')dx1dxg"' = P(x (t., t,eea)sx (t, tyees)ees)

1) 2 2 .1 2
3(X)s X,5eet)
dt.dt. ...
3(t,, t,, 1772
= P(ty, tz,...)dtldtz . (77, pp. 153-163)

Let q% = X%/o%, then

-

L _
7211/2 a3
P(ql, q2,...)dq1dq2... =Ke '7 dq,daq,...

-

For simplicity 1ét C= 3. ‘Aléo,‘let q§+q§+q§ = r2,

Suppose we have been given a set of the a's and have computed the sum of

the squares of the g's and found it to be S2. We want to see how reasonable
the estimates of the a's are. To do this we compute the chance that another
experiment, conducted so that its probabilities were really equal to the
ones estimated from the experimental data, would lead to a result that 18

at least as improbable as the one under discussion. To do this we need to
add togetherAthe probabilities of all admissible sets of values which are
lTess 1likely to occur than the experimeqta] ones. Since we have a decreasing

exponential, the points which correspond to these sets all lie outside r = S.

Hence we need only add the probabf]ities corresponding to all admissible
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points for which r>s. In g space qf+q§+q§ = r2is a sphere centered at the
origin and with radius r. A]T point§ on it have the same probability. The
" q's are deviations measured in such units that equal vector deviations are
equally likely, no matter what their directioh;.l We integfate over all ad-
missible values which 1ie outside a sphere of radius S. Before doing this,
we must know what regions contain these admissible values. This is deter-
mined from the auxiliary equations, which will be'of the fofm
)

jzl djfﬁ = 0.
For example, if C= 3 the auxiliary equation is d;q,+d,q,+d,q, = 0. This
is a-plane passing through the origin of the coordinate systém. A1l ad-
missible points must lie on such a plane and the integral is no Tonger a
volume integral outside a cértain sphere but a surface integral outside a
certain circle. For two such equations it will be a iine which intersects
two such planes. In general, a single condition on the variables reduces
the space of C dimensions to one of C-1 and we must integrate over all those
portions of this space which‘are further from the origin than a certain pre-

determined amount S. Q conditions reduces the space to one of C-Q dimen-

sions. In our case the Q auxiliary equations are

g i) | : g i, o E' 3; :
q.=O, q.=0, sy -—TQ—)—-q-?O.
51 o Ry T jep Ry o j=1 %R0 0

In one dimension
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In two dimensions

: e g2
P =2tk [o e re/2 rdr.

" In three dimensions -

In ¢' dimensions, where ¢' = C-Q,

. w  epl L
P (>82) =K' [~ e P2 et=1 g,
o -p2 .
but 1 = K' fo e’ /Z_r;' ar.
Let r2/2 = u, then
c'-1 c'=2

1 = K"fO“ M) FU_-2)? ke M) f du -

c'-2
0 o]
<t
So K' = 1/[2 2 ( c2—2) ']
' w op2 "
Then PC'(>52) = C} -11 fs -r /2 rC 1 d
22 (C2-2)|

Therefore, the distribution P(r)dr is-.

Equation 54
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2 i
P(r)dr = — 1 = e " /2 rC 1 dr.

c'-2
W21, 2

,c'/2

2 4 . . ' 2 - @2 ar - ___}______
w¢ want the S¢ distribution. - Let r S4, then 357 T2
. 2(s2)
: ) c'-2
and P(S2)d(s2) = 1 e 32 (s2) 2 4(s2) |

c'-2 ,
—

This is identical with the x2 distribution

c'-2

1 - _=

P(x2)d(x2) T (x2) ¢ exp(-x2/2)d(x?).
2 . : :

has a x2 distribution.

The integral in Equation 54 has been tabulated (77, p. 469). By knowing x2
and the number of degrees of freedom, one can deferminq the "goodness" of

the fit. The $? in Equation 54 is an estimate which corrects for variances
which were not included in the weighting. If the weighting factors for the
least-squares solution are chosen to correspond with the true values of the

variances of the Rj’ then the value of 02 is 1 and from Equation 53 we get

E(x2) = C-Q and E(x2)/(C-Q) = 1.
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In sumuary, the squares of the standard deviations of the gamma-ray

relative 1ntensitie§ can be determined by multiplying the diagonal elements

T

of (A'WA)™! by S2, where $2 is given by Equation 51. The value of $2 can

be used as a figure of merit and has an expected value of 1.
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X. APPENDIX D: FLOW CHART AND REVISED COMPUTER PROGRAM

In this appendix the flow chart and listing of the IBM 360-50 computer
program used to_deterﬁine the gamma-ray relative intensities will be given.
The program given here 1is é revised version of the one given in Reference
22. A maximum of 8 gamma rays recorded with a 400 channe] analyzer can be
analyzed at one time;

To determine the re]ative.intensities the following equation must be

soived

B = (AwA)"! ATuR.

This is done by reading'a parameter card which specifies the number of
channels and the number of gamma rays ahd certain other options. The pro-
gram then reads the matrices A, R and the background for R. Next the weights
are determined. They can be read in, set-equal to 1 or calculated. During
the present measurements the weights were always calculated. Two sets of
badkground for the response fﬁnctions are then read in, averaged, and sub-
tracted from the response functions. The program will then either normalize
the response functions oh the photopeak area or the total area. The total
area was always used in these calculations. The curve to total ratio is

- then determined'for each response function. Following the normalization

) ATwA is formed, and an Ames Laboratory library subroutine MATINV is called

TWA)'l. This inverse is then multiplied times ATNR. Next, the

to find (A
goodness of fit parameter, $2, defined by Equation 51 is calculated. The

subroutine COMP then computes the relative intensities and standard
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deviations in the relative intensities by computing the corrections and the
standard deviation of the corrections. The response functions, ca]cu]atéd
spectrum, experimeﬁta] spectrum and deviation of the calculated spectrum
from the experimental spectrum are then printed out. " The flow chart and
listings for the main program, and subroutines COMP, NLLS and SUBRT are
~given in Figures 45, 46, 47, 48 and 49, Subroutine NLLS is used when

normalizing on the phdtopeak area. NLLS calls subroutine SUBRT.
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READ PARAMETER
CARD
READ
AR
+/l\— -
[Fems v =
! COMPUTE
W

SUBTRACT BACKGROUND
NORMALIZE ON
PHOTOPEAX AREA

SUBTRACT BACKGROUND
NORMALIZE ON

TOTAL AREA
L reacowe —— . ]
: CURVE TO e
TOTAL RATIO
1
[ 8=(aTway! ATWR |
I .
. /s
. 400 P :
e 3 WIRi- 3 Aly ByI2 S
P=1 . Nl BRRE
400-P » d

[cx m(aTwa)! |

CAEL coMp
COMPUTE RI

l

PRINT
' B A.RM.C
o R1,8TA

€

"Figure 45. Flow chart of the linear least-squares

.computer program
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[SU DISK RES SPOOLED BPS FORTRAN

7408 -_ 'A0095 G NEL 2 MIN . nn

YEGIN COMPILATION
C RELINT | 3/718/646
C
C INPUT -
C JA NUMRER (OF COLUMNS (13)
C W =0, CALCULATE W (OMEGA) (12
C =4 READ W (CMEGAY
G m SET WeIDENTITY MATRTX
G IWA=¢,= WELGHTS IN NLLS®1.D
C =0 WEIGHTS IN NLLS COMPUTED
C INV=0, CALCULATE A(-1)®A=0 AND PRINT (13)
c ==y  SKIP A{-1)%A =1 CALCULATION
C IBAPR=0 PRINT BA(I), I=1,1A
C ==-44+ SKIP PRINT '
C IN=+,-NORMALIZE ON TOTAL AREA
C =0 NNRMALIZF ON PHOTOPEAK AREA
C IPA=+ PRINT NURMALIZED A MATRIX
C == PRINT NORM & MATRIX AND 3&NDRM A MATIH]Y
c =0 PRINT R*NORM A MATRIX
C .
C TITLE TINENTIFICATION OF DATA : (17851
C .
C CARD2 A{I,J) A MATRIX,READ RY COLUMNS (1778,
C CARD3 R{T1) RHO ARRAY (DIAGONAL ELEMENTS) (Y2FfA.r)
C CARD4 R(I) BACKGROUND
C
C CARDS W(I) OMEGA VFCTOR ( OPTIUNAL MAY RE CA| CULATEN)
C CARD& 2?2 VECTORS NF RACKGROUND A VECTAR AT A TIME FNR FIRST 0N
C CARDY BACKGROUND FOR SECOND CULUMN 0IF A FTC
c

S.0001 - - DIMENSINN A1(400,8) A1400,RA)RILNN) (1400} JAWAL22,20),0027,27),
- 1AWR(20),B(20), TITLE(12) AT (20,20) JWNRKL (27 ), WNRK2{27),
. 2WORK3(20) 4, WORK&L(20),CHOP(2C) 4y SNCHP(2D) , ERPOR (A1)
$.2002 DIMENSINN BA(400) ,HP (460C) :
5.0203 . DIMENSTON X(250) P{20)4STRPI2C) 481 (4D0) 42 (67Y) ,GR2(3,2 Vb 1(27),
LSTOELLY, 70).VARI’1(?“\.N§l(N(u),Gﬂ(ﬂ),GD)(”),AHFA(P”).HIHFI("i.
2E(20),5TDECR),FL20),SDF{20)
S.2004 : COMMON Al A R Wi AWALGC oy AT JAWR R TA,JALTITLE WX P eSTNP, R JHD (P2, R
1ySTDELVARF2L NSIGN,GPyGPL AREASTNRT 4 E+STDE T ZERD (K F o KO KA VAL
24 KM, ERROR '

S.A0CS EQUIVALENCE (BA(1),R1(1)),(HP{L1),R2(1))

c : READ TITLE AND INDICATORS
5$.2006 © 100 READ (1,110C)IA,JA,TW,yIWA,TNV,IRAPR,IN,IPA,TITLE
$42007 1190 -FORMAT (B13,12A4)

C
S.O00A4 WRITE (3,1101}TITLE
5.0009 LIND FORMAT (1HL 9% 12A4) .

¢ END QOF PROGHAM TESY
$.90190 IF (IA)ADO,105,601 :
$.0% 11 300 STOP 89
$.)012 105 sSTOP .

C READ IN DATA
$.I013 601 READ (1,602) IZERD ’

S.0N14 602 FORMAT (1I5)

$.0C15 110 READ (1,14N0)8RC+{AWRIJ) ¢J=1,JA)
5.9C16 140C FORMAT (5€f15.8})

$.9017 00 111 J=1,JA

$.9018 111 READ (1,1110M(A(T,4),1I=1,1A)

Figure 46. Main program
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$.7019 READ (1y1110M(R(1),1=1,14)
$.9920 1110 FORMAY (4XFALOTXFON, TXFO. 0, TXFALN TXFA,D)
$.J021 READ (L, 1L100(BYC1),I=1,TA) :
S.0022 IF (IwW)l21,125,120
S.UN23 120 READ (L1,1110)0{(W(I),yT=1,14) )
S.ON24 G0 TO 400
C OMEGA = IDFNTITY MATRIX
$.0025 121 D0 122 I=1,1A
$.0C26 122 Wil)=1,
$.2227 GO T 400
C CALCULATFE OMELA FROM RHN
S.0028 125 DO 129 I=1,1A
§.0329 2Z=ROI)+RRC*BRC*R1( 1}
$.0033 IF (72)128,126,128
$.0C31 126 Wil)=1.
$.2032 GO TO 129
$.0233 128 Wil)=1./27 -
S.0N34% 129 CONTINUE
$.0C35% S 60N DO 112 I=1,1A
S.0G36 112 R(I)=R{I1=(BRC*A1(1))
$S.0037 IF (IN)132,133,132
$.0033 132 00 134 I=1.JA
S .39 RZ=0.0 ‘
$.)040 5% CUT=0.0
§oN04L PEANDCLLILLNY (R1CJYad=141A)
$.2042 READ(L,1LL0) (N2(J)ed=] IA)
ST N 13T Jnl,IA
SaNad MOy ALy D)= 5¥AURTTINIRLIJINRD(Y))
$.054% 137 BW2oBZeAld, 1)
S ON4A 605 TFE (B21A06, 136,606
S04 7 66 CONTINUT.
S OMGR ANT TE (LZERD=-1)60R, 608,410
$.0049 608 CHDPLT)=0.0
S.0050 679 SDCHP(1)=0.0
$.5751 618 GO TO 624
§.0252 A10 DO 612 J=T1LFROL1A
$.0053 611 CUT=CUT+AlJ, )
S84 612 CONTINUE
S.2755 613 CHOP{II=CUT/BZ L
$.0056 614 SDCHP(T)=CHOP({T)*SART(1.,N/CUT+]1, /R2)
$.2057 "615 I1CO=1ZERD-1
$.7258 616 NN A1T J=1,1CD
S.o059 617 afJ,1)=0,9
S.096n 62% 82=0.0
S.00el 623 D0 694 J=IZFRO,IA
§. 0562 624 BL=BZ+A(J, 1)
$.I063 624 CONTINUE
§.0 64 tF LBLI135,136,135
$.J)065 135 D0 134 J=1,1A
S.AC6E B(Js1Y=ALU,TYV/D2
S.1067 134 CONTINUE
5.0768 IF (IZERO-1)130,130,619
SeNGAY 61¢ DO 629 J=1,1CN
S.007C 620 R{J)=0.0
S.2271 GO TO 130
S.00 72 136 WRITE (3,1122)
S, T3 1122 FORMAT (17H DIVINDING RY AZ=N)
S, T4 STOP R9 )
.75 133 D0 133 [X=1,J4
S.) 76 READ (141120 )IL s TUWNTIT,EPS,CMy(NSTON(T ) 4T=1,3),(GP(T),1=),%)

§.2577 1120 FORMAT (214,13,F8.5,F2,0,312,3F14.8)

Figure 46. (Continued)
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« ’
' 7

$.0078 NDP=1U-TL +1 7

$.0079 401 READ (1,1110)(B1{J)sJ=1,1A) -

$.2980 READ (1,1110)(B2(J)ed=1,14)

S.O081 D0 411 [=1,NDP

$.0082 IF (IWA)403,4064,403 .

$.0083 433 NFDP=400+! -

S.J0RG A(NFDP,IX)=1,

S.0085 GO TO 411 ¢

$.0086 404 [J=1L+1-1

S.0CR7 IP=A(TJ, IX)+,25¢AWRIIX)RAWR(IX)«(RL{TJI+R2(TI))

s.n08e@ NFDP =400 +1 :

$.0089 IF (ZP)410,408,410

5.0090 498 ‘A(NFDP,I1X)=1.,

$.0091 - .60 TO 41l

$.0092 . 410 AINFDP,IX)=1./1IP

$.0093 411 CUNTINUE

$.0094 00 412 I=1,71A :

15,0085 412 A(1,IX)=A(T, IX)-o5%¥AWR(IX)*(R1(I)+R2()})

$S.N096 NP=3

$.0097 SIGMA=GP(3)/1.177416

S.N298 GP(3)=SIGMA

$.0099 . 00 139 [=1,3

S.01C0 139 GPLUIY=GP(I)

S.0101 N DN 140 I=1,MDP

S.0102 140 X(I)=FLOAT(IL)+FLOAT(I)-1.% .

$.2103 CALL NLUSCAL4OL,IX) g XaACTIL LX) 4GPLySTDEYNERR yEPS\NTT MO 0O,

1VARF,VARF1,VARF2,CMy NSIGN, T SAVE)

S.0104 G0 TO (141,142,143,144.1645), NFRR

$.0105 141 AREA(IX)1=2,50662R*GPL(3)+GPL(1)

S.0106 AR=(. .

$.0107 DD 146 J=1,1A

S.n10R 146 AR=AB+A(J, [X)

S.0109 IF (ARILS4,15%5, 154

S.o110 155 WRITE (3,1130)

S.0111 1130 FORMAT (17H DIVINING RY AR=2))

$.0112 STOP 89

$.7113 154 IF (GPLl(1})156,157,156

S.0114 157 WRITE (3,1131)

$.0115 1131 FORMAT (9H GPL{1)=0C)

S.9116 STOP 89

S.N117 156 IFf (GP1(3))158,159,15R

$.7118 159 WRITE (3,1132)

$.0119 1132 FORMAT (9H GPL(3)=0)

S.0120 STNP 89 .

S.0121 158 P{IX)=AREA(IX)/AR

S.0122 . STOP(IX)=(GPL(1)*GPLI3)/AR)«SORT (4. 28318 ((STDF(1V/CPL(L))#%D+

LISTDE(3)/GP1{3))%42¢1.N/AB))

S.0123 DO 147 Jd=1,2

S.7124 - 147 STPELLS, IX)=STRE(J) |

$.0125 IF (AREA(IX))149,150,140

$.0126 15C WRITC (3,1123)1X

S.N127 1173 FORMAT{IH ,14,19H DIVINING BY AREA=D)

S.N128 STOP 89 .

$.0129 149 N0 148 J=1,14

$.0130 148 A(J, IX)=Aa0Jd, IX)/AREA(TX)

S.N131 GP1{3)1=1,177410%GP1(3)

$.N132 00 152 1=1,3

S.3133 152 GP2UI.IX)=GPL(T)

SS.0136 138 VARF21({IX)=VARF

S.N135 IF ([PA)153,130,153

S.N136 153 WRITE (3,1124)000A011J)a1=141A),0=1;J4)

‘Figure 46. (Continued) = -
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FORMAT (19H A ARRAY BY COLUMNS,/(SE24.8))
60 TO 130
WRITE (3,1126)
FORMAT (16H SINGULAR MATRIX)
STOP 89
WRITE (3,1127INIT
FORMAT (20H DID MOT CONVERGE IN,T4,11H ITERATIONS)
sTaP 89
WRITE (3,1128)
FORMAT (20H XTX MATRIX SINGULAR)
STAP 89
WRITE {3,1129)1SAVE
FORMAT (19H GUESS ON PARAMETER,12,4H RAD)
STIP 89
ZERD ARRAYS
DO 200 I=1,JA
AWR(I)=0C.
N0 200 J=1,JA
AWA(T1,J)=0.

00 210 I=1,J4
DO 210 J=1,1A
A(T)&W = AlJL 1Y % W)
ATW=ALJ, [V EW(Y)
A(TY2WRR(T)= SUM( ATW #R(JV),J=1,14
AWR (TY=ATWRR (JI+AWR(T)
ALT) WAL oK) =SUMIATWRA( Jy ¥V )y d=1,1A
DO 210 K=1,JA
AWA(T JK)=AWA (T \K)+ATHEA(J,K)
STNRE AWR &ND AwA FR MAT INV
DO 220 1=1,4A
BIIV=AWR(I) .
00 220 J=1,J4A
Cll,JI=AWA(T,J) ) :
INVERT AWA AND® SDLVE FNR 1
CALL MATINVIC,JA,B,27,1,NET,WORK] yWORKZ 3 WORK 3, bNARK &)
' TEST FOP SINGULAR MATRIX
IF (DET12404,235,240
SINGULAR MATRIX MESSAGE
WRITE (3,1235)(R{1),1=1,1A)
FORMAT (&45H A(T)#WxA IS SINGULAR, CALCULATIONS SKIPRFDN///120 fhr
1 VECTOR /{1X F9.0,11F10.0))
00 236 J=1,J4A
WRITE (3,1236)J,(A(1,4J),1=1,1A)
FORMAT (6M A(I,12,aH) ,/(8F24,8))
NOT  SINGULAR
IF (INV)260,245,260
‘ A(=-1)%A =] - AN PRINT
DO 255 I=1,4JA ‘
DO 250 J=1.JA
A'(IVJ,‘O-
NO 250 K=1,J4
AT(T d)=ATL T JI+AWALT  K)2C (K4 J)
WRITE (3,1250)1,(A1(I,34),J=1,JR)
FUKMAT  (13HOIDENTITY ROW 4, 6E1T8/(TEIT.R))
CONT INUF
PRINT B ARRAY
WRIVE (302000800 0,1=1,JA)
FORMAT (13H1 BETA VECTOR 7X SE2C.8/(20X 5F20.R))

FI1AJA=1A=-JA
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S.N1R4 261 IF (FIAJA)I262,561,262

S.O1R5 S61 WRITE (3,2652)

5.7186 2652 FORMAT (8H FLAJA=0D)

S.P1A7 STOP A9

$S.n188 262 FM=0,

S.J1R9 - PO 502 I=1,JA

L0199 DO 502 J=1,1A

S.0191 5072 A(J I)=A(J,I)%B(T)

$.0192 IF (IPA)S03,503,504

S.0193 533 DN 709 J=1,J44A

$.0194 779 WRITE (3,27520J,0A(T,J),T=1,T4})

$.0195 2752 FORMAT (5H All,413,2H )1/ (SE24.8))

$.V19% 5C4 WRITE (3,2651HR(T),In],1A)

s.01a7 2651 FORMAT (9H R VECTOR./Z(5E26,8))

$.019R N0 275 1=1,14A '

$.7199 BA{1)=C.

S.2206 . D0 279 N=1,JA

$.0201 270 BA(T)=BA(T)+A(1,N)

$.0202 RBA=R(I)-BAL D)

$.7203 275 FM=FM+W( I )*RBA%RAA :

$.220C¢ FM=FM/FIAJA

$.2205 280 WRITE (3,12R0)FM

$.72C6 12R0 FORMAT (SHIM = E15.8//713H ME{A(T)I«W*A) 17X A HLOWFR TR [ARCU AR OF
1INTFD ONLY /7) '

c .

S.U207 00 290 1=1,JA :

$.N208 00 285 J=1,I

$.7209 285 AWA{L,J)=FM%C(T,J)

2210 290 WRITE (3,1290) 1, (AWA(T 4J)4d=1,1)

S.n211 1290 FORMAT { SH ROW 12,5X SE2C.8/ (12X 4%F23,A))

$.2212 IF (IN)1505,506,5605 )

$.2213 - S35 DN 595 J=1,JA

S.2214 P(JI=1.2

$.2215 - 595 STDP(J)=0.

S.0216 506 CALL COMP(B,AWA,P,STNP,RI,STNRILE,CHI2,SDCHP)

S.N217 669 IF (IN}S07.598,507 L

$.3218 SOR WRITE (3, 11350 (E{T)4PUI)oSTOPII) JGP2(1 1) STDEL(LsT)4002(2, 11,
ISTDEL(2,1)+GP2U341)4STOEL(341) ,VARF2L (1), ARFACT) 1=, JA)

$.)219 1135 FORMAT (3H £=,F6.0,6H P=yE16.8,19H4 STNP=,Flh. Ry 17N Amp
=,E16.8,9H STDA=,EL16,B/3H X=,F15,8,54 SOX=,E15,8,5H buwhi=, €16 A,
25H SDUS=4+E15.8,6H VARF=,L15.R,6H ARFA=,£1%,7)

$.72250 - 507 WRITE (3,1134)(E(1),RI(I),STORT (1) yI=1,.08)

$.N221 1134 FORMAT (4H RI{ sE6.0,2H)=4E16.R 7  STRIZ4F16.8)

$.2222 IF (18APR)630,291,630

$.0223 291 WRITE (3,12910(BACI),I=1,14)

$:2224 1291 FORMAT (13HD B{N)*A(I,N)//{5E24.7)) '

$.5225 630 CONTINUE

S.N226 631 DO 636 I=1,1A

$.2227 £32 1F (R{11)6033,634,633

$.0228 6133 R(IV==R(T) :

$.0229 ERROR(1)=(=R(1)=BALT))/SQRTIR(T))

§.7230 GO TO 636

$.1231 634 ERROR(I1=0.0

$.2232 . 535 GO TO 636

$.0233 633 ERROR{II={(R{II-BA(I))/SORT(R(I})

$.0234 636 CONTINUE

$.2235 637 WRITE (3,638)(ERRORII),I=1.14)

S.N234 - 63R FORMAT (26HO0 NEXP-NCALC OVER SQRTNFXP,/(5F24.R1})

$.0237 639 CONTINUF

$.0238 6540 GO TO 1067

$.2239 END

 Figure 46. (Continued)
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ISU DISK RES SPOULED RPS FORTRAN

REGIN COMPILATION
$.0001 SUBROUUTINE COMP(B,AWA,P,STNPR1,STDPT, £,CHOP,SNOHR)
$.20C2 DIMENSION B(20),AWA(2C,27) 4P (20) 4STDPI27) 4B (20} FU28),SPFRIYZ7 Y,
LUG2046),SDUC20+6)4D020,6)14SDDI2C A sEF (20 ) 4SDEY 20 )4FT(27)
2STDRI(2D 14 A{ 201 +SDAL20) JCORRL2C,5H) «CHAR(DI2),SNCHPID! )

$.00C3 READ (1,2000)JA,N

$.7004 200C FORMAT (214)

$.20C5 READ (Ly20N1)(ECTY,FUT),SDFIT) FFIT),SNEY(T),T=1,J4)
$.90C6 2001 FORMAT (5E15.8)

s.N007 READ (1520021 ({U(T,d1,SDUCT ) oDIT o) ¢SODIT4d)oT=1,0A),d=1,N)
$.0008 2002 FORMAT (5X,4E15.8)

§.2000 DO 401 [=1,JA

$.2010 IF (B(1)1402,500,401

$.0211 402 WRITE (3,2003)1

$.9512 2003 FORMAT {(3H B(,13,11H) NEGATIVE)

$.0013 ) STOP 89

$.0014 530 WRITE (3,2100)1

$.0015 2100 FORMAT (3H B{,13,8H) = ZFRO)

$.I016 STOP A9

$.0017 471 CONTINUE

$.3018 421 DN 423 I=1,J4

$.0019 422 FUII=FLI)+CHOP(T)

$.0020 423 SDF{1)=SDCHP (L )+SDF(I)

s.0021 WRITE (3,440)

§.9022 440 FORMAT (32HK RATIO OF CUTOFF TC TOTAL CURVE//) .
§.0723 426 WRITE (3,4250(C0T),T(1)4SPFCL) l=lydA)

$.0%24 425 FORMAT (3H Fl,F6e0412H)m FL1EoBe&H  SDFe,E16,K)
$.9025 AMAX=N{ 1)

$.0026 tMAX=1

$.1027 DO 403 I=2,JA

$.0028 ' IF (BMAX-R{]1))404,403,403

$.0029 496 AMAX=B(1) >

$.0030 IMAX=1

$.2031 4053 CONTINUE

S.0032 DMAX=",

$.9033 DUMAX=0.

$.3034 DO, 4C7 I=1,N

$.0035 . DUMAX=DUMAX+U( IMAX,T)%0(TMAX, 1)

S.I036 40T DMAX=0MAX+D( IMAX, T VD {TMAY (T ) #SOUCTMAY T SDUCTMAY [ 14U (THAY, 1 )s
: TUCTMAX , 1) %SDDC IMAX, 1 )&SOO(TMAX, 1)

5.9037 AMAX=EXP (=1, %DUMAX)

$.003R SDAMAX=AMAX®SQRT(DMAX)

$.04039 BOMP=AMAX®EF( IMAX } &P ( TMAX Y % ([ MAX) /R (T MAX)

$.9C49 COM=AWA{TMAX, IMAX) /(R (IMAX)HB(TMAX) )+ SHAMAXESDAMAX /

T1(AMAXXAMAX )+ SOEY( IMAXIASDEY(IMAX) ZIRF( TMAXISCE (ITMAX ) ) o QTP [YAY Y2
7§TDP(IMAXI/IP(lMAX)*P(INhX))*SPF(IMAK)*QF‘(X“AY\/(‘(l“\')v"l”ﬁ‘\)

$.0041 . DO 405 T=1,J4A

S.0242 DW=0.

$.0C43 : DU=0.

S.30448 00 406 J=1.N

$.70465 416 CORR(IZJI=EXPIN(TIJd)I*U(I4J))

S.0046  DU=DU+DI T, 41 *U(T,J)

S.CT4a7 4N6 D= deD([vJ)*D(l JIESDUCT o J) ESDUCT o S T o JIFULT VSO T, e SD( ]
1,4

S.24R A(TY=EXP{=1.2DU)

Se2i49 SDALI1=ALTY%SORTINW]

$.I2050 RICII=B(1I1*ROMP=1000, /{EF({IV*P (1) =F{T)*A(T1)}

S.I551 ATO=COM+AWAC L, 1) /7{RCTI*BLTII)+SDACT)RSDACT) Z(A(TI®A(T))+

LSDEY(I)*SNDEY( I} /(EFCT)%EFCT) ) +SDF(TIESDF(II/Z(F(TIIRF(TII4STURP (T2

Figure 47. Subroutine COMP
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2STOP(I)/(PLTII*P( 1))

TF (IMAX-11410,411,611
AINC=ATN=2 . 5AWA(IMAX, T )/Z(B(IMAX) «R(T))
GO TO 412
AIDC=AID=2.%AWA(T o IMAX)/{RLIMAX) *O(]))
IF (AIDC)4132,405,4G5

WRITE {3,2004)1

FORMAT ( 6H AIDC(416,13H) IS NEGATIVE)
AIDC=ALID :
STODRICII=RI(II*SQRT(AIDC)

WRITE (3,441)

FORMAT (110 )

DO 427 Jd=1,N

WRETE (3442R)I(E(L) 40, CORR(T Y 4l=1,4JA)
FORMAT (10XSHCORR{F6.Co,1HyI1,2H) =E16.8)
WRITE (3,441)

RETURN

END -
SIZE OF COMMCN COC%C PROGRAM 15947

END OF COMPILATION COMP

COMPILAT

TON TIME WAS 2002.0)  SFCONDS

Figure 47. (Continued)
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ISU NISK RES SPOOLED BPS FORTRAN

REGIN COMPILATION

S.00e1 SURROUTINE NLLUS(W Xy Y oGP, STOE MERR JEPS NI T NP NOP JVARE VAL F ],
LVARF2,CM.NSIGN, [ SAVE) . .
$.95C2 DIMENSION W(250),X(256),Y(250),6P1 () ,STDE(A),

LA(By8)yBIR, 1), XTX(B98)TR{A) ,CONVIB) JHTRIVI®),C(8,+),
2VMAT (8, ﬂ).INDFXI(B)'XNDFXZ(B).!PIVQT(B).PIVOT(").NSIG“(FI.Vrﬂ(“)

$.9603 NFRR=1
$.000% 0N 1093 1=1,NP o
$.2005 IF (GPLIT11)1001,1002,10C2
$.03C6 1601 1G0(T)=1
5,2007 60 T 1003 )
$.2908 1012 160(11=>
§.97C9 1073 CONTIMUE -
.3110 00 118 N=1,NIT + ~
S.0011 DO 110 L=1,NP
S.on12 AlL,1)=2.0
S.0013 DO 110 M=1,NP
$.2%16 11C A(L,M)=".0
$.0715 00 111 J=1,NDP
S.o016 .- CALL SURRT(J  WeXyY,GP1,DERTV,YCFY1,WT)
S.an17 'S¢ DO 111 L=1,NP
SS.0018 . BIL,1)=R{L,1)+DERIVIL) *F 1 %WT
$.0219 DO 111 M=L,NP
S.0020 111 A{L MI=A(L M)+DERIVILISDERIV(M) xW]
$.0N21 DO 112 M=2,NP
$.0022 K=M=]
$.3023 NO 112 I=1,K
$.35024 112 a(M, I}=a(1,M)
$.9925 . DO 212 L=1,NP
$.0C26 DN 212 Y=1,NP
$.0%27 . 212 XTX(L.MI=A(L,M)
S.I028" CALL MATINV(A,NP,8,48,10ET,INDEXT,INNEX2,[RIVAT,PTVYrT)
$.0029 IF (ARSIDETI-1.0E~-30)113,113,114
$.0030 113 NERR=2
$.0731 ‘ 60 T 20¢
S$.I0232 114 DO 115 I=1,NP
$.3733 KUT=0Q ’
§.0024 LONA TRCIISGPLOIY4CMRRIT, 1)
$.n03% 1F (NSIGN(T)II1N04,115,1004
$.0M 30 1204 ICHG=IGO(T)
$.0037 GO TO (100%,1006), ICHG
B LY 1925 IF (TB(I})Y11%,1007,1¢07
$.0G39 1006 IF (TAR(T1)1007,1007,116
S.0L4n 1647 8il,1)=A(1,1)/2.0
S.00¢41 KUT=KUT+]
$.9342 IF (KUT-7)1708, luOB'IPﬂO
5.9%43 115 CONTINUE
$.0044 GO TO 1010
$.3045 1009 ISAVE=1]
S.0046 NERR=S
S.O067 GO TO 2n0
S.Or 4R 1710 D0 116 I=1,NP
$.3149 CONVIIF=ABSIGPL(T)/TAITI-1.0)
S.0050 LF (CONV(II-E9S) 116,116,117
$.9951 - . 116 CONTINUE
S.0252 GO TO 120, >
$.0753 117 D0 118 I=1,NP o
$.2056 118 GPL(I)=TA(])

5.0055 NERR=3

Figure 48, Subroutine NLLS
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500056 G TO 200

5.0057 120 DI 121 T=1,ND
SO INCY] 121 GPICL)=THR( ) o
$.00450 SUMWaQ 0
$.0360 VARF2=0,0
§.9061 nn 122 J=1,NNP
S.2C62 CALL SURRT(J,W,X+Y,GP),DFRIV,Y(C, FlL.Wl)
S.00A3 VARF2=VARF2+WI%*F 1 %F]
S IN064 T 122 SUMW=SUMWeW]
S.06065 . VARF=VARF2/(FLOAT(NDP)=FLNAT{MP)}
$.0066 VARF1=VARF/SUMW
S.C67 NO 125 I=1,NP
S.JTER NC 125 J=1,NP
§.2269 IF (I-J)1124, 1?3.124
Se30TH 123 Cil,J1=1,0
S.3171 . GO TO 125 c
T S.ORT2 126 C(I4J)=0,0
S.C273 - 125 CUNTINUE
S.)374 CALL MATINVIXTX,NP,C,8,NP, DET.!NﬁfX..IN"rXL.IPIvnT pPIvOY)
S.™975 IF (ARS{DETI=1.0FE-30)1264125,127
S.3276 126 NERR=4
S.OTTY GO TO 200
$.2:78 127 DO 128 [=1,NP N
S.I379 : DD 128 J=1,NP -
SL.ONRQ 128 VMAT(I,J)=C(I,J)%VARF ,
S.IN81 DO 129 1=1,NP
S.0282 - 129 STDE(I)-QQRT(VMAT(I.!))
S.7083 200 RETURN .
S.I0RG END
: SLZE OF COMMON  ADCNG PREGHAM 4500
FND UF COMPILATION  NLLS . .
COMPILAYINN TIME WAS -M01. 81 SECONDS

Figure 48. (Continued)

—~
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ISU DISK RES SPOOLEDN APS FORTRAN

REGIN CUMPILATION

S.0301
S.0rC2
S.MQ3
S.I0N4
S.Cae5
S.J076
S.00n7
S.23C8
$.2209
S.2010

SUBRUUTINE SURRT(J WeX, Y ,GP1 ,DERTV, YL, F1 Wl)
DIMENSION W(250) ,X{250),¥{(252),4PL ("), DERIV(S)
YC=GPLIL)REXP( =5 ((X(JI=GP1(2)) /5P1{3) ) xx?)
F1=Y(J)-YC
DERIVILI=EXP(=.58((X{JI-GPL(2)) /0PI (3)) %)
DERIVI2)=(GPYI(1)*(X{JV=-GPI(2V)/ (6P (3} )e42)#DFRIVI)
DERIVI3I={X{JI=GPL(2))/GPLI(3)ADFRIV(2)
Wi=w(d) g
RETURN
END

SIZE NF COMMON €aran PROGRAM  19KF2

FND OF COMPILATION SUBRT

COMPILATYION TIME WAS 000C.86 SECONDS

Figure 49.. Subroutine SUBRT






