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MEASUREMENTS O F  SOME GAMMA-RAY RELATIVE INTENSITIES 

AND INTERNAL CONVERSION COEFFICIENTS USING 

Gerald C .  Nelson and E .  N. Hatch 

ABSTRACT 

The X-ray and gamma- ray  relat ive intensit ies w e r e  measured  

170 166 
f r o m  the decay of T m  , , Ho , ~ f l  80m , IZu1 55 and s m l  55 with a 

bent -crys ta l  monochromator and a l inear  least-squares .  computer 

program.  The K-shel l  internal  conversion coefficients w e r e  de te r -  

mined for  the E2 t ransi t ions in Yb 170 and ~ r l ~ ~ .  The K-shell  con- 

vers ion  coefficient, CY for  the 84. 3 - k , ; ~  t ransi t ion in yb170 was 
. . K ' 

determined to be 1.43*0. 04 while the K-shell  internal conversion co-  

efficient fo r  the 80. 6-keV transi t ion i n  ~r~~~ was determined to be, 

i 
t 

1.72*0. 06. T h e  reSults for  these  2' -r 0 t ransi t ions a r e  five percent  

1 higher than the theoret ical  values for  these t ransi t ions.  F r o m  the 

relat ive intensi t ies  of the t ransi t ions in  ~ 1 1 ~ ~ ~  i t  was possible t o  deduce 

3 value f o r  the total i l~ t c rna l  co l~vcrs ion  coeiiicicnt for  the 93. 3-kcV 

transit ion of c~~~ = 4. 91aO. 23. Using the previous measurements  of T 

conversion electr.on intensit ies of Edwards and Boehm and the present  

measured  gamma-ra.y relat ive intensities, in terna l  conversion coef - 
ficients for a l l  the other t ransi t ions w e r e  obtained. The p resen t  

>:< 
This  r epor t  i s  based on a Ph .  D .  Thesis  submitted by Gerald C .  
Nelson, November, 1967 to Iowa State University, Ames,  Iowa. 



measurements  of cr fo r  the 215. 3-, 332. 5- and 443.8-. keV E2 
K 

transit ions a r e  11 percent  lower than the theoret ical  values,  while 

c r ~  for  the 93. 3-keV E2 transi t ion a g r e e s  closely with the theoret ical  

value. These  resu l t s  a r e  in  close agreement  with the previous m e a -  

surements  of Edwards and Boehm. The present  value for  cr K fo r  the 

inultipolarity. F r o i n  the X-ray  and gamma - ray  relat ive intensities of 

the t ransi t ions in  ~d~~~ and the previous measurement  of the rat io  of 

K conversion electrons for  the 86- and 105-keV transi t ions of Subba 

Rao, i t  was  possible to determine the K conversion coefficients for the 

86- and 105-keV transi t ions of orK = 0.432~0.06 and a K  = 0.23+0.03. 

' These r e su l t s  a r e  i n  agreement  with the theoret ical  values for p u r e  E l  

t ransi t ions.  The relat ive intensit ies of the 246-, 142- and 104-keV 

gamma r a y s  followirig the decay of 22 minute ~m~~~ w e r e  determined 

with improved precis ion in  o r d e r  that they might be used to de termine  

accurately the conversion coefficients for  these  t ransi t ions.  



I. INTRODUCTION 

A. D e f i n i t i o n  o f  the  I n t e r n a l  Conversion Process 

Below 1-MeV the  p r i n c i p a l  processes by which an e x c i t e d  nucleus can 

make a  t r a n s i t i o n  t o  a  lower energy l e v e l  a r e  gamma-ray emission and i n t e r -  

nal  conversion. I n  t h e  f i r s t  process the  nucleus emits  a  gamma r a y  w i t h  

energy equal t o  t he  t r a n s i t i o n  energy, 

where N* i s  t h e  nucleus i n  t h e  exc i ted  s t a t e ,  N  i s  t he  nucleus i n  t he  lower 

energy s t a t e  and y i s  the  emi t ted  gamma r a y  which,has an energy equal t o  

the  t r a n s i t i o n  energy. I n  i n t e r n a l  conversion the  nuclear  t r a n s i t i o n  energy 

i s  t r a n s f e r r e d  t o  one. o f  t he  o r b i t a l  e lec t rons  by a  d i r e c t  i n t e r a c t i o n  be- 

tween: the  e l e c t r o n  and the  charged nucleons. The e l e c t r o n  i s  t h e n  e jec ted  

from the  atom w i t h  an energy equal t o  the  nuc lear  t r a n s i t i o n  energy minus 

the  b ind ing  energy o f  t he  e lec t ron .  

where N* ,+Ze i s  t h e  e x c i t e d  nucleus w i t h  Z e lec t rons ,  N + (Z-1)e i s  the  

nucleus i n  the  lower energy s t a t e  w i t h  Z - 1  e lec t rons ,  econtinuum i s  the  

e jec ted  e l e c t r o n  i n  t he  continuum, Ee i s  t he  energy o f  the  e jec ted  e lec t ron ,  

E ~ * - ~  i s  t he  t r a n s i t i o n  energy andEbinding i s  t he  b ind ing  energy o f  t he  

e jec ted  e lec t ron .  
/ 



' 2  

Fa' l lowing the ejectlon of an internal converslon electron, the atomlc 

electrons will readjust,  and an outer electron will f i l l  the vacancy. The 

energy difference i s  carried off by one of two processes. The f i r s t  and 

predominant process i s  the emission of an X-ray which, wi 1'1 have an energy 
2' 

equal t o  the difference between the binding energy of the shell in which the 

vacancy occurred and the binding energy of the shell  from which the outer 

electron came. The other process by which energy i s  carried off following 

internal conversion i s . t h e  emission of a second electron called an Auger 

electron. The resulting atom i s  ionized in two she l l s .  The energy of the 

emi t ted electron i s  approximately given by 

where K ,  X ,  and Y are  respectively the shell  from which the internal conver- 

sion electron i s  ejected, the shell from which the K shell i s  f i l l e d ,  and 

the shell from which the Auger electron i s  emitted. E' ( Y )  i s  the electron 

binding energy of the Y shell  in an atom with charge Z ionized in the X , 

shcl I .  

For a given t ransi t ion the internal conversion coeff ic ient ,  a ,  i s  de- 

fined as the r a t i o  of N e ,  the number of internal converslon e l e c l r u i ~ s  

emitted per uni t  time, to  N y ,  the number of gamma rays emitted per uni t  time, 

The internal conversion coeff ic ient  for  a par t icular  shell  o r  subshell i s  
I .  

defined simi.larly. For the K shell  . 
4 



K \vilere N, i s  t he  nulllber o f  i n t e r n a l  convers ion e lec t rons  eni i t ted f rom the K 

s h e l l  per  u n i t  t ime. The t o t a l  i n t e r n a l  convers ion c o e f f i c i e n t  i s  t h e  sum 

o f  t he  i n t e r n a l  convers ion c o e f f i c i e n t s  o f  t h e  i n d i v i d u a l  shel 1  s  . 

B. Remarks About I n t e r n a l  C'onversion C o e f f i c i e n t s  

The i n t e r n a l  convers ion c o e f f i c i e n t s  depend s t r o n g l y  on f i v e  para- 

meters; t he  shel 1  i n  which the. convers ion occurs, t he  t r a n s i t i o n  energy, t he  

atoll l ic nulllber, the angular  ~nolt~entunl change ancl Lhc par3 ty ctiarr~jc: k)c:l:wcer~ I,hc 

i n i t i a l  and f i n a l  nuc lear  s ta tes .  I n t e r n a l  convers ion c o e f f i c i e n t s  always 

increase as the  t r a n s i t i o n  energy decreases. They normal ly  inc rease w i t h  Z, 

and always inc rease as the  angular  momentum, L, increases. To a  l a r g e  ex- 

t e n t ,  i n t e r n a l  convers ion c o e f f i c i e n t s  a re  independent o f  d e t a i  1  ed nuc lear  

s t r u c t u r e .  This  makes i t  poss ib le  t o  o b t a i n  i n f o r m a t i o n  about t he  s p i n  and 

p a r i t y  o f  t h e  nuc lear  t r a n s i t i o n  by comparing t h e  expe r imen ta l l y  determined 

convers ion c o e f f i c i e n t s  w i t h  those t h e o r e t i c a l l y  p red ic ted .  

When t h e  nuc lear  angular  momenta f o r  i n i t i a l  and f i n a l  s t a t e s  a re  Ji 

and Jf, t h e  emi t ted  gamma r a y  can have any angu la r  momentum-L fur.  which 

The e lec t romagnet ic  t r a n s i t i o n s  a re  c l a s s i f i e d  as e l e c t r i c  ZL, EL, o r  mag- 

n e t i c '  ZL, ML, i f  t h e  p a r i t y  change between the  i n i t i a l  and f i n a l  nuc lear  

i s t a t e s  i s  ( - 1 1 ~  o r  ( - ~ ) ~ + l ,  r e s p e c t i v e l y .  

The i n t e r n a l  convers ion c o e f f i c i e n t  i s  i n  general  a  m ix tu re  o f  



conversion coef f ic ien t s  of pure angular momentum L 

where aL  = 1. 
L 

The aL  represent the  f rac t ion  of t o t a l  gamma rays emitted w i t h  angular mo- 

mentum L .  For a given type of multipole, the  r e l a t i v e  i n t ens i t y  f o r  multi- 

poles with L and L+2 i s g i v e n  by (1) 

where R i s  the  nuclear radius and A i s  the  wavelength of the radia t ion.  For 

A = 200 and El = 511-keV, one, gets aL+2 / a L  = 3.2 x lo-'. Therefore, the  

mixture can be r e s t r i c t ed  to  two multipoles. Assuming par i ty  conservation 

in electromagnetic t r ans i t i ons ,  and from the  par i ty  se lec t ion  ru l e s ,  i f  the 

par i ty  changes in the t r ans i t i on ,  only e l e c t r i c  mu1 t ipo les  of odd order or  

magnetic multipoles of even ord<er can occur. If the  par i ty  remains the 

same, only e l e c t r i c  mu1 t ipo les  of even order or  magnetic multipoles of odd 

order can occur. For example, i f  J i  = 1 and Jf = 2, and the  par i ty  does not 

change 

and . . 

a,+a2 = 1 . 



S i m i l a r l y ,  

where L  now denotes the  L  s h e l l .  These two equat ions can then be solved f o r  

where aK/aL i s  t h e  measured value,  and aK(M1), aL(M1), aK(E2) and aL(E2) 

a re  t h e o r e t i c a l  values. I f  e i t h e r  Ji o r  Jf = 0, then L  = AJ, and t h e  t r a n -  

s i t i o n  cons i s t s  o f  o n l y  one mu1 t i p o l e .  Therefore, d i r e c t  comparison can be 

made i n  t h i s  case between the  experimental  convers ion c o e f f i c i e n t  and the  

t h e o r e t i c a l  convers ion c o e f f  3 c i  en t  . 
Rose (1 )  and S l i v  and Band ( 2 )  have tabu la ted  i n t e r n a l  convers ion coef -  

f i c i e n t s  as a  f u n c t i o n  o f  atomic number and t r a n s i t i o n  energy. These t a b l e s  

have been c a l c u l a t e d  t a k i n g  i n t o  account screening e f f e c t s  and f i n i t e  nu- 

c l e a r  s i ze .  A  un i f o rm charge d i s t r i b u t i o n  i s  used i n s i d e  t h e  nuc lear  volume 

and a  Thomas-Fermi-Dirac p o t e n t i a l  i s  used ou ts ide  t h e  nuc lear  volume. 

By a l l o w i n g  the  nucleus t o  have a  f i n i t e  nuc lear  s ize ,  t h e  e l e c t r o n  

wavefunct ion i s  mod i f i ed  s ince  t h e  e l e c t r o n  moves i n  t h e  f i e l d  o f  an ex- 

tended charge d i s t r i b u t i o n .  Th is  i s  t h e  so -ca l l ed  s t a t i c  e f f e c t  because i t  

depends o n l y  on t h e  nuc lear  dens i t y .  Also, t h e  e l e c t r o n  spends a  f r a c t i o n  

of i t s  t ime i n s i d e  t h e  nucleus where i t  probes t h e  d e t a i l s  o f  t h e  nuc lear  

charges and cu r ren ts .  Th is  i s  t h e  dynamic e f f e c t .  I f  t h i s  pene t ra t i on  term 

i s  ignored ,  t he  convers ion c o e f f i c i e n t  depends o n l y  on the  e l e c t r o n  wave- 

func t ion .  Rose (1) has c a l c u l a t e d  convers ion c o e f f i c i e n t s  f o r  t h e  K, LI, 



and L I I  shel ls  including screening and s t a t i c  effects .  His L I I I  conversion 

coefficients include only screening, and his M coefficients are  calculated 

for a 'point nucleus without screening. Sf iv and Band ( 2 )  have calculated 

conversion coefficients fo r  the K and L shel ls  including screening, s t a t i c  

e f fec ts ,  and dynamic effects .  For the dynamic ef fec ts ,  they assume a uni- 

form surface current density. 

The dynamic ef fec t  i s  usually small' since the electron spends so . l i t t l e  

tinle inside the nucleus. However, Church and Weneser ( 3 )  have out 

that  there are  t ransi t ions for  which the gamma-ray ma.trix element i s  greatly 

inhibited, while the nuclear penetration matrix element may'have i t s  unin- 

hibited value, In cases where the penetration terms are  not important, the 

errors in the tabulated values are about three percent ( 1 ) .  - 

Conversion coefficients in isotopes in the highly deformed regions a re  

of par t icular  in t e re s t  for  showing nuclear s t ructure e f fec ts .  These regions 

are A = 23, 150--'A--L190 and A ~ 2 3 0 .  In these regions the t ransi t ions may be 

highly retarded over single par t ic le  estimates, and conversion coefficients 

fo r  these hindered t ransi t ions may deviate considerably from those predicted 

by theories which do not take into account the detailed nuclear s t ructure.  

C .  Experimental Methods of Measuring Internal Conversion Coefficients 
'. 

Subba Rao ( 4 )  has r e c e ~ t l y  written an extensive review a r t i c l e  on the 

methods fo r  measuring internal conversion coefficients.  All of these 

methods have areas where they are  applicable. I t  i s  often necessary to pick 

the method most sui table  fo r  the pa,rticular internal conversion coefficients 

under investigation. Only those methods most widely used for  high precision 



w i l l  be mentioned here. 

I n  t he  i n t e r n a l  -e,xternal convers ion method a be ta- ray  spectrometer i s  

used t o  determine the  i n t e r n a l  convers ion e l e c t r o n  r e l a t i v e  i n t e n s i t i e s .  

The ganala-ray r e l a t i v e  i n t e n s i t i e s  from the  same source are  then determined 

by the  ex te rna l  convers ion method, which w i l l  be descr ibed i n  Sect-ion D o f  

the  I n t r o d u c t i o n .  The i n t e r n a l  convers ion c o e f f i c i e n t s  can then be de te r -  

111ined fro111 the  r a t i o s  o f  the  e l e c t r o n  i n t e n s i t i e s  t o  t he  galnna-ray -in.tensi- 

L ies .  I n t e r n a l  convers ion c o e f f i c i e n t s  have been measured t o  f i v e  percent  

w i t h  t h i s  method (5, 6 ) .  

I t i s  poss ib le ,  . i n  cases where the re  i s  o n l y  one gamma-ray t r a n s i t i o n ,  

t o  determine the .  K i n t e r n a l  convers ion c o e f f i c i e n t  by measuring t h e  r a t i o  ' 

1 K : o f  NX, t h e  number o f  K X - r a y s  em i t t ed  f o l l o w i n g  i n t e r n a l  c o n v e r s i o n t o  t h e  

N number o f  gamma rays. The K i n t e r n a l  convers ion c o e f f i c i e n t  aK, can 
Y 

then be c a l c u l a t e d  f rom 

- N! u ~ ‘ f 1 3  Equation 1 

where oK i s  t he  p r o b a b i l i t y .  t h a t  a  vacancy i n  t h e  K s h e l l  i s  f i l l e d  under 

emission o f  K X-rays, and i t  i s  c a l l e d  the  f l u o r e s c e n t  y i e l d  o f  t h e  K s h e l l .  

The values o f  oK have been determined by f i t t i n g  the  observed da ta  t o  a 

semi -emp i r i ca l  formul.a. . These va l  ues have been . tabu1 a ted  by Wapstra et 

a l .  ( 7 ) .  - 

I n  some cases it' i s  more convenient  t o ,  measure t h e  t o t a l  t r a n s i t i o n  

r a t e ,  N +Ne, b y  observ ing the  r a t e  o f  emission o f  p a r t i c l e s  which un ique l y  
Y . . 

; feed t h e  t r a n s i t i o n . .  This  can be done by g a t i n g  t h e  spectrum from t h e  t r a n -  

s i t i o n  o f  i n t e r e s t  by another p a r t i c l e  which i s  i> coinc idence w i t h  t h a t  



t ransi t ion.  Then, along with e i ther  N o r  N e ,  the total  conversion coeffi-  
Y 

cient  can be determined. . . 

Relative internal conversion coefficients can be determined from the 

ra t ios  of re la t ive  internal conversion electron in tens i t ies  and re la t ive  

gamma-ray in tens i t ies .  If a normalization constant can be determined, ab- 

solute conversion coefficients can be calculated. The internal conversion 

electron re la t ive  in tens i t ies  can be measured to a few percent with magnetic 

beta-ray spectrometers. Gamma-ray re la t ive  in tens i t ies  a re  often known to 

no bet ter  than f ive  or ten percent. Thus, to  determine accurately internal 

conversion coefficients with th i s  method, the gamma-ray re la t ive  in tens i t ies  

must be measured to  f ive  percent or less .  

The present investigation i s  concerned with the accurate measurement of 

gamma-ray and X-ray re la t ive  in tens i t ies  and the application of these accu- 

ra te ly  determined in tens i t ies  to the determination of internal conversion 

coefficients.  

D. Some Experimental Methods of Measuring Gamma-ray Relative Intensi t ies  

Three methods have recently been used to obtain gamma-ray re la t ive  in- 

tensi t i e s  with high accuracy. They are photoelectric conversion, crystal  

diffract ion,  and least-squares analysis of sc in t i l l a t ion  spectra. 

Hul tberg (8) has described in detai 1 the photoelectric conversion 

method. In th i s  method gamma rays, whose.intensities a re  to  be measured, 

pass into a.converter,  a substance with a h i g h  atomic number, which i s  

mounted in the source position of a magnetic beta-ray spectrometer. The 

C J ~ I I I I I I ~  rays eje'cl I(, L ,  and M electrons fro111 the atollis in the converter. The 

energy of the electrons is, given by 



= E - E  Ee . y binding' Equation 2 

1 I f  the resolution i s  good and the converter not too thick, the shape of the 

I cii s t r i  bution of laho toe1 ectrons yi el clccl fro111 the I( st~e'l 1 w i  'I 'I a jiprox.i~~~it,l:e 
I 

the shape of the transmission curve of the spectrometer. The procedure i s  

to take a ser ies  of counts a t  a suf f ic ien t  number of set t ings of the magnetic 
I f i e l d  to  determine the profi le  of the l ine .  If the number of counts re- 

ceived per unit  time a t  the f i e ld  B i s  N, and since the momentum interval 

accepted by a magnetic spectrometer i s  proportional to  Bp,  i t  follows that 

N ( B P I  d (Bp) = (NIBPI d (b), 

I 

where n ( B  ) i s  the number of counts per momentum interval .  A plot of NIB 

vs.. Bp i s  made. The area under the l ine  i s  

I: 
l i ne  (NIBp) d (Bp) = const rK ( E  ) f  ( E y )  = A , 

Y 

where rK ( E  ) i s  the photoelectric cross section from the K shell and 

f ( E  ) i s  the fraction of a l l  K photoelectrons a t  energy E detected by the 
Y 

spectrometer. The f  ( E  ) depends on the particular source and the converter 
Y 

geometry and i s  very d i f f i c u l t  to determine. 

For th i s  method,.intense thin sources are  needed. This method takes 

advantage of the high resolution of the beta-ray spectrometer. Using th i s  

.method, gamma-ray re la t ive  in tens i t ies  can be measured to  about f ive  percent. 

The crystal  diffract ion method has been used by Lind -- e t  a l .  (9 ) ,  Hatch 

( l o ) ,  Uergvall ( l l ) ,  and Edwards and Boehm ( 1 2 ) .  I n  t h i s  method, a bent- 

crystal  spectrometer i s  s e t  a t  a. diffract ion maximum for  a par t icular  

gamma ray. The intensi ty  of the gamma ray i s  then proportional to the 



coun t i ng  r a t e  (13) .  Co r rec t i ons  must be made f o r  a b s o r p t i o n  o f  t h e  gamma 

rays  i n  t h e  a i r  p a t h  between t h e  source and d e t e c t o r ,  f o r  t h e  a b s o r p t i o n  o f  

t he  cover  o f  t h e  d e t e c t o r ,  t h e  h a l f  l i f e  of t h e  source, t h e  e f f i c i e n c y  o f  

t he  de tec to r ,  t h e  abso rp t i on  o f  t h e  gamma rays  i n  t h e  source i t s e l f ,  t h e  

abso rp t i on  i n  t he  source con ta ine r ,  t h e  abso rp t i on  i n  t h e  d i f f r a c t i o n  

c r y s t a l ,  and t h e  energy dependence o f  t h e  r e f l e c t i v i t y  o f  t h e  d i f f r a c t i o n  

c r y s t a l .  The d e n s i t y  o f  t he  source m a t e r i a l  i s  sometimes n o t  known we1 1  

and can c o n t r i b u t e  a  l a r g e  e r r o r .  A lso,  un less  an ex. tens ive s tudy  i s  made 

o f  t h e  . r e f l e c t i v i t y  o f  t h e  d i f f r a c t i o n  c r y s t a l ,  a  r a t h e r  l a r g e  e r r o r  cou ld  

be i n t r oduced  by assuming an a n a l y t i c a l  express ion  f o r  t h e  energy depen- 

dence o f  t h e  c r y s t a l  r e f l e c t i v i t y . '  

Edwards (13)  has c a r r i e d  o u t  an ex tens i ve  s tudy  o f  t h e  r e f l e c t i v i t y  o f  

t h e  d i f f r a c t i o n  fro111 t h e  (310) planes o f  ' a  2111111 t h i c k  q u a r t z  c r y s t a l  and has 
I 

llleasured galma-ray r e l a t i v e '  i n t e n s i t i e s  w i t h  an u n c e r t a i n t y  o f .  l e s s  than  

f i v e  percen t .  For  ve ry  weak gamma rays  t h i s  method i s  o f t e n  t h e  . o n l y  one 

a v a i l a b l e  f o r  i n t e n s i , t y  measurements. Because o f  t h e  s o l i d  ang le  and t h e  ' 

poor  e f f i c i e n c y  o f  t h e  d i f f r a c t i o n  c r y s t a l ,  source s t r e n g t h s  f r om 0.1 c u r i e s  

t o  severa l  c u r i e s  a r e  needed. Th i s  method takes advantage o f  t h e  h i g h  reso-  

' l u t i o n  o f  t h e  b e n t - c r y s t a l  spect rometer .  

The leas t -squares  s c i n t i l l a t i o n  method has been a p p l i e d  e x t e n s i v e l y  t o  
1 

a c t i v a t i o n  a n a l y s i s  as w e l l  as gamma-ray r e l a t i v e  i n t e n s i t y  measurements. 

Th i s  method has been developed by Reynolds (14),  Trombka (15, 16) ,  Heath 

(17) ,  Ferguson (18) ,  Salmon (19), Par r  and Lucas (20) .  and McWi 11 i ams ' ( 21 ) .  

A d e t a i l e d  d i s c u s s i o n  w i l l  be' g i v e n  o f  t h e  1  i n e a r  leas t -squares  method s i n c e  
I 

- i t  i s  b a s i c a l l y  t h i s  approach which was used i n  t h e  p resen t  i n v e s t i g a t i o n .  



The procedure used in th i s  method i s  t o  expose a NaI(T1) crystal  to  

the source under investigation. The resulting T i g h t  pulses are  converted 

to  e lec t r ica l  pulses in a photomultiplier and these e lec t r ica l  pulses a re  

amplified and fed into a multichannel analyzer to  obtain a counts vs. pulse- 

he,ight ~ ' ~ e c t r u m .  From a 1 i  brary of response functions for  monoenergetic 

gamma rays, an interpolation is'made to  determine the response of the NaI 

(Tl )  crystal  fo r  the p a r t i c u l a r  energies contained in the source under in- 

vestigation. A computer program i s  then applied to determine the gamma-ray 

re la t ive  in tens i t ies .  

The 1 i  near 1 eas t-squa'res method fo r  determining gamma-ray re1 at ive in- 

tens i t ies  assumes that  the complex gamma-ray pulse-height spectrum i s  a 

l inear  combination of response functions due to the presence of gamma rays 

of various energies. 

The response functions depend on the various'ways tha t  gamma rays 

in te rac t  with the detector material. Below 1-MeV there are two ways i n  

which gamma rays interact  with matter. They are  photoelectric absorption ' 

1 
and Compton scattering. Photoelectric absorption i s  most important a t  low 

energies (below 500-keV) and Conlpton scattering i s  most important a t  higher 

energies (above 500-keV) . Photoelectric absorption occurs when a gamma ray 

t ransfers  a l l  of i t s  . .  energy . to  an electron by ejecting the electron from a 

K, L ,  or M she l l .  The energy of the electron i s  given by Equation 2. After 

the electron i s  ejected from the.atom, an outer shell  electron will f i l l  the 

vacancy causing emission of an X-ray or Auger electron as described in 

Section A of the Introduction. 

Cornpton sca t te r ing  i s  the process in which a photon interacts  with an 

esscnLially f r ee  electron by transferring part of i t s  energy to the electron 



I I I I ~  scattering i n  sucll s  way ;IS Lo corlscrve energy sncl rr~olrlcntulll. The 

energy, of the scattered ganwla ray will be 
EY ' 

E 
E ,= 
Y E 9 

Y 1+ jji$ (1 - cos 0 )  

where 0 i s  the angle of the scattered gamma ray makes with the original di-  

rection of the gamma-ray photon and E i s  the energy of the incoming gamma 
Y 

ray. 

In NaI(T1), the electrons which have gained energy by photoelectric 

, absorption or Conlpton scattering give r i s e  to  1 ight pulses. The decay time 

of the l igh t  pulse in the crystal i s  longer than the interaction time of the 

gamia ray. Therefore, a gamma ray may be scattered several times and photo- 

e l ec t r i ca l ly  absorbedbefore the l igh t  pulse decays. To a f i r s t  order ap- 

proxin~ation, 'the intensity of the l ight  i s  proportional to the energy which 

the gamma ray loses in the crystal .  A response function of a NaI(T1) detector 

. to  a monoenergetic gamma ray of 444-keV i s  shown in Figure 1. I t  consists 

of a photopeak and the. Compton continuum. The photopeak corresponds to  the 

fu l l  energy of the incoming gamma ray regardless of the manner in which i t  

t ransfers  energy to the electrons. The maximum energy for  the Compton scat- 

tering occurs when the gamma ray sca t te rs  through 180 degrees, and i t  i s  

given by 

where EC i s  the maximum energy fo r  Compton scat ter ing,  E i s  the energy of 
Y 



.13 

2 the incoming gamma ray and Mc i s  the r e s t  mass of the  e lect ron.  

Another feature  which becomes evident below 100-kev i s  the iodine e s -  

cape peak. F,igure 2 shows a photopeak and an iodine escape peak f o r ' a  57- 

keV gamma ray. The escape peak i s  due to  iodine X-rays escaping undetected 

from the NaI (TI  ) crys ta l  following photoelectric absorption. 

The number of counts i n  ' the  photopeak of each monoenergetic response 

function i s  re la ted to  the  i n t ens i t y  o f  t h e  gamma ray by 

where N i  i s  the number of counts in  the photopeak of gamma ray i  w i t h  energy 

E i  , I i  i s  the number of galma rays of energy E i  enli t t ed  per un i t  t i a e ,  t i s  

the time the detector  i s  exposed t o  the radioactive source, u i s  the  so l i d  
-p . d  

angle subtended by the  c r y s t a l ,  e  ' ' i s  the  f r ac t i on  of gamma rays not ab- 

sorbed before reaching the  c r y s t a l ,  E i s  the  eff ic iency of the c r y s t a l ,  and 

Pi i s  :the r a t i o  of the number of counts i n  the  photopeak t o  the  t o t a l  nom- 

ber of cou'nts i n  the  response function.  Thus, 

Equation 3 

The eff ic iency as a function of ene,rgy has been tabulated (23) f o r  c e r t a in  

geometries o r  i t  can be calculated.  The absorption coe f f i c i en t s ,  p, f o r  the  

various materials  between the  source and detector  a re  a l so  tabulated (24, 

25). The photopeak t o  t o t a l  r a t i o s  must be experimentally determined in a 

s c a t t e r  f r e e  geometry:for the  given source t o  crysta l  distance.  The photo- 

peak area i s  used i n  the  method of Trombka (15, 16) t o  determine the  gamma- 

ray i n t ens i t y  because i t  i s  l e a s t  af fected by sca t te r ing .  The problem has 
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been thus reduced to  determining N i / N  
j ' 

I t  will be shown in Section I 1  tha t  the sum of the squares of the d i f -  

ference bc.t\vcen the experi~aental ga11111ia-ray pulse-height spectru111 ancl a 

'I 'i 1\oc7r co1111)'i ~li . \ 'L' i  OI.\ 0.1: ' L l w  t\or111;\1 .i zccl gclllallc?-ray rcsponsc fur1cL.i orls w'i 'I 'I IX 

a 111.i nilllu111 when tlie N i  ' s are  the coefficients of the 1 i near conibi nat.i on. 

Thus, a computer program to  determine the best least-squares f i t  can be 

appl i ed to  determi ne t h e  N i  ' s . 
To obtain the needed monoenergetic response functions, the photopeaks 

of the measured monoenergetic emitters a re  f i t  w i t h  Gaussians. The f u l l  

width a t  half maximum i s  then determined as a function of energy. The shape 

of the Compton. continuum i s  also determined as a function of energy. From 

th i s  an interpolation i s  made to  determine the count ra te  for  each channel 

fo r  the particular energy desired. A computer program i s  then used to  de- 

termine N i / N  The only corrections which are necessary are  the energy 
j ' 

dependence of the efficiency of the detector and the absorption of the ma- 

t e r i  a1 between the source and the detector. 

This method eliminates many of the corrections involved i n  the crystal  
. . 

diffraction method and the external conversion method. Using' t h i s  method, 

gamma-ray re la t ive  in tens i t ies  have been measared w i t h  errors of three to 

f i f t een  percent. One. serious disadvantage of t h i s  method i s  the limited 

number of monoenergeti c emitters. This often necessi ta tes  . i.nterpolation 
, 

over a large energy range. 
. . 

The method used in the present investigation was developed by Brown 

and Hatch (22, 26). 1 t  dses the be t te r  features of the least-sqaares scin- 
I 

t i  1 l a t i  on method and of the crystal-diffract ion method. Basically i t  con- 

s i s t s  of measuring the monoenergetic response functions of the gamma rays 
. 
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very tllin l ine  source i s  then placed on the focal c i r c l e  of the bent-crystal 

spectrometer, and the diffract ion crystal  i s  removed. The collimator and 

detector of the spectrometer are rotated until  a maximum in counting ra te  

i s  observed. The composite pulse-height spectrum i s  then recorded in a 

multichannel analyzer. A l inear  least-squares computer program i s  applied 

'tu de.l;ermine the re la t ive  -intensities of the gamma rays. Urown and Hatch 

( 2 6 )  found that  the total  response function could be used t o  determine the 

gamma-ray intensi ty  rather  than the photopeak area. This was due t o  the 

effectiveness of the collimator in reducing background. Thus, i t  was not 

necessary to know the phoCopeak to total  ra t io .  They redefined the P i ' s  in 

Equation 3 t o  be the curve to  total  ra t io .  The curve to  total  ra t ios  cor- 

rec t  .for the counts between zero energy and the energy a t  which the f i t t i n g  

procedure began. The P i  '-s were experimentally determined. 

In summary, the present method experimentally measures the monoener- 

get ic  response functions fo r  the gamma rays contained i n  the source under 

investigation. A l inear  least-squares analysis i s  then carried out to  de- 

termine the re la t ive  in tens i t ies  of the gamma rays contained in the ob- 

ser.ved pulse-he,ight spectrum. Corrections are then applied f o r  the e f f i -  

ciency of the detector,. the absorption between the radioactive source and 

the detector and the curve to  total  ra t io .  



11. THEORY OF TliE L I N E A R  LEAST-SQUARES SCINTILLATION METHOD 

In th i s  section .the equations for  the least-squares procedure will be 

derived fol lowing the'method of Trombka (15).  Let the composite gamma-ray 

pulse-'he,ight spectrum be represented by R i  ( i  = 1, . . . , C )  where R i  i s  the 

total  number of counts in channel i due 'to a l l  Q gamma rays, and C i s  the 

number of channels used to record the composite spectrum. Let a i n  ( n  = 1, 

. . . , Q )  be the number of counts in channel i of a normal i zed monoenergeti c 

gamma-ray response function of energy E ,  normalized so the area under the 

response function i s  unity,  i .e. 1 a i n  = 1. Let Bn be the area in the com- 
i 

plex spectrum due to a gamma' ray of energy E Let xi  be the independent n ' 
random error  in channel i due to  s t a t i s t i c a l  f luctuations i n  R i .  Then, i f  

the a i n  are assumed to be known without e r ror ,  

Equation 4 

Now, assuming tha t  the error  x i  i s  random,. i t  can be shown ( 2 7 ,  pp .  16-20) 

that  the probabi 1 i ty p i  that  there* wi 11 be an error  xi which 1 i es between 

xi and xi + dxi i s  given by 

. 

- Pi - 1 .  ' 

v2- e dxi . S  Equation 5 



where a i ( R i )  i s  the standard deviation of R i .  The probability P t ha t  C 

e r rors  will be observed such that  xl i s  between xl and x l  + d x l  and x2 i s  

between x, and x2 + dx, ... and xC i s  between xC and xC + dxC will be a  

product of C terms '1 i ke Equation 5, since the measurement i n  a  given chan- 

nel i s  independent of the measurements i n  the other channels. 

The principle of maximum probdbil i  ty  s t a t e s  tha t  the most probable values 

of the Bn are  thos'e values which maximize P. P i s  a  maximum when 

i s  a  minimum. Substituting Equation 4 into th i s  expression we are  led to 

minimize 
2 

C mi - ? ainBn) 
u =  1 n= 1 Equation 7 

i-1 . 20; ( R i )  

with respect t o  Bk.  Taking part ia l  derivatives w i t h  respect t o  the B k  and 

se t t ing  them equal to  zero we are  led to  



Equation 8 

These are  the normal equations. Letting w i  = 1 and aki T = a i k ,  the 
o2 i  ( R i )  

normal equations become 

Rewriting Equation 9 in matrix notation we have 

Equation 9 

Equation 10 

T for  A WA nonsingular. In th i s  equation A i s  a C X  Q  matrix, W i s  a Q X  Q 

diagonal matrix with the weights on the dia,gonal , R i s  a C X  1 column matrix 

and B i s  a Q . X  1 column matrix. The re la t ive  in tens i t ies  can then be calcu- 

l a t e d  by substltutlng B i  = N i  i r l  E q u d L i u ~ ~  3 .  

One of tllc I I I ~  jor advantages o f  the 1 i  near 1 east-squares ~netliocl i s  tl~nl: 

i t  enables one to obtain the standard deviation in the gamma-ray re la t ive  

in tens i t ies .  The derivation of the standard deviations of the B i l s  will 

be found i n  Appendix C along with the derivation of the equation used as a 

figure. of merit. Only the resu l t s  of these derivations will be quoted 

here. 



The expected va lue  o f  t h e  m a t r i x  R i s  g i v e n  by 

E ( R )  = 

. . 

From t h e  d e f i n i t i o n  o f  covar iance,  t h e  i j  element o f  t h e  covar iance  m a t r i x  

i s  g i v e n  by 

The cova r i ance  m a t r i x ,  cov (R),  has t he  va r i ance  o f  t h e  Ri on t h e  d iagonal  

and zero f o r  t he  o f f  d iagonal  elements because t h e  f l u c t u a t i o n s  i n  each 

channel a r e  assumed t o  be independent o f  those i n  any o t h e r  channel.  Thus 

Cov (R) = E  [ (R-E(R))  ( R - E ( R ) ) ~ ]  . 

I t  i s  assumed t h a t  A  and W a r e  known w i t h o u t  e r r o r  and thus ( A ~ w A ) - ' A ~ w  

i s  known w i t h o u t  e r r o r .  Then, i t  w i l l  be shown i n  Appendix C t h a t  when 

B = CR, where C i s  known w i t h o u t  e r r o r ,  

cav ( B )  i s  a  Q X Q m a t r i x  w i t h  t h e  var iances  o f  t h e  Ri on t h e  diagonal.  1.t 

i s  a l s o  shown i n  Appendix C t h a t  an unbiased es t ima te  o f  a2 i s  S2 where 



S2 has a  k2 distr ibut ion and can be used as a  figure of merit. The expected 

value of S2 i s  1. 

The gamma-ray re la t ive  in tens i t ies  can be then determined from 

by looking u p  the E ' S ,  P ' s  and p ' s  i n  tables and obtaining the N's from the 

T 1 T  elements of 0 = ( A  WA)- A WR. The standard deviations in the N's are given 

The standard deviations in the gamma-ray re la t ive  in tens i t ies  are  obtained , 
J 

fro111 the fractional deviations of the gamnia-ray re la t ive  in tens i t ies  which 

are in turn dcterniined fro111 the squdr-u root oP t h e  sum of the squares of the 

fractional deviations of N, E ,  P and e-". 



111. EXPERIMENTAL EQUIPMENT A N D  METHODS 

The two meter bent-crystal spectrometer used in the present experiment 

i s  patterned a f t e r  one described by Seppi -- e t  a1 . (28). , Figure 3 i s  a sche- 

matic drawing and Figure 4 i s  a l i n e  drawing of the bent crystal spectrom- 

e t e r .  I t  consists of f ive  basic. elements. These are a radioactive source, . 
a bent diffract ion crys ta l ,  a device for  measuring the rotation of the dif-  

fraction crys ta l ,  a collimator to  separate the d i rec t  beam from the dif-  

fracted beam, and a detector. 

In the present experimental arrangement, the radioactive source con- 

s i s t s  of a quartz capillary approxiniately one inch long'with an inside diam- 

e te r  varying between 0.002 and 0.020 inches. This capillary i s  f i l l e d  with 

the ~ ~ i a t e r i a l  to be studied. The capillary i s  then irradiated with neutrons. 

Because of the sol i d  angle involved and the poor efficiency of the diffrac-  

t ion crys ta l ,  sources from 0.1 curies to  several curies ,  depending on the 

particular isotope under study, are  needed. This i's one of the limiting 

fact0r.s in determining which nuclei can be studied w i t h  a bent-crystal 

spectrometer. 

After the source material has been i r radiated,  i t  i s  placed in a source 

holder which precisely positions i t  on the focal c i r c l e  of the bent-crystal 

spectrometer. During the present investigation, two source holders were 

used. Figures 5 and 6 are  l ine  drawings of these source holders. The f i r s t  

source holder consists of two cylindrical lead pigs. The outer one i s  per- 

manently fixed on  the focal c i r c l e  of the spectrometer and has a rotating 

shut ter  to a1 lowl.the beam of gamma rays to  reach the diffract ion crystal or 
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to shield the source completely so personnel can move freely between the 

source and the diffract ion crystal .  The inner lead p i g  served as the source 

holder and a container for transporting the source. The quartz capi l lary 

containing the source material i s  held i n  a V groove by two spring c l ips .  

. The bottom half of the inner p i g  can be raised or lowered to  shield or ex- 

pose the source. The inner pig i s  positioned in the stationary p i g  by three 

posi t i  oni,ng screws. This source ho1 der was very effect ive i n  working with 

long-lived sources. 

The second source holder was designed t o  be used with short-liv'ed ma- 

t e r i a l s .  Boasso (29) has described th i s  system in de ta i l .  Basically i t  

consists of a rabbit  made from beryl1 ium metal and lexan p las t ic  and a re- 

ceiver to position accurately the rabbit  on the focal c i r c l e  of the spec- 

trometer. Beryllium was chosen because of i t s  small cross section for  neu- 

tron capture (0.009 barns) and the long half 1 i f e  of the resulting ac t iv i ty  
6 (2 .7~10  years) .  Thus, for  the i r radiat ion times of in t e res t ,  very l i t t l e  

contaminating ac t iv i ty  would be produced from the beryl 1 i um.  Lexan was 

chosen for  i t s  h i g h  impact strength and for  i t s  a b i l i t y  to  retain i t s  

strength a f t e r  i r radiat ion with neutrons. The receiver can be rotated in 

a l l  directions for  alignment of t h e  source, 5s can be seer, in Figure 6.  

Figure 7 shows a detailed drawing of the rabbit .  I t  has a tapered nose cone 

and a key s l o t  which match a similar taper and key i n  the receiver. This 

enables the.source,  which i s  contained in a V groove in the nose cone of the 

rabbi t ,  to be repositioned t o  less  than 25 x inches ( 2 9 ) .  The rabbit 

can then be placed in a closed loop with the reactor for  f a s t  transport via 

a pneumatic tube to and from the reactor. Since the rabbi t  may come out of 

the reactor with any orientation of the source, a means is 'necessary t o  
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rotate the rabbit unti 1 the source i s  vertical . This transfer system i s  

shown i n  Figure 6. As the rabbit returns from the reactor i t  i s  slowed down 

and stopped by a plunger. This ac'tion t r ips  a micro switch which s ta r t s  a 

motor that rotates the rabbit until a p i n  f a l l s  into the key in the rabbit. 

A t  this  time the source i s  vertical. An a i r  cylinder then moves the rabbit 

over to the rear of the receiver and a vacuum system pulls the rabbit into 

the receiver. The whole process, from withdrawal from the reactor to the 

seating of the rabbit i n  the receiver, takes about 12 seconds. To irradiate 

the rabbit, a button i s  pushed which begins a sequence of withdrawing the 

rabbit from the receiver and moving i t  to the pneumatic tube to be sent into 

the reactor. Figure 8 is a photograph of the transfer system and the pneu- 

matic tubes which are connected to the reactor. 

If i t  i s  desired to study a nuclide which has a half-life of more than 

a few hours, i t  i s  necessary to irradiate the quartz capillary i n  one of the 

vertical thimbles of the reactor and then manually place the capillary in 

the nose cone of the rabbit. The rabbit i s  then placed i n  the transfer 

system which i s  moved'behind the receiver where the vacuum system pulls the 

rabbit into the receiver. 

In Ltle present spectronieter, the diffraction crystal i s  bent t o  a rad.ius 

of two meters as described by DuMond (30). The crystal i s  held between two 

clamping blocks which are machined to a radius of two meters. Two crystals 

were used i n  the present investigation. One was .the (400)'  planes of a 

single crystal of germanium 2.75 inches wide and 3 inches long and 1.4 mm 

thick. The other crystal was a single crystal of quartz 2.75 inches wide, 

3 inches long, and 2 mrn thick cut such that the (310)'planes were used for 

the diffraction. The quartz crystal was mainly used for X-ray measurements 















wlli l e  tlie g c r ~ ~ ~ a n i u ~ ~ ~  crys ta l  was used fo r  gamma-ray measuretnents . 
The ro ta t ion  of the d i f f r ac t i on  crys ta l  i s  controlled by a precision 

lead screw which i s  connected by an arm to  the  d i f f r ac t i on  c ry s t a l .  The 

screw' i s  15 inches long and has 40 threads per inch. ,The ro ta t ion  of the 

screw i s  control led by a' Datex encoderdyne and control un i t .  The posit ion 

of the screw i s  read out on a s e t  of l i g h t s  on the control u n i t , t o  the  

nearest  0.001 revolution.  The screw can' be control led i n .  two ways. In the 

slewing mode, the  encoder runs the  screw a t  a continuous speed unt i l  a 

preset  posit ion i s  reached. T h i s  mode i s  useful in going quickly from one 
J 

region t o  another. In t he .  second mode, the encoder s t eps  the  screw in  incre-  

ments of 0.002, 0.005, o r  0.010 revolutions un t i l  a preset  p o s i t i 0 n . i ~  

reached. The 0.002 revolutions corresponds t o  a ro ta t ion  of the  d i f f r ac t i on  

crys ta l  of approximately 0.4 seconds of arc .  This mode i s  used when 

searching f o r  d i f f r a c t i on  peaks. 

The coll imator cons i s t s  of 30 lead p la tes  three  inches high, 18 inches 

long, and 0.040 inches th ick.  The spaces between the p la tes  a r e  0.040 of an 

inch near the d i f f r ac t i on  c rys ta l  and a r e  tapered such t h a t '  i f  the center  

l i n e s  of the p la tes  were extended, they would i n t e r s e c t  a t  the  source posi- 

t ion.  The coll imator sh ie lds  the detector  from the in tense  undiffracted 

beam and is  very e f f ec t i ve  i n  reducing sca t t e r ing .  

f h c  clcrtcctor c o n s l  s t ts  o f  a I-tarshaw Integral 14 nc I \ s s c i ~ ~ b l y  Type 12s w'l' th 

a 3 inch x 3 inch NaI (TI ) c r y s t a l .  The NaI (TI ) crys ta l  has 'a resolut ion of 

7 .5  percent f o r  662-keV gamma rays. The detector  i s  placed immediately be- 

hind the  coll imator and i s  shielded by two inches of lead.  

The coll imator and detector  r e s t  on a t ab l e  which i s  constrained t o  

r o t a t e  through an angle 20 as  the  d i f f r ac t i on  c rys ta l  r o t a t e s  through 0 in 



accordance with t he  rtiirror law. This ro ta t ion  i s  accoi~~plished by a gear 

reduction by a fac to r  of two and a selsyn generator and receiver .  This per- 

mits the d i f f r ac t i on  c rys ta l  and source t o  be mechanically i so la ted  from the 

detector .  The d i f f r ac t i on  crys ta l  and source a r e  i sola ted from vibrat ions 

i n  the f l oo r  by a concrete block one foo t  th ick.  This block r e s t s  on springs 

and rubber stoppers.  The rubber stoppers damp out any o sc i l l a t i ons  of the 

concrete block. The coll imator a l so  i s  'on a concrete block one foo t  'thick 

b u t  t h i s  block i s  r i g id ly  attached t o  the f l oo r  s ince  small o sc i l l a t i ons  do 

not e f f e c t  the performance of the  coll imator.  Figure 9 i s  a photograph of 

the bent-crystal spectrometer. 

The e lec t ron ic  components cons i s t  of a RIDL Model 10-17 t rans i s to r ized  

preamplif ier ,  a RIDL Model 30-19 l i nea r  ampl i f ier ,  and a RIDL Model 34-128 

400 channel multichannel analyzer. A RIDL Model 54-6 time base generator 

se lected the counting in terval  f o r  each screw se t t i ng  while stepping over 

the  d i f f r ac t i on  peaks. A RIDL Model 33-10 s i n g l e  channel analyzer was used 

' t o  s e l e c t  out  the region of i n t e r e s t  f o r  the multichannel analyzer.  The out- 

p u t  of the mu1 tichannel analyzer was e i t h e r  an IBM typewriter  o r  a Tally 

punch paper tape. '  The paper tape was converted t o  IBM cards on an SDS 910- 

IBM 1.401 computer system. The power f o r  the  photomultiplier was supplied 

by a Fluke Model 4058 high voltage power supply.  All of the  e lec t ron ic  

components were connected t o  a S tab i l ine  regulated power supply. Figure 10 

i s  a block diagram of the  experimental equipment. 

To measure the  monoenergetic response functions i t  was necessary t o  

determine what .setti .ngs of the 1 ead screw corresponded t o  the d i f f r ac t i on  
? 

maxima f o r  the, gamma rays .contained i n  the  source material .  T h i s  was done 

in  the  following way,. From a rough energy ca l ib ra t ion  f o r  the  pa r t i cu la r  
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Figure 10. Block diagram o f  the  bent-crystal  spectrometer and associa ted  equipment 



diffract ion crystal  being used, the approximate location of the gamma rays 

could be determined. Searches were made in these energy regions to  determine 

the exact location of the diffract ion peaks. This was done by gating the 

mu1 ti-channel analyzer in the time mode with the single channel analyzer 

whose window was s e t  over the desired energy region. The:control unit  was 

o'perated in the stepping mode and the time base generator was s e t  a t  the 

desired time interval .  All of the counts reaching the detector which f e l l  

within the window of the single channe.1 analyzer were recorded in the f i r s t  

channel o f  the ~nultichannel analyzer. A t  the end of the time interval de- 

- ter~nined by the time base generator, the screw was stepped through the cho- 

sen increnient and the counts,were recorded a t  t h i s  new set t ing in the second 

channel of the mu1 tichannel analyzer. This process was repeated until a 

preset position was reached on the control unit .  Thus, t h e  number of counts 

vs. screw set t ing was displayed on  the oscilloscope screen of the multi- 

channel analyzer. From th i s  display i t  was.possible to determine the screw 

se t t ing  for  the diffract ion peak. This procedure was repeated until  the 

set t ings for  a l l  of the gamma rays had been determined. The response func- 

t ions were then recorded by set t ing the screw a t  the diffract ion maxima and . . 

recording the resulting pul seiheight spectrum. Background was accounted 

for  by rccarcling tl'lc pulse-l.1cigI1.t spec'tru~lr on bo th  sides o f  -!:he cl.il:.Fri\ct.iot~ 

peak and averaging. This was a very effect ive way of subtracting background 
I ~ since only a very small rotation of the diffract ion crystal  i s  necessary t o  
I 

I obtain the background position. Thus, the geometry i s  almost identical with 

1 that  of the diffract ion peak position. 
i 

! 
After the response functions had been measured, a very thin source of 

the same source material was placed on the focal c i r c l e  of the bent-crystal 

. - 



spectronieter a t  point V in Figure 3. The diffract ion crystal  was removed 

and the colli~ilator and detector were rotated until a  counting ra te  ~r~axirnum 

was observed. The gal~lll~a-ray p u l  se-height spectrul~i from th i s  source was 

tlleri recordecl. 13ackground was deterwined by going off the trans~~~i.ss. ion nlax- 

~ I ~ I U I I ~  arid recording the pul se-height spectrum. In th i s  way the coniposi.te 

ganma-ray spectrum was recorded in essent ial ly  the' same geometry as the mono- 

energetic response functions . 
The only corrections that  had to be applied were the absorption in the 

a i r  p a t h  between the source and detector and the absorption due to the 

aluminum covering of the NaI(T1) c rys ta l .  The thickness of the material 

covering the NaI(T1) crystal was obtained from the Harshaw Chemica.1 Company 

a t  the time of purchase of the detector. The efficiency as a  function of 

energy for  the present geometry was calculated by a  numerical integration 

coniputer program which i s  described in Appendix B.  

One of the major d i f f i cu l t i e s  with the least-squares metkod which i s  

also t rue of the present method i s  the necessity for  s t a b i l i t y  of the elec- 

tronic components while the data i s  being taken. Various analytical schemes 

(19 ,  20, 31) have been devised for correcting for  gain s h i f t s  'which might 

occur between the recording of response functions, b u t  no analytical method 

has been devised to correct for  gain s h i f t s  during the recording of a  re- 

sponse function. Several companies manufacture pulse-height s t ab i l i ze r s  

which electronical ly correct fo r  gain s h i f t s  b o t h  duCing and between the 

recording of the response functions. However, a l l  of these depend on a  peak 

which i s  always present in the gamma-ray spectrum. In the present case i t  

I i s  not practical to place a  weak gamma-ray source near the crystal  to supply 

II t h i s  peak because of the large amount of Compton dis t r ibut ion which would be 



present. One method which has been devised i s  t o  p u t  an ~m~~~ a1 pha emitter 

in the NaI ( T I  ) crystal .  There are very few counts below the a1 pha peak. 

However, t h i s  peak occurs a t  approximately 2.5-MeV in the gamma-ray spectrum 

and i s  much too high in energy for  measurements where. the' maximum energy 

being studied i s  500-keV as in the present case. Since in the present in- 

vestigation data were recorded over a period of 5 to 10 hours, only short 

term s t a b i l i t y  was needed. Thus, i t  was practical to rely on the s t a b i l i t y  

of the system during the.recording of the data. 

The e f fec t  of assumingi that  the monoenergetic response functions are  

known without error  has been investigated by Parr and Lucas (20).  In the i r  

t e s t  cases the response functions and the complex spectra had equal s t a t i s t i -  

cal errors .  They found that  the in tens i t ies  of the components changed very 

1 i  t t l  e by including the s t a t i s t i c a l  f luctuations in the response functions, 

b u t  the goodness of f i t  did tend to  decrease. They point o u t  tha t  t h i s  

e f fec t  i s  normally even less  important than i t  was in the t e s t  cases since 

in most practical applications, the response functions have smaller s t a t i s t i  - 
cal errors t h a n  the complex spectra. 



.' I V .  MEASUREMENTS AND RESULTS 

A. I n t e r n a l  Convers ion C o e f f i c i e n t s  o f  t h e  E2 T r a n s i t i o n s  i n  yb170 and Er  166 

The K i n t e r n a l  convers ion  c o e f f i c i e n t s  o f  t h e  E2 t r a n s i t i o n s  i n  Yb 170 

166 
and Er  were measured by de te rm in i ng  t h e  r a t i o  o f  t h e  K X-rays t o  gamma 

rays .  

The predominant mode o f  decay f r om ~m~~~ and ~o~~~ i s  by be ta  decay t o  

+ 
a l o w - l y i n g  2  l e v e l  i n  t h e  daughter  nuc leus as i s  shown i n  F i g u r e  11 (32, 

pp. 6-4-07, 6-4-36, 1964). Nuc lear  s t r u c t u r e  e f f e c t s  a r e  expected t o  be 

n e g l i g i b l e  i n  t h e s e . t r a n s i t i o n s .  ,Church and Weneser (33)  have shown t h a t  

f o r  enhanced E2 t r a n s i t i o n s  t h e  s t a t i c  and dynamic n u c l e a r  s t r u c t u r e  e f f e c t s  

a r e  ve r y  sma l l .  The K convers ion  c o e f f i c i e n t s ' f o r  these  t r a n s i t i o n s  have 

been r e p o r t e d  t o  be f r om 5 t o  20 pe rcen t  h i g h e r  than  t h e  ' t h e o r e t i c a l  va lues  

(34-46) .  Th i s  i n v e s t i g a t i o n  was under taken t o  de te rmine  a c c u r a t e l y  these 

conve rs i on  c o e f f i c i e n t s .  

1. I n t e r n a l  convers ion  c o e f f i c i e n t  o f  t h e  84.3-keV t r a n s i t i o n  i n  Yb 170 

The ~m~~~ sources were ob ta i ned  by i r r a d i a t i n g  pure  ~m~~~ i n  t h e  

M a t e r i a l s  T e s t i n g  Reactor  a t  Arco, Idaho, i n  a  neu t ron  f l u x  o f  5 x  10 14 ' 

2 neutrons/cm /sec f o r  28 days. The l i n e  source c o n s i s t e d  o f  5 mg TmC13 i n  a  

q u a r t z  c a p i l l a r y  1 i n c h  l o n g  and 0.008 inches  i n s i d e  d iameter .  The m a t e r i a l  

f o r  t h e  composi te source c o n s i s t e d  o f  3  mg o f  TmC13 i n  a  q u a r t z  capsule .  By 

t h e  i i m e  t h e  sources were used t h e  1 i n e  source had a s t r e n g t h  o f  app rox i -  
I 

mate l y  one c u r i e .  Because o f  t h e  c ross  s e c t i o n  f o r  neu t ron  cap tu re  o f  Tm 
170 

(125 barns ) ,  Cons idereb le  ~ 1 1 1 ~ ~ ~  w i l l  be con ta ined  i n  t h e  source 111atcr'ial 
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Figure . . 11. Decay schemes o f  rm170 and (32, pp. '6-4-87, 
6-4-36, 1964) 



171 al'ong with the ~ m l ~ ~ . '  Since Tm , has a half-1 i f e  of 1.9 years as compared 

t o  127 days for  Trn170, the percentage of ~m~~~ will increase with time. 

TI TI'^' beta decays to  a 6 7 - k e ~  level in yb171. Following internal conversion 

of th is  67-keV level ,  Yb .X-rays will be emitted. These X-rays will have 

the same energy as the X-rays following internal conversion in yb170 and 

will give erroneous resul ts  for  the conversion coeff ic ient .  To eliminate 

the Tm171 from the ~m~~~ source material, the ~m~~~ was isotopical ly sepa- 

rated from the ~m~~~ in the Ames Laboratory Isotope separator. This sepa- 

rated source was 0.2 cm x 1.5 cm and was deposited on an aluminum fo i l  which 

2 had a thickness of 1.75 mglcm . The estimated strength of th i s  source was 

6 mil 1 icur ies .  Figure 1 2  displays a NaI ( T I  ) pul se-heig'ht spectrum taken 

with th is  separated source. This pulse-height spectrum consists of the 

84.3-keV photopeak, X-ray photopeak, iodine escape peak due to the Yb X-rays, 

and a continuous gamma-ray spectrum called the bremsstrahlung spectrum. The 

bremsstrahlung spectrum resul t s  from absorption of the high energy beta 

par t ic les .  Also present in the source b u t  not evident in Figure 1 2  are  

Er X-rays due t o  the K capture branch of ~m~~~ to  The energy of the 

Er X-rays i s  very close to the energy of the,Yb X-rays and f a l l s  under the 

same photopeak as the Yb X-rays. 

One ~ ~ I I I I I I ~  ray and s ix X-ray monochro~aati c response functions were 

measured with the quartz diffract ion crystal .  They were the 84.3-keV 

gamma ray, Yb K a l y  Yb K a 2 , Yb K B 1 , 3 ,  and Yb K 82 X-ray response functions. 

In addition to  these ,  response funct ionsfor  the Er Ka, and Er K X-rays 
a 2 

were measured. The s ix  X-ray response functions could n o t  be f i t  t o  the 
I 

X-ray photopeak in the composite spectrum because of the large amount of 

overlap. The procedure used instead was to  f i x  the r a t i o  of the Yb K;,' 
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Figure 1 2 .  yb170 gamm-ray spectrum taken w i t h  an i so top ica l ly  separated source 



X-rays t o  the Yb K i 2  X-rays a t  the values from the tables of Wapstra -- e t  a l .  

( 7 ) .  These tables were derived by reading the values from a graph drawn 

smoothly through the experimental values. Thus, a response function was 

obtained for  the Yb K,X-rays. Response functions fo r  the Yb K and Er K 
B u 

X-rays were obtained in the same manner. The Er KBl, and Kg, X-rays were 

too weak in intensi ty  fo r  the recording of response functions. A response 

function fo r  the Er K B  X-rays was needed, however, to obtain an accurate 

measurement of the E r  X-ray intensi ty .  A response function fo r  the Er Kg 

X-rays was obtained by interpolating from the Yb K B  response function. The 

r a t io  of Er Ku to  Er Kg X-rays was then fixed a t  the value from the tables 

of Wapstra -- e t  a1 . ( 7 ) .  Figure 13 shows four of the response functions f i t  by 

the l inear  least-squares computer program. 
3 2 To account for  the bremsstrahlung, a thin source was made from P , a 

pure beta emitter, which had the same dimensions as the thin source. The 

pulse-height spectrum from th i s  source was then recorded in the same manner 

as that  of the ~ 1 1 1 ' ~ ~  thin source. This pulse-height spectrum was f i t  t o  the 

conlposite spectrum along with the X-ray and gamma-ray response 'functions. 

Four se ts  of data were analyzed by the 1inear.least-squares computer 

program described i n  ,Appendix D. The weighted averages fo r  the four se t s  of 

data are  

I(84) : I (YbK a ) : I (YbKB) : I (ErKu+B) = 944k18: 1900t20: 263510: 58211 (47). 

The weights used in computing the average values were the reciprocals bf  the 

squares of the estimated errors in the re la t ive  in tens i t ies  fo r  each 

measurement. 
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F,igure 13. ybl!O response f unc t i ons  used i n  the least-squares 
f i t t ing  procedure 



F igu re  14 shows t h e  f i t  ob ta ined .  The smooth cu rve  i s  t h e  computed 

composi te spectrum, and t h e  p o i n t s  a r e  t h e  exper imenta l  spectrum. The 

dashed curves a r e  t h e  response f u n c t i o n s ,  which add up t o  t h e  composi te  

spectrum. The l owe r  cu r ve  i s  t h e  d e v i a t i o n  o f  t h e  exper imenta l  spectrum 

f rom t h e  computed spectrum d i v i d e d  by t h e  square r o o t  o f  t h e  counts  i n  t h e  

exper imenta l  spectrum. As an added check on t h e  f i t  i n  t h e  X-ray r eg ion ,  

t h e  r a t i o  o f  K X-rays t o  Ka X-rays was determined. The exper imenta l  va lue  
B 

was 0.263+0.011 w h i l e  t h e  expected va lue  ( 7 )  i s  0.258k0.007. The f l u o r e s c e n t  

y i e l d  f rom Wapstra -- e t  a1 . ( 7 )  f o r  Yb i s  0.937k0.005. The K convers ion  coe f -  

f i c i e n t  can then  be determined f rom 

where wK i s  t h e  f l u o r e s c e n t  y i e l d  f o r  t h e  K s h e l l .  The va lue  ob ta i ned  f rom 

t h e  four  s e t s  o f  da ta  was 1.43k0.04. 

'Tile t o t a l  , 'the L, and .the ,Mi-N. . . convers ion  . c o e f f i c i e n t s  can be cletcr- 

~ n i n e d  u s i n g  : ( I ( )  : I ( L )  : I  (M+N+. . : ).conversion e l e c t r o n  i n t e n s i t i e s  o f  Hatch 

. . 
\ 

The t o t a l ,  t h e  L, and t h e  M+N+. . . convers ion  c o e f f i c i e n t s  can t hen  be c a l -  

c u l a t e d  f r om 
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F i g u r e  14.  T-r, 
1 7 0  

colnposite s p e c t r u m  with conlputed colmposite spectrulm and 
nwnoenerge t ic  components.  



- . .I (M+N+. . . ) 
%+N+. . . - "K I ( K )  

OCT = .  "K+%+%+N+. . . a 

and were determined t o  be 

. . 

y = 4.01t0.12, &+N-+. . . = 1:3420.05 and a,. = 6.78t0.14. 

I t  was  a'l so 130~s . i  l)'lo t o  c l c t c r ~ ~ ~ i  ne t h e  K-capture 1)rsnch.i ng rat ' io to 

Er170 fro111 the  Er K X-ray i n t ens i t y  r e l a t i v e  t o  the Yb K X-ray i n t ens i t y .  

The t o t a l  number of decays t o  the  84.3-keV level  can be determined from 

The r e l a t i v e  d i s in tegra t ion  r a t e  can then be determined from the  branching 

r a t i o  t o  the  84.3-keV level  

where DO4 i s  the branching r a t i o  t o  the 84.3-keV level  and 0- i s  the  r e l a t i v e  

d i s in tegra t ion  r a t e .  I f  the  K X-rays from conversion on the  K-capture s i de  

a r e  ignored, the  K capture branching r a t i o  can be determined from 
-. . 



where W K  Er i s  the K-fluorescent yield for  Er and N : ~  i s  the re la t ive  intensi ty  
* .  

. .  ' 

of the .Er X-rays with respect to  the 84-keV gamma ray. The valbe obtained 

for  t h e  K-capture branch to Erl7' from th i s  equation i s  0.19%?0.04%. This 

val ue i s  in agreement: with the val ue of Day (48) of 0.15%+0.05% and of 

Graham e t  a1 . (35) of less  than 0.3%. -- 

In Table 1 are given the measurenients of the K conversion coefficient 

for  the 84.3-keV transi t ion.  in 'yb170 alo,ng with the methods used t a  determine 

these values. The theoretical values of Bhal la  (49) ,  Rose (1) and Sl iv and 

Band ( 2 )  are  given for  comparison. The theoretical value of Bhal l a  was 

calculated for  th i s  t ransi t ion while the values of Rose and Sl iv and Band 

were interpolated from the i r  tables .  The present resu l t  i s  in agreement 

with most of the previous measurements b u t  i s  f ive  percent higher than the 

theoretical value of Bhalla and of Sliv and Band. The present resu l t  i s  in 

good agreement with, the previous measurements of Hatch -- e t  a l .  (34) and 

Dingus -- e t  a1 . (36) .which. were obtained by two conipletely different  methods. 

The value of Hatch -- e t  a1 . (34) was obtained by lnixing the ~ n , ~ ~ ~  source ma- 

t e r i a l  with ~ e l ~ ~ ' ~ .  A n ~ g n e t i c  beta-ray spectrometer was used t o  measure 
\. 

the conversion electron re la t ive  in t ens i t i e s ,  and 'a bent-crystal spectrom- 
0 .  

e te r  was used to measure the gamma-ray re la t ive  in tens i t ies .  Ihe absolute 

conversion coefficient for the 84.3-keV transi t ion was then obtained by 

using the 159-keV transi t ion in ~e~~~ for  normalization. The value of 

Dingus -- e t  a l .  (36) was obtained by f i t t i n g  analytical expressions with a  

non-1 incar 1  east-squares computer program to experimental singles and coin- 

cidence spectra which were obtained with a  well-type NaI(T1) c rys ta l .  I t  

should be noted that  the value of Dingus -- e t  a1 . (36) was obtained with b o t h  

'rlllC1, ailel p ~ r b  'r111 s o ~ r c c $  a r ~ d  khasl: no i l ' irP-Fc~cnce I n  LIE va'l uc ol: Il?e 
.I 
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conversion coe f f i c i en t  was detected.  Thus any e f f ec t s  of chemical bonding 

on the  e lec t ron wave functions a r e  very small.  I t  has been suggested (50) 

t h a t  the higher values f o r  the  conversion coef f i c ien t  were obtained with 

f l a t  NaI(T1) c ry s t a l s  and the lower values with well type NaI(T1) c ry s t a l s .  

However, the value of Dingus -- e t  a l .  (36) ,  which i s  10 percent higher than 

the  t l icoret ical  value, was obtained with a well-type c r y s t a l .  Scveral of 

tlie ca r ly  s i  ngl es ~ ~ ~ e a s u r e ~ l ~ e n t s  were not done wi t h  an i sotopical 'I y scpara'tcd 

source and thus the ,reported values f o r  the K conversion coe f f i c i en t  i s  

higher than i t  should be. Also the reported values of Graham -- e t  a1 . (35) ,  

Liden and S t a r f e l t  (38) ,  Bisi -- e t  a l .  (40) ,  McGowan and Stelson (41 ) ,  

Houtermans (51) and Hooton (37) have not been corrected f o r  the presence of 

Er X-rays.. This correcti 'on would lower these K conversion coe f f i c i en t s .  A 

weighted average of the  values of Dingus -- e t  a l .  (36) ,  Hatch -- e t  a l .  (34) and 

the  present  r e s u l t  which. were obtained by three  d i f f e r en t  meth.ods and which 

a r e  in, good agreement i s  presented here as an average experimental value f o r  

the  conversion coe f f i c i en t  o f  the  84.3-keV t r ans i t i on  in  yb170. This v a l u e  

2 .  Internal  conversion coe f f i c i en t  of the 80.6-keV t r a n s i t i o n  i n  Er 166 

. .  . 

The ~o~~~ sourceswere  made by i r radia t i ,ng pure in -a neutron f lux  
2 of 3 X 1013 neutrons/cm /sec  fo r  '24 hours in  the Ames Laboratory Research 

Reactor.. The l i n e  sources consisted of 19 mg of Ho0,'in a quart7 c ap i l l a ry  
L 

1 inch long and 0.015 inches ins ide  diameter. The material f o r  the th in  
,' 

source consisted of 0.3 mg of Ho02 in a quartz capsule. The th in  source \ fo r  

the composite spectrum was made by deposit ing approximately 0.1 mg on 



a s t r i p  of aluminized mylar 0.00025 inches thick 'and 0.2 cm wide and 3 cm 

long. Figure 15 i s  a NaI,(Tl) pulse-hei,ght spectrum of the  low energy region 

taken with a source. - 

As can 'be seen from Figure 11 (32, p .  6-4-36, 1964) there  i s  a weak beta 

decay t o  h,igh e n e r g y s t a t e s  i n  ~r~~~ which lead t o  hi:? energy gamma-ray 

r . t r an s i t i ons .  However, the K cocverssm c c t r  . ,-:.i .-,c,., .,.' . 30.6-keV level  in  

Er166 can s t i l l  be measured from the  r a t i o  of K X-rays t o  8i.i-keV gamma 

rays s ince  the high energy . . gamma-ray t r an s i t i ons  a r e  very weak in  i n t ens i t y  

and conversion coef f i c ien t s  f o r  high energy t r an s i t i ons  a r e  small and thus 

produce few X-rays. However, a correct ion should be made under the  low 

energy portion of the  spectrum f o r  the  Compton d i s t r i bu t i on  due t o  the  high 

energy . , gamma rays. 

The thermal neutron cross sect ion of ~0~~~ i s  much l a rge r  than t h a t  of 

~o~~~ so very 1 i t t l e  .H0167 ihoul d b e  produced. Any ~ 0 ' ~ ~  t h a t  i s  produced 

can be allowed t o  decay out  s ince  i t s  h a l f - l i f e  i s  3.7 hours compared t o  27 

166 hours' f o r  Ho . 
As can be seen in Figure 15 the  pulse-height spectrum from Ho 166 i s  

very s imi la r  t o  the  pulse-height spectrum from ~ m ~ ~ ~ .  However, the re  has 

been no observed K-capture branch t o  D~~~~ (54) .  Thus, the  x-rJy photopeak 

only consisLs of Er X-rays. 

Monochromatic response functions f o r  the  80.6-keV gamma ray,  Er K a l ,  

Er Ka2' Er K ~ 1 , 3  and Er . -,,-. KB2 X-rays were measured with the  quartz d i f f r a c t i on  

c r y s t a l .  As i n  the  Tml'" case,  the  r a t i o s  of the  Er Kal  t o  Er Ka2 and 

Er KB1;3 t o  Er Kg, were f ixed a t  the values from the  t ab les  of Wapstra 
\ 

e t  a1 . ( 7 ) .  Three of the  response functions used i n  the  f i t t i n g  procedure -- 
a r e  displayed in  Figure 16. 



166 Figure 15. Er gamma-ray spectrum 
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Figure 16. ~r~~~ response functions used in the least-squares 
f i  t t i  ng (procedure 



'I't~c Coll~y'ton dis . tr ibution fro111 .the high energy galllllla rays could not bc 

deter~iiined d i r e c t l y  because of t h e i r  weak in tens i ty  and high energy. In- 

s tead,  the compton d i s t r i bu t i on  from a ~ 0 6 '  source was recorded with the  

d i f f r ac t i on  c rys ta l  removed and the  col l  inlator s e t  a t '  the transmission maxi - 

mum.  Because t h i s  Compton d i s t r i bu t i on  was small ,  i t  was subtracted out  be- 

fo re  the f i t t i n g  procedure was applied.  The amount. t o  be subtracted was 

determined from the photopeak t o  t o t a l  r a t i o  f o r  the co60 source and from 

166 the  i n t ens i t y  of the high energy gamma'rays in the Ho source. 

To check on the contributjon of ' ~ 0 ' ~ ~  in t h e  source mate r ia l ,  data 

were taken two hours a f t e r  i r r ad i a t i on  and 24 hours a f t e r  i r r ad i a t i on .  No 

d-i f ference i n  the  X-ray t o  gamma-ray rat-i o was detected.  

Five s e t s  of data were analyzed by the least-squares computer program 

which' i s  described in .Appendix D.  The weighted averages f o r  the  f i v e  s e t s  

of data a r e  

Again the weights were , the  reciprocals  of the squares of the estimated e r ro r s  

in the  i n t e n s i t i e s  f o r  each measurement. A least-squares f i t  t o  the  data i s  

shown in  Figure 17. T l u  experimental value of the  r a t i o  of Kg X-rays t o  

Ka X-rays was 0.253k0.010, and the expected value ( 7 )  i s  0.253i0.007. The 

K conversion coe f f i c i en t  obtained from 

I 

was determined t o b e  aK = 1.72k0.06. The f luorescent  y i e l d ,  oK,  from Wapstra 

e t  a1 . ( 7 )  was 0.932i0.005. In Table 2 i s  given the  present value along -- 
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F,igure 17.  ~r~~~ composite spectrum with computed composite 
spectrum and monoenergetic components 
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Table 2. K conversion c o e f f i c i e n t  of the-80-keV t r a n s i t i o n  i n  Er 166 
, 

Reference Met tiod . . 
"K 

Present  Resul t 

Sunyar (44)  

McGowan and ~ t e i s o n  (41)  

~ e l m e r  and Burson (55)  

Mark1 und -- e t  a1 . (45)  , 

Foglio and Bettoni  (46)  

Thosar e t  a l .  -- (54 

Erman and Hultberg (53)  

Theore t ica l  . . 

Bhall a  (49 

k ~ /  y ,,, 

KX/y ( s  i  ngl e s  ) 

KX/y (s ing1 e s )  

KX/y ( s i  ngl e s  ) 

KX/y ( s  i ngl e s  ) 

KX/ Y 

KX/y ( s i n g l e s  and B-Y c o i n )  

I E C  

S l i v  and Band ( 2 )  . 1.66 
. . 

Rose (1) 1.60 

with t h e  previously de.l;ermined values of t h e  K conversion c o e f f i c i e n t  .For 

t h e  80.6-keV t r a n s i t i o n  i n  The t h e o r e t i c a l  values of Bhalla (49) ,  

Rose ( 1 )  and S l  i v  and Band ( 2 )  a r e  given f o r  comparison. The value of 

Bhalla was ca l cu la t ed  f o r  t h i s  t r a n s i t i o n ,  while  t h e  values of Rose and S l i v  

and Band were i n t e r p o l a t e d  from t h e i r  t a b l e s .  The p resen t  va lue  i s  i n  

: agreement with a l l  of t h e  previous measurements but i s  s i x  percent 'h i ,gher .  

than t h e  t h e o r e t i c a l  value o=F ~ h a l ' l a  (49) .  



3. Uiscussion ol: Llrc E2 in,Cernal convcrsion coeff ic ients  in yb170 and Er 1.66 

The present resu l t s  fo r  the K internal conversion coeff ic ients  for  the 

84.3-keV transi t ion in yb170 and the 80.6-keV t rans i t ion  in ~r~~~ are  about 

5 percent higher . than ' the theoretical values. While th i s  i s  not a s ignif-  

icant 'difference, i t  i s  interest ing to note tha t  they are  of the same 

magnitude and in the same direction. The 10 to 20 percent deviations which 

had previously been reported were not observed. The present value for  the 

- conversion coeff ic ient  of the 84.3-keV transi t ion in yb170 i s  in good agree- 

ment with the values reported by Dingus -- e t  a l .  (36) 'and Hatch e t  a l .  (34) -- 
which were determined by completely d i f fe rent  methods. The present resu l t s  

166 for  the 80.6-keV transi t ion in Er agrees, within the experimental e r ror ,  

w i t h  a l l  of the values which have previously been reported. I t  i s  s l igh t ly  

h,igher, however, than the value reported by Thosar -- e t  a1 . (54) and Erman 

and Hul tberg (53) which are  in agreement with the theoretical -value. 

Recently Gelletly -- e t  a l .  (56) have reported the L subshell ra t ios  fo r  

several E2 t ransi t ions including yb170 and ~ r ~ ~ ~ .  They report  the L I I / L I I I  

subshell ra t ios  agree wi'th the corresponding theoretical values to  less  than 

2 percent while the L I / L I I  and L I / L I I I  r a t ios  a re  about 5 percent higher 

than the theoretical values. This deviation i s  the same magnitude and in 

the same direction as the, deviation of 'the K conversion coeff ic ients  fo r  

these t ransi t ions.  A possible explanation of the difference between the 

experimentally determined _ .. . and theoret ical ly  calculated L I / L I I  and L I / L I I I  
, . 

subshell ra t ios  and the difference between the experimental and theoretical 

K conversion coefficients i s  tha t  t h e ' s  electron wave functions a re  al tered 



due,to the s  electrons penetrating the nucleus. The p and d electron wave 

functions are  not altered since these electrons do not penetrate the nucleus. 

B.  Internal Conversion Coefficients in Hf '180 

The level s t ructure in the nucleus ~f  laO following the decay of Hf 180m 

i s  shown in F,igure 18 (32, p.  6-6-121, ,1965). An interesting feature of 

th i s  decay i s  tha t  the decay of the 641-keV level consists of three E2 

t ransi t ions ' in  cascade' with no observed crossover t ransi t ions.  This means 

that  the total  t ransi t ion in tens i t ies  of these three t ransi t ions a re  equal. 

I t  i s  poss,ible to use th i s  f ac t  to determine the total  internal conversion 

coeff ic ient ,  a ,  for  the 93.3-keV transi t ion from a measurement of the gamma- 

ray re la t ive  intensi ty  of th i s  t ransi t ion along with tha t  of the 332-keV 

t rans i t ion .  Mcasure~~~ents of the gan~ma-ray re1  at ive i  ntensi t i e s  and internal 

conversion electron re la t ive  in tens i t ies  for  a l l  of the other observed tran- 

s i t ions  enable the determination of the internal conversion coefficients fo r  

the t ransi t ions using the previously determined coeff ic ient  (aT)  f o r  the 

93.3-keV transi t ion for  normalization. 

Edwards and Boehm ( 5 7 )  have carried out precise measurements of the 

gamma-ray and internal conversion l ine  re la t ive  in tens i t ies  and have ob- 

t a i  ned accurate values for  the ~f~~~ internal conversion coefficients through 

a  least-squares adjustment of the i r  data. They report that  the K-shell 

internal conversion coefficient fo r  the 93.3-keV transi t ion was in agree- 

ment with theory and those for  the 215.3-, 332.5-, and 443.8-keV transi t ions 

: were approximately 10 percent lower than the theoretical coefficients of 

Rose (1).  Although such a  discrepancy could not be considered very s ignif-  

icant ,  the f ac t  that  the deviation i s  of the same s ize  and in the same 
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direct ion f o r  each of the l a t t e r  three  E2 t r ans i t ions  i s  in te res t ing .  This 

deviation i s  l a rger  than would be expected based on most of the recent re- 

sul t s  f o r  high precision determinations of aK f o r  pure E2 t r ans i t i ons .  

1. Analysis of the Hf180 X-ray and gamma-ray spectrum 

Figures 19 and 20 show NaI(T1) and Ge(Li) pulse-height spectra from 

the decay of 5.5 hour' Hf180rn. To obtain the r e l a t i ve  i n t e n s i t i e s  of the  

X-rays and gamma r a y s , . t h e  spectrum was divided in to  two overlapping sec- 

t ions .  The region from 93.3-keV to  501-keV will  be ca l led  the "gamma-ray" ' 

portion of the  spectrum, and the region u p  t o  215-keV will  be ca l led  the  "X- 

ray" portion of the spectrum. In the  gamma-ray portion the r e l a t i v e  in tens i -  

t i e s  of the gamma rays from 93.3-keV through 501-keV were determined, while 

in the X-ray porti.on the  r e l a t i v e  i n t e n s i t i e s  of the X-rays and 57-keV 

gamma ray were determined using the  93.3-keV and 215-keV gamma rays f o r  

normalization. The l i n e  sources f o r  the two sections were made by f i l l i n g  

quartz tubes, which were about 1 inch long with an ins ide  diameter of about 

0.2'mm, with approximately 12 mg of Hf02  The material f o r  the gamma-ray 

portion of the  spectrum was enriched t o  57 percent in Hf17' and contained 

30 percent ~ = l f ~ ~ ~ ,  while the material f o r  the  X-ray portion of the  spectrum 

was enriched to  87 percent in ~f~~~ and contained 8.6 percent Hf180. The 

n'~ater.ial s f o r  'the sources were i rrad-ia'ted with neutrons in the Anlcs Laboratory 

2 Research Reactor in a neutron f lux  of 7 x 1013 neutrons/cm /sec  f o r  10 hours. 

The 5.5 hour Hf 180m a c t i v i t y  was obtained from s ing le  neutron capture by 

the Hf17'. The 45 day ~f~~~ a c t i v i t y  was a l so  present i n  the  sources. The 

tinle from the  reactor  shut down un t i l  data were taken was approximately 

two hours. Data could be taken during approximately two half l i ve s  f o r  each 
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Figure 20. ~ f ~ ~ ~ ,  gam~a-ray spectrun, taken with a  Ge(Li) detector  



source. The thin source for  the gamma-ray portion was made by depositing 

approximately 0.6 mg. of Hf "Om source material on a s t r i p  of 0.00025 thick 

c?luiiiinized mylar ovcr an area of 0.2 crn x 3 cm. The thin source fo r  the 

S - r > ~ y  port . ion was lilade in a sinitiiar .fash-ioil except 0 .3  rilg of I-1.f l f i l r ~ ~ i  was 

deposited on the mylar. In order to correct for  the presence of Hf 181 i n  

the source' material, a Hf18' source was prepared from neutron capture of 

~ f l ~ ' .  This source was a1 lowed to decay fo r  several days to a1 low any 

Hf 180m to decay out. 

The response functions for  the 93.3-keV, 215-keV, 333-keV;444-keV and . 

501-keV t r ans i t ions  were obtained with the, germanium diffract ion crystal  - 

and are  shown in Figure 21. The pulse-height spectrum from the ~ f l ' l  source 

was recorded in the same manner as the composite spectrum. This spectrum 

wa's then f i t  to the observed composite spectrum as a response function in 

the same manner as the monochromatic response functions. Six se t s  of data 

were analyzed with the l inear  least-squares computer program. Figure 22 

displays the composite spectrum along with the response functions and the 

calculated composite spectrum. The bottom curve again shows the deviation 

of the experimental composite spectrum from the calculated spectrum. The 

resul ts  of t h e  least-squares f i t t i n g  yielded the re la t ive  in t ens i t i e s  which 

a r e '  presented in Table 3. 

In the X-ray portion of the spectrum, the Kal, K a 2 ,  K B l Y 3 ,  KB2  X-ray 

and the 57-keV gamma-ray response functions were obtained with the quartz 

d i f f rac t ion  crystal while the response functions fo r  the 93.3-keV and 

215-keV gamma rays were obtained with the germanium diffract ion crys ta l .  As 
\ .  

in the other X-ray intensi ty  measurements, response functions for  the Kci 

and -Kg X-rays were obtained by fixing the ra t ios  of the K t o  Kci2 and 
ci 1 
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Table 3. Relative in tens i t ies  of the gamnla rays above 90-keV fro111 the clecay . . 
,.If l8Olll 

Energy (keV) 

K B 1  , 3  
t o  KB2  X-rays a t  t he i r  respective values from the tables of Wapstra 

e t  a l .  (7 ) .  These response functions are  shown in Figure 23. Figure.24 -- 

shows the low energy pulse-height spectrum obtained with the thin source 

which was enriched to  87 percent in Hf17'. I t  can be seen tha t  the Hf 181 

contribution i s  considerably reduced over what i t  was in Figure 19. This 

enabled the Hf180 X-ray and 57-keV gamma-ray in tens i t ies  to  be determined 

to a higher degree of' precision. The contribution from the Compton di ' s t r i -  

bution from the higher energy gamma rays was determined by f ixing the ra t ios  

of the Compton dis t r ibut ions from the higher energy yanltna rays a t  the values 

obtained in the previous experiment and by f i t t i n g  th i s  dis t r ibut ion along 

with the other response functions. The Hf18' spectrhm was again used as a 

response function in the f i t t i n g  procedure. 

Five. s e t s  of data were analyzed wi'th the least-squares computer program 
< 

which i s  described in Appendix D.  Figure 25 shows the composite spectrum 
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180 

F igu re  23. Hf rcsponse  functions used i n  the  l ea s t - squa re s  
fi t t ing procedure  below 230 -keV.  
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F,igure 24. ~ f ~ ~ ~ ,  gammi-ray spectrum be1 ow 230- keV 
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F.igure 25. ~f 180 composite spectrum below 230-keV w i t h  computed composi te 
spectrum and monoenergetic components 



along w i t h  the response functions and the calculated spectrum. The experi - 
mental value f o r  the r a t i o  of K X-ray t o  K X-rays was 0.254k0.019 and the 

B a 

expected value ( 7 )  i s  0.26340.005. The least-squares f i t t i n g  procedure 

yielded the values f o r  the  i n t e n s i t i e s  which a r e  give'n in  Table 4. The i n -  

t e n s i t i e s  of the 215-keV and 93.3-keV gamma rays were normalized t o  t h e i r  

v.alues ' in Table 3, and t h i s  normalization constant  was used t o  determine 

the  r e l a t i v e  i n t e n s i t i e s  of the K and Ka X-rays and the  57-keV gamma ray 
B 

with respect  to  the  higher energy gamma rays.  The X-ray and gamma-ray r e l -  

a t i ve  i n t e n s i t i e s ,  normalized such t h a t  the 215-keV gamma ray has an inten- 

s i  ty  of 1000, a r e  presented in Table 5 along with the values of Edwards and 

Boehm (57) which were obtained by the  c ry s t a l -d i f f r ac t i on  method. For com- 

parison,  the r a t i o s  of the  values obtained by Edwards and Boehm (57) t o  the  

present  values a r e  given i n  the fourth column of Table 5. The agreement i s  

within f i v e  percent except f o r  the  501.3-keV t r a n s i t i o n .  The present  deter-  

mination f o r  t h i s  t r an s i t i on  was a d i r e c t  measurement while t h a t  of Edwards 

and Boehm (57) was inf2rred from the Hf 180m decay scheme and from t h e i r  

other i n t ens i t y  measurements. The present value of 1.25k0.08 f o r  the r a t i o  

of the  57-keV gamma ray t o  the  K X-rays i s  in agreement with the  value of 

1.640.5 obtained from c r i t i c a l  absorption by Deutsch and Bauer (58). 

The power of the present method f o r  determining gamma-ray re1 a t i v e  

i n t e n s i t i e s  i s  demonstrated by the unfolding of the 57-keV gamma ray frorn 

the  Ka and dB X-rays. This was' only possible because the  i n t ens i t y  of the 

57-keV gamma ray was approximately the same as the  X-ray i n t ens i t y .  Added 

confidence i n  the  resolving of the one photopeak in to  the  th ree  components, 

Ka X-rays, 57-k'e~ gamma ray and K B  X-rays, i s  obtained from the  agreement 

between the experimental and expected r a t i o  of K g  t o  K X-rays. 
a 



Table 4 .  Re1a.tive in tens i t ies  of the gal.iaiia rays below 250-keV fro~rl 'the 
180111 decay of Hf 

~ne rgy  (keV) Intensity 

Table 5. ~ f l " ,  gamma,-ray re la t ive  in tens i t ies  following the decay of H f  180m 

Present Edwards and Boehma Edwards and Boehma 
Ene.rgy (keV resul ts Present resu l t s  



2. Results and discussion - 

180 Following i s  a  descr ip t ion of how the present values f o r  the Hf i n -  

ternal  conversion coef f i c ien t s  were obtained. Because the f i na l  three  t ran-  

s i t i o n s  a r e  in cascade w i t h  no crossover t r an s i t i ons ,  the t o t a l  t r an s i t i on  

i n t e n s i t i e s  f o r  these t r an s i t i ons  a r e  equal. Thus we can wri te  

Therefore, .332 

where represents the, gamma-ray i n t ens i t y  of the  332.5-keV t r ans i t i on  
Y 

and a:32 the t o t a l  in ternal  conversion coe f f i c i en t  f o r  the  same t r an s i t i on .  

The no t a t i on  i s  s imi la r  f o r  the  corresponding quan t i t i e s  f o r  the  93.3-keV 

t r ans i t i on .  Since a+32 has a  value of about 0.060 as discussed l a t e r ,  and 

/ '1;3 i s  l a rge ,  any uncertainty in .332 h a s  only a  sna1.l e f f e c t  i n  de- 
Y T 

ter~ili ni ng a 93 For exa~i~ple ,  an uncertainty of 10 percent in a:32 would l- ' 
9 3  lead t o  an uncertainty of 0.7 percent i n  computing aT . The l a t t e r  coef- 

93 93 f i c i e n t  i s  determined mainly by the  r a t i o  of t o  IY . Therefore, aT 
Y 

can be determined from measurements of the  gamma-ray r e l a t i v e  i n t e n s i t i e s  

compared with I ~ ~ ~ ,  along with a  correct ion fo r  a+32, 'which i s  r e l a t i ve ly  
Y 

small.  The value determined by Edwards and Boehm (57)  of 0.060+0.004 was 

332 used fo r  uT . Since the e r ro r  in  t h i s  value i s  only 6.5 percent ,  i t  con- 
9 3 t r i bu t e s  an uncertainty of 0.5 percent ,  t o  the  present  determination of aT . 

Thus 0y3 = 4.91k0.23 was obtained. The same procgdure was not used t o  de- 

termine a;l5 s ince  I 332 215 i s  near one, and any uncertainty in the  value u 'IY 



of a:32 has a  l a r g e  ef fec t  in determining .:I5. Once a;3 has been determined, 

the corresponding internal conversion coefficients for  the atomic she l l s  can 

be obtained from K:L:M+N.. . ra t ios  obtained by Edwards and Boehm (57) .  The 

remainder of the internal conversion coefficients for  the 57-, 215.3-, 

332.5-, 443.8- and 501.3-keV transi t ions were determi ned by taking the 

ra t ios  of the internal conversion electron in tens i t ies  of Edwards and Boehm 

(57) to  the present values of the gamma-ray re la t ive  . intensi t ies .  These 

ra t ios  were then normalized using the value of a;3 which was obtained from 

the present gamma-ray re1 at ive intensity measurements. Thus, the present 

conversion coefficients depend on the conversion l ine  re la t ive  in tens i t ies  

of Edwards and Boehm (57) b u t  have been computed using new measurements of 

the gamma-ray re la t ive  in tens i t ies  and an independently obtained normali- 

zation constant. The conversion coefficients obtained in th i s  manner (59) 

are presented in Figure 26 along with the coefficients obtained by Edwards 

and Boehm (57),  Gvozdev -- e t  a1 . (60) and Scharff-Goldhaber and McKeown (61).  

The theoretical values obtained by interpolating values from the tables of 

Sl  iv and Band ( 2 )  are  presented in the l a s t  column of the table .  The theo- 

ret ical  values of Rose (1) are  in good agreement with those of Sliv and .Band 

( 2 ) .  The large errors in the values of Gvozdev -- e t  a l .  (60)  a re  probably 

due to the thick sources which were used due t o  the f a c t  t h a t  they used 

natural I-1.f instead of enriched I-If. Since the present garnrna-ray re la t ive  

in tens i t ies  agree with those of 'Edwards and Boehm (57) ,  i t  i s  not surprising 

t h a t  the present internal conversion coefficients a lso agree closely.  

In Figure 27 are  displayed the ra t ios  of the present determinations to 
I 

the theoretical values of Sliv and Band ( 2 )  fo r  the K-shell conversion coef- 

f ic ien ts  of the ~f~~~ E2 t ransi t ions.  The errors were obtained by 



Energy (keV) Conversion Cocversion electron Conversion coefii.zj~-:~ 
line intensities Edwards and Gvozdev and Scharii-.;r: :l:a>er 

(Eiwards and B ~ e h m ) ~  Boehrna Present results ~usinov~ an5 Vc.r;,:cnc ~i~ffiretic~l~ 

L111 0.045i0.006 0.084t0.012 

LTotal 0.294t0.012 0.543i0.036 
Total 0.378t0.013 0.698i0.045 

93.3 K 0.205t0.012. 1.10t0.09 

L~otal 0.582i0.017 3.13t0.19 

H+N+. . . 0.169i0.012 0.909+0.08 

. Total 0.956t0.023 5.14t0.24 

215.3 K 0.114t0.005 0.123i0.009 

L~otal 0.072i0.006 0.077t0.007 

Total 0.221t0.010 0.237i0.017 

332.5 K 0.0400i0.0016 0.038t0.003 

L~otal 0.0154t0.0012 0.0146i0.0015 

Total . 0.0634i0.0025 0.0603i0.004 . 

443.8 K O8~0173i0.0O10 0.0189i0.0017 

L~otal ~~0040~0.0005 0.0044t0.0007 

. FHN+ ... 0.00141i0.00028 0.0015t0:0003 

Total CL0227t0.0012 0.0249i0.0022 

501.3 K 0.0070t0.0009 0.0370t0.012 

Total , 0.0104t0.0011 0.0549t0.018 

'~ource: (57). 

b~ource: (60). . . 
C~ource: (61). 

d~ource: (2). 

elhis value was obtained from the present gam-ray intensities. 

Figure 26. ~f~~~ internal conversion c o e f f i c i e i ~ t s  f o l l o \ v i n g  the St=;)- of ~ f l S O m .  



s t a t i s t i c a l l y  adding t h e  exper imenta l  e r r o r  and a  f i v e  pe rcen t  e r r o r  i n  t h e  

t h e o r e t i c a l  va lue.  The a i 3  agrees. c l o & l y  ui t h  t h e  t h e o r e t i c a l  va lue ,  b u t  

t h e  p r e v i o u s l y  observed d e v i a t i o n  o f  t h e  exper imenta l  f r om  t h e  t h e o r e t i c a l  

va lues  f o r  t h e  215.3-, 332.5- and 443.8-keV t r a n s i t i o n s  remains.  I n  f a c t ,  

w h i l e  t h i s  d e v i a t i o n  f o r  t h e  c o e f f i c i e n t s  o f  Edwards and Boehm was 10 p e r -  

cen t ,  t h e  p resen t  c o e f f i c i e n t s  a r e  s l i g h t l y  l owe r  and t h e  d e v i a t i o n  o f  t h e  

' 

p resen t  va lues  f r om t h e  t h e o r e t i c a l  va lues  i s  11 pe rcen t  f o r  these  t h r e e  

E2 t r a n s i t i o n s .  T h i s  d e v i a t i o n  i s  l a r g e r  than  has been r e c e n t l y  found  i n  

o t h e r  p r e c i s e  measurements f o r  E2 t r a n s i t i o n s .  Be fo re  any s ta tement  can  be 

made about  t h e  p o s s i b l e  t h e o r e t i c a l  o r i g i n s  o f  these  d e v i a t i o n s ,  such as 

due t o  t h e  K e l e c t r o n  wave f u n c t i o n s  ove r l app ing  t h e  nuc leus,  an independent  

measurelllent o f  t h e  conve rs i on  e l e c t r o n  i n t e n s i t i e s  would be necessary t o  

de te rmine  c o n c l u s i v e l y  i f  these  d e v i a t i o n s  a r e  r e a l .  The p resen t  e x p e r i -  

mental  uK f o r  t h e  501-keV t r a n s i t i o n  agrees c l o s e l y  w i t h  t h e  t h e o r e t i c a l  

a~ 
f o r  an E3 m u l t i p o l a r i t y  and . i s  i n  agreement w i t h  t h e  E3, M2 m i x t u r e  ob- 

t a i n e d  f rom an angu la r  c o r r e l a t i o n  exper iment  by Bodenstedt  -- e t  a1. ( 62 )  o f  

96.5 pe rcen t  .E3 and 3.5 pe rcen t  M2. ~ c h a r f f - ~ o l d h a b e r  and McKeown (61)  have 

r e c e n t l y  111ade a c c u r a t e  llleasurelllents o f  t h e  L I  , L I  I and L I I  I conve rs i on  c o e f -  

f i c i e n t s  f o r  t h e  57-keV t r a n s i t i o n .  They r e p o r t  t h e  L I  and L I I  coe f l ' i c i en t s  

a r e  h i g h e r  than  t h e  t h e o r e t i c a l  convers ion  c o e f f i c i e n t s  f o r  an E l  t r a n s i t i o n  

w h i l e  t h e  L I I I  c o e f f i c i e n t  i s  i n  agreement w i t h  t h e  t h e o r e t i c a l  va lue.  They 

p o i n t  o u t  t h a t  no admix tu re  o f  M2 can account  f o r  t h i s  d i f f e r e n c e .  Paul - e t  

a1 . (63)  have shown t h a t  the d i f f e r e n c e  i s  n o t  due t o  p a r i t y  m ix ing .  - 

Schar f f -Goldhaber  and McKeown (61 )  conc lude t h a t  t h e  anomalously h i g h  L I  

and L I I  convers ion  c o e f f i c i e n t s  a r e  due t o  p e n e t r a t i o n  e f f e c t s  i n  t h i s  

ex t reme ly  K- fo rb idden  E l  t r a n s i t i o n .  



ENERGY (keV)  

Figu.re 27. Comparison of the present resul ts  for  the K conversion coefficients of t3e 

E2 transit ions in ~f~~~ to the theoretical values of Sliv and Band ( 2 )  
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C .  K Internal  Conversion Coefficients  in  Gd 155 

The present  invest igat ion was carr ied  out t o  measure accurate ly  the 

gamma-ray r e l a t i v e  i n t e n s i t i e s  of the 105-, 86- and 60-keV gamma rays and 

the  Gd X-rays from the  decay of ~u~~~ and t o  use these accurate ly  determined 

i n t e n s i t i e s  t o  determine the K conversion coef f i c ien t s  f o r  the 105- and 86- 

keV t r ans i t i ons .  The level  s t r uc tu r e  exhibited by ~d~~~ followi,ng Eu 155 

decay i s  shown in  Figure 28 (32, p. 5-5-52, 1963). 

1.  Analysis of the ~d~~~ X-ray and gamma-ray spectrum 

The 1 ine  source f o r  the bent-crystal spectrometer was made by double 

neutron capture of Eu203 which was enriched to  95 percent in  E U ' ~ ~ .  A quartz 

c ap i l l a ry  1 inch long and 0.012 .inches ins ide  diameter was f i l l e d  with 10 

mg of enriched Eu203. The cap i l l a ry  was then i r r ad i a t ed  with neutrons i n  

the Materials Testing 'Reactor a t  Arco, Idaho, in  a neutron f l ux  of 5 x 10 14 

2 neutrons/cm / s e c . f o r  28 days. The th in  source f o r  the composite spectrum 

could not be produced in  the same manner because of the  large  amount of Eu 154 

which would be present  in  the source mater ia l .  Instead,  ~u~~~ material was 

purchased fro111 Oak Ridge National Laboratory Isotope Sales Division. This 

l~la ter ia l  had been produced by beta decay t o  ~u~~~ following s ing le  neutron 

capture of  nil^^.  he source material had been allowed t o  decay f o r  more 

than two years t o  allow the 15.2 day ~u~~~ a c t i v i t y  t o  d ie  out .  The ~u~~~ 

had been produced by 'beta decay of 9.4 hour ~m~~~ fol 1 owing double neutron 

capture of ~ l n ' ~ ~ ' a n d  by si,nglc ncutron capture of ~ 0 ~ ~ ~ .  The th in  source 

was made by depositi,ng the ~u~~~ material on a s t r i p  of aluminized mylar 

0.00025 inches th ick and 0.2 cm x 3 cm. In Figures 29 and 30 a r e  shown 
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F,igure 28. Decay scheme o f  ~u~~~ (32 ,  p .  5-5-52, 1963) 



~ a 1 ( T 1 )  and Ge(Li) spcctra  fro^^, the thin ~u~~~ source. I t  can be sccn in 

the Ge(Li) spectrunl that  there i s  a gamma ray a t  approximately 123-keV. 

This gamma ray i s  due to  and ~u~~~ present in the source material. 
.. . 155 Since the Eu source material was purchased in solution from Oak Ridge, i t  

was n o t  possible t o  determine the amount of material deposited on the s t r i p  

of mylar. To check the e f fec t  of the source thickness, a very thin source 

2 was made by evaporating ~u~~~ onto 1.75 mg/cm aluminum.   his source was 

0.75 inches long and 2 . m m  wide. The rat ios  of K X-rays to  the 86-keV plus 

105-keV gamma rays was determined. The r a t io  for  the evaporated source was 

0.52 while that  fo r  the drop source was 0.53. From th i s  i t  was concluded 

that  there was no appreciable effects  due to  the thickness of the drop 

source. The evaporated source was not used for  the composite spectrum be- 

cause of the long counting times that  would be necessary due to the weak 

intensity of the source. 

I t  can be seen from Figure 29 that  the gamma-ray spectrum mainly con- 

s i s t s  of the 105-, 86- and 60-keV gamma rays and the Gd X-rays. Weak tran- 

s i t ions  a t  26- and 45-keV are also present. The other t ransi t ions which 

are  shown on the decay scheme are  extremely weak and can be ignored when the 

yania=ray re la t ivc  in tens i t ies  are  determined, Response functions were 

measured for  the 105-, 86- and 60-keV gamma rays and the Kal, K Kp, and 
a2' . . ,  . 

arld KB, X-rays. Ka and K response functions were again obtained by fixing 
I .  fi 

the rat ios  of the K to Ko12 andKgl ,,to KB2 X-rays. Since the 26-keV 
4 1 

gamma-ray intensi ty  i s  small and since the absorption corrections fo r  26- 

keV are very large,  no- attempt was made to determine accurately the re la t ive  

intensi ty  of the.26-keV gamma rays. However, a response function was in- 

cluded to improve the f i t  to the experimental data. This response function 
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Figure 29. Gd! 55 gamma-ray spectrum taken with a NaI(T1) de tec to r  
: - ., . 
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GAMMA- RAY 'SPECTRUM FRW THE 

DECAY OF €uI5' 
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Figure 30. ~ d ~ ~ ~ ,  gamma-ray spectrum taken with a ~ e ( ~ i )  detector 



was obtained froni the shape of the photopeak of the K O  X-ray and from the 

energy cal i  brat ion in the X-ray region. The 45-keV gamlna ray 1 i e s  between 

the KO and K g  X-rays. No a t t e ~ ~ i p t  was made t o  unfold t h i s  gamma ray from 

the X-rays. The X-ray in tens i ty  was, however, corrected f o r  the 45-keV 

gamma rays. Since the gamma rays a t  123-keV a r e  the most in tense  gamma rays 

in the decay of Eu15',and ~u~~~ and s ince  the i n t ens i t y  of the  123-keV 

155 
CJ;IIIIIIIL\ rays in i;t~c Eu source was s111al1 , no correct ion was 111~7cle For t t i ~  

Compton d i s t r i bu t i ons  from higher energy gamma rays.  A correct ion was made, 

however, f o r  the Gd X-rays due t o  the conversion of the  123-keV t r ans i t i on .  

The germanium d i f f r ac t i on  c rys ta l  was used t o  obtain the  response func- 

t ions  shown in  Figure 31. Four s e t s  of data were analyzed with the l e a s t -  

squares computer program. Figure 32 shows one of the f i t s  obtained. The 

weighted average values a r e  presented in  Table 6  along with the previously 

reported values. The present  X-ray i n t e n s i t i e s  have been corrected f o r  the 

45-lteV gamma rays and the G d  X-rays due to  the conversion of the  123-keV 

t r ans i t i on .  The 45-keV in t ens i t y  was taken from Hatch and Boehm (64) .  The 

correct ion f o r  the  Gd X-rays from the conversion of the  123-keV t r ans i t i on  

was made i n  the  following way. From the r e l a t i v e  i n t ens i t y  of the 123-keV 

gamma ray which was obtained from the least-squares f i t t i n g  procedure and 

from the K conversion coe f f i c i en t  f o r  t h i s  t r a n s i t i o n ,  the  number of K X- 

123 - 123~123,  where wK i s  the  K f lourescen t  rays was calculated from N X  - wKoK 

y i e ld .  The correct ions  f o r  the ~u~~~ and ~u~~~ X-rays and the  45-keV gamma 

rays were small and about equal. The r a t i o  of K t o  K X-rays was determined B u 

t o  be 0.234k0.012, while the expected value from Wapstra -- e t  a1 . ( 7 )  i s  

0.244+0.007. 
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Figure.31. ~d~~~ response functions used in the least-squares 
fitting procedure. 
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F,igure 32. ' ~d~~~ composite spectrum with computed composite , 

spectrum and monoenergetic components 



Table 6.  ~ d ~ ~ ~ ,  gamma-ray relat ive in tens i t ies  fol lowi,ng the decay of Eu 155 

Present 
Energy (keV resul ts Subba ~ a o ~  Hatch and Boehm vergnesC , 

2.  Results and discussion 

The present values fo r  the gamma-ray in tens i t ies  a re  .in agreement, 

within the experiniental e r rors ,  with a1 1 of the previously reported values 

except the lower of the two values reported by Subba Rao: The X-ray re la t ive  

intensi ty  presented here i s  16 percent lower than the value reported by 

Subba Rao (65). Recently Subba Rao (4)  ha,s reanalyzed his data and has re- 

ported readjusted values for  the conversion coeff ic ients .  The ~liagnitude of 

the change would correspond to a change in his X-ray intensi ty  which would 
_.' 

b,ring i t  into good agreement with the present value. 

.The K internal conversion coefficients for  the 86-keV and.105-kev'tran- 

s i t i o n s  were d e t e r ~ l i i n e d  i n  t h e  following way. S ince  t h e  energ ies of the 



26-keV and 45-keV gamma rays are  too low for  K conversion, the K X-rays are  

due predominantly to the 60-, 86- and 105-keV transi t ions 

Equation 11 

60 where N X  i s  the total  tiumber of K X-rays and N X  , N ! ~  and N i o 5  a re  the num- 

ber of K X-rays due to 60-, 86- and 105-keV transi t ions respectively. The 

number of K X-rays from the 60-keV transi t ion can be determined from 

Equation 12 

where w K  i s  the fluorescent y ie ld ,  i s  the re la t ive  intensi ty  of the 60- 
Y 

keV gamma ray and a io  i s  the K internal conversion coeff ic ient  fo r  the 60- 

keV transi t ion.  The a p  can be obtained from the mixing r a t i o  of 5/95 

which has been determined from the Tb decay (67) and the theoretical con- 

version coefficients of Rose (1). Using these values, a p  i s  6.89. Sub- 

s t i t u t ing  t h i s  value into Equation 1 2  along with the fluorescent yield and 

the intensi ty  of the 60-keV gamma ray from Table 7, the number of X-rays 

clue .to -the 60-ltcV transLi'tSon was detcn~i'inecl ,to be 2 7 . 3 k 3 . 3 .  Us ing  t h 5 s  

.value in Equation 11, the number of X-rays from the 86- and 105-keV tran- 

s i  t ions was determined. The number of K conversion electrons fo r  each of 

these t ransi t ions was then determined from 

and the r a t io  of e8K6/eF5 obtained from Subba Rao (65).  Using these electron 

in tens i t ies  and the gamma-r'ay re la t ive  in tens i t ies  froni Ta.ble 6, the K con- 
I 

version coefficients fo r  the 86- and 105-keV transi t ions were deternii ned and 

are  presented in Table 7 along with the values of Subba Rao (65) and the 



Table 7. G ~ ~ ~ ~ K  internal  conversion coef f ic ien t s  f o l  lowi,ng the decay of Eu 155 

Energy (keV) Present Subba ~ a o ~  ' Subba Rao b  heo ore tical' 
r e su l t s  E 1 M2 

a ~ o u r c e :  (65).  

b ~ o u r c e :  ( 4 ) .  

C Source: ( '2) .  

theoret ical  values of Sl iv and Band ( 2 ) .  The values in  column 4 were ,re-  

ported t o  be from a re-analysis  of the  data reported i n  (65) .  I t  can be 

seen t ha t  the present value 'and the  revised value of Subba Rao a r e  i n  good 

agreement with the theoret ical  values f o r  pure E l  t r an s i t i ons .  

D. Relative ~ n t e n s i t i ' e s  of the  104-, 142- and 246-keV Gamma Rays in  Eu 155 

The r e l a t i v e  i n t e n s i t i e s  of the  104-, 142- and 246-keV gamma rays from 

the decay of 22 minute ~m~~~ have been reported with values d i f f e r i ng  by 

45 percent and with e r rors  of 10 percent or more (68-73). The present i n -  
/ 

vestigation was undertaken to  de.termine accurately the  r e l a t i v e  i n t ens i t y  of 

these gamma rays so they may be used t o  obtain the  in ternal  conversion coef- 
, 

f i c i e n t s  f o r  these t r ans i t i ons .  a 



1. Analysis of the Eu 155 gamma-ray spectrum 
. . 

The level s t ruc ture  in the nucleus ~u~~~ following the  decay of Sm 155 

i s  shown in Figure 33 (32, p. 5-5-51, 1963). The ~m~~~ beta decays to  Eu 155 

\vi t h  a ha1 f -1 i f e  of 22 minutes and the ~u~~~ in turn beta decays to  Gd 155 

with a ha l f - l i f e  of 1.81 years .  In Figure 34 i s  shown a ~ a 1 ( T 1 )  pulse- 

155 height spectrubl fro111 the  decay of Sm . 
Gecause of the shor t  half -1 i f e  of i t  was not possible t o  i r r ad i -  

a t e  the  ~m~~~ and load i t  in to  the source holder manually as  had previously 

been done. The procedure used instead was to  use the r abb i t  system de- 

scribed i n  section 111. The l i n e  source f o r  the bent-crystal spectrometer 

consisted of 22 mg of Sm203, enriched t o  99.2 percent i n  in a quartz 

cap i l l a ry  1 inch long and 0.018 inches ins ide  diameter. The quartz cap i l l a ry  

was placed in  the V groove o f , t h e  nose cone of the  beryllium rabbi t  which i s  

shown i n  Figure 7. The rabb i t  was then inser ted in to  the  pneumatic tube 

and sen t  in to  the  reactor .  The sample was i r rad ia ted  f o r  20 minutes i n  a 

2 nc:ulr.on . f l u x  o f  9 x 1 0 ~ '  r , c , ~ t r o n s / c ~ ~ ~  /see. /,\.I: t he  cntl ol: the  rtwer)sl:y 111inu.te 

i r r ad i a t i on  the rabb i t  was automatically brought down in to  the  t rans fe r  

system and on i n to  the  source posit ion of the  spectrometer as  described i n  

section 111. The time from withdrawal of the rabb i t  from the  reactor  t o  the 

beginning of the  recording of the response functions was approximately 12 

seconds. The (400) planes o.f germanium were used to  d i f f r a c t  the gamma 

rays. Background was recorded before and a f t e r  the  recording of the response 
L . . 

function. After the response function f o r  the 246-keV gamma ray was meas- 

ured, the  rabb i t  was sen t  back i n to  the  reactor  f o r  another 20 minutes of 

i r r ad i a t i on .  The 142-keV gamma-ray response function was then recorded in 



STABLE , , ~ d ' ~ ~  

(i cyre  33 .  Decay scheme o f  ~m~~~ (32, p .  5-5-51, 1963) 



GAMMA- RAY SPECTRUM 
FROM THE DECAY OF 

Sm 155 

CHANNEL N U M B E R  

Figure 34. ~u~~~ gamma-ray spectrum 



the same manner as the 146-keV gamma ray.  Immediately a f t e r  the  142-keV 

response function was measured, the 104-keV response function was measured. 

  he th in  source f o r  the con-~posite pulse-height spectrum was made by i r r a -  

d ia t ing  0.1 mg enriched Sm in solut ion f o r  20 minutes ' in a neutron f lux  of 

2 4 x 1013 neutrons/crn /sec .  This source material was then deposited on a 

s t r i p  of aluminized mylar 0.00025 inches th ick and 0.2 cm x 3 cm. Back- 

ground f o r  t h i s  source was recorded before and a f t e r  the  measurement of the  

composite spectrum. Because of the h a l f - l i f e  of the source, no attempt was 

made to  determine the r e l a t i v e  i n t e n s i t i e s  of the  X-rays. Because of the 

di f ference in half l i ve s  of the  E U ' ~ '  and ~ n 1 ~ ~ ~  there was an extremely small 

an,ount of ~u~~~ in the source. Uy a1 lowing the 22 minute ~ n , ~ ~ ~  to  decay 

away, i t  was found t h a t  there was a small amount of 47 hour ~m~~~ present  

in  the source mater ia j .  As can be seen i n  Figure 35 the gamma-ray spectrum 

from the  decay of ~m~~~ mainly cons i s t s  of a 103-keV t r ans i t i on .  This 
. . 

gamma r ay  required a small correct ion t o  the i n t ens i t y  of the. 104 -ke~  gamma- 

ray when t h e . ~ m l ~ ~  data was taken immedi'ately a f t e r  i r r ad i a t i on .  ' 

2.  Results and discussion 

Figure 36 shows the  three  response functions used i n  the  f i t t i n g  .pro- 

cedure. Because of the poor s t a t i s t i c s  of the 142- and 246-keV gamma rays ,  

seven s e t s  of data were analyzed. In Figure 37 i s  displayed one of the f i t s  

obtained. The points a r e  the experimental spectrum, and the  smooth curve 

i s  the  calcula ted spectrum. The dashed curves a r e  the response functions 

which add u p  t o  the calculated spectrum. In t h i s  case only the  low energy 

t a i l s  of the  response functions can be dist inguished from the  experimental 

data and the  calculated spectrum. The bottom curve i s  again the  deviation 
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of the experimental spectrum from the calculated spectrum. The weighted 

averages for  the gamma-ray in tens i t ies  from, the seven s e t s  of data are  

presented in Table 8 along with the prev'iously reported values. The present 

values. for  the intensity of the 104-keV and 246-keV gamma rayseare  in agree- 

ment with the values of Funke e t  a l .  (68) and Kracik e t  a l .  ( 6 9 ) .  The ' -- -- 
present value for the 142-keV gamma ray i s  higher than any of the previously 

rcportecl values. I t  i s  interesting to note that  t l i c  r a t io  o f  the  24G-kcV 

gamma ray t o  the 142-keV gamma ray for  the present measurement and for  the 

recent measurement of Potnis -- e t  a1 . (70) are  in good agreement. The gamma- 

ray re la t ive  in tens i t ies  of Funke -- e t  a l .  (68) and Potnis e t  a l .  (70) were -- 
obtained with Ge(Li) detectors.  The 104-keV and 142-keV gamma rays are on 

top of the large Compton dis t r ibut ion from the 246-keV gamma rays. This 

,can add a  large uncertainty to the determination of the in tens i t ies  of these 

gamma rays, par t icular ly the 142-keV gamma rays. 

Schmid and Burson (73) have measured conversion coeff ic ients  fo r  the 

104-keV and 142-keV transi t ions from beta-gamma coincidences. Kracik - e t  

a1 . (69) have measured the conversion coefficients fo r  the 104-keV and 246- - 
keV transi t ions by measuring the percentage of the total  decays which are  

due t n  conversion electrons from the 104-keV atid 246-keV transi 'tions by 

measuring the conversion l ine  in tens i t ies  re la t ive  to the continuous beta 

spectrum with a  magnetic spectrometer. The gamma-ray in tens i t ies  can then 

be normalized by assu'mi,ng the 104-keV and 246-keV transi t ions a re  the only 

ones which lead to the g round  s t a t e .  This means that  the total  t ransi t ion 

intensi ty  fo r  these t ransi t ions must be 100 percent. Because of the half 
\ 

l i f e  of the  source, t h i s  was a  very d i f f i c u l t  experiment to  do. B o t h  of 



Table 8. ~u~~~ gamma-ray re la t ive  in tens i t ies  followirig the decay of Sm 155 

Energy (keV) 
Reference 104 142' 246 

Present resul ts  

Potnis e t  a1 . -- (70 

Funke e t  a l .  -- 
I(racik e t  a l .  

Irunl<e e t  a l .  -- 
Sund  e t  a l .  -- ( 7 2 )  

Schmid and Burson (73) 

the values fo r  the 104-keV transi t ion are  higher than the theoret- 

ical  prediction for a  pure E l  t rans i t ion ,  Schmid and Burson's being 29 per- 

cent higher and Kraci k -- e t  a1 . being 76 percent higher. A1 so, ~chmid and 

Burson's value for the 142-keV transi t ion i s  69 percent higher than the 

theoretical prediction for  a  pure E l  t ransi t ion.  The value of Kracik .e t  - 

a l .  (69) for  the 246-keV t r ans i t io r~  i s  in agreement with a  pure M 1  t ian- - 

s i t i on .  The errors in the reported values a re  from 22 percent to  40 per- 

cent. I t  i s  hoped tha t  by using the present accurately determined gamma- 

ray in tens i t ies  along with conversion electron in tens i t ies  measured with a  

S i (Li )  detector,  accurate conversion coefficients can be deterfnined for  
' I  

these t ransi t ions.  A more meaningful comparison can then be made with the 



theoretical predictions. The Si (Li )  measurements are presently being 

carried out.* 

/ 

E. Concluding Remarks 

Gamma-ray and X-ray re la t ive  in tens i t ies  and internal conversion coef- 
- 
f i c i en t s  from f ive  different  isotopes were measured and reported in t h i s  

investigation. The gamma-ray and X-ray re la t ive  in tens i t ies  were measured 
, 

with uncertainties from 2 percent to 19 percent and the internal conversion 

coefficients had uncertaf nt ies  from 3 percent to  14 percent. ,The K internal 

conversion coefficients of the E2 t ransi t ions i n  yb170 and ~r~~~ were 

measured-in an attempt to clear  u p  the controversy over these values. The 

present resul ts  fo r  the K internal conversion coefficients fo r  these tran- 

s i t ions  are  approximately 5 percent higher than the theoretical values. 

The re la t ive  in tens i t ies  of thq gamma rays from the decay of Hf 180m 

determined in th i s  investigation a re  in good agreement with the reported 

values of Edwards and Boehm (57)  except for  the 501-keV transi t ion.  The 

present value was a. d i rec t  measurement while the value of Edwards and Boehm 

('57) was deduced from the i r  other data. Because of the good agreement of 

t h e  gamma-ray re la t ive  in tens i t ies  and since the internal conversion el ec- 

tron ra t ios  of Edwards and Boehm ( 5 7 )  were used in the present investiga- 

t ion,  the values of the internal conversion coefficients reported here a re  

-k 
These measurements a re  presently being carried out a t  the Ames 

Laboratory by D; F.  Boneau. 



in agreement with those of ~dwards and Boehm (57) .  The 10 percent deviation 

in the K-conversion coefficients of the E2 t ransi t ions reported by Edwards 

and Boehm remains. 

Tllc galnna-ray rela.t.ive in.tensilies reported in the prescnt stud.ics o f  

the 105-keV, 86-keV and 60-keV transi t ions from the decay of ~u~~~ a re  in 

agreement with most of the reported values for  these t ransi t ions.  The K 
.. . 

internal conversion coefficients fo r  the 105-keV and 86-keV transi t ions 

determined in th i s  investigation are in good agreement with the revised 

values of Subba Rao (4)  and with the theoretical predictions f o r  pure E l  

t ransi t ions . 
The gamma-ray re la t ive  in tens i t ies  of the 104-keV and 246-keV tran- 

s i t ions  from the decay of ~m~~~ reported in the present work are  in agree- 

ment with the values for  these t ransi t ions reported by Funke -- e t  a l .  (68) 

and Kracik -- e t  a l .  (69'). . The present value for  the 142-keV transi t ion i s  

s l  i  ghtly higher than the previously reported val ues . 
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VII. APPENDIX A: EFFECTS DUE,TO'SOURCE WIDTH AND POSITION 

The present method for measuring the gamma-ray re la t ive  in tens i t ies  

assumes tha t  the composite spectrum and response functions are  measured 

under identical conditions. Since i t  was desirable t o  use a t h i n  composite 

source that  was wider than the l ine  source and since the geometry with re- 

spect to  the room was s l ight ly  different  fo r  the thin source and l ine  source, 

an investigation was made to determine the effects  of varying the thin 

source width and position.. The procedure used was to record a "normal" 

pulse-height spectrum and a pulse-height spectrum under the condition being 

checked. The "normal" pulse-height spectrum was recorded with the thin 

source located a t  the position where the data which are  described in th i s  

disser tat ion were recorded. The two spectra were then normalized to  a 
. . 

constant area and subtracted. The type of effects  looked for  were due to 

scattering and a change in the photopeak to total  ra t io .  For a constant 

source to crystal  distance the effects  due to  scattering, would be much 

larger than those due to a change in photopeak to total  r a t io .  This i s  not 

necessarily t rue when the source to crystal distance i s  changed 'drast ical ly .  

1.F .the differences .Fluctuate s t a t i s t i c a l l y  around zero i t  was assu111ed 

that  there was no observable difference in the spectra and that  e i ther  

source position was equally good. If the. difference remains posit ive or 

negative over several channels i t  was assumed tha t  there were e f fec ts  due 

to  e i ther  scattering and/or a change in the, photopeak to total  r a t io .  If 

1 these cases were used in the least-squares f i t t i n g  procedure the goodness 

of f i t  parameter S 2 ,  would be large and the data would be rejected as 



unrel iable.  

The ef fec t  of varying the source width was determined by recording the 

composite spectra from yb16' sources of 0.5 mni, 3 mrn and 5 mm wide and 

subtracting each of these from a second spectrum obtained from the 0.5 mm 

wide yb16' source. The spectra were normalized such tha t  the total  area 

was a constant. These differences are  shown in Figure 38. The investigation 

of the scattering due to the s l igh t  difference in geometry between the com- 

posite source and the source used for  the response functions was carried out 

in the following way. The pulse-height spectrum from a thin ~u~~~ source 

2 mm wide was recorded a t  three different  positions on the focal c i r c l e .  

These posiCions were the normal source position, two in'ches and s ix  inches 

to the l e f t  of the normal source position. The spectra were again normal - 
.ized so that  the total  area was a constant and were subtracted from the 

spectrum recorded a t  the normal source position. Figure 39 displays these 

differences. 

Four other e f fec ts  of source width and position were investigated. 

These are  the e f fec t  of the thin source not being perpendicular to the 

coll ilnator, scattering due to the crystal  clamping block, the e f fec t  of not 

bcing a t  t h e  tt-ansiii-iss i o r ~  111axln1unl and nioving the source closer to  the de- 

,Lector. This l a s t  e f fec t  was checked with the hope of being able to  use 

much weaker sources. These effects  were aga~in determined by recording 

spectra from a thin yb16' source and subtracting. F,igore 40 shows these 

differences. The top  curve was obtained' from spectra from a 5 mm wide disk 

source recorded a t  0' and rotated through 70' w i t h  respect to  the collimator. 

The next curve was obtained from a 2 mm wide source without a clamping 
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F igu re  39. Comparison o f  t h e  gamma-ray spec t ra  ob ta ined w i t h  t h e  
t h i n  source i n  t h ree  d i f f e r e n t  p o s i t i o n s  on t h e  f o c a l  
c i r c l e  
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Figure  40. Comparison of the gamma- ray  spec t r a  obtained with the 
th in  soi.lrce located a t  i t s  no rmal  position on the focal  
c i r c l e  and with i t  rotated through 7O0, with a blank 
clamping block between the source  and detector ,  with the 
collimator s e t  a t  the t ransmiss ion  half maximum and with 
the thin source  130 c m  f r o m  the detector .  



b lock  and w i t h  a  clamping b lock  which d i d  n o t  have a  d i f f r a c t i o n  c r y s t a l .  

The t h i r d  curve i s  the d i f f e r e n c e  o f  spectra recorded a t  t he  t ransmiss ion 

maximum and a t  h a l f  maximum. The bottom curve i s  t he  d i f f e r e n c e  o f  spectra 

recorded from the  source a t  261 cm from the  de tec to r  (on the  f o c a l  c i r c l e )  

and a t  130 cm. Because o f  the  focussing p r o p e r t i e s  o f  t h e  c o l l i m a t o r ,  the  

c o l l i m a t o r  p l a t e s  were removed i n  the  l a t t e r  case. 

As can be seen i n  F igures 38, 39, and 40 the  d i f f e r e n c e  f o r  t h e  var ious  

source widths and p o s i t i o n s  a re  s t a t i s t i c a l .  Therefo-re, t he re  i s  e i t h e r  

very l i t t l e  s c a t t e r i n g  i n  these cases o r  t h e  c o l l i m a t o r  does a  very  e f f e c t i v e  

j o b  i n  e l i m i n a t i n g  the  s c a t t e r i n g .  Because o f  t h i s ,  i t  was poss ib le  t o  keep 

the  th ickness o f  the  t h i n  source f o r  t he  composite spectrum a t  a minimum by 

niaking i t  wider.  The optimum w id th  was approximate ly  2 mm. A lso i t  seems 

t h a t  the  assuniption o f  i d e n t i c a l  geometries f o r  t he  l i n e  source and the  

t h i n  source i s  a  goo'd one. As can be seen from the  lower two curves i n  

F igure  40 the  d i f f e r e n c e s  a re  n o t  s t a t i s t i c a l  i n  these cases. It appears 

t o  be c r i t i c a l  t h a t  t h e . c o l l i m a t o r  and de tec to r  a r e  s e t  a t  t h e  t ransmiss ion 

. maximum. However, t h i s  can e a s i l y  be done by record ing  the  count r a t e  as 

a  f u n c t i o n . o f  d e t e c t o r  p o s i t i o n .  Also, i t  appears t h a t  it. i s  n o t  poss ib le  

t o  move the  sou rce .c lose r  t o  t he  de tec to r  t o  achieve h igher  count ing  ra tes .  



VIII.  APPENDIX B: CALCULATION OF THE.EFFICIENCY OF THE NAI CRYSTAL 
I 

This appendix describes the calculation of the efficiency of a  3  inch 

x 3 inch NaI(T1) crystal  for  a  l i n e  source 1 inch long and 261 cm from the 

detector. These calculations were done in collaboration with Michael Yester. 

The efficiency i s  defined as the fract ion of the gamma rays which are  

emitted from a source that  are  detected by the NaI (TI ) crystal .  The frac- 

tion of the par t ic les  with energy E tha t  s t r ike  a  crystal  of thickness t 

and absorption coeff ic ient .  T that  will be absorbed i s  given by 

The efficiency for  a  1  ine sourlce i s  then given by 

T ( E )  = - 4nL -T(E) t )  s in  O ~ O  dgdx Equation 13 
0 

where 4nL i s  the total. solid angle. Due to  the symmetry, Equation 13 can 

b e r e w r i t t e n a s  . 

1 
l ( k )  = - ( 2 )  ( 2 )  1 L / 2  'I2 I Omax (l-e 

41r L I - T ( E ) t )  s in  odedgdx . 
0 -n /2  0 

Equation 14 

As can be seen in Figure 41 the integral over O must be divided into two 

parts corresponding to a  gamma ray exiting t'hrqugh the.bottom or  the s ide 

of the c rys ta l .  Therefore, 



F i g u r e  41. Source-detector geometry f o r  a 1 ine  source of length L 
and a d is tance  'H from a N ~ I  (TI ) c ry s t a l  of thickness 
to and a radius Po 



1 
T )  = - I ,  1 [ 1 '1 ( I - ~ - ~ ' I )  s in  ?do 4nL 

.rr / 2 0 

+ J Q 2  ( 1 - e ' ~ ~ 2 )  s i n o d o  dgdx . 
, I Equation 15 

1 

F i r s t  consider only the case in which the gamma ray leaves through the 

bottom of the crystal .  Consider the l ine  source as a ser ies  of point 

sfi~r)~Ci::: ,-1 i Ixi C- . \ t ~cc  - x f r o ~ o  t l i c  axr is  o f  the c rys t a l ,  where OdxLL/P,  4s 

the angle between the perpendicular from the point source to  the crystal  

and the 1 ine PR in Figure 41. By findi,ng FR, 8, can be determined from 

the relat ion 

From tr iangle  ORU in F.igure 42 we have 

b u t  DR2 = rg , 

and m2 = ( x - P I U ) ~  , 

Equation 16 



t he re fo re  m2 = ro - x2-2xP'U- (mi) . 

Fru111 t l i e  t r i a n g l e  P ' R U  i n  F i g u r e  4 2  

Equation 17 

3 ,  

Equation 18 

Combi.ning Equations 17 and 18 we g e t  , 

b u t  P'U = P'R s i n  g , 

so r 8 - x 2 - 2 x m  sing = P ' R 2  . Equation 19 

- 
Rearranging Equation 19 and s o l v i n g  f o r  P ' R  we o b t a i n  

Equat ion  20 

Using Equat ion  20 i n  Equat ion 16 we ge t  

-x sing+ \ /x2s i  n2m- ( ~ 2 - r 6 )  
o1 = tan- '  Ho +, to Equat ion  2 1  

The d is tance tl a gamma r a y  w i l l  t r a v e l  through t h e  c r y s t a l  can be found 

from F igure  41  

b u t  3 = tO/coso , 



Figure 42. Geometry used in the plane normal t o  the NaI (TI ) 
crystal  t o  determine the equations fo r  the 
efficiency . . 



so t, = tO/coso . Eq'uation 22 

Now consider the  case where the gamma ray e x j t s  through the  s i de  of the  

c ry s t a l .  It i s  evident from Figure 46 t h a t  

Equation 23 

- - 
b u t  Q' Q = P'R . 

Therefore, subs t i tu t ing  Equation 20 in to  Equation 24 we have 

-xsi n++ d x 2 s i n 2 + -  (x2-ra)  I .  . .,  

Equation 25 
0 

, . 

From Figure 41 i t  can be ,seen t h a t  

- -- 
t, = S I T  = PT-PS' , 

- - - TT' - P'R - -xsi n++ \/x2sin2+- (x2-r8) 
b u t P T = - - - -  sin0 sine s i  n O  

- tio 
and P'S' = - 

C O S O  

-xsi n++ x2si n2+-  (x2-ri) . tiO 
so t, = - -  

s i n ~  coso ' 
Equaf i o n  26 

Combining Equations 21,' 22, 24 and 26 with Equatl'on 15 we have 

/ ' /  



/ .  Equation 27 

where L = source length / 
,/ 

= radius of the NaI(T1)' detector . . ro 
- r ( E )  = absorption coeff ic ient  for,energy E  .' 

to = thickness of N ~ I  (TI  ) c r y s t a l .  

Equation 27 was numerically integrated using the trapezoidal ru le  and an 
, , 

, . 

IBM 7074 computer. The input parameters fo r  the,computer program were ro ,  

i to, H o ; L ,  E ,  T and the number of i n t e r v a l s t o  be used for  each integral .  
\ 

The absorption coeffi,ci'ents r ( E )  were taken from the tables of Vegors et 



As a  check on the  accuracy o f  t h e  computer program, a  comparison was 

made w i t h  t he  c a l c u l a t i o n s  o f  Vegors -- e t  a1 . (23)  f o r  Ho = 10 cm and L = 

0.75 inches. The d i f f e r e n c e  was l e s s  than 1 percent  f o r  energ ies above 

5 0 - k e ~ .  The d i f f e r e n c e s  were probably  due t o  t h e  d i f f e r e n t  methods used i n  

the  numerical i n t e g r a t i o n .  When Ho = 261 cm t h e  v a r i a b l e s  change much more 

. s l ow ly  and i t  i s  be l i eved  t h a t  t h e  agreement would be even b e t t e r  a t  t h i s  

d i  stance. 

The dependence o f  t h e  e f f i c i e n c y  on t h e  source l e n g t h  and t h e  d i s tance  

between the  source and c r y s t a l  was determined. I n . T a b l e  9 a r e  g iven  t h e  

e f f i c i e n c i e s  a t  f o u r  energ ies f o r  source l eng ths  o f  0.25, 0.50 and 1.00 

inches and a  source t o  c r y s t a l  d i s tance  o f  261 cm. As can be seen, t h e  

e f f i c i e n c y  i s  independent of t h e  source l e n g t h  i n  t he  g iven  ranges. The 

v a r i a t i o n  o f  e f f i c i e n c y  as a  f u n c t i o n  o f  source t o  c r y s t a l  d i s tance  i s ,  g i ven  

i n  F igu re  43. A t  500-,keV the  e f f i c i e n c y  o n l y  changes by 0.02 percent  f o r  a  

' v a r i a t i o n  i n  t h e  source t o  c r y s t a l  d i s tance  o f  2  cm. 

Table 9. The e f f i c i e n c y  o f  a  3  i n c h  x 3 i n c h  NaI(T1) c r y s t a l  f o r  a  source 
t o  c r y s t a l  d i s tance  o f  261 cm as a  f u n c t i o n  o f  energy and source 
l e n g t h  

Source 1  ength 
Energy (keV) 0.25" 0.50" - , 1.00" 

E f f i c i e n c y  



F,igure 43. ReTative eff ic iency o f ' a  3" x 3" NaI(T1) c rys ta l  a s  . 
a function of energy and dis tance from the  source 

100 

98 

96 

> 
0 
z 
hJ - 
0 
iL 94 
LL 
W 

W ' >  - 
' I- . <  

d 92- 
a 

' . 
, . . - 

500- keV; 
I '. 

. . 

- 

I 
150 . .  .: 2 0 0  ' 250  3 0 0  3 5 0  

SOURCE DISTA.NCE IN crn 



F igu re  44 i s  t he  r e l a t i v e  e f f i c i e n c y  as a f u n c t i o n  o f  energy o f  a 3 

i n c h  x 3 i n c h  NaI(T1) c r y s t a l  f o r  a  l i n e  source 1 i n c h  l ong  and 261 crn f rom 

t t ~ u  c rys t i l l .  '/An e r r o r  o f  k1 percent  was assigned 'to t he  values r e a d  fro111 



ENERGY IN keV 

F,igure 44. ' R e l a t i v e  e f f i c i e n c y  o f  a 3 " .  x 3" NaI(T1) c r y s t a l  
261 cm f rom a  one i n c h  l i n e  source as a  f u n c t i o n  
o f  energy 



TX. ' I.\PPENDIX C: DERIVATION OF TtIE ERRORS ASSOCIATED 
WITH THE LINEAR LEAST-SQUARES PROCEDURE 

I n  t h i s  appendix t h e  equat ions used i n  t h e  de te rm ina t i on  o f  t h e  s tan-  

dard dev ia t i ons  o f  t h e  gamma-ray r e l a t i v e  i n t e n s i t i e s  w i l l  be der ived.  

To determine t h e  standard d e v i a t i o n s  g f  t h e  Bi, severa l  theorems about 

expected values w i l l  be needed. The p roo fs  below f o l  low those o f  Stevenson 

( 7 4 ) .  We d e f i n e  t h e  expected va lue  o f  any f u n c t i o n  o f  t h e  v a r i a b l e  z as 

where pz (u )  i s  t he  d i s t r i b u t i o n  f u n c t i o n  o f  z. The d i s t r i b u t i o n  f u n c t i o n  

pZ (u )  o f  t h e  v a r i a b l e z  i s  de f i ned  such t h a t  p,(u)du i s  t h e  p r o b a b i l i t y  t h a t  

a measurement va lue o f  z w i l l  be between u and u+du. pz (u )  i s  normal ized 
.8 , 

such t h a t  

A1 so d e f i n e  the  covar iance o f  two v a r i a b l e s  z and h by 

, The var iance of z i s  de f i ned  by v a r ( z )  = E r ~ - E ( z ]  = a:, where az i s  
L 2 

c a l l e d  t h e  standard d e v i a t i o n  o f  z. Then f o r  a cons tan t  a, t h e  r e l a t i o n -  

sh.i ps f o l  1 ow: 

03 

~ ( a )  = I-_ ap,(x)dx = a . Equat ion 28 

. . 
E(az) = I-1 axpz(x)dx = aE(z) Equat ion 29 



Equation 30 

Var(a)  = E  [ ( a - ~ ( n ) )  = E [ (a-.) 2 1  = O , Equation 3 1  

v a r ( a z )  = E [ (az -~(az) )  2] = E [ ( a z - ~ E ( z ) )  2] a , 

= E [ a2 ' ( z -~ (z ) )  = a2 v a r ( z )  , ~ Equat ion 32 

. . Equat ion 33 
Also, 

03 

E ( z + ~ )  = I-_ xpz+h ( x )dx  

b u t  P,+~(x) = I-1 P ~ ( V ) P ~ ( X - V ) ~ V  

IX, m 
then E(Z-1-h ) = /-,A, ,xph(v )pz(x -v )dvdx  

Reversing t he  o rder  o f  i n t e g r a t i o n  and l e t t i n g  x = v-v+h we g e t  

dx = d (x -v )  ' f o r  t h e  i n n e r  i n t e g r a l s  s i nce  v  i s  h e l d  f i x e d .  

E(z+h) = E(z)+E(h) . Equat ion 34 

= E(zh)-E(z)E(h) . Equat ion 35 



var(z+h) = var(z)+var(h)+2~ov,(z  , h )  ,. . , ./ 
,' 

Equation 36 

We wil l  a l so  need t o  show t h a t  the,expected values of Bi determined 

f rom' the  normal equations ' a r e  the  ' t rue  'values.  To show t h i s  we wi l l  follow 

the  method of Kenny and Keeping (75, p. 309 f f .  ). , 

T T Let A WA = 0,  and G = A  WR . Equation 37 
C 

The normal equations then become DB = G and B = D-'G o r  B j  = 1 ( O - ' ) ~ ~ G ~  . 
k= 1 

Equation 38 

The expected value of B .  i s  then determined from Equation 29 
J 

Equation 39 

C 
where E(Gk) = 1 a k : ~ i ~ ( ~ i ) .  I f  F(R,) = ? a i l n l  where n l  are the  t r u e  

i = l  . 1 =1 

values of the  B1,  then 



' C  T C 
b u t  from Equation 37 1 ak iu ih i l  = Oil so E ( B . )  = jb. 1 ( D - ~ . ) ~ ~ D ~ ~ ]  . 

i = l  J 1= k = l  

Equation 40. 
C "s ing  (D-') jkDkl ' 'jl "' i n  Equation 40 we ge t  

-. k = l  

E(B.) = f ., 6j1 = O j  . Equation 41 
1=1 

We can now proceed to  ca lcu la te  the variances of the  B To do t h i s  
j 

we need to  ca lcu la te  the  covariance matrix of the  vector B. We will  follow 

the approach due to  ~ c h e f f e /  (76,  pp.  8-12). Define the  expected value of a 

For a constant  matrix G and i f  W = GV then by applying Equation 12 we get  

matrix to  be the  matrix formed from the  expected values of i t s  components. 

T 
= G E  [ (v -E(v) )  ( v - E ( v ) )  G~ = Gcov(V)G Equation 42 

For a vector V ,  ' 

E ( V )  = 

\ 

E(V,) 

EN2) 

E(Vn) 
\ > 

. . 



a i  . R 
For s i m p l i c i t y  l e t  n i  = and Y =- 

[var ( R ~  )11/2 j [v!r(~ J .)]1/2 

Equation 43 

where var (R)  = a2 (R)  from t h e  d e f i n i t i o n  o f  s tandard  dev ia t ion .  

Then Equation 10 becomes B = . ( A ~ A ) - ' A , ~ A  . . Equation 44 

Assume t h e  covar.iance. mat r ix  of Y i s  cov ( Y )  = a21 

where I i s  t h e  i d e n t i t y  mat r ix .  Then Equation 42 becomes, w i t h  W = B ,  
T I T .  

V = \ll and G = ( A  A ) -  A , 

T Since A n i s  symmetrical,  ,(nTn)-' i s  symmetrical.  Therefore, 

. . 

, . .  . 
Using Equation 43 one, ,ge ts  

cov(8)  = 0 2 ( ~ T ~ ~ ) - 1  . Equation 45 

We must now f i n d  an unbiased e s t ima te  o f  a2. .Following t h e  method of 

Kenney and Keeping (75, '  pp. 3.11'312) we d e f i n e  t h e  r.esidua1 r by 
j 



where Y .  i s ,  as  before, the  weighted observed value, and T .  i s  the weighted 
J  J  

value computed from the  least-squares solut ion.  Define the error 6 .  by 
J  

6 = Y . - B  where 6 .  i s  the  true value of Y ' Then by applying Equation 34 
j J J  J j 

we get  

b u t  froin Equation 28 E(D?)  = D J ? ,  and E(6. )  = E ( Y  . - 8 . )  = E ( Y . ) - 8 .  from 
J  J .  J J  J J  

Equation 30, b u t  f ro~n  Equation-41 E (Y . )  = 
J  

9, therefore ,  E(6.) = 0. Also 
J  

E(s?) = u2 from the  def in i t ion  of variance. ,Therefore, 
J  

, \. : 

Equation 46 

. . 
t , . I  

I f  the t r ue  values of the Bi a r e  n i  then 

Therefore E(+?) ; f f q i n k  a j i a j  k / E a r ( ~ j g  'I2 [var(R J  .g li2 + 02 . 
i = l  k = l  

Sum over a1 1 j and apply Equation 34 
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Thus, 

S u b s t i t u t i n g  Equation 48 i n t o  Equation 47 we g e t  

Equation 48 

Equation 49 

11 2 A1 s o ,  s i n c e  r = Y-T = Y - A B / E ~ ~ ( R ~  , 

T ~ ~ r /  F a r  - ( R f l  'I2 = A ~ Y /  E a r ' (  R q  " * - A ~ A B / v ~ ~  ( R) = G-A AB/var ( R) = 0. , 

C T T T Therefore r ?  = Y r = \ P ~ ( \ v - A B /  Ear(,rjJ1I2) = s Y - G  d from Equation 37 ,  
j=1 J 

S u b s t i t u t e  i n  Equation 49 

Equation 50 



C C 
Le t  5" . r?. / (  GQ) = 1 W ? ( R  - a j k B k ) 2 / ( ~ - Q )  , 

j g l  J j.1 J j k,l 

then E ( s ~ )  = a2, and' s2 i s  an unbiased es t imate  o f  02. 

Equation 51 

Thus Ni = B. I ~ \ / S ~ ( A T ~ A ) - '  Equation 52 

F'ol 1 owi:ng the  method o f  Beers (27, pp. 46-48) we w i  11 now show t h a t  f o r  

l a r g e  N, var(Ri) = R i ' L e t  the  p r o b a b i l i t y  t h a t  N  p a r t i c l e s  a r e  observed i n  

t ime t be PN. Then, i f  t i s  d i v i d e d  i n t o  d  equal i n t e r v a l s  so smal l  t h a t  

t he  p r o b a b i l i t y  o f  emission o f  two p a r t i c l e s  i n  t h e  same i n t e r v a l  i s  neg l i - ,  

g i b l e ,  t he  of the  emission o f  one p a r t i c l e  i n  a  g iven i n t e r v a l  

i s  n/cl wl~er-c\ N- i s  * t t ~ e  avcragc nunlber o f  p a r t i c l e s .  The p robab i l  i t y  o f  

emission o f  N p a r t i c l e s  i n  t'he f i r s t  N  i n t e r v a l s  and none i n  t h e  remaining 

N  d-N i n t e r v a l s  i s  g iven by (n/d)  ( l - ~ d ) ~ ~ .  The number o f  ways o f  d i s -  . 
t r i b u t i n g  N p a r t i c l e s  i n  d  i n t e r v a l s  i s  g iven by d(d-1).  . . ( d - N t l ) .  The 

number o f  ways o f  in te rchang ing  . . t he  p a r t i c l e s  i s  N! . The p robab i l  i t y  o f  

o b t a i n i n g  N  counts i s  then g iven by PN = d(d-1) .  . . ( d - N + l ) / ~ ! ( w d )  N  

( l - ~ / d ) ~ - ~ ,  t he  b inomial  d i s t r i b u t i o n  law. I f  d-, then d(d-1).  . . (d-N+1)+ 

dN and ( l - ~ / d ) ~ - ~ + e - ~ .  Thus, PN = #/N!, t he  Poisson d i s t r i b u t i o n .  

Now use S t i r l i n g s  approximation i n  t he  form N ! ' ~ f i  N N+1/2 ,-N 

( t h i s  approximat ion has an e r r o r  o f  l e s s  than 1 percent  when N>10) then N! = 
- - 

e N ,  and Pn = !/Jz . . L~I Y = 1 nPN t h e n  



d Y When P i s  a maximum - = 0 so lnm-1-1/2N-lnN+l = 0 ' and l n ~ - l n e ~ / ~ ~ - l n ~  = 0 N .  .d N 

yielding v - ~ e  'IzN = 0. Since N i s  postulated to be large,  e 'IzN i s  essen- 

t i a l l y  unity, and. the maximum occurs close to  N = K. Expand Y about in a 

Taylor ser ies  and retain only the f i r s t  two nonvanishing terms. 

Y ( N )  = Y (N)+dY/dN(N-N)+1/2d2Y/dN2 ( N - N ) ~ + .  . . 

Since the maximum occurs close to  N, the f i r s t  derivative of Y with respect 
. . .  

t o  N i s  zero. 
. . .  . , 

Y ( N )  = -1 n w + l / ~ ( N - ~ ) ~ d ~ ~ / d ~ ~  

Since i s  large,  . . 1/%>1/2m2 and we drop the 1/2n2. term. Taking ant i -  

luydr- i L ~ ' I I I I S  we yet 
* - (N-v>2 

2iT P, = 1 e 

Letting N-N = x ,  we then have 



, . - 
bu t  f rom Equation 5 P ( X )  = l / d g  e 202 Y 

so if on the  average counts a r e  observed i n  a t ime t, the  standard dev i -  
.-. . 

a t i o n  i n  the  number o f  counts i s  = . I f  i t  i s '  assumed N i s  near 8, 

= . Thus the  weights i n  Equations 10 and 52 a r e  

Oi = l / R i  . Equation 53 

I n  p r a c t i c e ,  because o f  background r a d i a t i o n ,  t he  weights g iven i n  

Equation 53 must be modi f ied.  I f  Ni a r e  the  t r u e  number o f  counts i n  t h e  

experimental  composite spectrum, then Ni = Ri-MBRi, where M i s  t he  r a t i o  o f  

the  t ime f o r  which the  composite spectrum was recorded t o  the  t ime f o r  

which the  background was recorded, and BRi i s  t he  number o f  counts recorded 

i n  the  background spectrum. Then, nNi = nRi-MnBRi,  AN^)^ = ( A R ~ ) ~  

+ M2(~BRi)2-2M~Ri~BRi. Take the  average o f  both s ides o f  t he  equat ion 

s ince  the  nRi and nBRi a r e  independent. Therefore, assuming .Ri and BRi a re  

1 arge , 

and is. 'i l/(RI.'-M2BR,) , 

Fol lowi,ng the  method o f  F r y '  (77,  pp. 285-289) we w i  11 now show t h a t  S2 

has a X2 d i s t r i b u t i o n  and can be used as a f i g u r e  o f  m e r i t .  We had 



But P(x,, x2.. .)dxldx2.. . = p(x1(tl, t2,. . .),x ( t  , t 2,... ).. . )  
2 . 1  

= P(t,, t2 ,... )dtldti. . ! ,  ( f 7 ,  pp. 153-163). 

L e t  q: = x f / o f ,  then 
, 

' C  
-1 1/2 q; 
i = l  

~ ( q , ,  q,, . . . )dqldq2.. . .= Ke dqldq ,... .. 

For s i m p l i c i t y  l e t  C = 3. Also, l e t  q:+q;+q: = r2. 

Suppose we have been g iven  a s e t  o f  t he  a ' s  and have computed t h e  sum o f  

t he  squares o f  t he  q ' s  and found i t  t o  be S 2 .  We want t o  see how reasonable 

t he  est imates o f  t h e  a ' s  are. To do t h i s  we compute t h e  chance t h a t  another  

experiment, conducted so t h a t  i t s  p r o b a b i l i t i e s  were r e a l l y  equal t o  t h e  

ancs os t ima tcc l  .I'rom t h e  experimental c la ta ,  would  lead t o  a result  t h a t  1 s  

a t  l e a s t  a s  improbable as the  one under d iscuss ion .  To do t h i s  we need t o  

add together  t he  p r o b a b i l i t i e s  o f  a l l  admiss ib le  se ts  o f  va lues which a r e  

l e s s  l i k e l y  t o  occur than the  experimental  ones. Since we have a decreasing 

exponent ia l ,  t h e  p o i n t s ' w h i c h  correspond t o  these se ts  a l l  l i e  o u t s i d e  r = S. ! 

Hence we need o n l y  add t h e  p r o b a b i l i t i e s  corresponding t o  a l l  admiss ib le  



points f o r  which r>S. In q space q:+q;+q: = r 2 i s  a sphere centered a t  the 

origin and with radius r.  All points on i t  have the same probability. The 

q ' s  are  deviations measured in such units tha t  equal vector deviations a re  

equally l ike ly ,  no matter what the i r  directions.  We integrate over a l l  ad- 

missible values which l i e  outside a sphere o f  radius S. Before doing t h i s ,  

we must know what regions contain these admissible values. This i s  deter- 

mined from the auxiliary equations, which will be'of the form 

For example, i f  C = 3 the auxil'iary equation i s  d1q1+d2q2+d3q3 = 0. This 

i s  a .  plane passi,ng through the origin of the coordinate system. All a d -  

~n.is:;il)lc po.irr.ts I I I U S ~  l.ic on such a plane and the integral J s no longcr a 

vo1u11~ -integral ou.tsicle a cer ta in  sphere b u t  a surface integral outside a 

cer tain c i r c l e .  For two such equations i t  will be.a l i ne  which intersects  

two such planes. In general, a single condition on the variables reducef 

the space of C dimensions to  one of GI and we must integrate  over a l l  those 

of th i s  space which are fur ther  from the origin than a cer tain pre- 

determined amount S. Q conditions reduces the space to  one of C-Q dimen- 

sions. In our case the Q auxiliary equations a re  

In one dimension 



In two dimensions ,, 
* ., 

P = 2.K J i m  e-r2/2 rdr. 

In three dimensions. - 

In c '  dimensions, where c '  = C-Q,  

- -r2/2 c '-1 d r i  b u t  1 = K '  JO e r .  

Let r2/2 = U ,  then 

1 - -r2/2 r ~ ' - l  d r  . Then P,, (>s2) = , Js Equation 54 
T -1 

2 c l - 2  : 

Therefore, the dis t r ibut ion P(r )dr  . i s .  .'. 



P(r)dr = 1 -r2/2  r ~ l - l  
c ' -2  d r .  

... . - 
2 2  2  

We want the S2 d i s t r i b u t i o n .  Let r2 = S2, then " - 1 
"1 - 2(S2) l /2  

This i s  ident ical  with the x 2  d i s t r i bu t i on  

The in tegral  i n  Equation 54 has been tabulated (77, p. 469). By knowing x2 

and the  number of degrees of freedom, one can determine the  "goodness" of 

t l i ~  fri t. Tllc $2  l 'n Equatl-on 54 I s  an essl;l~iiszl;e wh1ct-1 c o r r e c t s  f o r  va rV iances  

which were not included in  the w.eighting. I f  the  weighting f ac to r s  f o r  the  

least-squares solut ion a r e  chosen t o  correspond with the  t r ue  values of the  

variances of the  R then the  value o f ,  a2  i s  1 and from Equation 53 we ge t  
j ' 

E ( x ~ )  = CQ and E(x2) / (Q)  = 1. 



I n  sunllilary, t h e  squares o f  t he  standard d e v i a t i o n s  o f  t h e  gamma-ray 

r e l a t i v e  i n t e n s i t i e s  can be determined by mu1 t i p l y i n g  t h e  d iagonal  elements 

T o f  (A  WA)- '  by S 2 ,  where S2 i s  g iven  by Equat ion 51. The value o f  S2 can 

be used as a f i g u r e  o f  m e r i t  and has an expected va lue  o f .  1. 



X. APPENDIX D: FLOW CHART AND REVISED COMPUTER PROGRAM 

I n  t h i s  appendix t h e  f l o w  c h a r t  and l i s t i n g  o f  t h e  IBM 360-50 computer 

program used t o  determine the  gamma-ray r e l a t i v e  i n t e n s i t i e s  w i l l  be given. 

The program g iven here i s  a r e v i s e d  ve rs ion  o f  t h e  one g i ven  i n  Reference 

22. A maximum o f  8 . gamma - r ays  recorded w i t h  a 400 channel ana lyzer  can be 

analyzed a t  one time.. 

To determine the  r e l a t i v e  i n t e n s i t i e s  t h e  f o l l o w i n g  . . equat ion  must be 

so lved 

Th is  i s  done by read ing  a parameter ca rd  which s p e c i f i e s  t h e  number o f  

channels and t h e  number o f  gamma rays  and cerJtain o t h e r  op t ions .  The pro-  

gram then reads the  mat r i ces  A, R and t h e  background f o r  R. Next t h e  weights 

a re  determined. They can be read. i n ,  s e t  -equal t o  1 o r  ca l cu la ted .  Dur ing 

t h c p r e s e n t  measurements t h e  weights were always ca l cu la ted .  Two se ts  o f  

background f o r  t he  response func t i ons  a r e  then read i n ,  averaged, and sub- 

t r a c t e d  from t h e  response func t i ons .  The program w i l l  then e i t h e r  normal i z e  

t he  response func t i ons  on the  photopeak area o r  t he  t o t a l  area. The t o t a l  

area was always used i n  these c a l c u l a t i o n s .  The curve  t o  t o t a l  r a t i o  i s  

then determined f o r  each response f u n c t i o n .  ~ o l l o w i n ~  t h e  no rma l i za t i on  

T A MA i s  formed, and an Ames Laboratory l i b r a r y  subrou t ine  MATINV i s  c a l l e d  

T t o  f i n d  (A MA)-'. Th is  i nve rse  i s  then mu1 t i p l i e d  t imes A ~ W R .  Next, the, 

goodness o f  f i t  parameter, S2, de f i ned  by Equat ion 51 i s  ca l cu la ted .  The 

subrou t ine  COMP then computes the  r e l a t i v e  i n t e n s i t i e s  and standard 



dev ia t i ons  i n  t h e  r e l a t i v e  i n t e n s i t i e s  by computing the  c o r r e c t i o n s  and t h e  

standard d e v i a t i o n  o f  t h e  c o r r e c t i o n s .  The response func t ions ,  c a l c u l a t e d  

spectrum, experimental  spectrum and d e v i a t i o n  o f - t h e  c a l c u l a t e d  spectrum 

fro111 the  exper i l~ len ta l  spec t ru~ l l  a r e  then p r i n t e d  ou t .  The f l o w  c h a r t  and 

l i s t i , n g s  f o r  t he  main program, and subrout ines COMP, NLLS and SUBRT a r e  

g i ven  i n  F igures 45, 46, 47, 48 and 49. Subrout ine NLLS i s  used when 
.. . 

no rma l i z i ng  on t h e  photopeak area. NLLS c a l l s  sub rou t i ne  SUBRT. 



READ PARAMETER F I  

READ W 

I I 

I w l  I 

SUBTRACTBACKGROUND SUBTRACT BACKGROUND 
NORMALIZE OH . NORMALIZE ON 
PHOTOPEAK AREA TOTAL AREA . 

I (. 

CURVE TO ... I 

TOTAL RATIO 
I 

[ B = ( A T w A ~ '  AT WR ] 

CALL COMP 

F i g u r e  45. F l o w  c h a r t  o f  t h e  1 inear  leas t -squares  
computer program 



I S I J  D I S K  R E S  S P O O L E D  B P S  F D R ' T R A N  

/ J O R  ' A 0 0 9 5  G N E L  2  M I N  
9 E G I N  C U M P I L 4 T I O N  

C  R E L  I N 1  3 / 1 8 / 6 6  
C  
t. I N P U T  - 
c J A  N U Y R E U  OF COI - I JYNS ( 1 3 )  
C  I W  = r l ,  C A L C l l l . r l T E  W  i O M E C r l )  ( I ? )  
C  = *  I ( F A I )  W  I ! l ~ l ~ G A  1  
c -- SI: r H-II'II:NTI I Y  M ~ I ' I ~ I  Y 
(; I W A - + , -  WI: I C I I I S  I N  N1 .15 -1  .'3 
C  =O W E I G H T S  I N  N L L S  C .OYPlJTEI I  
C  I N V = O .  c41.CUI A T E  A ( - 1  ) * A = (  4 N 0  P R I N T  ( 1 3 )  
C =-,* S K I P  A ( - l ) * A  = I  C S L C U L A T I O V  
C  I R 4 P R - O  PR I N T  R A (  1  l 9 I =I 9 l A  
C  =-,+ S K I P  P R I N T  ' 

' C I N = + , - N O R M 4 L I Z E  ON T n T A L  A R E 4  
C  =O N O R Y A L I Z E  O N  P H O T O D E A K  4 H E A  
C  I P A = +  P R I N T  N I I R M A L I Z C D  A  Y 4 T R I X  
c =- P R I N T  NORM 8 M A T R I X  4VI)  !3*N;lRF! A  W A T l r l v  
C  =Cl P R I N T  S * N O R Y  A  M A T R I X  

T I T L E  I O E Y T l F I C A T l O N  f l F  0 4 1 4  I I- 1 3 5 )  
L 

C  C A R D 2  A 1  1 , J )  A M A T R I X r P E A D  R V  C O L U Y N S  I ! ,?f.$.." ) 
C  CAR113 R (  I ) R H O  A H R 4 Y  I D I A G D N 4 L  E L E M C F I T S )  l !?pf . .P ) 

C  C A R D 4  R ( 1 I  D A C K G R O U N O  
C  
C  C A R D S  W( I I OMEGA V F C T O R  I O P J I O N h L  Y A Y  HF C A L C I J L A T F O )  
C  C A R D 6  2 V E C T r ? R S  O F  E\4CKGWOUNO 4  VECT!lV ( \ T  4  T I M E  Fr)U F I L ' S T  CQI. 
C  C 4 R D 7  B A C K G H O I J N D  F O R  S E C O N D  CLILIJYQ 116 4 FTT.  
C  

S .a00 1 . ' O I Y E N S I O N  A 1 ( 4 0 7 ~ 8 ) , A ( 4 C O r R ) , R ( 4 ? . ? )  9 4 i 4 3 i ' )  . A W A 1 2 2 3 , 2 ~  I . ~ f . ? " ~ ? " l ~  
: l A W R ( 2 0 ~ , R l % O ) ~ T I T L : E l  1 2 )  r A I  12%12'.31 t W f l r l K 1  I? .? ) t U O R K Z l Z C  I r 

2 W l l R K 3 ( 2 n )  r W O R K 4 (  23 ) r C H n P I Z C )  ,SI)CIIP(:!D) ,ER!'OR l',C.p) 
D l Y f N S I n N  ~ 6 1 4 0 Q ) r ~ P 1 4 ' 3 C )  S .7Or .2  . . 

s . o n o 3  IIIYENSIIIN X (  ~ ~ O I . I ~ I ~ ~ ) ) , S T ~ P I ~ ~ I , R I  ( ~ ) . ) ) , P ~ ( I . - ~ ) , ( ; V ~ I J , >  . ) , I > I ~ ? " I . -  
1 S T ~ l Z l ~ ~ l ~ 2 0 l ~ V A l ~ I ~ i ? l ~ % " ) r N S l ~ ~ N ~ 1 ~ ~  t C I ' ( O )  pGl'1 00 t h l ( l : h ( ? " )  . ' * I ' ' F ;  1  i ? "  I *  
2 E ( 2 0 ) . S r l ) E ( R ) , F 1 7 0 1 r S O F 1 2 0 )  

S .Oiir?'. COMMON A 1 , A . R r W , A W A , C r 4 1  * 4 W R , P  ,I A , J h l  T I  T L E I X , P I S T n P , t \ '  , " : ' r h l ~ ? . h ' l  
1 , S T O E l t V A R F 2 1 ~ N S I G N r G P , C P 1 ~ A R F A t S T O P I  r E r 5 T D F v  I I E R ? , ' ( F r K I '  , K V I ~ V A I .  
2 1 K M 7  ERROR 

S.SOGS E Q U I V A L E N C E  ( R 4 l 1 ) ~ R 1 ( 1 I ) ~ l H P ( l ) ~ R 2 ~ 1 ~ )  
C  R E A D  T I T L E  A N D  I N D I C 4 T O K S  

S . 9 0 0 6  130 H E 4 0  ( ~ , ~ ~ O G ) I A I J A , T W V I W ~ , T N V ~ I R ~ P R ~ I N ~ I P A ~ T ~ ~ L €  
5.3iIC7 1 1 3 P  . P O R N A T  (8 1 3 . 1 2 A 4  

L 
W R I T E  ( 3 , 1 1 0 l l T I T L E  

1 l ~ ' I l  I 'O I IMAT (1111 Q N  1 2 A I t )  
C l iN0 01' I' I(O(;I~AY' f E S T  

I F  ( I A ) 3 0 0 , 1 0 5 , h 3 1  
300 S T O P  8 9  
1 0 5  S T O P  

C  R E A D  I N  0 4 1 4  
6 0 1  R E A D  ( 1 , 6 0 2 )  I Z E R l l  
6 3 2  F O R M A T  I 1 I 5  1 
110 R E A D  ( 1 ~ 1 4 ~ J 1 8 R C ~ ( A W R l J )  , J = l , J A l  

140C F O R M A T  ( 5 E 1 5  . R )  
DO 111 J = l , J A  

111 R E A D  ( l r l l l O ) ( A (  I r J ) t I = l r I A )  

F i g u r e  46. Main p r o g r a m  



R E A D  ( 1 1 1 1 1 O l ( R (  I l t T = l t I A l  
1 1 1 0  F O Y H A T  1 4 X F h . 0 , 7 X F 6 . n ,  7 . X F h . 0 t 7 X F h , n , 7 Y F h . ; ~  1  

RE411 ( l v l L l " l ~ i ~ \ l  l ) t l ~ l t I A \  
I F  ( I W 1 1 2 1 ~ 1 2 5 t 1 2 0  

1 2 0  R E 4 D  ~ 1 t l l L f ' I ~ W l  I l v I = l q l A )  
, G l l  T O  4 5 0  

c Pt!ECA o I D F N T I T V  Y h T R I X  
1 2 1  DO 1 2 2  I = l t I 4  
1 2 2  U ( I ) = l .  

GO TI1 4 6 9  . 
C ChLCllCCTF nMFGr\ FROM QUO 

1 2 5  DO 1 2 q  I = l . I A  
Z Z = R (  1 I + R R C * R R C * R l (  I )  
I F  l Z Z ) 1 2 R t 1 2 h * 1 2 8  

1 2 h  W.( I l = l .  
GO TO 1 2 9  

1 2 3  U I  l ) = l . / Z Z  
1 2 9  C O N T I N U E  
4 C ?  DO 1 1 2  I = 1 ,  I A  
1 1 7  R ( I ) = R ( I l - ( R R C * R 1 ( 1  1 1  

I F  I N l 1 3 2 . 1 3 3 t 1 3 2  
1 3 2  DO 1 3 4  I = l . J A  

RZ=O.O 
! ~ ? 4  C I I T = O . O  

P E A D ( l r l l l ? l  l R 1 1 J I , J = l t l h )  
N ~ A l ) ~ l ~ l l l 0 l  I ~ \ ? ~ J I t J ~ I t I A I  
Ill:] 1 3 7 ,I 1 , I A 
A i J ~ l l ~ A i ~ l t l ~ - ~ 5 ~ A U P l I ~ * ~ f i 1 I ~ J l + ~ ' ~ ~ J ~ )  

1 ' 4 7  l \ l q l \ d + A ( . J ,  I I 
O O S  II: ( I i % l h O h t l 3 h t h 0 h  
(I?( ,  I:CI(U r INIJT. 
h " 7 ,  IF ( I % E I 4 O - l l h C A t 6 P R ~ h 1 C  
I>?@ C I I I l P (  I l = O . O  
.&'I? S D C t l P (  I ):O.O 
6 1  8 GI1 T O  6 2 4  
hl!? DCI h 1 2  J = I Z F K n , l A  
h l l  C ( J T = C U T + A I J V  1 1  
6 1 2  C O N T I 9 U E  
6 1 3  C H O P  I I ):CUT/HZ 
6!4 S D C H P (  I ) = C H O P (  I l * S r ) R T l  l . n / C l I T + l .  T I n L l  

' t i 1 5  I C O = I L E R O - 1  
616 nn 6 1 7  J=I,IC~ . 
6 1 7  b ( J ,  I !=?.9 
6 2 5  R Z = O . O  
6 2 3  30 6 9 4  . J = I Z F R O t I A  
6 3 4  A Z = B Z + A ( J . I  1 
6 2 4  C O N T I N U E  

I F  ( H L 1 1 3 5 , 1 3 b r 1 3 5  
1 3 5  DO 1 3 4  J = 1 1 1 A  

4 ( J ~ 1 ) = 4 ( J ~ T ) I D 1  , 
1 3 4  C O N T l F l l J E  

I F  l I Z E H O - 1 l 1 3 0 ~ 1 3 0 ~ b 1 9  
h l @  DO 6 2 3  J = l . I C O  
h?C R I J I = O . O  

GO TO 1 3 0  
136 W R I T E  ( 3 , 1 1 2 7 )  

1 1 2 2  F O H M A I  ( 1 7 H  I ) IV I I ) IN I ;  R V  R Z = O I  
STCIP 8 9  

1 3 3  DO 130  I X = l , J A  
R E d D  ( l r l l 2 f l l L ~ I U ~ N I T 1 E P S 1 C M ~ ~ N S l f Y l I I t T = l ~ 3 l ~ l G ~ l l l ~ 1 ~ ~ ~ ~ ~  

1120 F O R M A T  ( 2 1 4 , 1 3 q F B . 5 1 F ? , . 0 , 3 I 2 , 3 F 1 4 . 8 )  
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,,' 
NDP= I U - I L + 1  

4 0 1  RE4D ( 1 ~ 1 1 1 O l ( B 1 ( J l ~ J ~ 1 ~ I A l  . .' 
READ ( l r l l l O l ( R 2 ( J ) t J = l ~ I A l  
DO 4 1 1  r = i , N n P  
I F  ( I W A ) 4 0 3 , 4 9 4 , 4 0 3  

4.13 NFOP=401)+I  M 

A ( N F D P . I X I = l .  , . . 
Gn TO 4 1 1  

4 9 4  I J =  I L +  1 - 1  
Z P = A ( I J ~ I X l + ~ 2 5 * A W R ( I X l * A W R ( I X l * ~ R l ~ l J l + f l ~ ~ 1 . J ) l  
N F D P = 4 3 C + I  
I F  ( Z F ' l 4 1 0 . 4 0 8 ~ 4 1 0  

4 0 8  . A ( N F D P , I X l = l .  
. - .GO TO 4: l  
4 1 0  41NFDP, I X ) = l . / Z P  
4 1 1  CONTINUE 

00 4 1 2  I = l , T A  
4 1 2  . A ( I r I X ) = 4 (  1, IX)-.5*6WR(IXl*~F)l(Il+9Z(.I)l 

NP= 3  
S l G M A = G P ( 3 l / 1 . 1 7 7 4 1 0  
GP( 3 )=S IGMA 
0 0  1 3 9  1 = 1 , 3  

1 3 9  GP1( 1  l = G P (  I I 
' 00 1 4 0  I-1,NOP 
1 4 0  X I  I ) = F L O A T (  I L I + F l . O 4 T (  I I - l . ?  

C A L L  N L L S ( A ( 4 0 l , 1 X l r X , A (  I L , t X l  , ( ; P ~ . , ~ ' T D F . , F ~ E R R ~ T : P s ~ N I T ~ ~ ~ ~ ~ J v P .  
l V A R F ~ V A R F l , V A R F 2 ~ C Y ~ N S T G N ~ I  5 A V e I  
GO TO ( 1 4 1 . 1 4 2 ~ 1 4 3 , 1 4 4 . 1 4 5 I r  NFRR 

1 4 1  AREA( IXl=2.56662R*6P1(3l*GP1(1 I , 

AR=C. 
l3P 1 4 6  J = l , I A  

1 4 6  A H = A H + A ( J t l X l  
I F  ( A R 1 1 5 ' 1 r  l ,S5 ,154  

1 5 5  W l t l l E  ( ' 4 , 1 1 3 0 1  
1 1 3 V F I R M A T  ( 1 7 H  D I V l n I N t  ? v  ABpOl  

STOP 8 9  
1 5 4  I F  ( G P 1 (  1 ) 1 1 5 6 , 1 5 7 , 1 5 6  
1 5 7  WRITE ( 3 , 1 1 3 1 )  

1 1 3 1  FORMAT ( 9 H  C P l ( l I = O l  
STOP a 9  

1 5 6  I F  ( G P l ( 3 )  I l S 8 , 1 5 9 , 1 5 R  
1 5 9  WHITE ( 3 , 1 1 3 2 )  

1 1 3 2  FORMAT ( 9 H  G P 1 ( 3 ) = 0 )  
STOP A 9  

1 5 8  P( I X I = A R E A (  I X ) / 4 9  
S T O P ( I X I = ( C P 1 ( 1 l * ~ P 1 ~ 3 l / A R l * S O P P T ( 5 . ? ~ 3 1 9 * ~ ~ S T D F ~ l ~ / C ~ l ~ l l l * ~ ? +  

l ( S T D E ( 3 I / G P l (  3 l I * * Z + l . ? / A R l )  
Or1 1 4 7  J = l 1 ?  

1 4 7  S T D E l ( J , I X I = S T n E ( J l  . 
I F  (AREA(  1 x 1  ) 1 4 9 , 1 5 0 , 1 4 "  

1SC WRITE ( 3 ~ 1 1 2 3 ) I Y  
11'3 FOSMAT(1H 9 1 4 ~ 1 9 H  D I V I D I N G  B Y  L R f P t . ? )  

STOP 8 9  
1 4 9  00 14R J = l r  1 4  
14R ~ ( J I I X I = Q ( J , I X ) / A R E A ~ I X I  

C P 1 ( 3 l = 1 . 1 7 7 4 1 0 * C P 1 ( 3 )  
00 1 5 2  1 ~ 1 ~ 3  

1 5 2  G P Z ( I V I Y ) = C P ~ ( I )  
1 3 8  V A R F Z l I  I X l = V A R F  

I F  ( I P 4 1 1 5 3 r  1 3 0 , 1 5 3  
1 5 3  WRITE ( 3 , 1 1 2 4 ) ( ( A (  l ~ J l ~ 1 ~ 1 ~ 1 A I t t I = l i J 4 )  
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. 5 .0137 1 1 2 4  FORMAT 119H A ARRAY R V  Cnl.IJMNS,/(5E24.RI I 
5 .3138  CO TO 130 
2.3139 142  WRITE ( 3 r 1 1 2 6 l  
5.3140 1 1 2 6  FORMAT ( 1hH SINCIILAR MATR1 X I  
S . J l f * l  STOP A9 
5.3142 1 4 3  WRITE ( 3 , 1 1 2 7 l N I T  
S.0143 1177  FORMAT ( 2 9 H  D I D  NOT CnNVERGE Ih!,I4,1114 ITEHAT lOYSI  
5 .0144 STOP 8 9  
5.3145 1 4 4  WRITE ( 3 , 1 1 2 8 )  
5.3146 1 1 2 8  FORMAT 120H  XTX MATRIX SINGULAPI 
S.*)147 STOP 8 9  
S.*?148 145  WRITE (3 ,1129 )  ISAVE 
5.0140 1 1 2 9  FORMAT ( 1 9 H  GUESS ON P4PAMETERv l l r 4H  HA31 
S..I lSC ST3P 89  ' 

C  ZERO ARRAYS 
S.,?151 1 3 0  00  200 I = l v J A  
S.0152 AWR(I l=C.. 
S.'?153 DO 2 0 0 ,  J = l r J A  
5 . X 5 4  200 AW4( I , J l = O .  

C . STflRE A W R  8 Y D  AM4 FOR Y4TlNV 
DO 220 I = l , J A  
81 I l=AWR( I I 
00 220 J= l , JA  

2 2 0  C (  I ~ J l = A W A I  1  , J I  
C  INVERT 4HA  NO‘ SPLVE FnR 

7.20 CALL Y A T I N V I C , J 4 , B , 2 ' ! , 1 , 0 F T r W O F i 1 ( . 1  ,WORYZ,VORK3tblCIRK~l 
C TEST FOR SINGULCR YbTRlX 

I F  l D E T 1 2 4 0 ~ 2 3 5 , 2 4 0  
C SINCLILAR MATH I X ,MESSAGE 

2 3 5  WRITE l 3 , 1 2 3 5 l ( R l  I 1. I = l , I A l  
1 2 3 5  FORMAT 145H A(TI+W*A I S  SINGULAR. CALC.llLATIllNS SKI t ' i JFD1/ / !7P fs!-!r 

1 VECTOR / (  1X F9.3111F10.0l  I 
DO 2 3 6  J = l t J A  

236 WRITE ( 3 ~ 1 2 ~ 6 l J ~ l A l I ~ J l ~ 1 = l ~ 1 A l  
1 2 1 6  FORMAT 1611 A1 1.12.2HI . / ( S E 2 ~ 1 . 9 l l #  

C NOT SlhlGIJLAR 
74C I F  l I N V l 2 6 0 ~ 2 4 5 , 2 6 0  

c 4 1 - ~ I * A  = I '  A P ~ I )  rrcrhlr 
245 Dn 255 I=~ . JA  

0 0  250 . L P ~ . O A  
A l (  1,Jl.O. 
DO 250 K = l r J a  

25n  A I ( I ~ J l = A l l I ~ J l + A W A l I ~ K I * C I K ~ J l  
WRITE ( 3 ~ 1 2 5 0 l 1 ~ l A I ( I , J l ~ J = l ~ J E l  

125C FOKMPI" ( ~ B H ~ S I D E N T I T Y  ROW 1 4 ,  bF.17.9/17F17.PI  I 
255  CONTINUE 

C PRINT R ARHAV 
26'J w K l i t  t j t l 2 b : j i ( 9 (  i I , l = l . J A l  

126C FORMAT ( 1 3 H 1  RETA VFCTOR 7X 5€2S.8/(ZOX 5FZn.R) )  
C 

F I A J A = I A - J A  

F i g u r e  46. ( C o n t i n u e d )  . 



2 6 1  I F  ( F I A J A ) 2 6 2 . 5 6 1 , 2 6 2  
5 6 1  WRITE ( 3 , 2 6 5 2 )  

2 6 5 2  FORMAT (814 F I A J A = O )  
S T O P  n 9  

2 6 2  FM=O. 
nn 5 0 2  1 . 1 , ~ ~  
DO 5 0 2  J = I , I A  

5 3 7  A ( J 1  1 ) = 4 ( J v I l * B (  I I 
I F  ( I P 4 ) 5 0 3 r  5 3 1 , 5 0 4  

5 5 3  Do 7 0 9  J = I , J A  
7'39 WRITF ( 3 , 2 7 5 2 ) J , ( A (  l , J ) , T = l ~ I A l  

7 7 5 2  FOI(MAT (51.1 A 1 1 1 , 1 3 , 2 H  ) / ( 5 E 7 4 . R l l  
5 C 4  W I 4 1 1 ' 1 1  ( . 3 , ? 6 5 l ) ( R (  I l , I m l . , I A I  

2 6 5 1  FI.)HMAT (914 H V E C T O R ~ / ( S E Z 4 . A ) I  
I ) rJ  2 7 5  I = l r  14 
R A I  I ) = C :  
0 0  2 7 0  N = l , J A  

2 7 0  R A ( I ) = R 4 ( I ) + A (  I , N )  
RBA=R( I I - B A I  I )  

2 7 5  FM=FM+W( I )*RR4*RRA 
FY=FM/F I A J A  

2R9 WHITE 13 ,12RO)FY 
1 2 8 Q  FORMAT ( 5 H l M  = E 1 5 . R / / 1 3 H  M * ( A I T ) * W * . I I  I':X T'HLnWFC T"14L'C~I'I.,hP o r  

11,NTFD ONLY / / I  
C 

0 0  2 9 3  I z l r J A  
00 2 8 5  J - 1 ,  I 

2 8 5  AUAI I r J ) = F Y * C ( I , J )  
2Q,? WRITE ( 3 , 1 2 9 0 1 1 ~ ( A W A ( I I J )  , J = l . I l  

1 2 9 0  FORMAT 5H ROW I 2 1 5 X  5E2C.8/ ( 1 2 X  S c ? l . P ) l  
I F  ( I N 1 5 0 5 ~ 5 0 6 , 5 C 5  

5 3 5  DO 5 9 5  ' J = l , J A  
P ( J l = 1 . 3  

5 0 5  S T D P ( J ) = O .  
516 CALL COYP(8,AWA.P ,STOP,RI, S T n R I  ,E,CH~.1PtSI ICHP~ 
6 6 9  I F  ( I N I S 0 7 . 5 9 R , 5 0 7  
5'?Q WRITE ( 3 ~ 1 l 3 5 ) ( E ( l l , P (  I ) * S T I ! P ( l l  r ( ;P?( l  , I l ~ S T D E 1 ( 1 . 1 ) 1 C ~ ? l ; ,  I ) .  

~ S T D E ~ ( ~ V I ~ ~ G P ~ ( ~ ~ I ~ ~ S T ~ E ~ ~ ~ ~ ~ ) ~ V A ~ F . - ~ ~ ~ I ~ ~ A R F ~ ~ ~ ~ ~ I ~ ~ ~ J A ~  
1 1 3 5  FnRMAT ( 3 H  E=.F6.O16H P= tE lh . !3 ,1 . ) t i  STi?P=*F!/:.e, 1'" AEFl 

l = , E l 6 . 8 , 9 H  5 T D A = . E l b . A / T H  X=rF15.4, .5 ' i  FOX=,El5.H,S!-l ~ J ~ d ~ ~ - , c ! S . P ,  
2 5 H  SUS=rElS.R,6H V4RF=,ClS.P,hH bRFA=,E!5.9) 

5C7 WHITE, ( 3 ~ 1 1 3 4 l ( E ( I I r R I ~ ( I l t S T D H I ( I ) ' ~ I = l ~ . ~ A )  
1 1 3 4  FORMAT ( 4 H  R I (  r fh .OvZHl=.Elb. l ! ,  If* S T Y I = , F l h . S I  

I F  ( IBAPR ) 6 7 0 , 2 9 1 , 6 3 ' 3  
2 9 1  WRITE ( 3 r 1 ? 9 1 ) ( B A (  I ) , I = l , I A I  

1 2 9 1  FnKMAT ( 1 3 H 3  B ( N ) * 4 ( I , N l / / ( S E 2 4 . n ) )  ' 

6 3 0  CONTINUE 
h 3 1  00 6 3 6 '  I = l ,  I A  
6 3 2  I F  ( R (  1  ) ) 6 ? 3 3 . 6 3 4 , 6 3 3  

A 0 3 3  R ( I l = - R I T )  
E R K C I R ~ I ) = ( - W ( I ) - B A ( I ) l / S Q P T ~ R ~ I ) ~ ,  
GO TO 6 1 6  

6 3 4 '  ERROR( I ) = 0 . ?  
6 3 5  GO TO 6 3 6  
6 3 3  E R R O R ( I ) = ( R (  I l - S A (  I )  l / S O R T ~ R ~ I )  1 
6 3 6  CONTINIJE . , 

6 3 7  WRITE (3~638l(ERRnR(I).I=lr14) 
6 3 4  FORMAT ( 2 6 H O  NEXP-YCA1.C OVER SORTNEXP,1 (5F74 .n ) )  
6 3 9  C.nNTlNlJF 
5 4 0  GO TO 1C13 ' 

END 
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I S U  D I S K  R E S  S P O O L E D  R P S  F O R T R A N  

R ' E G I N  C O H P I L A T I O N  
5 . 9 0 0 1  S U B R O U T I N E  C O M P ( R , A W A , P , S T n P I R I  9 S T O P 1  , E , l : H C l P 9 5 n r , ~ ~ )  
S.30C.2 D I M E N S I l l N  R ( 2 0 l , A U A ( 2 C , Z F )  , p ( 2 C : l  , ~ T D P ( ? , ~ ) , ' F ( ~ ? I ~ F ( ~ : - I , S P F : ~ ! ~ '  ) .  

1 U ~ Z C ) ~ h ~ ~ S D l J ( 2 0 ~ 6 ~ ~ 0 ( Z C ~ 6 ~ ~ S O O ( 2 C r 6 l ~ E F l 2 C ~ ~ S D E Y l ~ ! ' l ~ I ~ l l 7 ' I ~  
~ S T D R I ( ~ O ) I A (  2 0 ) r S D 4 ( 2 C ) r C O P R ( ? C , 5 I  . C : + 4 ' 3 D ( 3 ? I , S O C t t P ( 7 !  ) 

5 . 0 0 0  3  R E 4 0  ( 1 , 2 O Q O ) J A r N  
5 . 3 0 0 4  2 3 0 C  F O R M A T  ( 2 1 4 )  
S.  3 C C 5  H E A D  ( l ~ Z O " l ) ( E ( I  ) ~ F ( l ) * S D F ~ 1 ) t I . F I I I  p S O E V ( l ) , l = l , J A I  
5 :3006 2 0 4 1  F O R M A T  ( 5 E 1 5 . 9 )  
S . W ? 7  R E A D  ( 1 ~ 2 O C ! 2 l ( ( U ~ I ~ . 1 l r S D U ( I ~ J ~ ~ n ( l ~ J l ~ S ~ ~ ~ 1 ~ J ~ ~ 1 = 1 ~ J A ~ ~ J ~ 1 ~ ~ ~  
S.rJOQ8 2 0 2 2  F O R M A T  ( 5 X , 4 € 1 5 . 8 1  
5 .3POO OD 4 0 1  I = l t J A  
S . :?010  I F  ' ( 8 1  I l ) 4 0 2 ~ 5 0 C r 4 0 1  
S . 3 t l l  4 0 2  W R I T E  ( 3 , 2 0 ? 3 ) I  
5 ..35 1 2  2 C 9 3  F O H H A T  ( 3 H  R ( . I ? ! v l l H )  N E G A T I V E I  
S . O C 1 3  . ( T O P  8 9  
5 . 3 5 1 4  5 3 0  W R I T E  ( 3 , 2 1 0 9 )  1  
S  . 4 0  1 5  2 1 C C  F O R M A T  ( 3 H  B ( , I 3 , 8 H )  = Z F P O )  
S:3016 S T O P  ~9 
S . 3 C 1 7  4 3  1  CONT I N l l E  
S . 5 0 1 e  4 2 1  00 423 I = l , J A  
~ . 3 ~ 1 ‘ - 2  4 2 2  FI I ) = F I  I )+cH~.IP( I I 
S . r J 0 2 0  4 7 3  S D F I  I ) = S D C t t P (  I )+SDF(I) 
S . 0 6 2 1  W R I T E  ( 7 . 4 4 C l  
5 :SC 2 2  4 4 0  F l l H M A T  1 3 7 1 I K  H B T I I I  ( IF C U T r l F F  10 TTITr lL  C t I P V E / / l  . 
s.nc23 4 2 4  WII I~E I ~ . ~ ~ ~ ~ ( E ( I I , ~ ( I ~ , S D ~ ~ I ~ , I = ~ . . J A I  
S . 0 '? 7 ' 1  4 2 5  F l l f < M A T  (314 F( , F 6 . 6 , 2 l t l a , F  l f i . O t 6 t l  S 3 F ~ * E l O . P l  
S. ' )OZCj  I \ M A X = I \ I  1 I, 
S . 3 C Z h  IMAX.1 
S . 7 0 2 7  DO 4 0 3  I = Z , J A  
S  . : I 0 2 8  . I F  ( A M A X - R f  I ) ) 4 0 4 , 4 3 3 . 4 0 )  
S . 3 2 2 9  4 0 4  R M P X = R (  I )  
5 . 9 9 3 0  [ M A X =  I . . 
5.3!31 4'13 CCNTIFJUE 
S . I C 3 2  DM4X=!? .  
s ..]r 3 3  O ~ J Y D X = C .  
S .3P .34  DO. 4 C 7  I = 1 , N  
S.?!J35 D U Y 4 X = O U H b X + U l I ~ A X , l ) * 3 ~ 1 Y A X , I l  

. 5. 3!:836 4 1 7  D M A X = D U A X + n (  I M A X , I  I * n ( l M A Y , I  ) * S P I . l (  I V A Y r l  I *SCI . I (  I M A Y ,  I l + ! l ( T b : ? Y r  ! I* 
1 U l  I M A X ,  I ) * S D D (  I M A X , I  l * S l 7 D ( I M A X , I  I 

5 .7537 A M A X - E X P I - l . * D ( I M A X )  
S . 3 2 3 8  S D 4 M A X = 4 M A X * S Q R T (  O Y A X I  
S . ' ? 5 3 9  R O Y P = A M A X * E F ( I M A X ) * p I  I t ~ A X ~ * ~ ~ ~ K A X ) / ~ ( I Y I \ Y I  
S.3C.43 C O M = A W A I  I M A X , I M A X ) / I H (  I t J b X ) * R (  IP!AX) I + S f i ) 4 t J A X * S O A V A X /  

1 ( 4 Y A X * A M A X l + S D € Y I  I M A X l * S O F Y l  I M A X 1 / I C F l  I " . l A X l * C ~ ( I Y A u ) I + C , l P l J ~  I " I \ Y l :  

3 S T D P I  I M A X I / I P (  I M 4 ~ l * P ~ 1 P A X l ~ * S ~ ! F l I Y A X l * ~ ~ ~ ~  I ~ h Y b / l ~ (  l ' * ' . l "  l O ' . l  l b ' f l v  \ I 
5 . 0 9 4 1  , DO 6 0 5  l = l r J A  
S  .58?42 0W=O. 
s . : 3 r 4 3  o u = o .  
S . ? ? L 4  00 406 J z 1 . N  
S. Q C 4 5  4 1 6  C O R R I  I , J ) = E X P ( n ( l , J l * U l l r J ) )  
S . 3 3 L b  D IJ=DU*O(  I , J l * U (  I 1  J I  
S . C C 4 7  4 0 6  D i = D d + ~ ~ I , J ) * D ~ I , J ) * S ~ U ( 1 ~ J ~ * S n l I ( 1 , . J l + ~ l ( 1 . J ~ * I I l 1 ~ . I l ~ S O r ~ t ~ . . O * S ? ~ ~ ~ I  

1 , J )  
S . ,>34n  A (  I ) = E X P I - l . * D U I  
5 , ,It.; ft 9 S D A f  1 ) = d l  I l * S O R T l n U I  
S  ..3?59 H I ( I I = B (  1 ~ * R ~ ~ P * 1 0 0 0 . / ( E F ( I ) s P ( l ~ * F l I ~ * A ~ l ~ I  

. . s . 3 1 3 5 1  AID=COM*AWA( I , I ) / ( R ( I ) * ~ I ~ ) ) + S I ! A ( I I * ~ I , ) A ( ~ ) / ( ~ ( I I * ~ ( ~  114 
1 S D E Y ~ I l * S D E Y ( I l / ( E F ( I l * € F ( 1 l ~ + S D F ( I ~ * S D F ( I ~ / ( F ( I ~ * F l I I ~ * S T ! : P l I ~ ~  
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2 S T D P (  I ) / ( P (  T ) * P (  I ) I  
S .  ' ; ; 5 2  I F  ( I M A X - 1  ) 4 1 0 ~ 4 1 1 r 4 1 1  
S.?C57 4 1 1  A I D C = A I n - 2 . * A W A (  I M A X . 1  ~ / I ~ l I ~ b X 1 * ~ ~ ( 1 ~ ~ 1  
5 ..I354 GO T O  4 1 2  
S.CT'55 4 1 C  A I D C = A I D - 2 . * A W A l I ~ l C A X ~ / ~ R ( I M A X ~ * R ~ I l ~  
5 . 1 9 5 6  412  I F  ( A I O C ) 4 1 3 , 4 0 5 , 4 G 5  
5 . 9 ' 3 5 7  4 1 3  W R I T E  ( 3 r 2 0 0 4 1 1  
S:2>75R 20C4 F O R M A T  ( bH A I O C ( , , 1 4 , 1 3 H )  I S  N E G A T I V E )  
5.7?59 . , A I O C = A I D  
5 .?36? 4 0 5  S T l l R I (  I I = Q , 1 (  I I * S O H T [ A J D C I  
S . C 7 6 1  W R I T E  1 3 , 4 4 1  I 
p, . j,;(!;! I I I M A  1 . 1  ) 
:; . #3 c' tS 1 r,?b nn 4 2 7  .I=I,N 
S .9,?&4 427 W H I T E  1 3 r 4 Z R ) ( E (  I ) , . l , t O R t ? l l  9 . J )  9 1 - 1  t J 4 )  
S.3 ' :65  4 2 8  F n K M A T  ~ 1 9 X 5 H C O l ~ H l F 6 ~ C r 1 H r I 1 ~ 2 H ~ ~ E 1 6 ~ 0 )  
S .9,3 66 W P I T E  1 3 , 4 4 1 )  
S . 3 0 h 7  R E T U R N  
S :3:3C8 END ., 

S I Z E  OF C O Y Y G h l  C O C r f C  P R C I G R 4 Y  7 5 9 6 2  
-. . E N 0  O F  C O Y P I L A T I O N  C( IMP 

C O M i ' I L A T  I O N  T I M E  WAS ?032.01 S F C f l N D S  

. .. 
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I S U  D ISK HCS SPOOLED BPS FORTRAN 

P E G I N  C O Y P I L h T t O N  
S.JOC1 SURRL)UTINE N L L S ( W v X t Y , T , P l , S T D F v ~ l F R Y  , E P S , F ; l T v N n v Y D P . V A P C . \ ' . Z F C )  

l V A R F Z , C M * Y S I G N ~  I S A V E l  
S.3CC.2 D IMENSION W ( 2 5 0 ) r X ( 2 5 r l , ~ ( 2 5 ~ l . ' ~ ~ ~ ~ ~ ~ I , S r D F ( 8 1 v  

1 ~ ( 8 ~ 8 1 , r J ~ R r 1 l r X T X ( f l v 8 l v T R ( R 1  , C O N V ( 8 l  . ' ) ' : R 1 V ( U l t C ( S , P ) ,  
2VMAT(H,R I  , I h J D f X 1 ( 8 ) t I N I ) F X 2 ( A ) , I P I V ~ l T ( 3 1  , P I V 1 7 r ( n l  ,NSIC ,N(F I .  l T . P ( Q I  

5 . : I 093  NFRR.1 ./ 
. S.'JOCS DO 1 0 9 3  I = l r N P  

S.2OCS I F  ( G P l (  I I 1 1 0 3 1 r 1 0 0 2 ~ 1 0 C Z  
S . S 3 C 6  l U C l  IGO( I ) = I  
5.JOC7 ~ n ~ ! , l 9 3  . 
S..?OCE( 1 C 1 2  IGO(  I I = ?  
S : ) * 7 C 9  1.1??3 CONT IFII.IE 

, 

5 . 3 7 1 0  DO 1 1 8  N = l , N I T  4 ' 

s . o n l l  no 110 L = ~ , N P  
5 .U f  1 2  9 ( L v  1 l = " 0  
S.3??13 0 0  1 1 0  M= l ,NP 
$ . ? . ? I 4  1 1 C  4(L1M1=?..0 
s . 3 5 1 5  DO 111 J = l , N D P  
S . 0 ? 1 6  . . CALL SIJRP.T(J,W,X.YrGPI t D F H l V v Y C ~ F ! , W I l  
S.?n17 '5(! ' 0 0  111 L = l , N P  

. F . 3 7 l e  - ~ ( L I ~ ~ = ~ ( L ~ ~ I + D E H I V ( L ) * F ~ * U I  
$ . ? ? I 9  DO 111 M=L,NP 
S . OC ZG 1 1 1  A ( L , M l = A ( L . ~ l + D E H I V ( L ~ * D F P I V ~ M ) * W I  
s .9n2 1 on 1 1 2  M=Z,NP 

. S.??22 K = Y - 1  
5 . 3 0 2 3  DO 1 1 2  I = l . U  
5.35 2 4  1 1 2  P ( M v I ) = 4 (  1.M) 
S..3325 - DO 2 1 2  L = l , N P  
S .3C.h  OR 2 1 2  u-1.N.P 
5 . 5 5 2 7  . 2 1 2  X T X ( L . M I = A ( L , Y I  
S.r)C.ZH. CALL +IATINV(ArNPrd,R, l  , D E T v l N O f X I  t l V f ) E r ( ? ,  11'!Vt7T,PIVrr I 
S.3C29 I F  ( A R S ( D E T ~ - 1 ~ O € - 3 Q 1 1 1 3 ~ 1 1 3 ~ 1 1 . ~  
~ . n 0 3 0  1 1 3  NEHR=2 
5 . 3 7 3 1  GO TO ZOO 
5 . 3 C 3 2  1 1 4  DO 1 1 5  I = l , N P  
5..1733 KIJT-0 
S . I ? ? ? ~  1098 T n (  1) -=GIJ1(  I ) + C M * l i l  1 , I 1  
s.nc 3'; IF ( N S I ~ N (  I I ) I ~ O / + V ~ I S ~ ~ C C &  
S. !)" 31) 13:)4 ICIIG. l GO( 1 1 
S . 0 0 3 7  (;[I TO ( 1 0 0 5 ,  1 0 0 6  1 ,  ICHG 
5.  )3 38 1.305 I F  ( T H ( 1 l l 1 1 5 . 1 0 0 7 , 1 C ~ 7  
S.OC39 1 0 0 6  If ( T B ( ! )  1 1 0 0 7 v 1 0 9 7 , 1 1 5  
S .0114r! 1CS9 h [ f , l l = R f  !,1)/2.O 
5 . 0 0 4 1  KIJT=KIJT+l  
'j . : I342 I F  ( U U T - 7 )  1 ~ f l A , 1 0 0 8 , 1 C Q 9  
5.0.243 1 1 5  CONTINUE 
s .~ r . / . 4  GO TO i n l o  
S.,31?45 1 0 3 9  I S A V E = I  
5 . 3 0 4 6  NEHP=5 
5 . 3 2 4 7  GO TO 200 
s . a r 4 q  11010 ~n 1 1 6  I=~,NP . 
5 . .3': 4 .I CCNV(1  l ' = A R S ( G P l (  I I / T R ( I l - 1 . G )  
S.91?5i' I F  (CONV( I I - E " S )  1 1 6 , 1 1 5 , 1 1 7  
S.3?51 . . 1 1 6  COYTINUE 
S .025Z GO TO 1 2 5 ,  . s 

5 . 0 ? 5 3  1 1 7  DO 1 1 8  I = l , N P  
5 . 7 3 5 4  1 1 8  G P l ( I l = T S ( I I  . 
S .0055  NERH=3 

F igu re  4.8. Subrout ine NLLS' 



5 . I) a? I:, (j GIJ TO 2 0 0  
5 . 0 0 5 7  l % P  IUII 1 2 1  1=+1,NI' 
$ . J ~ " j t !  1 2 1  C ~ l ' l ( l l * l ' l \ ~  l l  
s .C?!I'.) SIIYH*O.!? 
S.O.!bc) VAHF.?= I? .~  
s.,?hl On 1 2 r  . r = l , ~ n v  
S.3ChZ CALL SUtIWT( J t W t X t Y t G P I  ,DEPIV ,YCrF l ,gWI  
S .0063  VARFZ=VARFZ+WI*F l * F 1  
S .??64  122: SlJUiJ=SUMW+wl 
S.OCihS , VARF=VAR F Z / (  FLOAT(  NOP ) -F 'LnAT( t lP1  ) 

S.J\766 VAYFl=VPP.F/SlJMW 
S.3C67 DCI 1 2 5  I = l t N D  
5:1:t~ nc 1 2 5  J = ~ , N P  
S .  l = h 9  I F  ( I - J l 1 2 4 v  1239  124  
5.5C7i) 1 2 3  C( I r J I = l  .O 
S.>:71 GO TO 1 2 5  . ,  

' S  .!IF?% 1 2 4  C ( I . J I = P . O  
S.C.73 . 1 2 5  CONTINIJE 
S.J'i74 CALL Y A T l N V (  XTX.NP,C,P,NP,DET, lP!Dr:Xi, I V r ? E X 2 ~ 1 ~ I V f l T . P I V f ~ l  I 
S.'975 I F  ( A R S ( D E T l - l . Q E - 3 ? ) 1 ; ? 6 , 1 2 5 + 1 ? 7  
5 . 3 9 7 6  1 2 6  NERR=4 
5.0: 7 7  GO TO 2-?n 
S ..?C.78 1 2 7  00 1 2 8  I = l r N P  
S. 3 C 7 9  P 

. - 
0 0  1 2 8  J = l , N P  

5.3693 1 2 d  V M 4 r ( I , J l = C (  I , J I * V + R F  . . 
S  .'3?8 1 DO 1 2 9  I=l,'NP 
S  .;179Z 1 2 9  STDE( I ) = S Q R T ( V M A T (  l(1)) 
S.qCA3 20C RETURN 
5 .:1(??4 END 

S l  lC ill: COMMCiN firlcor; I'ftfiCWAM 7 2 , J f ' . [ )  
lrrula UF; CIIIYP I L A T  I I ~ N  NI.L s 

COMPILATION TIME W A S  . w 0 1 . n 1  SECONDS 

F igu re  48. (Cont i  nued) 
. . . . 



1 S U  D I S K  R E <  S P O O L E D  4PS F f t R T R A q  

R F C l N  C U Y P I L ? T I O N  
S.C8:C1 S U B R U U T I N E  S U R H T ( J t W r X t Y , G P 1  , l ! F R T V . V C r F 1  .GI) 
S .a!L'C Z O I H E N S I O N  W (  25C) , X ( 7 5 n I . Y ( ? 5 ? )  , $ p l ( ~ ) : . I > E C I V ( 9 )  
S . ? C C 3  YC=GPl(l)*FXP(-.5*((X(JI-C.P1(?)I I ' ; P I ( 3 ) 1 * * 2 )  
S.3??+ F l = Y (  J  1 - V C  
S . G i j r 5  D E R I V ( l ) = E X P ( - . 5 * (  ( X (  J 1 - 6 P 1 1 2 )  ) / Z n l  ( 7 )  ) * ( ' ? I  
5 .  )3?6 D E R I V ( 2 ) = ( 6 P l (  l I * ( X ( J ) - G P l ( Z ) ) * * ~ ) * @ f P l V ~  1 )  
5.5007 O E R I V ( 3 l = ( X (  J l - G P l ! . ? I  ) / K P 1 ( 3 ~ * P F . Y I V ( ? I  
5.33CU W I = W ( J l  
5 .  .I399 R E T l l H N  
S . 2 0 1 0  E N D  

S I Z E  O F  COMMON C'lI.3:'. PRRlGRhM ? 3 6 F Z  
F N D  O F  C O M P I L A T I O N  SLlRRT . 

C O K P I L Q T I O N  T I M E  WAS n O O C . 8 6  SECnYDS 

F,i gure 49. . su brou t i ne SUBRT 




