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ABSTRACT 

Analytical and experimental techniques have been developed and evaluated fo r  
determining residual stresses i n  filament-wound rings. Extension to more 
complex geometries appears obvious but was not investigated. These techniques 
should provide the tools fo r  optimizing structural performance i n  filament- 
wound composites. A l l  techniques proved to be useful and differed only i n  the 
accuracy of results (least accurate within ten percent; most accurate within 
one percent). Radial variation of material properties was accounted for  i n  
a stepwise fashion in  the most accurate technique. 
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SUMMARY 

Two analytical and two experimental techniques have been developed at the Oak 
Ridge Y-12 ~ l a n t ( 0 )  to aid in the study of residual stresses i n  filament-wound 
rings. The state of residual stress i n  a r ing i s  assumed to be one of pure bending 
since the r ing i s  free f rom external loads. A theory-of-elasticity solution and a 
curved-beam solution were derived fo r  the r ing under pure bending, Both of 
these solutions included effects due to material-property variation through the 
thickness. Fo r  the range of practical interest, the curved-beam solution was 
within 1.5 percent of the exact-elasticity solution. Two experimental approaches 
were provided fo r  acquiring data: surface-mounted strain gages and ring- 
diameter changes due to cutting of the rings. Both methods worked well, but 
the strain gages were more accurate, possibly because of measurement e r ro r s  
i n  the diameter-change method. The diameter-change method with the curved- 
beam solution appears to be a simple approach to evaluating,with reasonable 
accuracy, a quantity of specimens. 

(a) Operated by Union Carbide Corporation-Nuclear Divis'ion for  the US Atomic 

Energy Commission. 



INTRODUCTION 

O f  the materials available today, composites are rapidly achieving recognition as 
the type possessing the highest performance rating. High-strength, fiber- 
reinforced plastics are the most frequently used compositesand are best i n  terms 
of their strength-to-weight ratio. One process f o r  making these composites i s  
filament winding. In this process, continuous filaments are wound dnto a mandrel 
under an applied tension (stress) with the plastic resin. This stress i s  "locked in"  
the structure af ter  curing and produces some residual stress distribution. 
Although most conventional f i lament winding i s  done at a constant tension level, 
the resulting stress distribution i s  not uniform because of interactions between 
the layers already wound and the layer being wound. This study at.tempts to estab- 
l ish  a method by whi.ch the residual stress, can be determined and tp ascertciin 
some of the process parameters whi.ch c,ontrol the residual stress. 

Residual stresses i n  cylinders were studied by ~ e s n a ~ e r ( l )  in  1919 and ~achs(2) 
i n  1927. Their work involved successive boring out of material f rom the inner 
surface and measuring the outer-surface strains. The elastic equations fo r  an 
isotropic, internal ly pressurized cylinder were used to calculate the stress i n  the 
removed material. 0 l son and ~ e r t ( ~ )  expanded the Mesnager-Sachs boring-out 
method, to cover cyl indrical ly orthotropic materials. While this method is, i n  the 
limit, an exact solution for  the residual, i t  i s  quite tedious and diff icult to get 
accurate results. 

The approach taken here can be classified as a "discrete-element" method 
whereby the filament-wound r ings are subdivided into a plural i ty of separate 
rings. These separate rings (discrete elements) are fitted together by conditions 
placed on the contact pressure between rings and the displacement of adiacent 
points. The individual elements may be treated through an elasticity approach 
such as the one part ial ly developed by ~ o u r n e ~ , ( ~ )  o r  the discrete elements 
may be handled through the simplif ied curved-beam equations. Fo r  actual r ings 
encountered in  this work, both theoretical approaches give good results. 

I t  should be noted that the residual-stress distribution i s  assumed to be that which 
results f r om internal pressure (due to the mandrel)and pure bending. While other 
factors may also influence the residual stress, this approach i s  felt to be repre- 
sentative since two conditions of force equil ibrium on an element i n  the "free" 
state which must be satisfied are: net force equal to zero and net moment equal to 
zero. This approach also allows a more general type of structure to be analyzed 



since the element can be takenfromanyfabricated shape, and material properties 
may vary a rb i t ra r i l y  through the cross section. Theexperimental work reported 
herein tends to confirm the val idi ty of this method f o r  determining residual 
stresses. 
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DETERMINATION OF RESIDUAL STRESSES 

ANALYSIS BY THE ELASTICITY THEORY 

In the solution for the stress, strain, and displacement relations of an elastic 
body, i t  i s  necessary to satisfy the conditions of equilibrium, compatibility, 
and the constitutive equation; ie, Hooke's law. The basic procedures f o r  aniso- 
tropic rings are  outlined i n  Chapter 3 of the text by ~ekhn i t sk i i . ( ~ )  Solutions i n  
closed f o rm  are  available fo r  only a l imited class of problems, generally 
problems which possess a large degree of symmetry. Analysis of the residual 
strain i n  a filament-wound r ing hasa solutionin closed f o r m ( 8  provided there i s  
an axially symmetric state of stress, the material i s  uniform, and there i s  
cylindrical anisotropy. Through the f i t t ing together of separate solutions for  
uniform material, it i s  possible to analyze a r ing of nonuniform material where 
the nonuniformity i s  taken in successivediscrete layers. This technique i s  known 
as the discrete-element method. 

Single-Layer Ring 

F i r s t  consider the axial ly symmetric r ing of uniform material with coordinates 
and dimensions as shown i n  Figure 1. It i s  assumed that a l l  the residual stress 
i s  "unlocked" when a radial cut i s  made in  the ring. I t  i s  further assumed that 
the residual stress i s  axial ly symmetric and that this residual stress i s  
numerically equal to the pure flexural stress necessary to restore a cut r ing 
to  i ts  original configuration. 

The equations of equilibrium(6) fo r  this state of stress reduce to: 

aa a7 a - a  
- 1 re + ' -+--  r 8  + R = 0, and a r  t - a 8  r 

Due to the axial symmetry, aa /a8 = 0 and Equation 2 further reduces to: 
8 

Integration of Equation 3 (variables separable) yields the result that: 



. Figure 1.  COORDINATES AND DIMENSIONS OF. A N  
AXIALLY SYMMETRIC CUT RING. (The Origin of Co- 
ordinates i s  Fixed at 0 )  

where K i s  a constant of integration. However, T d  equals zero at the inner 
and outer surfaces of the ring, which forces K to be identically zero. Hence, 
T equals zero everywhere i n  the ring, which i s  the expected result. As a 
consequence, Equation 1 further reduces to: 

i n  the absence of a body force (R = 0). 

For the axial ly symmetric state of stress, with the restr ict ion that second- 
order terms i n  the strain tensor are negligible, the strain-displacement 
equations(6) reduce to: 

= du/dr, and 
r 



Similarly, the compatibility equation(6) sfates that: 

9 

The appropriate elastic constants for  the cyl indrical ly anisotropic state of 
plane stress are:(5) El El, v, and vl,(b) The generalized Hooke's law(5)for these 
conditions reduces to: 

c = uJE' - vg  /El and 
r 8 (8) 

Substitution of Equations 8, 9, and 4 into Equation 7 yields the ordinary dif- 
ferential equation: 

The general solution of Equation 10 is: 

and Equations 1 1  and 4 yield immediately: 

U = A - Bkr  
-(k+ 1) k -  1 

8 + Ckr , 

where: 

Substituting Equations 1 1  and 12 into Equation 8 yields an expression for 
cr in terms of three constants: A, B, and C. Next, substituting this expression 
for  F, into Equation 5 and integrating gives: 

(b) In other notutions, E = Eel C '  = E , v = u and v '  a v 
r 8 r' 1-6- 



1 2 - k 
u = - E [(k - v ) r A  - (k + v ) r  B + (k - v)rkC] 

In a simi lar fashion, Equation 6 yields an expression for "u" directly: 

When Equations 14 and 15 are equated, i t  i s  found that: 

Upon integrating Equation 16 with the use of Equation 13: 

where some f(r)  derived i n  the integration is  identically zero by the choice 
of l'vl1 as zero at 6= 0. 

Evaluation of the constants (A, B, and C) depends upon the manner in  whi.ch 
the input data are obtained f rom the ring before and after cutting. 

Diameter Change of the . Ring as Input - Consider the cut ring of Figure 1. 
To close the small gap, a: 

at 8 = 2n. By Equation 17, then: 

The term "a" may be approximated by the expression: 

where "a" represents the inner radius of the ring before cuttingand "a*" the 
radius after cutting. Hence: 



At  the inner and outer boundaries, u (a) = u (b) = 0. Thus, f rom Equation 11: 
r r 

.. . b-- - - a B =  A : "  - and 
k-lb-k-1 k-1-k-1, 

. a  - b  a 

Furthermore, at the outer- and inner boundaries, ~ ~ M t i o n  ' 9 reduces to c = 
u /E. The strains on. these surfaces are thus: 

.8 
8 

C k-1 A B  k - l + - k b  ,. C = - - - kb- 
E 

and 
0 E E .  1 .  

where A, 8, and C are found as described previdusly. . 
. , 

Then substitution of Equations 21 through 23 into Equations 11  and 12 yields 
the residual stress distribution i n  the r ing pr ior  to cutting. 

Strain Change on the Surface as Input - If a strain gage i s  mounted on the 
surface p r io r  to making the radial cut, the change i n  strain after the cut i s  
made i s  the amount of residual strain relief. If the strain gage i s  mounted on 
the inner surface and the change i n  strain i s  c., Equations 22, 23, and 25 

I 
uniquely determine 8,  th1.15: 

Now, as before, the values of B and C are given by Equations 22 ar?d 23, and 
the value of ro i s  given by Equation 24. If the strain i s  measured on the outer 
surface, the derivation would proceed i n  a s imi lar  manner. 

The computer program for the foregoing theory i s  described in  the Appendix 

(Page 35). 



Mult i layer Ring . 

A nonuniform distribution of f ibers i n  the radial direction causes a corresponding 
variation of the elastic properties i n  the radial direction. Such a case i s  of 
practical interest because a nonuniform distribution of f ibers is  inevitable in  
the winding process since there i s  a natural tendency fo r  resin to be squeezed 
outward. Alternatively, a nonuniform distribution of f ibers i n  the radial direction 
may be introduced intentionally to  al ter  the characteristics of the ring. 

The nonuniformity of the material i s  observed experimentally f rom an analysis 
o f  samples cut f r o m  layers of f inite thickness. Such samples are reduced by 
burning off the resin which permits determination of the weight rat io of resin to 
fiber. Elastic properties as a function of the resin-to-fiber rat io have been 
determined empirically. Hence, the distribution of the elastic properties i n  
the radial direction may be found for  any number,.n, of discrete steps. By 
f i t t ing together elasticity equations based on uniform material fo r  the "nu 
discrete layers by means of the appropriate boundary conditions, i t  i s  possible 
to solve fo r  the stresses, strains, and displacements in  the multi layered ring. 

By denoting a1 as the inner radius of the f i r s t  layer, bl as the outer radius 
o f  the f i r s t  layer, a j  as  the inner radius of the ith layer, . . ., the results 
o f  the previous section which are pertinent to this analysis can be rewrit ten 
as given i n  the treatment that follows. . 

Stresses f r om Equations 11 and 12: 

k.-1 + k.- 1 
= A. + B.r I 

r 
I and C.r , 

I I I 

Displacements f r om Equations 14 and 17: 

-k 
[(kf - v.)rA. - (ki + v.)r 

U = 5 -  1 . 1  I I I I I i f  ] and B. + (k.-v.)r C (29) 

i 



The discrete layers a re  matched by boundaryconditions which depend on whether 
the input data are f rom a'diameter-change measurement o r  a surface-strain 
measurement.. 

Diameter Change of the Ring as Input - The constant, A;, i s  determined through 
the use of Equation 21 at the inner surface of the composite ring. Thus: 

It is  noted that Equation 30, which i s  the tangential displacement, v, i s  an 
expression for  the size of the gap of the cut ring. 

The remaining (3n-1) constants, Ai, Bi, and Ci, are  determined f rom conditions 
placed on the stresses and displacements. At  the inner and outer surfaces, the 
radial component of stress i s  zero, or: 

Between the "n" discrete layers of the nonuniform ring, the radial component of 
stress and'both components of the displacement must match. Thus: 

u (b. ) = u (a.), and 
1 - 1  I 

(34) 

The matr ix representing this system of equations i s  shown i n  Figure 2. 

Once the constants A* Bi, C i  are computed, the strain distribution can be 
1.' 

computed by a m ~ d i f i c a t ~ o n  of Equatisrils 24 or. 25: 



Note that c(r)  i s  not a continuous function f rom one layer to the next through 
the ring. The angle, a, which measures the gap (Figure 1)can be computed by 
Equation 20 as before, with any consistent radi i  used for  "a" and "a*". 

Strain Change on the Surface as Input - The solution for  the constants Ai, 
Bi, and C i  involves 3n simultaneous equations, when a change in  the surface 
s&ain i s  giben as input data. 

If, for  example, the strain . i s  measured on the inner surface, one equation 
follows f rom Equation 36 with r = a or: 

1' 

Two additional equations. result f rom . zero radial stress on the inner and 
outer surfaces, namely: 

u (a ) = 0, and 
r 1 (38) 

The remaining (3n-3) equations result f rom matching radial stress, radial 
displacement, and transverse.displacement at the interfaces between the layers, 
thus: 

u(b. ) = u(a.'), and 
1 - 1  I 

The matr ix  representation of the system of equations i s  given i n  Figure 3. 

When the constants Ai, Bi, and C i  have been determined, thestraindistribu- 

tion can be computed as before through Equation 36 and the stress distribution 
through Equations 27 and 28. 

- The computer program involved with this section i s  also described in detail 
i n  the Appendix (Page 37). 



Figure 2. MATRIX REPRESENTATION OF  EQUATIONS 32 THROUGH 35. 



Figure 3. MATRIX REPRESENTATION OF EQUATIONS 37 THROUGH 42. 



ANALYSIS, BY THE CURVED-BEAM THEORY 

A somewhat simpler analysis than that of the elastic-theory analysis for  the 
residual strain distribution i s  achieved through. the use of the approximate 
curved-beam theory.(7) Both the analysis by the theory of elasticity and that 
by the curved-beam theory a re  based on the assumption that the residual strain 
i s  equal to the strain induced by pure bending moments applied to a radial ly 
cut ring. The pure bending moments must be of proper magnitude and sign 
that are iust sufficient to restore the cut r ing to  i ts  original configuration. 

The approximate curved-beam theory assumes that the radial component of 
stress i s  zero and that only the modulus of elast ici ty in  the circumferential 
direction needs to be considered i n  determining the elastic behavior of the ring. 
Variations i n  the material composition in  the radial direction a re  inevitable 
i n  the winding process. Such variations may also be intentionally induced to 
al ter  the properties of the rings. Through the use of empir ical data relating 
modulus of elasticity to the f iber-resin ratio, the modulus of elasticity may 

, . 
be expressed as a function of "r". 

The coordinates and notations are  shown in  Figure 4. Here, the radius, R, 
locates the neutral surface; radi i  a. and bj denote the inner and outer radii, 

I 
respectively, of the jth layer. The z coordinate i s  measured radial ly outward 
f rom the neutral surface. The radial and circumferential components of dis- 
placement of the point are denoted by "u" and "v". Bars (if 7) denote a point on 
the neutral surface. The elongation of an element subtended by de i s  (R + z) 
cde, where "c " i s  the circumferential strain associated with that element. 
The assumption that plane sections remain plane under deformation dictates 
that: 

(R + z ) ~  - = Constant, 

which implies a hyperbolic strain distribution: 

The factor, K, can be inferpreted f r om the georrietl-y of bending.as: 

where " G I "  represents the slope of the neutral surface. F o r  a state of pure 
flexure, " K t '  i s  constant since " c "  i s  afunction of  alone. 



Figure 4. NOTATIONS FOR A CUT RING. 

When a r ing i s  cut and the residual stress i s  relieved, the angle, a (Figure 
4), i s  given by :(2?r)/R. The distance, R, denotes the radius of curvature of the 
neutral surface of the r ing before cutting, while "R*" denotes the same radius 
a f te r .  cutting. Note that "R*" may be either greater than o r  less than "Rut 
depending on the sign of the residual stress. The circumferential component of 
displacement at the gap, G(2n), i s  given by Ra, or: 

~ ( 2 n )  = 27r(~* - R). (46) 

A negative $slue of t ( 2 ~ )  i s  physically possible i f  two radial cuts are made in  the 
, ring. When the member i s  subjected to a pure bending momenttoclosethegap, - 

u'(27r)=a. Thus, by Equation 45: 

If the circumferential modulus of elasticity i s  taken as any function, E(z), 
the stress-strain relationship u = c E(z) and Equation 43 yield: 

(R + zb = Constant. 
a E(z) 

When Equation 48 i s  substituted into the equilibrium equation, f i d ~  = 0, 

i s  obtained, which defines the location of the neutral surface. 



When E(z) i s  a continuous function, Equation 49 may be integrated direct ly 
to find "R". However, i t  i s  more often the case that samples are taken f rom 
discrete layers through the ring. F r o m  known relationships between the fiber- 
to-resin rat io and the elastic modulus, the modulus can be determined for  
each "i" layer. Thus, Equation 49 may be rewritten: 

When the "n" layers have rectangular cross sections of constant width and 
variable thickness, ti, each, Equation 50 may be simplif ied accordingly to give: 

Rearranging Equation 51 gives an explicit expression for  the location of the 
neutral surface, thus: 

With the "R" given by Equation 52, the strain distribution may now be found 
from Equation 43, The constant i n  Equation 44 can be evaluated routinely 
i f  one of the surface strains i s  measured with a strain gage. Thus, i f  the strain, 
r i s  read on the inner surface, the strain on the outer surface is: 
it 

On the other hand, i f  the inside diameter i s  noted before and after the radial 
cut is  made, the strain distribution follows f rom Equations 44 and 47. Since 
i t  has been assumed that the radial component of stress i s  zero, i t  follows that 
the radial component of the strain i s o f  small order. Hence, the thickness change 
can be neglected and the "K" of Equation 47 is: 



where a1 i s  the inside radius of the r ing before cutting and a! the inside 
radius of the r ing after cutting. 

COMPARISON OF THEORIES 

A comparison of the results fo r  the residual-strain distribution obtained f r om 
the elast ici ty theory with those obtained f rom the curved-beam theory i s  most 
d i rect ly done numerically. In general, i t  i s  expected that the simpler curved- 
beam theory should give less satisfactory results than the elasticity theory when 
either the r ing i s  relatively thick (R/t small) o r  the anisotropy i s  great (as 
indicated by the magnitude of k, which i s  the square root of the rat io of E/E'). 

In addition, the significance of a nonuniform distribution of f ibers i n  the radial 
direct ion i s  of interest. In many instances, a determination of the elastic 
properties a t  several discrete layers involves somewhat more effort than may 
be justified. Hence, comparisons are also made between the two theories on 
the basis of the differences predicted for  the amount of radial variation of the 
elastic properties. 

Comparison of the Two Theories for  Uniform Mater ia l  

Since the curved-beam theory assumes at the outset that the radial component 
of stress and strain i s  zero, this theory neglects any contribution of Er (the 
elastic modulus i n  the radial direction). On the other hanri F, i s  incorporatcd 
into the elast ici ty equations through the parameter k = J a .  It i s  noted 
that the elasticity equations as they stand wi l l  not run fo r  isotropic material 
(k = I).(c) If isotropic material i s  to be considered, i t  i s  suggested that a value 
of  Ee, which i s  sl ightly larger than Er, be selected so that "k" i s  on the order 
of 1.1. 

F o r  comparison of the strain distributions resulting f rom the two theories, 
i t  i s  convenient to  consider the dimensionless ra t io  of the strain on the outer 
surface to that on the inner surface, c0/ci. With reference to Figure 5, i t  i s  
noted that consideration of "k." i s  most important when the r ing i s  relat ively 
thick (R/t < 5). However, a practical range of "k" encountered i s  1 <kc 3, and i t  
i s  seen i n  Figure 5 that the curved-beam and elasticity theories give excellent 
agreement within this range. 

(c) The solution for  isotropic material may be found in  the work of Timo- 

shenko.(6) The general solution for the stresses i so f  a slightlydifferent form. 



Curved -beam Theory 
k = 1.1, Elasticity Theory 'F- 

Figure 5. COMPARISON OF THE TWO THEORIES FOR THE CASES WHERE THERE I S  A UNIFORM 
DISTRIBUTION OF FIBERS IN THE RADIAL DIRECTION. 
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If the rings under consideration fa l l  within the favorable ranges of k and R/t 
for  the curved- beam theory, the use of this theory gives the important advantage 
that .the modulus of elasticity of the material does not have to be known to 
determine the residual strain distribution. 

- 

- 

l l l l  

Importance of Nonuniform Material 

2 3 4 5 6  8 1 0  20 30 40 
Radius-to-Thickness Ratio (R/t) 

The residual-strain distribution i s  a function of the material properties as 
well as the radius-to-thickness ratio. When there i s  a wide variation in  the 
modulus of elasticity through the cross section of the ring, there can be a 
significant effect upon the strain distribution. 

In Figure 6 a re  shown the results of a study run by the elasticity progrcim 
for  rings having four discrete layers. The circumferential modulus of elasticity 
was made to vary in  such a way that the differences i n  the values of Eg were 
always equal, giving. a "l inear" variation of Ee i n  four steps. The amount of 
variation i s  thus expressed by the ra t io  of Ee for the outer layer to that of 
Eg for the inner layer. In this study, value of the radial elastic modulus fo r  a l l  
layers was taken as 0.3 of the mean value of Eg. While the range of the Eo/E; 
ratio, as shown in  Figure 6, i s  adhittedlym"ch wider than would be encountered 
in  practice, i t  i s  s t i l l  apparent that the distribution of Ee can be important. 
Also, it can be seen that the effect i s  only slightly less pronounced for relatively 
thick rings (R/t = 1.25) than i t  i s  for  relatively thin rings. In addition, i t  i s  
noted that there are many cases, the chances for  which a re  more l ikely with 
thin rings, in  which the residual strain i s  greater on the outer surface than on 



Figure 6. VARIATION OF STRAIN DlSTRlbUTlQN WITH NONI.INIFORMITV OF MATERIAL. (Four Diaerete Luperb, 
Elasticity iheory; E = 0.3 E Mean) 
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the inner surface. This seeming paradox has been observed experimentally, 
and i s  explained by the fact that the material has a lower E0 on the outer layers. 

1 I I I I  

If the value of "k" i s  not large, i t  might be expected on the basis of the previous 
results for  uniform material that the results obtained f rom the elasticity theory 
and those obtained f rom the curved-beam theory would be in  substantial agree- 
ment for  nonuniform material. Such i s  the case. In Figure 7 i s  plotted the 
relative e r r o r  of the curved-beam theory, which can be compared to the 
elasticity theory which i s  plotted i n  Figure 6. 

0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 2.0 3.0 4.0 5.0 6.0 8.0 
Circumferential Elastic Modulus Ratio (E 



Figure 7. RELATIVE ERROR OF  RESULTS FROM CURVED-BEAM THEORY COMPARED TO ELASTICITY THEORY. 
(E = 0.3 E Mean; Four Discrete Layers) e 

F o r  the case of a relatively thick r ing (R/t = 1.25) the two theories ag'ree 
within k 1.5 percent for  0.1 < Eo/E; < 4.5. The agreement between the two theories 
improves as the rings become thinner. Fo r  R/t 2, the two theories agree 
within i 0.5 percent for  0.1 < E d E ;  <3. F o r  R/t 5 10, the two theories agree 
within k 0.3 percent ,for 0.1 < EJE; < 10. 

EXPERIMENTAL PROCEDURE 

In order to check the theory and determine methods of controlling residual 
strains i n  filament-wound rings, several cylinders were fabricated. The process 
was one of wet winding with single-end "S"  glass yarn and a dip-type resin 
impregnation tank. Tension was applied before impregnation by magneticol l y 

loaded polished discs. Type ERL 2258/MPDA (100/20 ~ b w ) e ~ o x ~  resin was used 
as the matrix. Fiber-winding tension and resin migration were the process var i -  
ables that were controlled. These variables were step incremented at quarter- 
thickness points. Specimens were fabricated with combinations of resin cure at  
quarter thicknesses, constant tension, and linear stepwise increase o r  decrease 
of tension. A total of twelve cylinders (two sets at  different t imes) were made with 
three of each set given an intur~nediate curc and three completely wound and 



Table 1 

FABRICATION DATA FROM TEST SPECIMENS 

Specimen 
Number 

Number of 
Curc Cycles 

Tension 

(grams) 

250 (constant) 
100 - 400 
250 (constant) 
400 - 100 
100 - 400 
400 - 100 

200 (constant) 
400 - 100 
100 - 400 
200 (constant) 
400 - 100 
100 - 400 

cured. Data for  the cylinders a re  listed i n  Table 1. A l l  cylinders were wound on 
r ig id  aluminum mandrels and rotationally cured for  two hours at 185" F and two 
hours at 300° F. F r o m  these cylinders, one-quarter-inch-wide rings were ma- 
chined by diamond wheel grinding. Inner and outer surfaces were not machined. 

As  discussed in  the topics on theoretical analysis, two techniques were used to 
I 

determine residual strains: .strain-gage and deflection measurements. Strain 
gages (micro measurements, Type EA-06-250BG-120) were applied to one r ing 
f rom each of the s ix cylinders on the inside and outside surfaces. These gages 
were connected i n  a half-bridgearrangement usinga BLH strain indicator (Model 
120 C). ~ h e ' b r i d ~ e s  were balanced then the r ing was cut, A segment was removed 
when the r ings closed on the saw cut. The final strain-gage readings indicated the 
amount of residual bending strain present i n  the rings as fabricated. Two sets of 
gages were mounted on each ringand the.average value for  the inside and outside 
gages was used. A s  mentioned i n  the theoretical discussion, only one strain read- 
ing i s  needed for determihing the residual distribution. The second reading thus 
provides a check on the theory. In addition to strain-gage readings, the ,inside- 
diameter change of the r ing was measured. Diameters were measured and record- 
ed before and after cutting by using an inside micrometer. This step provided 
another set of data f o r  the same r ing  and a comparison with the strain-gage values. 

In order tp  check the importance of material nonuniformity as well as to provide 
an idea of the validity of the theoretical analysis, samples were taken f rom each - 

of the r ings to determine their  material properties. A one-half-inch-long 
segment of the r ing  was divided at quarter-thickness interval sf and a chemical 
analysis was made for  the fiber/resin rat io and density for  these sub samples. 
Results f r om the chemical analysis were used to calculate the fiber volume 
percent and void percent i n  the material. These data were used along with 

experimental curves to determine the tangential and radial moduli of elasticity, 



and in  the computer programs to determine the nonuniformity effects. These 
results a re  discussed i n  the next topic. 

EXPERIMENTAL RESULTS AND COMPARISONS 

Uniform Distribution o f  Fibers - Strain-Gage Input 

Experimental results wee obtained by ~ o u r n a ~ ( ~ )  for  f ive rings where a uniform 
distribution of f ibers was assumed i n  the radial direction. These experimental 
results are  compared to the elasticity and curved-beam theories i n  Table 2. A 

6 constant value of  E = 7.4 x 10 psi was used fo r  the calculated values. Since the 
values of R/t i n  Table 2 range f rom 11.3 to 16.1, according to Figure 5, v i r tual  
agreement i s  expected between the elast.icity and curved-beam theories, as 
appears to be the case here.Agreement between the experimental results (strain- 
gage readings only) and theoretical results i s  favorable, as shown i n  the last 
column of Table 2. 

Table 2 

COMPARISON OF STRAIN DISTRIBUTION PREDICTED BY THEORIES WITH RESULTS OBTAINED 
BY EXPERIMENTS FOR RINGS OF UNIFORM MATERIAL 

Theoretical Data 
Experimental ~ a t a ( l )  

Inner Average Elasticity Curved Beam Percent 
Radius Thickness i (0 €0 € 0  Difference from 

(in) (in) R/t (p in/in) (p in/in) (p in/in) (v in/in) Experimental Results 

2.68 0.2372 11.3 180 -158 -170 -170.1 + 7.38 

(1 ) From Fourney. (4) 

Description of Test Specimens with Radial Variation of F iber  Distribution 

Twelve test specimens with the winding tension varied on four discrete steps 
were constructed at the Y- 12 Plant. Four strain gages, two inside and two outside, 
were mounted i n  the circumferential direction on the rings. Diameter and 
strain-gage readings were recorded before and after the radial cut was made in  
the rings. Subsequent chemical analysis by resin burnoff was used to determine 
the fiber/resin ratio. Thesedata were then converted through the use of empir ical 
relationships to the modulus of elasticity. A description of the twelve test r ings 
i s  given in  Table 3. The R/t ratios here range f rom 9.1 to  10.3; which, as before, 
i s  in  the range where good theoretical agreement exists between the elast ici ty 
and curved-beam theories; 



Table 3 

DESCRIPTION O F  TEST RINGS O F  N O N U N I F O R M  MATERIAL 

Circumferential ~ b d u l u s  of ~ lost ic i tv ( l )  
I .  

lrlrler Average Layer 1 Layer 2 Layer 3- Measured Strain Inner Radius 
Specimen Radius Thickness (inner) (outer) 'i €0 After Cut 
Number (in) (in) R/t ( lo6 psi) (106 psi) (lo6 psi) ( lo6 psi) (p in/in) (p in/in) (in) 

(1) Determined by resin burnoff. 
(2) Gage drifted. 

Comparisons with the Curved- Beam Theory 

The curved-beam equations for a nonuniform distribution of fibers in  the radial 
direction depend only on the variation of the circumferential modulus o f  elasticity. 
The results in  Table 4 a re  based on the data i n  Table 3 and Equation 52, Page 
2 1. 

It i s  noted i n  Table 4 that the results achieved i n  the 1-XA series of r ings are 
very much better than the results of the 1292-XX series. The 1292-XX series 
of rings were tested about a year ago, and i t  is  uncertain why these results 
should be so far  off. The I -XA series rings, which were tested recently, 
apparently provide more rel iable data. Consequently, further comparisons are 
made only with the 1-XA series parts. 

I t  i s  also apparent that the strain-gage method i s  superior to the diameter- 
change method when the elastic modulus variation i s  accounted for. 

F o r  many cases, sufficient accuracy i s  achieved f rom the assumption of uniform 
f iber distribution i n  the radial direction. With the curved-beam theory, this 
assumption yields the important advantage of not having to determine the modulus 
of elasticity. A comparison of the curved-beam theory fo r  uniform material 
with the experimental data fo r  the -A series of r ings i s  given in  Table 5. 



Table 4 

VARIATION IN Ee TAKEN INTO ACCOUNT BY MEANS OF THE CURVED-BEAM THEORY 

Curved-Ream Theorv - -. . - - - - -. . . . . . - -. 
Experimental Results Based on Diameter Change Based on Strain Gage 

Ring € i €0  f i Percent f n Percent f ,  Percent 
Nurr~brr ( p  i t i i n )  ( v  in7in) ( v  in/in) Difference (V in/in.) Difference (V i d i n )  Difference 

-5 70 

413 

509 

-287 

-3 84 

-687 

Average 

-1,596 

-1,908 

216 

134 

-1,270 

1,939 

Averaae 

Note in  Table 5 that the efficacy of the diameter-change method compares 
favorably with the strain-gage method. A comparison of Tables 4 and 5 i s  
also favorable. Apparently, only a slight improvement results f rom taking the 
nonuniformity of the fiber distribution into account, and this improvement i s  
only apparent when the strain-gage method i s  used. 

Table 5 

COMPARISON OF EXPERIMENTAL DATA OBTAINED BY THE DIAMETER-CHANGE 
A N D  STRAIN-GAGE READINGS WHERE A UNIFORM DISTRIBUTION OF FIBERS IS ASSUMED 

Curved-Beam 'Theory 
Experimental Results Based on Diameter Change Based on Strain Gage 

Ring 'i €0  f i  Percent €0  Percent €0  Percent 
Number (p in/in) ( p  in/in) (p in/in) Difference ( v  i d i n )  Difference ( p  in/in) Difference 



Comparisons with the Elastici ty Theory 

The elastici ty solution i s  a function of the radial and circumferential components 
of the elastic modulus and of the Poisson's ratio. The comparisons between the 
elast ici ty solutions and the experimental data for  the 1-XA series a re  given 
i n  Table 6. 

Again, there i s  some improvement by considering the material to be nonuniform. 
Also, the diameter-change method i s  slightly less accurate than the strain-gage 
method. This difference i s  probably attributable to the accuracy of measuring 
the diameters on r ings which a re  somewhat flexibleand which have some uneven- 
ness in  the surface finish. 

As  expected, the results obtained f rom the elasticity theory are closely i n  
agreement with the curved-beam theory. Hence, the extra experimental effort 
that may ,be necessary to determine a l l  elastic properties may not be entirely 
justified. F o r  r ings of the type here, the results f rom the simplest method 
(curved-beam theory for  uniform material based on diameter change) are 
very  satisfactory (6.52 and 3.88 average percentage difference with experimental 
data). The best results are obtained f r om the strain-gage method where non- 
uniform material i s  considered, but the extra experimental work involved 
probably doesn't justify the increased accuracy. 

CONCLUSIONS 

The analysis and control of residual stresses i s  important when using com- 
posite materials i n  applications where optimum performance i s  desired. 

.For  dealing with a particular material test specimen (the filament-wound 
ring), two theories and two experimental techniques have been developed here. 
O f  the two theories, the curved-beam method i s  the simpler to apply, but the 
elast ici ty theory has a broader range of application. It i s  also noted that the 
curved-beam theory may be applied without knowledge of the elastic properties 
of the composite material i f  i t  i s  assumed that there i s  no radial variation of 
the modulus of elasticity. 

O f  the two experimental methods, the diameter-change method i s  thought to be 
more convenient because of the possible inconvenience of mounting strain 
gages. However, strain gaging seems to have greater sensitivity, and thus i s  
recommended when more precise results a re  needed. 

Both theoretical methods allow the radial variation of the elastic properties, 
an important advantage i n  that r ings made of varied materials may be analyzed. 



Table 6 

COMPARISON OF EXPERIMENTAL EESULTS WITH ELASTICITY THEORY 

Uniform Material Assumed Nonuniform Material Taken Into Account 

Experimentcl Results Based on Diameter Change Based on Strain Gage Based on Diameter Change Based on Strain Gage 

Ring c i  € 0  i Perceni c Percent ro  Percent 'i Percent c o  Percent c o  Percent 

Number (,, in/in) in/in) in/in) Differenze (p in/in) Difference (p in/in) Difference (p ifi/in) Difference (,, in/in) Difference (p in/in) Difference 

1-6A -2,048 1,939 -2,303.8 12.49 2,165.5 11.68 1,925.0 0.72 -2,299.5 12.23 2,168.0 11.8 1,930.2 0.45 

Average 7.89 5.62 3.93 4.35 3.78 0.87 



F o r  example, the theory could routinely handle the residual strain distribution 
i n  a .composite structure consisting of a metal r ing covered with f iber glass- 
epoxy winding; which, i n  turn, i s  covered with metal-epoxy winding.. 

The method of cutting the r ing shares the disadvantage with Olson and Bert 's 
method(3) of being a destructive test. However, theahount of labor i n  the present 
method i s  considerably less than that involved i,n boring out the test specimens. 
It i s  felt  that a possible improvement could be made in  devising a nondestructive 
test whereby the behavior of a r ing 'compressed between two parallel planes 
could be indicative of the residual stress. Another nondestructive test could 
be based on the photoelastic method. This method, i n  particular, may be useful 
i n  leading to a more basic understanding of the mechanism of residual.stress i n  
composite materials. 



REFERENCES 

(1) Mesnager, M.; "Methods de Determination des Tensions Existent dans un 
C ~ l i n d r e  Circulaire", Comptes Rendus, - 169, pp 1391- 1393 (1919). 

(2) Sachs, G.; "Dev Nachweiss lnnerer Spannungen i n  Stangen and Rohren", 
Zeitschri f t  fu r  Metallkinde, 19, pp 352-357 (1927). The Determination of  
Residual Stresses in Rods and Tubes; Brutcher Translation Number 1386. 

(3) Olson, W. A. and Bert, C. W.; "Analysis of Residual Stresses in  Bars and 
~ u b e s  of cy l indr ica l ly  Orthotropic ~ h t e r i a l s " ,  Experimental Mechanics, 
pp 451-457 (1966). 

(4) Fourney, W. L.; "Residual Strain i n  Filament-Wound Rings (Note)", Journal 
of Composite Materials, - 2, pp 408-41 1 (1968). - 

(5) Lekhnitskii, 5. G.; Anisotropic Plates; Translated f rom the Second Russian 
Edition .by S. W. Tsai and T. Cheron; Gordon and Breach, New York (1968). 

(6) Timoshenko, 5. and Goodier, J. N.; Theory of Elasticity, Second Edition; 
McGraw-Hill, New York (1951). 

(7) Murphy, Glenn; Advanced Mechanics of Materials; McGraw-Hill, New York 
(1946). 



THIS PAGE 

WAS I N T E N T H O N A L L Y  
LEFT BLANK 



APPENDIX 

FORTRAN PROGRAM 

Residual Strain Distribution in  Filament-Wound Rings - Elasticity Theory 
for Uniform Material Only 

This program i s  used to compute the residual strain distribution in  filament- 
wound rings by means of the elasticity equations, Page 9. This program i s  
l imited to rings where the elastic properties are uniform throughout; when 
there i s  a nonuniform distribution, the FORTRAN program that follows applies 

(Page 37). 

Input: (One card for each ring. No l im i t  on the number of cases.) 

1-10 Original inside diameter of r ing (F format). 

11-20 Thickness of r ing (F format). 

21-30 Tangential modulus, E (F format). 

31-40 Radial modulus, E '  (F format). 

41-50 Reading of the inner strain gage i n  microinches per inch (F format). 
If strain gage reading i s  not furnished, leave blank. 

51-60 Inside diameter of the r ing after cutting (F format). If the diameter 
after cutting i s  not measured, leave blank. If both the diameter and 
strain-gage readings are available, separate outputs wi l l  be given. 

Output: 

INSIDE RADIUS 

THICKNESS 

K 

INNER STRAIN 

OUTER STRAIN 

original inner radius 

(same as input) 

rat io E/E1 

residual strain on inside surface, 
microinches/inch 

residual strain on outer surface, 
microinches/inch 



Constant A (Page 12) 

Constant I3 (Page 12) 

Constant C (Page 12) 

FORTRAN Listing: 

C R E S I U U A L  S T F P I I ' ~  D I S P I ? I B L ! ? I U N  I N  f I L A b E N T  WOUbo P I U G S  
C E L A S T I C I T Y  TkiEOqY 
C UNIFORM M A T E R I A L  3N4Y 
C H , R * D ,  1 1 - 5 - 6 8  

I W R I T E  ( 5 ( , 2 )  
2 FBRWAT ( I H ~ , ~ X , ~ ~ I N S I U ~ , ~ X ~ ~ ~ T ~ I C ~ : - , ~ X ~ ~ H K , ~ X , L ~ H I N N E R ~ ~ X ~ ~ H ~ ~ T ~ ~ )  
,d  WRITE ( 5 I r 4 )  
4 FURMAT ( ~ X , ~ H K A D J U S , ~ X , / , H N E S S ~  1 5 X , b C i S T 8 B 1 N r j X r 6 H S 7 H A I N ~ 9 X , ~ H l ; ~ r ' 1 3 X  

1 , 2 H C 2 p 1 3 ~ s i k i C 3 )  
, 3  R E A D  ( 5 ~ 1 6 )  U l r T , f T r E H , S I , D C U T  

6 F€JR!IAT(6Flo,[))  
7  F K  = S Q P T ( E T / t R )  

P I  = U 1 / 2 *  
R 0  = H I + T  
R I C  = D C U T / Z *  

I - I . U ) * P I * * ( F K - 1 . 0 )  ) / ( ~ I * * ( F < * I . U ) * R 3 * * ( - F K - I . ~ )  - ~ t l * * ( F K - l ~ b )  
2 * 9 I * * ( - r K - l  * E l  ) 

I I C I = E T * S I / U O T  
I Z  C2 = C I * ( N ~ * * ( F K - I . O ) - Q I * * ( F ' K - I * ~ ) )  / , ( H I * * ( F K - ~ * o ) * R ~ ~ * * ( - F K - ~ ~ ~ )  

13 C 3  = ' ~ ~ * ( H f l * * ( - ~ # - l , n )  

1 - 1  - R B a * ( k K - I  . n ) * R I 0 * ( - F r ( - 1  , n )  1 
14  S 9  = - C Z * F < * R f j * * ( - F K - l  . u )  + C J * F ~ * H ~ * * ~ F ~ - I . ~ ) )  / t T  
1 5  S I  = : *- C 2 * F < * R I o * ( - F K - 1 e u )  + C ~ * F K * R I * * ( F V - ( . " ) )  / kT 
16 ~ R l T F ( 5 1 , / 7 )  ~ I ~ T ~ F K ~ S I I S O P C I * J ~ ~ C ~  
1 7  FSRMAT ( I H ~ ~ ~ F I ~ ~ ~ ~ % F ~ ~ . I ~ ~ E I ~ ~ ~ ~ I O H  G A G E  D A T A )  
J U  I F ( U C ! J T )  3 \ r 3 ~ , 3 (  
J I  C I  = (RIG - R 1 )  ~ ~ I * ( I . ~ / E T  ' l l ~ / E ? ) )  
3 2  C 2  = C ~ * ( H C * * \ F K ' ~ * " ) - R ~ * * ( F K - ~ * ~ ~ ) )  ( ~ I * * ( F K - I ~ " ) * R u * * ( - ~ ~ - I * ~ ~  

I . R B * * ( F K - I . ~ ) * R I * * ! - F K - I ~ ~ ) ~ ~ ~ ~ ~ ~ ~ ~  
3 3  c3 = - C I * ( H B * * ( - F - K - I . ~ ) - H I  ( R J * * ( F < - I  . " ) * R O * * [ - f K -  

1 1 . 0 )  - R f l * * ( F h - ~  ) * R I * * ( - F K ' l , ~ ) )  
* I) 3 4  S e  = ( C l  - C ~ * F <  R n * * ( - F n - l r U )  * c ~ * F Y * R ( ~ * * ( F ~ < - ~  ,0)) / t T * l  * " t 6  

35 $ 1  x ( C I  - C Z ' F < * R I * * ( - F K - ~ : I I )  + C ~ * F ~ * R I * * ~ F I C - ~ . ~ ) )  E T * l r " t b  
3b  w ~ I T F  ( 5 1 , ? 7 )  9 I r T r F K , S l r S B r L l r C ? r C 3 r R I C  
3 7  FORMAT ~ I H ~ , X F ~ ~ * ~ , ~ F ~ , ~ ~ O ~ E I ~ ~ ~ ~ ~ ~ ~  1 9  A F T t H  C U T i M A S , F 8 * 4 * 4 H  l N e )  
3 8  W H I T E ( 5  ( 8 3 9 )  
3 9  F B R N A T  ( ( H g )  
4 1 )  133 TB 5  

END 



Residual Strain Distribution i n  Filament-Wound Rings - Elasticity Theory 
for  Uniform and Nonuniform Material 

This program i s  used to compute the residual strain i n  filament-wound rings by 
means of the elasticity equations (page 14). This program runs one-layer and 
four-layer rings; a simple modification i s  necessary to run any other number 
of layers. . 

Input: (One init ial  card for  each ring, plus one additional card for  each layer. 
The groups may be repeated indefinitely.) 

Init ial Card: 1-10 Inside diameter (F format). 

1 1-20 Thickness (F format). 

2.1 - 30 Strain reading, microinches per inch (F format). May 
be left blank. 

31-40 Inside diameter after cutting (F format). May be left  
blank. 

4 1 ' Number of layers, either 1 o r  4 (1 format). 

Additional card for  one-layer r ing only: 

1-10 Tangential modulus, E (E format). 

1 1-20 Radial modulus, E '  (E format). 

21-30 Poisson's ratio, v (F format). 

Additional cards for four-layer r ing only: 

1-10 Inside radius of layer, a. (F format). 
I 

1 1-20 Tangential modulus, E. (E format). 
I 

21-30 Radial modulus, E. (E format). 
I 

Poisson's ratio, v. (F format). 
I 



Output: 

INSIDE RADIUS original inner radius 

THICKNESS same as input 

INNER STRAIN computed residual strain on inner fiber, microinches/inch 

OUTER ST RAIN computed residual strain on outer fiber, microinches/inch 

.ALPHA size of gap i n  cut rings, radians 

Constants A, B, and C for  each layer. Under the l is t  of 
constants i s  given the source of input for that particular 
case. 

FORTRAN Listing: 

C RES,IDUAL S T R , A I N  D ~ S T R ~ B U T ~ O N  I N  F I L A M E N T  WOUND R I Y G S  
C E L A S T I C I T Y  TkEf lRY 
C UNIFORM AND N O N U N ~ F O R M  M A T E R I A L  
C 0,Ra DEWEY* 1 1 ~ 5 ~ 6 8 *  R E V I S E O . I * ( O - . & P  
C - 

D I M E N S I O N  R ( ~ ) ~ E T ( Q ) ~ E R ( ~ ) O G N ( ~ ) ~ F K ( ~ ) ~ R S ( ~ ) ~ A ~ ~ ~ D B ( ~ ) ~ C ( ~ ) D ~ " ( ~ ~ ) ,  
10(12r12)tDG(144)rS!(4~~SO~4) 

I W R I T E  ( 5 1 r 2 )  
l O E X  m 

2 FORMAT ! 1 H l  ~ ~ ~ ~ I Y I ~ S I D E ~ ~ X ~ ~ H T H ~ C K ~ ~ ~ X ~ ~ H ~ N N E R D ~ D H U E  5 x 1  
~ ~ H R A D I U S ~ ~ X ~ ~ H N E S S I ~ X I ~ H S ~ R A ~ N ~ ~ ~ ~ ~ H S T R A I N O ~ ~ O ~ H ~ L P H A / ~ / ~  

C I N  STATEMENT 5 0  N o  MUST B E  E ~ T H E R  I OR 4. 
5 READ ( 5 0 r 6 )  D I O T ~ S A O D C U T I N O  
6 FORHAT ( ~ ~ I ~ * u D I I )  

R I  = 0 1 / 2 *  
RC . DCUT/2 ,  
RO 0 ( D 1 * 2 a 0 * T ) / 2 ,  

8 I P ( N O * N E a l )  GO T b  1 0 0  
C 
C ~ R A M C H  FOR HOFOGtNE3US R I N G o - D I A M E T E R  MEASUREMENT 
C 

1 0  READ ( 5 0 r l E )  ETAV,ERAUoGNUT 
12 FORMAT ( 3 E I o * I J )  
14 H K = S Q R T ( E T A N / ~ R A O )  

I F ( D C U T 1  3 0 0 3 0 r 1 7  
1 7  AC ( R C - R I ) /  ( R I * I l * / E T A N  m I . / E R A D ) )  
( 8  BC ' A C * ( H C * * ( W K W \ * Q ) - R I * * ( H K ~ I ~ ~ ) ) /  ( ~ I * * ( H K - ) , ~ ) * R ~ * * ( * H K - I . ~ )  - 

I R O ~ * ( H K * I ~ ~ ) * ~ I * * ( I I H K ~ ~ ~ ~ ) )  
1 9  CC = A C * ( R I * * I - H ~ - I . O )  R O * * ( ~ H K - ~ ~ O ) ) / ( R I ' . ( ~ K . ~ I ~ ~ ) * R O * * ( ~ H K - I * ~  

I )  - R O * * ( H F - I . O ) * R I * * ( - H K - I * O ) )  
u R I T E  t 5 1 0 1 0 0 1 )  4 C r B C o C C  

1 0 0 1  FORMAT ( 6 0 x ,  3 E l 5 , 4 )  
2 0  s T R 1  F ( A C  B C * H Y * R I * * ( ~ H K * ~ . ~ )  & C C * H K * R ~ * . ~ H < ~ ~ . ~ ) ) * ( . U E ~ / ~ T A N  
2 1  STRB 8 IAC - BC*HK*RO**I-HK-I.~) 6 C C * H K * R B * * ~ H ~ ~ ~ , ~ ) ) * I . ~ E ~ / ~ ~ A N  
2 2  4LPHA = 6 , 2 8 3 2 * ~ C * (  I ,  " / E T A N  - I . " /ERAO)  



L 

C BRANCH FBR H B P B G t N E y U S  R I N G - - S T R A I N  MEASURED 0 %  IbJSIDE S U R F A C t  
C 

3 1  R O ~ T  ( r 0 - H K * ( R 3 * o ( H K - ~ , ~ ) * R I * * ( - Y K - ~ , o ) - 2 r o / R ~  9.2 4 R B 0 * ( - H K -  ( ( 0  
~ ) * R I " ( h K s l , n ) )  ( H I * * ( H K * I ~ ~ ) * R o * * ( - Y K - ~ ~ ~ )  - ? B * * ( H K - l . u ) *  HI** 
2 ( - W K n l , u ) )  

5 2  AC 8 E T A N * s A / U B T T  
3 3  B C  8 AC*(R~**(HK-(.O)-RI**(HK-I,Q)) / ( R l * * ( H K r (  . o ) * R B * * ( " H K ~ I ~ ~ )  

I - R B * * ( H K - I  ) * R I * * ~ - H K - I ~ o ) )  
3 4  c v  - A ~ * ~ ~ ~ * * ~ - ~ ~ - ~ . ~ ~ - R ~ * * ~ - ~ K - ~ ~ ~ ) ~ / ~ R ~ * * ( H ~ ~ ~ , ~ ~ * R ~ * * ~ - H ~ ~ I , ~ ~  

I - R B * * ( H K - I . ~ ) * R I * * ( - H K - I ~ ~ ) )  
W R I T E  ( 5 1 r 1 0 n 1 )  4C,BC,CC 

3 5  s T R I  = ( A C  - B C * ~ K * R I * * ( ~ H K ~ I ~ ~ ) + C C * ~ K * R I * * ( H K ~ ~ ~ ~ ) ) / E T A N  
3 6  STUB 0 ( A C  - ~ c * ~ K * R B * * ( ' H K I ( ~ o ) + c c * Y K * H B * * ~ H K * I ~ ~ ) ) / E T A N  
JH W R I T E ( 5 l r 3 F )  H I I T I S T R I ~ S ~ R B  
3 9  FORMAT ( 2 F  0 , 4 r 2 F  ,,* 1 r ~ X I ~ ~ H S ~ R A I V  GAGE D A T A - - H Y Y B G E N E B U S / / / )  
4 u  03 TB 2 9 9  .. 

I, 

C  RANCH FOR NBhHflMBGSNEUUS RING- 'D IAMETER YEASUREMENI  
C 

IUU I F  (Ne,NE,4)  4 8  TO 3 1 0  
READ ( 5 0 8 1 0 1 )  ( R ( J ) I E T ( J ) I E R ( J ) I G N ( J ) ~ J ~ I ~ ~ ?  

I U I  FBRMAT ( F I o , ~ I ~ E I ~ . ~ * F I I J ~ ~ )  
R B =  R (  I ) + T  
R ( 5 ) :  Rt) 

1 0 2  ne 1 0 4  ~ 3 1 . 4  
F K ( J )  = S Q F T ( t T ( J ) / E R ( J ) )  
R S ( J )  3 DCUT/2 .  + H f J ) - R ( I )  

1 0 4  CONTINUE 
1; ( D C U T )  l u Y 1 2 0 0 , 1 0 5  

1 0 5  no 1 0 9  1 = 1 . 1 2  
1 0 6  P t I )  a 0 9 0  

n B  1 0 9  J o ( r ( 2  
( 0 9  D ( I I J ) =  o r 0  

C FIRST RBW*-GAP SIZE 
CYANOt S I G N  1 1 "  I N S T E A D  BF 1 1 1  R  R *  

1 1 0  D (  I @  I )  * I *  
1 1 1  ~ ( 1 )  0 ( R ( ~ ) ~ ~ s ( ~ ~ ) / ( R ( I ) * ( ~ ~ ~ ~ E ~ ( I ~ - ~ ~ ~ ~ E R ( ~ ) ) )  

c SECBND R O W  - -  S I G Y A  H = BN I V S I D E  
1 1 9  D ( 2 4 1 )  0 1.0 
1 2 u  D ( 2 1 2 )  8 R ( I ) * * ( ' F K ( I ) - I ~ O )  
1 2 1  D ( 2 r 3 )  0 R ( I ) * * ( F K ( I ) - I , o )  

DB 1 4 9  I m I r 3  
C MATCH SIGNA R 

1 2 5  ~ ( 3 . 1 ,  3.1-2) c 1 1 0  
1 2 6  ~ ( 3 ~ 1 1  3.1-1) s R ( I * I ) * * ( * F K ( I ) - ( ~ O )  
1 2 7  n ( 3 * I r  3.1 o W f 1 + 1 ) * * (  F K ( I ) * I . o )  
12'3 ~ ( 3 ' 1 4  3 * 1 + 1 )  s - I , O  
1 2 9  ~ ( 3 . 1 ,  3 * 1 + 2 )  = - R ( I * ~ ) * * ( ~ F K ( I + I ) - I . ~ )  
1 3 ~  ~ ( 3 . 1 ,  3 * 1 + 3 )  s - R ( ! + I ) * * (  F K ( l + O - l , o )  

c MATCH R A D I A L  DISPLACEMENT u 
1 3 1  ~ ( 3 * I * l r 3 * 1 - 2 )  z (PK(I)**2-GN(I))oS(I+~)/ E T I I )  
1 3 2  D ( 3 * 1 + 1 , 3 * 1 - 1 )  3 - ( F K ( I ) + G N ( I ) ) * R ( I + I ) * * ( - F N ~ I ~ )  / E T ( I )  
1 3 3  ~ ( 3 ' 1 + l r 3 * I  ) c l F K ( 1 ) - G N ( I ) ) * R ( I + ( ) . . (  FK(II) / E T ( I )  
1 3 4  n ( 3 * l + l r 3 * 1 + 1 )  m - I F K ( I + I ) * * ~ * Q N ( I ~ I ) ) * R ( I * ~ ) / E ; T ( I + I )  
1 3 5  0 ( 3 * 1 + 1 1 3 * 1 + 2 )  o ( F K ( I + I ) + G N ( ~ + ( ) ) * ~ ( I * I ) * * ( - F K ( I + ~ ) )  / E T ( 1 * 1 )  
1 3 6  ~ ( 3 ~ I + l 1 3 * 1 + 3 )  s - ( F K ~ I + I ) ~ G N ( I * I ) ) * ? ( l + l ) o o (  F K ( I + l ) )  / E T ( I * I )  

C M A T C H  T A N R F h T I A L  DISPLACEWENT V 
1 4 1  ~ ( 3 ~ 1 + 2 , 3 * 1 ~ 2 )  c I r o / E T ( I )  ' I * o / E R ( I )  
( 4 4  ~ ( 3 * 1 + 2 1 3 * 1 + ( )  c - I * o / F T ( I + I )  + I . o / E R ( I + I )  
14Y CONTINUE 

C Rf ld 1 2 r  SIGMA R  8 AT O U T S I D E  
1 9 1  ~ ( 3 * N B r 3 * N e - 2 )  8 1 r 0  
( 9 2  ~ ( 3 * N 0 1 3 * N C m l )  8 S B * * ( - F K ( N B ) m l r O )  
( 5 3  n ( 3 * N 0 1 3 * N e  ) 8 R O * * (  F K ( N B ) w l r O )  

C CHANQE D ( I I J ) T O C ~ L U M N O D ( I I )  
!I . 0  
DO 1 5 5  J m l r 1 2  
DO 1 5 5  1 m l r 1 2  



1 l ~ I I + l  
( 9 5  D D ( I 1 )  P D ( 1 r J )  
196  CALL S I M Q  ( D D I F I ~ ~ ~ K S I G )  

I F ( K S I G ~ E Q . I )  GB TO 3 2 0  
C 
C S O L U T I ~ ~  I S  I N  F a  P ( l ) r F ( 4 ) r F ( l ) r , * * H ~ S  A ( l ) r A ( 2 ) . A ( 3 ) t r *  
C P ( ~ ) I F ( ~ ) * F ( ~ ) D . ~ * Y A S  B ( I ) , B ( ~ ) I B ( S ) ~ ~ *  
C C ( 3 ) r F ( 6 ) r F ( Q ) , , * , H A S  C ( I ) D C ( ~ ) ~ C ( ~ ) * . ~  ETCI 
C  

1 6 0  DO 165  J ' l r 4  
A(J) a F(3.Jw2)  
B ( J )  s F ( 3 . J w O  

165  C ( J )  @ F(3 .J  ) 
C 
c COMPUTE TAhGEKTIAL  S T R A I N  D I S T R I B U T I O N  
C  

DO 166  J a  11.4 
W R I T E  ( 5 1 1 1 0 0 1 )  4 ( d ) r B ( J ) r C ( J )  

1 6 7  SI(J) = ( b ( J ) -  B ( J ) * F K ( J ) * R ( J ) * * ( W F Y ( J ) - ~ * ~ )  : I ( J ) *FK(J ) *H(J ) * *  
l ( F K ( J ) w l , o ) )  E T ( J ) * l I u E 6  

168  S O ( J )  8 ( b ( J ) -  ~ ( J ) * F K ( J ) * R ( J * I  )**( 'CK(J)-~ 6 .  C ( J ) * F K ( J ) ' R ( J + ~  
I ) * * ' ( F K ( J ) - I , O ) )  1 E T ( J )  * I ~ Q E ~  

I 7 0  ALPHA = ( ~ . o / E l ( o  - l e r j / E R ( p ) ) * 6 , 2 8 3 2  * A ( ( )  
W R I T E  ( 5 1 , 1 7 4 )  R ( I ) ~ T ~ S ~ ( ( ) ~ S O ( ( ) , A L P H A  

1 7 4  FORMAT ( I H ~ ~ F Y . ~ , F ~ ~ ~ ~ I ~ F I ~ *  1 , F l  o . 5 r S X , 4 7 H D I A ~ E T R  MEASURfMtNTm-NO 
~NHBM~GENEOUSI 4  L I V t R S  
DO 179  Jo2 .4  

( 7 9  W R I T E  ( 5 1 , 1 8 1 )  q t J ) r S I ( J ) r S e ( J )  
181  FORMAT ( F 1 0 a 4 ~ 1 0 X , 2 F 1 0 ~ l )  
1 8 3  w i t I T E  ( 5 1 ~ 1 8 4 )  
104  FORMAT ( l H o / / / )  

1DEX a  I D E X  * 5 
C 
C HRANCH FOR NBhHBM0GENEOUS R I N G r r S T R ~ 1 N  YEASVREIJ ON I N S I D E  SURFACt 
C 

2 0 u  I F  ( S A )  2 0 1 1 2 Y 9 ~ 2 ~ 1  
2 0 1  n e  2 0 5  I =  1 ,12  
2 0 5  F ( l ) a  0 * 0  

DO 2 0 5  J m l r  12  
2 0 5  ~ ( I P J ) ~  0 9 0  

F ( 0  = s A 9 l . o E - 6  
C 
CBEPFICIENTS--CBLUHN 1 8 4 1 7 r 1 0 - r A 1  2 r 5 r B , l l - - B .  3 . 6 r 9 , ( 2 - - C *  
C F I R S T  RBW --  STR41N READING 

2 1 1  D ( 1 ~ 1 )  = I . o / ~ T ( I )  
2 1 2  D ( I r 2 )  = - F H ( I ) * R ( I ) * * ( ~ F K ( I ) ~ I ~ Q ) / E T ( I )  
2 1 3  n ( l r 3 )  = F K ( I ) * R ( I ) * * ( F K ( ~ ) ~ ~ I o ) ~ E T ( ~ )  

C SECOND ROW -r SI~MA R  U ON I N S I D E  
2 2 1  ~ ( 2 r l )  g 1.0 

111 * u E b  
2 2 2  D ( 2 r 2 )  = R ( ~ ) * * ( w F K ( l ) - l * o )  

111 * g E 6  
2 2 3  n ( 2 , 3 )  = H ( ( ) * ' ( F K ( ~ ) - I * o )  

I / I  * o E b  
C I N S I D E  RgWS MATZH SIGMA R, U, V AT T H E  INTERFA:€ 

ne 2 5 9  1 = 1 1 3  
C MATCH S I G M A  F 

2 3 1  ~ ( 3 ' 1 r  3.1-2) : 1e0 

p a ~ ' ( l f ~ : :  3 ' 1 - 1 )  = R ( I * ~ ) * * ( - F K ( I ) - I ~ o )  
1 1 1 * u f 6  

233 ~ ( 3 . 1 ,  3'1 ) = R ( I + I ) * * ( ~ K ( I ) w I . o )  
l / l  * U E 6  

2 3 4  D(3.1, 3 * 1 + 1 )  0 -1.0 
1 / 1  # g E b  

2 3 5  ~ ( 3  1, 3 * I + 2 )  5 - R ( I * ~ ) * * ( ~ F K ( ~ + ~ ) ~ ~ , ~ )  

" ' * tE6 3 * 1 + 3 )  a  - . ( I+(  ) * * ( F K ( ~ * I ) - ~ . u )  2 3 6  D ( 3  18 
1 1 1  * u E 6  



C MATCH U  
2 4 1  D ( 3 * 1 + 1 1 3 * I - 2 )  a t F K ( 1 ) * * 2 s G N ( I ) ) * H ( 1 * l )  / E T ( f )  
2 4 2  ~ ( 3 * 1 + 1 , 3 * 1 - 1 )  m - ( F K ( I ) * G N ( I ) ) * R ( I + I ) *  ( - F ' K ( I ) ) I E T ( l )  
2 4 3  0 ( 3 * 1 * 1 1 3 * I  ) a tFK(I)-GN(I))*R(I+l)**(FK(I)j I E T ( 1 )  
2 4 4  n ( 3 * I * ( r S * I + l )  o -~FK(I*I)**~-QN(I*())*R(I+~)/ET(I+I) 
245 0 ( 3 * l * l r S * I + 2 )  8 ~FK(I+I)+GN(I+I))*R(I*I)**~-PK(I,I))/ET(~+~) 
246 ~ ( 3 * 1 * ~ 1 3 * 1 + 3 )  t - ( F K ( I + I ) - G N ( I + I ) ) * R ( ~ + ~ ) * * (  F K I I + I ) ) / E T ( I * I J  

C MATCH V 
2 3 1  D ( 3 * 1 + 2 , 3 * 1 - 2 )  a 1 * 0 / f T ( 1 )  ~ I . o / E R ( I )  
2 5 4  n ( 3 * 1 * 2 , 3 * 1 + 1 )  o - I , o / F T ( I * I )  I . o / E R ( I ~ I )  
2 5 9  CONTINUE 

C L A S T R B W , S I G M A R O O A T B U T S I D E  
2 6 0  0 ( 3 * N 0 , 3 * N C * 2 )  t I ,o 

1 1 1  . g E 6  
2 6 1  ~ ( 3  N e , 3 * h e - l )  = R O * * ( - F K ( N B ) - I , O )  

l / l * g E 6  
2 6 2  D ( 3  N013'Ne = R d * * ( F K ( N B ) a l e o )  

j /  e o E 6  
C P L A ~ ~  ARRAY D(I,J) I N Y O  COLUMN FORM DO(!!) 

11s n 
n 0  2 6 5  J = l 1 1 2  
DO 2 6 5  1 = 1 1 1 2  
I I ~ I 1 * 1  

2 6 5  n o ( 1 1 )  o o ( 1 1 J )  
266 C A L L  S I M Q  ( D D * F , 1 2 r K S I G )  

I P ( K S I G * E Q . I )  GO TO 3 3 0  
2 7 0  DO 275 1 . 1 ~ 4  

A ( I )  = F ( 3 * 1 - 2 )  
B ( 1 )  F ( 3 * I * I )  

273  C ( I )  m F ( 3 . I )  
C S T R A I N  D I S T R I F U T I ~ N  

DB 2 8 0  J a l r 4  
w 3 l T E  t 5 1 r l u 0 1 )  ~ ( J ) , B ( J I I C ( J )  

278 s I ( J )  ( A ( J ) - R ( J ) * F K ( J ) * R ( J ) * * ~ * F K ( J ) - I ~ ~ ) + C ( J ) * F K ( J ) * R ( J ) * * ( F K ( J  
O - I * o ) ) / E T ( J )  ( . o E 6  

2 8 0  S B ( J )  ( A ( J I ~ R ( J ) * F K ( J ) * R ( J + I ) * * ( - F K ( J ) ~ I ~ ~ )  * : I ( J ) * F K ( J ) * H ( J + I )  
I ** (FK(J) I I .O))  / E T ( J )  1 , 0 E 6  

2 8 1  A L P H A  = ( ~ . ~ / t T ( l )  I . o / E R ( I ) ) * ~ . ~ ~ ~ ~ * A ( I )  
WRITE ( 5 1 , 2 8 4 )  R((),P,SI(~)~SB(I),ALOH+ 

2 8 4  FORMAT ( ~ H ~ , F Y ~ ~ ~ F ~ ~ ~ ~ ~ ~ F ~ o ~ I I F ~ ~ , ~ D ~ x D ~ ~ H S T R A I N  M E A S U R E M E N T ~ - N B N H  
10MOGENEBUSD 4  LAYERS 
DB 286 J o 2 r 4  

286 u R I T E  ( 5 1 , 2 8 8 )  R ( J ) r S I ( J ) r S B ( J )  
2 8 8  FORMAT ( F I O . ~ ~ ~ O X , ~ F I U . I )  
2 9 ~  WRITE ( 5 1 ,  1 8 4 )  

I D E X  E I O E x  * 5 
2 9 9  l D E X  = I D E X  I 
3 0 ~  1F ( I D E X - 2 5 )  5 , l r  1 
3 1 0  w R I T E ( S I , ~ I  1 )  
3 1  I CORMAT( ~ H ~ D ~ ~ H S O ~ R Y ~  T H I S  PRUGQAY BNLY WBRKS FOR FOUR LAYEUS, )  

GB 7 8  2 9 9  
S 2 u  ~ R I T E ( 5 1 , 3 1 2 )  
3 1 2  FORMAT( I H ~ D ~ ~ H S U ~ R B U T I N E  S I M Q  Q E P B Q T S  SINGULAR E I U A T I f j N S )  

no T O  z o o  
3 5 0  w R l T E ( 5 1 ~ 3 1 2 )  

GB TR 2 9 9  
END 

C 7141s IS B R h L  F n 4 o U 1  bF 1 / 6 7  
C 

SIMQOUI 
* e * * . ~ . . ~ ~ . ~ * * . * ~ . e . ~ * ~ ~ * * ~ ~ * s ~ * ~ e t a ~ . . ~ . S I M Q  0 0 2  

C 0 0 3  
G SUBROUTINE S l q ~  S l M Q  0 0 4  
C S IMO 0 0 5  
C PUHPBSE S I M Q  0 0 6  
C BBTAIN S~ILUTIUN flF A SET OF SIYULTANESUS L I N E A R  EQUATIONSI S I M O  0 0 7  
c A X E H  s ~ n a  oue 
C S IMO 0 0 9  
C USAGE S I M O  0 1 0  
C CALL S I k Q ( P r B , N r K S )  S I M Q  0 1  1 
c SIMO 0 1 2  



U E S C H I P T I B N  t3F P A R A M E T E R S  S I M Q  013 
A r A T H I X  OF COEFFICIENTS STOQED C O L U H N ~ I S E ,  THESE A ~ E  S I M O  014 

CESTREIYE~ IN THE cOMPUTATIBN~ THE SIZSI OF MATRIX A IS SIMQ 015 
h  B Y  N *  S I M Q  016 - V E C T B U  AF R R l G l N A L  CONSTANTS ( L E N G T H  N ) .  THESE ARE S I M O  017 
F E P L A C E D  B Y  FINAL SOLUTIBN VALUES, V E C T U R  X. SIMQ o l e  

N  - hUMtiER OF E Q U A T I O N S  AND V A S I A B L E S  S I M P  019 
k S  OUTPUT O I G I T  S I M O  020 

0  F RR A  NORMAL SOLUT!BN S I M Q  021 
I FOR A  S I N G U L A R  SET OF E 3 U A T I B N S  S I M O  022 

S l M Q  023 
REMARKS S I M Q  024 

M A T R I X  A  M ~ S ?  B E  GENERAL, S I M O  025 
I F  M A T R I X  I S  S I N G U L A R  r  SOLUTISN VALUES A R I I  MEANINGLESS,  S I M O  026 
AN ALTERNATIVE S B L U T I O N  YAY BE OBTAINED R Y  U S I N G  M A T R ~ X  S I M Q  027 
I N V E f i S I O N  ( M I N V )  AND M A T R I X  PRSDUCT ( G M P R D ) .  S I M P  028 

S I M O  029 
SIJHROUTINES AUD F U N C T I e N  S U ~ P R O G R A M S  REQUIRED S I M Q  050 

NONE S I M O  031 
S I M O  032 

METHUD S l M O  033 
METHeD OF S O L U T I B N  I S  HY ~ L I M I N A T I O N  USING LARGEST P l V U T A L  S I M Q  ~ 5 4  
DIVISRRI  E 4 C H  S T A G E  B F  f L I " l I N A T I 3 h !  CONSISTS OF INT~RCHANGINGSIMQ 035 
ROWS WWtN NECESSARY TO A V O I D  D I V I S I O N  BY ZFRB BR SMALL S I M O  036 
ELEMENTS,  
THE FoRr(ARD SB.LUT l Y #  TB ~ B T A I N  V A R I A B L E  hl I S  DONE '!N 
N  STA!;ES, THE HACK S d L U T I d H  F O q -  THE OTHER J A R I A B L E S  1,s 
CALCCLATED BY S U C C E S S I V E  SUBSTITUTIONSI  F I U b L  SOLUTION 
VALUES ARE DEVELBPED I N  VEZTBR 6 ,  WITH V A R I A B L E  1 I N  8 (  1 ) r  
V A R I A B L t  2 I N  B ( Z ) r . r . t . e , . r  V A R I A B L E  N  I N  B ( N ) .  
I F  Ne P I V O T  CAN RE FBUND EXCEEDING A  TOLERPNCE OF U * U *  
THE C A T H I X  I S  CONSIDEREU S I N G U L A S  AND K S  I S I S E T  TO 1 ,  T H I S  
TOLEKANCE CAN RE k 0 D l F i f O  3 Y  REPLACING TUE F I R S T  STATEMENT, 

S I M Q  "57 
S I M O  038 
S I M Q  039 
S I M O  040 
s I m  041 
S I M O  042 
S I M Q  043 
S I M O  044 
S I M Q  045 
S I M P  046 

C ,. l . . e ~ e ~ . ~ . I ~ e e t e * * * t ~ ~ ~ ~ . . . e * * * * * *  047 
C S I M O  048 

S U B H B U T I N E  S I M Q ( 4 , B r N r K S )  S I M U  049 
D l M f N S I O N  A ( 1 4 4 ) r  B ( 1 2 )  

C S I M O  051 
C FORWARD S B L U T  1  ON S I M O  052 
C S I M O  053 

T o L C 0  I 0  S I M Q  054 
K S Z u  S I M Q  055 
J J o W N  S I M O  056 
no 65 J = I , ~  SIMU 057 
J Y = J +  I S I M P  050 
J J s J J + h I +  I  S I M Q  059 
R I G ( L c n  S I M O  060 
I T s J J - J  S I M Q  0 6 )  
ne 3 0  I = J # ~  SIMQ 062 

C S I M Q  063 
C SEARCH FOR MAXIMUM C O E F F I C I E N T  I N  COLUMN S I n Q  064 
C S I M Q  065 

I J n I T * I  S I M U  066 
I F ( A B S ( B I G A ) w A B S ( A ( I J ) ) )  2 0 , 3 0 r 3 0  S I M Q  067 

20 A I G A n A ( 1 J )  S I M P  068 
I M A X m I  S I M O  069 

3u C O N T I N U E  S I M U  070 
C S I M Q  071 
C T E S T  FOE PIVOT L E S S  T H A N  TOLERANCE ( S I N G U L A R  * k T R I X )  S IMO 072 
c s lno  073 

! F ( A B S ( B I G A ) - T B L )  3 5 r 3 5 r 4 0  SIMQ 074 
35 K S U I  S I M Q  075 

RETURN S I M Q  076 
C S I M O  077 
C ~ N T E R c H A N G E  ROWS I F  NECESSARY SIMO 078 
C SIMO 079 

4 0  1 l m J + N * t  J-2 SIMQ 0 8 0  
! t . IMAX*J  S I ~ O  ,al 



DO 5 0  K S J p R  
11'1 I*N 
12=I ( + I T  
SAVE=A( I I ) 
A ( I I ) ~ A ( I ~ )  
A(I2)mSAVE 

C 
C DIVIDE E U U A T I d N  B Y  LEADING COEFFICIENT 
C 

50 A(IO=A(Il)/PIGA 
SAVEaB(IMAX) 
B(IMAX)=B(J) 
R(J)=SAVE/EIGA 

C 
C tLIMIkATE N E X T  V A R I A B L E  
C 

IF(J-N) 55,70155 
55 IQSnNe(J-1) 

no 6 5  I X + J Y , N  
IXJ=lOS*IX 
IT=JsIX 
D O  6 n  JXBJYIN 
IXJXON*(JX-I)+IX 
JJX=lXJX+IT 

6 0  A ( I x J x ) ~ A ( I x J X ) W ( A I I X J ) * A ~ J J X ) )  
65 B ( I x ) = B ( I x ) - ( ~ ( J ) ~ A ( I X J ) ~  

C 
C BACK SBLUTIBN 
C 

7 0  N Y = N - I  
1 T a N e N  
DO 80 J m l r h Y  
I 4=IT-J 
I B = N - J  
I C=N 
DO 80 K m l r v  

R(IB)=B(I~)-A(IA).B(IC) 
I&=lA-N 

80 IC=IC-( 
RETURN 
END 

SIMO 082 
sIna 083 
SlMQ 084 
sIno 085 
SIMO 086 
s1no 087 
SIMQ 088 
SIMQ 089 
SIMO 090 
SlMU 091 
SIna 092 
SIMQ 093 
SIMQ 094 
SlMU 095 
SIMQ 096 
SIMQ 097 
SIMO 098 
SlMQ 099 
SIMQ 100 
SIMQ 101 
sInu 102 
SIMO 103 
SlMQ 1 ~ 4  
SIMQ 105 
SIMO lo6 
SIMQ 107 
SIMQ 108 
SIMQ 109 
sInQ I I O  
SIMQ I I I 
SInQ I 12 
SIMo 113 
SIMQ I14 
SIMQ 115 
SlMQ 116 
SIMO ( 1 7  
SIN0 118 
SIMP ( 1 9  
SIMO 120 
SIMQ 121 
SIMQ I22 



Residual Strain Distribution in  Filament-Wound Rings .- Strain Distribution 
by the Curved-Beam Theory for Uniform and Nonuniform Material 

This program util izes the equations of the curved-beam theory (Page 19) 
to compute the residual strain distribution i n  rings where there i s  either a 
uniform o r  nonuniform distribution of fibers in  the radial direction. Minor 
modification i s  required i f  other than one or  four-layered rings are to be 
analyzed. 

Input: (One init ial card for each ring. If the modulus of elasticity varies in the - 
radial direction, there i s  one additional card for each layer.) 

Init ial Card: 1-10 Inside diameter (F format). 

1 1-20 Thickness (F format). 

21-30 Inner strain reading, microinches per inch (F format.) 
May be left blank. 

3 1-40 Inside diameter after cutting (F format). May be left 
blank. 

41-50 Number of layers, either 1 o r  4. 

Additional cards for four-layer r ing only: 

1-10 - Modulus of elasticity (F format). Note: the program 
uses ratios of E; thus, i t  i s  usually more convenient to 
enter E without the lo6. 

0 utput: 

INSIDE RADIUS original inside radius 

THICKNESS (same as input) 

R location of neutral surface 

INNER STRAIN computed residual strain on inner fiber, microinches/inch 

OUTER STRAI N computed residual strain on outer fiber, microinches/inch 

GAP SIZE computed width of opening of cut r ing at r = a 
source of input for  computed data 

1 



FORTRAN Listing: 

C R E S l D U A L  S T f i ~ 1 h  D I S T R I B U T  ON I N  F I L A M E N T  WOUND R I ~ G S  
C S T R A I N  D I S T R I P U T  ~ B N  B Y  C U R V i D  B E A ~  THEB2Y 
C UNIFORM AND NBNUNIFORM MATERIAL 
C 0 , R t  DEWEY* l f l w 1 5 - 6 8  

D I M E N S I O N  E ( 4 ) r  q ( 5 ) r  E T ( 4 )  
EQUIVALENCE ( t ( l ) , E T ( l ) )  

1 W R I T E ( 5 1 , 2 )  
I D E X  8 0 

2 FORMAT ( ~ H ~ ~ ~ X ~ ~ H . ~ Y S I D E ~ ~ X ~ ~ H T H ~ I C K ~ ~ ~ X ~ ~ H R , ~ X ~ S H I N N E R ~ ~ X ~ ~ ~ ~ U T ~ H ~  
I Q X I ~ H G A P )  

3 w R I T E ( 5 . 1  r 4 )  
4  FORMAT ~ S X ~ O H H A D I U S ~ ~ X P ~ W N E S S ~ ~ ~ X ~ ~ H S T ~ A I N ~ ~ ~ ~ ~ H ~ T R A ~ N ~ ~ ~ S ~ H ~ ~ ~ ~ )  
5 R E A D ( 5 0 n 6 )  u I ~ T ~ S I I D C U T I N U  
6  F O R M A T ( ~ F I ~ , Q ~ I I )  

R I  = u 1 / 2  
6 I F . ( N f l - l  ) 2 0 1 2 0 < 9  
9 TOP 3 0 1  

9 8 1  0 1  
I U  R E A D ( T ~ ,  I l ) ( E ( J ) r J m l r 4 )  
1 I FORMAT ( 4 F 1 0 9 ~ )  

R ( I )  = RI 
1 4  n e  1 8  J e l r 4  

R ( J + l )  8 R ( J )  + T / 4 * u  
TOP = TBP E ( J ) * T I 4 * 0  

1 6  B B T  = E ( J ) * A L U G ( ~ ( J + I ) / R ( J ) ) +  387  
1 9  RNA 3 TBP/EBT 

GO T B  30 
C N t U T R A L  SURFACE FOR E  = CBNSTANT 

2~ RWA = T / ( A L R G ( ( R I + T ) / R I ) )  
3 0  I F ( S 1 )  3 1 ~ 4 0 r J 1  
3 1  SO = - ( R I + T - R N A ) / ( R N A - R I )  R I / t R I + T ) *  3 1  

WRITE t51tJ3) R I D T , H N A P S I , S B  
33 FORMAT ( I H ~ ~ ~ F ~ ~ , ~ , ~ F ~ ~ . ~ ~ I ~ X ~ I ~ W F R B Y  S T R A I R  GAG:) 
4 0  ! F ( D C U T ) 4 1 ~ 5 f l r 4 1  
4 1  GAP = (DCUT * - D I ) / 2 e  

CON= G A P / R I  
S I  = - C 0 N o ( f i N A - S I ) / R I  . 1 , 0 f 6  
$0 = C ~ ~ N * ( F I + T - R U A ) / ( R I * T ~ * ~ * O E ~  
WRITE ( 5 1 8 4 3 )  Q I r T , R N A , S l r S B n G A P  

4 5  FBRMAT ( 1 H ~ , 3 f - 1 ~ ~ 4 r 2 F 1 ~ .  I , F I O * ~ ~ ~ X ~ ~ S H F R B M  D I A M E T E R  M E A S U R ~ M ~ N T )  
5 0  !OEX = I D E x  + I 

I F  ( I D E X  - 2 8 )  5 r 5 , I  

END 




