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ABSTRACT 

A theoretical relationship between material parameters 
(physical and geo~etricai) and stripline ferrite circulator 
functions has been developed. 
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FOREWORD 

Radar duplexers have taken various forms as requirements have 
evolved· through the years. •The ferrite cirC'ulator approach has 
only recently come into active consideration. Later, aninvesti
gation was initiated for the purpose of determining manufacturing 
processes for ferrite circulators and defining process controls; 
included was an effort to establish better correlation among · 
several ~·mpirically developed parameters. This report treats 

.the mathematical model developed in this endeavor. 
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·Section I 

THE FERROMAGNETIC PROPERTIES 
OF FERRIT~S 

1.1 Preliminaries 

An exact description of ferromagnetism on the microscopic 

or atomic ·level can only be obtained by the principles of 

quantum mechanics. Such an approach could be carried out, but 

the expenditure_of time and energy would be disproportionate 

to the amount of physical insight gained from the analysis. 

Instead, the ferrite material properties will be studied on 

the macroscopic level by simple classical theory. 

A second complication in any discussion of ferrite material 

properties is that no uniform system of magnetic units is . 

employed in the literature, the m-k-s· (pract"ical) system and 

the Gaussian··system appearing with nearly equal frequency._ 

A complete discussion of the relationships between these two-. 

sets of units is available in Appendix D of Soohoo. (1960) . 

In the development of the essential parameters of ferrites· · 

in this section, the m-k-s system a·f units will be employed. 

However, since most ferrite manufacturers specify ferrite 

magnetic p~operties in Gaussian units, the latter system will 

be used in the design procedure for a circulator. 

1.2 The Fundamental Equations of Magneto Dynamics 

It can be shown [see for example, S:oohoo r 1960) , Chapter 4] 

that the ma.~tietic behavior of ferrites is due to unhalanced 

electron spins among atoms of the iron transition group (iron, 

nickel, cobalt) in the unit cry~tal structure of the ferrite. 

Associated with each of these unbaianced electron spins is an 

angular momentum vector, 

2 



... 

-+ -+ 
I = Jh 

where 
I j I = IJ (J+l) 

( 1-1) 

.(1-2) 

J being the angular ~omentum quantum number and where 

h 
fi = ( 1-3) 

with h as Planck's constant . . Classically, the torque 

acting on each of those spinning·electrons is 

-+ 
~ = h dJ 

dt 
(1-4) 

• -+ 
If the spinning electron is placed in a magnetic f1eld H, 

then, 
-+ . -+ "-+ 
1" = ll X H, ( 1-5) 

given 

( 1-6) 

In equation (1-6), g is the Landau g-facto~ (g = 2 for 

a free electron), llo is the free space magnetic permeability, 

e is the positive electronic charge 1 : and m is the electronic 

mass. · 

From equations (1-1) and (1-6) the ratio of spin magnetic 

moment to angular momentum may be catculated; this ratio y is e 
known as the gyromagnetic ratio, 

· I;; I 
Y = -~ = -g l.loe 

e Iii 2m ( 1-7) 

(The negative ~ign occurs since I and tt are oppositely directed.) 

Numerically, for a free electron and approximately for most 

ferrit~ materials (See for e~ample, Soohoo, [1960], pp 68-72), 

Ye = -2.21 x 10 5 (r~d/sec)/(amp-turns/meter). 

( 1-8) 

By using the definition of the 9Yromagnetic ratio, and 

equating (1-4) and (1-5), 
-+ 

dl.l - -+ -+ dt - Yell x H (1-9) 

... 

3 



From this microscopic property of the individual elec.trons, 
+ + 

a macroscopic equation may be obtained. Let M = Nll be the 

magnetic moment per unit volume, where N is the number of 

unbalanced electron spins per unit volume of ferrite material. 

Thus, the macroscopic magnetodynamic equation will be 

+ 
dM + + 
dt = Ye M x H. (1-10} 

The physical interpretation of equation (1-10} is that 

the individual electron spin magnetic moments ~ precess 
. + 

continuously about H in the locus of a cone without change in 

magnitude (Soohoo [1960], pp 60-63}. The precession or gyro

magnetic frequency of this process is (Lax and Button [1962], 

pp 145-147} 

wo= -ye IHI rad/sec. (1-11} . 

+ 
Such a process is rather unrealistic, since ll would never 

align itself with the applied field to achieve complete 

magnetization of a ferromagnetic material. A more realistic 

procedure is to add a damping term to (1-10} so that 

+ 
dM 
dt = 

+. + a + + + 
Ye [M x H + JAI; M x ( M x H)] (1-12} 

where a is a dimensionless damping parameter. 

If a <0.1, as is usually the case, equation (1-12} may 

be written: 

dM = dt 
+ + a 

~e [M x H] + 
'' I"MI (1-13} 

The net physical e~~ect ot the damping term is that under an 

a.pJ?_lied ;field all SJ?in moments~ precess about H in smaller and 

smalle~ cones; ;finally lining up withH as they should. 

1.3 The Ferrite Permeability Tensor 

In this section the behavior of the magnetization M is studied 

when superpose<;} r-f and d-e fields are applied to the ferrite 

material. Three assumptions will be made in this analysis: 

4 



(1) the d-e magnetic fields will be directed along the z-axis, 

(2) the .ferrite material is assumed to be in saturation so that 

the d-e magnetization along the z-axis is essentially Mo, the 

saturated value, anq (3) the r-f magnetic fields.are very small 
+ + . 

compared to the d-e magnetic fields.· Therefore H and M 1n the 

ferrite will take the form 

~ = ~zHi + ~ E~P (jwt) (1-14) 

+ + . 
azMo + m EXP (jwt) (1-15) 

. + + 
where H. is the d-e magnetic intensity in the med1um, h and m 

1 

are the r-f field and magnetization respectively, .w is the angular 
+ 

freq"!lency of the r-f field, and az is a unit vector along the 

z-axis. 

The substitution of equations (1-14) and (1-15) into (1-13) 

and the negl~ct of all terms in ~ and ~ higher than first order 

gives, 

. + + + + + 
JWm = YeMo (az x h) + (w 0 + jwa) (az x m) 

(1-16) 

where wo = -y H. is the precessional frequency of an electron e 1 

in the magnetic field Hi. 

terms· ·of unit 
+ + + 

In vectors a x' a y' a of the 
z 

Cartesion co-

ordinate system, the r-f field and magnetization may be written as, 
.. 

+ + + + 
m = a m "+ a m + a m 

X X y y z z 
+ + + + 
h = a h + a h + a h 

.. X X y y· .Z z 

If (1-17) and (:1-18) are substituted.:in (1;...16), then 

jwmy = yeM 0 hx + (wo :+ jwa)mx 

jwm = 0 z 

(1-17) 

(1-18) 

(1-19) 

(1-20) 

5 



.... ' 

It is now a simple matter to solve for mx and my in terms 

of hx and hy, 

with 

mx =( Xhx - jK.hy) J.l 0 

Illy =( jKhx + Xhy.) J.lo 

X = 

11:: = 

(wo · + jwa) wm 

(w 0 + jwa) 2 -w 2 

-WWro 
2 2 

(wo + j wa) -w 

(1-22) 

( l-2 3) 

(1-24) 

(1-25) 

(1-26) 

The usual approach is to put equations (1-22) and (1-~3) 

in matrix form, 

m x· -jK 0 
X 

m 
J.lo 

jK X 0 y = 
mz 0 0 0 

and to define a susceptibility tensor X+ as 

X 0 

++ 
X = X 0 (1-28) 

0 0 0 

so that equation (1-27) becomes 

(1-29) 

In general, the elements x and K occurring in the 

susceptibility tensor are complex numbers. By rationalizing 

(1-24) and (1-25) these elements become 

x: = X:' - jX II 

K. = K. I - ·K II 
J 

·where, 

(1-30) 

( 1-31) 

6 .. 



x' LlJmwo · [w~ + w2(a2 -1)] = 
[til~ -w2 (1 +a2)]2 +4w 2 w~a 2 

(1-32} 

X" = !lJniW<l [w~ + w2 (1 + a 2} ] (1-33} 

[w~ -w2 (1 +a.2}]2 +4w 2 w~a 2 

K' = -wmw[w~ -w 2 (1 +a2}] 

[w~ . 2 
-(J) (1 +a 2 }] 2 +4w 2 w~a 2 ( 1-34} 

2" 2 
K" = - <iloW <lWm, 

·[w~ -w 2 (1 + a 2 }] 2 +4w 2 w~a 2 (1-35} 

. + 
In the mks system the r-f·magnetic flux dens1ty b can be 

++ 
written in terms of the .Polder permeability tensor, ll, as 

:+ ++ :+ + + 
b = ~ h = m + lloh (1-36} 

+ ++ 
By the definition of m, equation (1-29) , ll must then be 

++ ++ ++ 
ll=llo(X+I} (1-37} 

++ 
where I is a 3 X 3 unit matrix. In other words, in a 

cartesian co-ordinate system, 

ll 
++ 
ll = llo jK 

0 

ll = 

so that by equation (1-36} 1 

b ll 
X 

by = llo jK 

b u z 

-jK 

ll 

0 

1 + X 

-jK 

ll 

0 

0 

0 

1 

0 

0 

1 

h 
X 

(1-38} 

(1-39} 

h (1-40 }. 
y 

h z 
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1-4. Magnetic Losses and Ferrite Resonance Line Width. 

It can be shown that the presence. of the imaginary parts 

of X and K, X"- and K", results in ferrite magnetic losses. 

(See, for example, chapters 5 and 7 [Soohoo, 1960] l ... For 

a fixed Wo or Hi, X" and ~" may be shown by differentiation 

with respect to w to attain a maximum value at 

( 1-41) 

Thus in order to avoid high magnetic losses, frequencies of 

operation near the gyromagnetic resonance frequency, wo, should 

be avoided in the design of circulators. 

F:urthermore, an examination of X" and K", as given by 

equations (1-.33) and (1-35), shows that for a<<l (as is usually 

the case) and w not in the vicinity ~f w0 , 

X" ~- WuJWa ( w ~ + w 
2 

) 

(w~-w2)2 

2 2 
K" 'V :_WoW awlU 

"'c·2 2>2 w0 - w 

(1-42) 

(1-43) 

The two equations just given state that K." and X", and 

hence the magnetic loss, vary directly with the damping para

meter a, and with the saturation ma~netization. 

Two other physical phenomena associated with the damping 

parameter are· :the gyromagnetic relaxation time and the 

gyromagnetic resonance line width. On the assumption that a 

is independen·t of frequency, or nearly so, a gyromagnetic 

relaxation time T is defined as 
r 

1 
T = r wa (1-44) 

Typic~\lly, this relaxation time is of the order of several 

hundred pico seconds and represents physically an estimate 
.. 

of the minimum time required to magnetize the ferrite. 

8 



The gyromagnetic resonance line width ~H is usually defined 

as the difference between the magnetic field values at the 

gyromagnetic resonance frequency, w
0 

, that reduce x" to one 

. half its value at resonance. In other words, 

X" (H· + 1/2 ~H) = l/2.·X" (Hi) 
1 -

w = w0 w = w0 

(1-45) 

This relation is also illustrated in Figure 1.1. 

x" 

x" (Hi 

H 

Figure 1.1 Resonance Line Width 

In order .to calculate ~H in terms of a, ye, and w0 , it 

will be assumed· that a<<l. By defining 

w' = -y [H. + 1/2 ~H] o e 1 -

and then replacing w and w
0 

in equation (1-33) by w0 

respectively, equat.i.on (1-45) can be written as 

a w
0

wm [w~ + (w~) 2
] ·· 

"' 1 
"' 2 

(1-46) 

and w' 
0 

( 1-4 7) 
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Solution of (1-47) gives, 

wl = wo v'l + 2et. '\.. wo. (1 + a) (1-48) 0 '\.. 

or 2w 0a 
l\H = - (1-49) 

y e 

by using equation (1-46). Most suppliers of ferrite materials 

measure the gyromagnetic resonance line width at some specified 

value of w0 ; the necessary value of the damping constant can be 

inferred from the above equation. 

1.5 Dielectric Behavior· of Ferrite Materials 

A number of mechanisms contribute to the·dielectric behavior 

of ferrite materials in the frequency spectrum from zero to the 

ultra-violet region. In the microwave region, which is the 

frequency range of interest in this report, the principal 

mechanisms are electronic polarization and atomic polarization. 

Electronic polarization is due to the displacement of electrons .. 

·with respect _to the atomic nuclei in the presence of an applied 

electric field. Atomic polarization results from th~ movement· 

of cations and.anions within the crystal under the influence 

of an applied field. 

In generaL, the relative dielectric constant of a ferrite 

material is a complex number, 

E = £I - je:" 
r 

(1-50) 

Over the. J1licrowave region e: 1 for most ferrites, inclU<;ling 

yttrium-iron -garnets, tends to remain relatively constant. On 

the other han<;l, £ 11
, which is proport.i;onal to di~lectric losses, 

tends to vary:approximately as 1/w, i.e., inversely with frequency. 

10 



This loss mechanism is probably due to resonance of ions in the 

crystal lattice structure at higher microwave frequencies and 

to migration of free charge. carriers in the macroscopic.struc

ture of the polycrystalline ferrite material at the lower 

microwave frequencies. [For more information, see Soohoo (1960), 

Chapter 3 or Clarricoats (1961), Chapter 2]. 

An alternative specification of the dielectric loss is 

. the loss tangent: 

tan o = (1-51) 

As might be expected from the above discussion the loss 

tangent also varies with 1 as did £". 

w 

1.6 The Lossless Permeability Tensor 

Many of the basic equations in ~irculator design can be 

deduced satisfactorily under the assumption that the ferrite 

has no magnet~c losses, i.e., that~·= 0. For such a case 
++ 

the elements of the permeability tensor ~' equation (1-40), 

are all real :·. 

1 
w ·w 

lJ. = + m o (1-52) 
w2 - w2 

0 

= WmW 
~ 

w2 w2 
0 

(1-53) 

The above ass:umption that a. = 0 has· validity only if 1u, the 

operating frequency, is not in the vicinity of w0 , the 

gyromagnetic resonance frequency. 

Since mo.st manufacturers speci.fy the saturation magneti

zation in·Gaussian units, the above equations (1-52) and (1-53) 

will be modified to make use of these units. At the same time 

it is convenient to replace the angular frequencies w, w0 and 

wm by the actual frequencies f, f 0 and fm: 

11 



f w cycles/sec (1-54) = 21T 

fo = wo = H. · cycles/sec (1-55) 
21T -y 

e .1 

f = wm =-41TM y Ill cycle.s/sec (1-56) m 21T s e· o 

is now 4TI.M gauss, the s where the saturation magnetization 

internal d.c~ field is Hi oersteds; 

oersted, ·and the gyromagnetic ratio. is 

y = -2.8MHz/oersted. 
e 

llo is one gauss per 

( 1-5 7) 

Following the example of Fay and Comstock (1965) K and ll 

in equations (1-52) and (1-53) can be written as: 

ll = 1 + a~ a - 1 
(1-58) 

K= - p 
az=-1 

(1-59) 

with 

we fo 'H (1-60) a = = r = _Ye i 
w f 

p =~ = !.m = -41TM y (1-61) 
00 f· s e 

llo f 

There are two distinct modes of .operation possible in the 

circulator: (a) below resonance operation (w>w 0 ) and (b) above 

reso~ance operation (w<wo). The former condition of operation 

is customarily employed for the higher microwave frequencies 

in order to reduce the size of the external biasing magnet; 

the latter condition is used for the lower microwave frequencies 

in order to avoid low field losses in the ferrite. This 

report will be primarily concerned with above resonance operation. 

An inspection of equations (1-58) and (1-59) indicates that 

for w<w 0 , J.l> 1 and K < 0 . (The· sign associated with K is 

contrary to that given in Fay and Comstock, but it should be 

noted that they have arbitrarily set K>O for w<w
0

, a result in 

direct contradiction to that obtained in a thorough analysis). 

12 



Section II 

CIRCULATOR ANALYSIS BY _SCATTERING MATRICES 

2.1 Preliminaries 

The strip line circulator can be analyzed by either of 

two distinct but mutually complementary_ approaches, that of 

scattering matrices or that of field theory {Maxwell's equations). 

An analysis by· scattering matrices y_ields the external 

symmetries and general relations that apply to the circulator 

as a 3-port microwave circuit. This method is a direct 

extension of the familiar circuit theory approach often applied 

to 2-port devices such as transmission lines and wave guides. 

On the ot~er hand, field theory .gives the distribution 

of microwave fields within the circulator {provided the 

circulator boundary conditions are known) and provides useful 

design.relations between circulator operations param~ters, 

ferrite material parameters, frequency, and the circulator 

physical dimensions. A complete description of the field 

analysis ensues in Chapter 3. 

The resul'ts of circuit and field approaches can be combined 

in attacking the problem of broadband operation of the circulator. 

This procedure will be outlined in ch·apter 4 of this report. 

2.2- The Scattering Matrix of a 3-port Junction. 

At any port p (p = 1, 2, 3) of a 3-port microwave device, 

voltage-like and current-like quantiti~s vp and ip can be defined. 

The voltage-like quantities, vp, .are proportional to the 

transverse electric field at the port 1 : -while the quanti ties ip 

are proportional to the transverse magnetic field. The factors 

of proportionali.ty are adjusted so that the power flow Pp 

through port p is given by 

13 



* p = 1/2 v i p p p 
(2-1) 

the * symbol .in equation (2-1) ·indicating the operation of 

complex conjugation. 

Furthermore, as in conventional transmission line theory, 

v and i can each be written as a sum' of forward and backward p p 
traveling waves, 

+ ( 2-2a) v = v + v p p p 

i .+ i ( 2 -2b) = ~ -p p p 

where .the plus and minus signs are associated with the forward 

and backward traveling waves, respectively. Also, without loss 

of generality,.it is convenient to e~press vp and ip in terms 

of a normalized impedanc.e so that 

+ 
vp = 1 
.+ 
~ p 

v 
_g__ = -1 
i 

p 

(2-3a) 

(2-3b) 

(An extended discussion of this procedure is available 

in Altman [1964], Chapters 1 and 2). 

An alternative approach in the application of circuit 

analysis techniques to microwave devices is to define an 

incident wave, ap' and a scattered wave, bp' at each port, 

+ = v p 

(p = 1 1 2 1 3) 

( 2-4a) 

(2-4b) 

14 



With reference to Figure 2.1 it is cu~tomary to represent 

the sets of waves incident upon and scattered from the 3-port 

structure as column matrices: 

3-port 
device 

i 
a = 

b = 

al 

a2 {2-Sa) 

a3 

bl 

b2 {2-Sb) 

b3 

Figure 2.1 

A glance at equations {2-2) and {2-3) shows that vp and 

ip are related to a and b at each port by.the expressions, 
p p 

v = a + b p p p {2-6a) 

i = a - b p p p 
{2-6b) 

or, 

a = 1./2 [vp + i ] p p {2-7a) 

b = 1/2 [vp - ip] p 
{2-7b} 

The power incident upon the 3-p<;>rt structure is g1ven by 

P. = 1/2 {alal* + a2a2 * + a3a3*) l 

3 
= 1/2 ! a a * { 2-8) 

P=l p p 
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Similarly, the power scattered or reflected from all three 

ports would be 

p = 1/2 r 

3. 
E b b * 

P=l p p 

by direct analogy with equation (2-8). 

(2-9) 

The incoming and outgoing wav~s are related by the 

scattering matrix S, a 3 x 3 matrix: 

bl s11 s12 sl3 al 

b2 = s21 s22 s23 a2 (2-10) 

b3 s31 s32 .s33 a3 

Or more compactly in matrix notation', equation ( 2-10) may be 

written, 

b = S a (2-11) 

As is discussed in chapter 2 of Altman (1964) the 

scattering ma·trix description of ann-port micr.owave junction 

has a-number of advantages over impedance or admittance matrix 

descriptions. Among these advantages are the following: 

a) Scattering matrices are directly related to the usual 

microwave measurements of power and VSWR. 

b) Equations (2-8) and (2-9) provide a quick check of the 

power balance of lossless structures. No such immediate 

check is·possible with impedance or admittance matrices. 

c) For lossless junctions the magnitude of the scattering 

parameters is invariant under a shift of reference or 

measurement point. Under the same circumstances,· the 

impedance or admittance parameters vary not only in phase, 

but also in magnitude. 

d) Finally,: ·under certain conditions of physical symmetry, 

it is possible to derive the sC"at·tering matrix from 

geometrica.l considerations only~ 
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2.3 Some Properties of the Scattering Matrix 

The following general properties .of the scattering 

matrix are given without proof~ Details of the proofs are 

available in chapters 2 and 3 of. Altman ( 19.64) , or chapters 

5 and 12 of Montgomery, Dicke, and Purcell (1948). 

Property 1. For isotropic networks. the scattering matrix 

sis symmetric, i.e., 

s .. = s .. 
1] ]1 

(j = 1,2,3) 

(2-12) 

(i = 1,2,3) 

Symmetry of the scattering matrix impli~s symmetry of the 

impedance and'adrnittance matrices; the microwave junction 

with a symmetrical scattering matrix is a reciprocal device. 

Property 2. If the microwave junction is lossless; then the 

scattering matrix is. a unitary matri·~, that is, 

(2-13) 

where I is a 3 X 3 unit matrix and + represents a conjugate 

transpose operation where each element of S, Sij' is replaced 

by s .. * in forming S+. This property is simply a restatement 
]1 -

of the energy balance between the incoming and outgoing waves 

and is valid for both reciprocal and non-reciprocal junctions. 

However, if the junction is b,ath lossless and reciprocal 

(contains lossless isotropic media) .:then equation (2-13) re

duces to 

s*s = I ( 2-14) 

where S*: is formed from~ by replacing s .. inS by S.*, 
1] - 1]. 

The fact that s·is unitary is quite valuable in that it 

permits a rel~tively simple relation.to be deve~oped between 

the VSWR at the input port of a circulator and the isolation 

appearing between the input and isolated ports. This expression 

will be derived in a later section of this chapter. 
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·2.4 Symmetry Matrices for the 3-port Stripline Circulator 

In any structure Gontaining an electromagnetic field, the 

solutio~ of Maxwell's equation$ in the structure is determined 

uniquely by the propagation medium, the frequency, and the 

boundary conditions. This solution is independent of the 

coordinate system used or of the position of the.structure 
. . 

in space. In particular, the struct.ure may be bodily rotated 

or translated to a "new" position ~ithout affecting the fields 

inside. With respect to fixed space references, the fields 

associated with both the "old" and the "new" position are 

"solutions" (i.e., they can exist}. 
I 

If the st;ructure has symmetry about certain axes of 

symme~ry, a rotation operation can interchange positions of 

parts of the structure, while leaving the -position of the 

structure as a whole unchanged. This is demonstrated in 

Figure 2.2 for a 3~port junction with 120° rotational 

symmetry, .such as a stripline circulator. 

Axis of 

Rotational 

Symmetry 

2 

a} before rotation b) after rotation 120° CCW 

Figure 2.2· ... Rotation,al Symmetry of a Stripline Circulator 
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Similarly, if the structure has symmetry about a plane, 

a reflection transformation can take place. Such a reflection 

·about one of the planes of bilateral symmetry for a stripline 

circulator is shown in Figure 2.3. Such reflectional 

symmetries do not enter as directly into the derivation of the 

scattering matrix of the stripline circulator as do the 

rotational symmetries. For this reason, the remainder of this 

disqussion will be concerned with rotational transformations 

only. 

a) before reflection 

Plane 
of 

Symmetry 

Figure 2.3 

b) after reflection 

I~ is clear that any rotation operation will interchange 

syiT~etrical ports together with the fields associated with them. 

But the same result will be achieved if only the fields are 

rotated, while .. the 3-port junction itself is lef·t intact, 

since the original and final structures in any rotation were 

indistinguishab.ie. For example, in Figu_re 2. 4 (a) let E
1

, E2 . 

and E3 be the fields associated with the 3 ports of a stripline 

circulator. After counter-clockwise rotation of the fields 

by 120°, the situation will be as in Figure 2.4(b). If the 

field distribution (E
1

, E2 , E
3

) was a·permissible field 
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!· 

solution for the structure, then the distribution 

(E 1
1

, E2
1

, E3
1

) is also a solution. 

(a) 

3 

·E 
2 

Figure 2.4 

E 1 = E. 
3 2 

3 

E I E 
1 = 3 1 

(b) 

Rotation of Fields 

What is more, the two field distributions can be rel.ated 

by a matrix equation: 

El 
I 0 0 1 El 

E2 
I 1 0 0 E2 - (2-15) 

E3 
I 0 1 0 E3 

I 

which can be written more succinctly .as, 

El = G E 
J 

(2-16) 

20 



The matrix ~ is a rotation matrix describing the cyclic· 

interchange of field quantities under a rotation operation. 

Two other rotation matrice~ are possible for the stripline 

circulator with 120° rotational symmetry. One matrix would 

describe 120° clockwise rotation of.the fie"ids; the other 

matrix (a unit matrix) would involve the rotation of the 

fields 36.0 ° back upon themselves. 

As is discussed in section 3.i of Altman (1964), any of 

these rotation matrices ~ will commute with the scattering 

matrix S of the circulator, 

( 2-17) 

Interms of matrix theory~ and s are similar matrices. 

Equation (2-17): is the key to the theoretical derivation 

of S from sy~etry considerations. 

2.5 The Eigenvalue Problem, 

In terms .of the incoming and outgoing waves of equations 

(2-Sa) and (2-Sb), a 3-port junction can be considered to 

have a reflect.ion coefficient at each port: 

r- = bl 
•1 

al 

r2 = b2 
(2-18) 

a2 

r3 = b3 

a3 

Thsee reflection coefficients ·are,. in general, not equal. 

However, for certain choices of the incident waves· (a1 , a2 , 

a 3} as provided by the sourc~s driving the device, the same 

reflection coefficient A will appear at all ports, 

(2-19} 
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For a lossless· junction it is necessary that 

I A I = 1; {2-20) 

otherwise the total incident power would be more or less than 

the total scattered power. 

Expressed in matrix notation equation {2-19) becomes, 

b = /..a {2-21) 

where b and a are the column vectors of equations {·2-Sa) and {2-Sb) . 

If ~quation {2-21) is set equal to equation {2-11), the 

following important equation results, 

S a = /..a. {2-22) 

This is the eigenvalue problem for the 3 x. 3 scattering matrix S. 

Any value of ;>.. satisfying {2-22) is an eigenvalue of the matrix S. 

The column vectors a associated with each ;>.. are eigenvectors of s. 
Once again, equation {2-22) represents the very special set of 

circumstances th.at there be three driving sources {a1 , a 2 , a 3 ) 

adjusted to the -:proper amplitude and phase to provide the same 

reflection coefficient ;>.. at all three ports. 

For the case where Sis a 3 x 3 matrix {scattering matrix·of a 

3-port network), there are, at most, three possible values of A = /... 
1 

{i = 1, 2, 3) . ·For each value of /..=. ;>... there is a corresponding 
1 i eigenvec.tor a , 

a i = 

i 
al 

ai 
2 
i 

a3 

{i = 1,2,3) {2-23) 

Methods for the .. calculation of eigenvalues and eigenvectors are 

available in most standard references :on the theory of matrices and 

are outlined briefly in section 3.2 of Altman {1964)~ 

An alternative physical "interpretation of the eigenvalue 

problem is that .each eigenvector ~i and its· associated 

eigenvalue /... specifies a set of incident and reflected w~ves 
1 

at the terminals .of the 3-port junction and therefore uniquely 
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describes a solution {eigensolution} to the junction boundary 

value problem. ~ince for a lossless junction, lA. I = 1, each 
1 

eigensolution is then characterized by pure standing waves in 

the arms of the junction, the amplitudes of the fields in 

the arms being specified by the elements of.the eigenvector 
i a and the reflection coefficients at the junction terminals 

by the associated eigenvector . 

. Any. e.igenvector ai of·~ when rimltiplied by aJ;l arbitrary 

constant k remains still an eigenvector. Hence, it is 

customary to multiply all eigenvectors by appropriate constants 

so that for all i, 

{2-:-24} 

Another important relation between S and its eigenvalues is 

that the sum o'f the eigenvalues is equal to the sum of the 

elements along· the principal diagonal of S, 

{2-25) 

Since by equation {2-17} S and the rotation matrix ~ 

commute, it will be true.that ~and~ have the same eigenvectors. 

In other words·~ if the ~1 of equation {2-23} ·satisfy {2-22} 

for some set ·of eigenvalues Ai, they will also satisfy the 

equation, 

{2-26} 

with possibly gi a different set of .~igenvalues than the 

Ai associated with {2-22}. 

The proof· that ~ and ~ have the same eigenvectors is 

given in section 3.2 of Altman {1969}. The only exception 

to this property occurs when the eigenvalues of ~ are 

degenerate, i .. e. , not all distinct. .··This difficulty need 

not concern us·· in the case of a 3-port device with 120 ° 
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rotational symmetry where the eigenvalues of ~ are always 

distinct. 

One important physical implication can be made from the 

fact that ~ and GJ have the same eigenvecto.rs. It is possible 

to introduce any symmetrical change within the junction without 

upsetting the eigenvectors ~i of~ and~- Such a symmetrical 

change will affect only the eigenvalues of S. But by equation 

(2-20) th~ eigenvalues of s have for a lossless .junction unit 

magnitude; any symmetric change in such a junction means 

that the A· change only in phase, rotating about on a unit 
l. 

circle. 

The trans·formation matrix QK of ~ is defined as the matrix 

f~rmed with the eigenvectors of~ as.columns, the eigenvectors 

a 1 being normalized to unit magnitude as in equation (2-24), 

1 2 3 
al al al 

GK 
1 2 '3 

(2-27) - a~ a2 a2 

1 2 3 
a3 a3 a3 

If G. has distinct eigenvalues, then the scattering matrix 
-J 

S can be determined from purely symmetrical considerations by 

the equation,.· : 

(2-28) 
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where ~ is the diagonal form of S, 

Al 0 0 

~ = 0 A2 0 (2-29) 

0 0 A3 

A proof of equation (2-28) is given in Section 3-2 of Altman 

(1964). 

2.6 Derivation of the Scattering Matrix of the 3-port Strip

line Circulator. 

As discussed in Section 2.4 a rotation matrix ~ describing 

the 120° symmetry of the 3-port stripline circulator is 

u 
0 1 ] G = 0 0 ( 2-30) =-:; 
1 0 

To calculate the eigenvalues of ~ the following equation 

must be solved, 

det (~ - AI) = 0 (2-31) 

or, 

A3 -1 = 0 (2-32) 

The eigenvalues of ~ are then, 

Al = 1 

A2 = EXP (j 2Tr) 
. 3 ' (2-33) 

' X ( -' 21T) 1\3 = E p -J 3 

Next, the eigenvectors of ~ - and consequently of S - are, 
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1 1 
a = 

13 UJ 
-2 1 

. [ EXP~-j2nj3) l .a = -
13 (2-34) 

EXP(j2'1T/3) 

3 1. 

[ 1 l a = - EXP(j2'1T/3). 13 
EXP(-j2'1T/3) 

where the eigenvectors have been normalized in accordance with 

equation (2-24). The transformation matrix GK, made up of 

the above eigenvectors, is 

1 1 1 

§_K 
1 1 EXP(,;.j2'1T/3) EXP ( j 21T/3) = -

13 1 EXP(j2'1T/3). EXP(-:-j2'1T/3} 

(2-35} 

The scattering matrix of the 3-port stripline circulator 

may be found by equation (2-28} , 

2-28) 
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s 

or 
1 1 1 sl 0 0 1 1 1 

1 1 EXP(-j27TI3} E XP ( j 2 7T I 3} 0 s2 0 1 EXP ( j 2 7T I 3} EXP(-j27TI3} 
- 3 

1 EXP ( j27T/-3} EXP(-j27TI3} 0 0 s3 1 EXP(-j27TI3}EXP(j27TI~} 

y 

= y (2-36} 

y 

where 

(2-37} 

: 8 1 
=) [Sl + s 2 EXP(~j27TI3} + s 3 EXP(j27TI3}]. 

1 
y = 3 [Sl + s 2 EXP(j27TI3} + s 3 EXP(-j2~13}] 

sl' si and s3 being the eigenvalues of s. 

It is interesting to note that if the ferrite ·were 

removed from the circulator structure_, making the device 

reciprocal, then according to property (1} of Section 2·.3 

the scattering matrix must be symmetric, i.e., 

8 = y (2-38} 

From equation (2-37}. it then follows that ~ reciprocal 3-port 
·, 

junction with 120° symmetry must have two equal eigenvalues, 

(2-39} 
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and that its scattering matrix is 

y y 

s = y y (2-40) 

y y 

Furthermore, if the reciprocal 3-port junction with the 

scattering matrix of (2-40) is terminated at ports 2 and 3 

with a matched load, i.e., a2 = a3 = 0 (Figure 2.5) I it is 

then impossible to obtain a matched condition at the input 

port (b1 = 0). 

Figure 2.5 

This can be demonstrated by noting that under such circum

stances the following matrix equation·would apply: 

I 
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I 

bl y y 

b2 = y (2-41) y 0 

b3. y y 0 

If it is desired that b 1 = 0, then· obviously ci = 0, so that from 

equations (2-25) ·and (2-39) 

(2-42) 

This is clearly impossible since from equation (2-20), lsi! = 1 

( i = 1, 2, 3) so that the three ports of the junction can not be 

matched simultaneous-ly.· 

Matters are quite different if the non-reciprocal 3-port 

junction with scattering matrix given by equation (2-36) is 

terminated with matched loads at ports 2 and 3. It is 

possible to obtain matched conditions at port 1 (b1 = 0) in 

this case since the equation, 

y B 

= y 0 (2-43) 

y B 0 

with bl. = 0 .still. implies that a = 0 . From equation (2-25) it 

again follows 

a result that 

(i = 1,2,3). 

that 

+ + 0 
1 [S. +· s2 + s 3] 1 (2-44) a a a = = 3 "'1 

is possible· under the restriction that Is. I = 1, 
. 1 

Additionally, it should be noted that the three 

eigenvalues in this case are separated by phase angles of 120° 

on the unit circle. 
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It can be noted that under matched conditions at all 

three ports, the outgoing waves at ports 2 and 3 are re

lat~d to the incoming wave at port 1 by, 

(2-45) 

The junction is now a power divider and would divide the 

total input power, a 1a1*, between ports 2 and 3, while main~ 
. . 

taining matched conditions at all ports. 

If clockwise circulator action is required in Figure 2.5, 

then the three eigenvalues of the device must be adjusted to, 

s 1 = 1 

s 2 = -EXP(j2rr/3) 

S 
3 

= EXP ( -j 2·rrj3) 

( 2-46) 

So that from equation (2-37) the scattering matrix becomes, 

0 0 1 

~- 1 0 0 (2-47) 

0 1 0 

On the other hand, counterclockwise ·circulator action would 

require the following eigenvalues, 

S
2 

= EXP ( -j2 rr/3) 

. S 
3 

= EXP ( j2 TT/ 3) 

(2-48) 
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with resultant scattering matrix, 

s = -ccw 

0 

0 

1 

1 

0 

0 

l 

0 

1 (2-49) 

0 

In practice the adjustment of the eig.envalues of the 

· circulator· scattering matrix would be accomplished by varying 

the d.c. magnetic field used to bias the ferrite disk. The 

two permissible sets of eigenvalues would represent respectively 

the cases of operation below resonance (.w>w 0 ) or· above resonance 

(w<w
0
). 

Perfect circulator action, with scattering matrices given 

by equations (2-47) and (2-49), can ;take place only at a 

single frequency. Assuming clockwis:e qirculation and taking 

port 1 as the input port, the scattering matrix as given by 

(2-47) yields the following relations among the incoming 

and outgoing waves of Figure 2'. 5, 

(2-50 )· 

This is the case.where the VSWR is unity at port 1 and the 

isolation infinite at port 3. 

For a narrow band of frequencies about the frequency where 

the scattering:matrix appears as in :eq~ation (2~47), the scattering 

matrix is best written in the form qf equation (2~36), 

Ct y 8 

~ = 8 Ct y (2-51) 
.. 

y 8 
/~ 
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where I a I <<L Under these conditions Thaxter and Heller ( 1960} 

have pointed out that 

IYI = lal (2-52} 

(2-53} 

The physical interpretation of equations (2-52} and (2-53} is that 

the reflection coefficient lalat port 1 equals the isolation IYI 
provided at port 3, and that the insertion losslal to port 2 

· depends up·on the VSWR at port 1 (assuming no ferrite or 

conductor losses in the circulator} . 

Other useful re1atiohships that can be noted at this. point 

for the lossless 3-port circulator are, 

VSWR (port 1} = (2-54} 

Db. isolation (port. 3} = 20 loglO [ VSWR (port 1} -1 J VSWR (port 1) +1 

[1 
( i-55) 

:~) 2] Db. insertion loss (port 2) = -20 loglO -(vswR (port 1} 
VSWR (port 1) 

(2-56} 

2.7 The Relation of the Circulator Eigenvectors to the Internal 

Field Distribution. 

It is now enlightening to consider the r.f. H fields 

associ·ated with each of the eigenvectors of equation (2-34), 

1 

1 1 1 a = 
13 

3 1 
a = 

13 

2 1 
a = n· 

1 

EXP ( j 2 1T I 3) 

EXP (-j2rrl3}: 

1 

EXP(~j21TI3) 

E XP ( j 21T I 3) 
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As discussed in section 2-2 {see( for example, equations 

{2-3) and {2-4))the incident wave a {p = 1,2,3) at each port 

is proportional to the incident cur~ent wave i+, and thus also 
. . p 

proportional to the incident traveling wave of the transverse 

H field. Thus I each of the eigenvectors above represents 

a .set of transverse H fields incident upon the circulator. The 

space components of these transverse H fields are shown in 

Figure 2.6. 

·Figure 2.6 

First, i~. is obvious that the three incident transverse 

H fields associated with a
1

, H 1
1

, H
2 

1 , · H
3 

1 , are in.· phase at the axis 

of symmetry J, but because of their space relationships, they 

will add up vectorially to zero at this po1nt. 

In Figure 2.7 a graphical construction shows that the three 
2 . . 

transverse H fields associated with ~ , because of the~r phase 

relations, represent at J a clockwise. circularly polarized 

wave. Similar graphical construction would show that the H 
·. 3 

fields associa~ed with a are. a count~r-clockwise circularly 

polarized wave. 

On the other hand, the scattered waves,· bp' at each port 

are proportional to the negative of the scattered current wave, 

-i p' 
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a) 

.b) 

c) 

Phase of H 
2 = 0 1 

: 2 
Phase of H1 = 120° 

Phase of H 
2 = 240° 

1· 

= 

= 
I 
I 

Figure 2.7 H Fields Associated With a
2 
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which is in turn proportional to the scattered transverse 

magnetic field. Thus, the vecotrs ~1 , ~2 , and b 3 can be 

associated with sets of transverse H fields scattered from 

the circulator when the circulator is driven by sets of incident 

transverse H fields corresponding respectively to the eigen-
1 2 3 vectors ~ , ~ , ~ . From equations· {2-21) , {2-22) and {2-46) 

the scattered wave vectors can be calculated as 

bl sl~ 
1 1 = - a 

b2 2 = (EXP { j 2TT /3~~2 = s2~ {2-57) 

b3 s3~ 
3' = [EXP{-j2TT/3_)]~ 3 = . 

S.ince !/,- e_2 ,·and b 3 each diff~r from their respective 

incident wave· ·vectors o~ly by a· relative phase factor, b 1 , just 

as did ~1 , they must represent zero magnetic field at the 

circulator axis, while e_2 and e_3 represent respectively clockwise 

circularly polarized and counter-c-lockwise circularly polarized 

fields at J, ~s did ~2 and ~3 . 

The- behavior of the total transverse magnetic field at 

the circulator axis can be noted by calcul~ting the vector, 

. i i -bi 
1 = a {2-58) 

for each of the eigenvectors. The components of this vector 

are proportional to the standing wave of transverse magnetic 

field at each: port {see section 2-2, and equation {2-6)). Thus,_ 
1 for a , 

0 

0 

(2-59a) 
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For 2 
a I 

1 -EXP ( j2HI3) 

.2 2 -b2 1 
EXl?(-j2TII3) -1 (2-59b) 1' = a· = -

13 
EXP ( -j 2'JTI3) - E XP ( j 21T I 3 ) 

and for 3 a 
1 -EXP ( -j 2TII3) 

.3 3 -b3 1 E XP ( j 2 1T I 3 ) 0 ~ 1 (2-59c) 1 = a = -
13 

EXP (t.;j2'TII3) - E XP ( j 2 1T I 3 ) 

From equat'ion ( 2-59a) , it can be inferred that the stand

ing wave associated with a 1 has a zero transverse magnetic field 

at the.axis of the circulator. On the other hand, since the 

components of i 2 satisf¥ the relations, 

.2 =[EXP(j21tl3ili~ 11 

.2 
= [EXP (j 2TII3ili; (2-60) 12 

.2 =[EXP(j2TII3~ii 13 

it can be seen that the relative phases of the total transverse 

magnetic field at the three ports is the same as the components of 
2 a . Hence, this standing wave of transverse magnetic field at 

' -

the circulator· axis is clockwise circularly polarized. In similar 

manner, it can be shown that the standing wave of transverse magnetic 

field associated with a 3 is counter.:..clockwise circu·larly polarized. 

It now remains to show that circulator operation depends 

upon the presence of all three standing wave distributions 

within the stripline junction. This can be accomplished by 

noting that any set of waves incident upon a 3-port junction 

can be written as the superposition ·of the three junction modes 

or eigenvectors, i.e., 
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a = 

where c 1 , c 2 ·and ~3 are constants to be determined. 

In particular, for a circulator with clockwise rotation 

as discussed in ~ection (2.6), a 2 = a 3 = 0. Thus, the 

constants c 1 , c 2 and c 3 can be evaluated from the equations, 

al = cl + ~2 + c3 
(2-62) 

0 = cl + c 2EXP(-j2~/3) + c 3EXP ( j 2TI /3) 

0 = cl + ·c2EXP(j2TI/3) + c 3EXP(-j2TI/3) 

which has solutions, 

(2-63 

The decomposition of the set of reflected waves b can be 

ca~ried out by:noting that, 

b s s [cl~ 
1 

+ 
2 

+ 3J = a = c2~ c3~ --<:- -c 

1 
c2S2~ 

2 
c3S3~ 

3 (2-64) = clsl~ + + 

1 2 
d3~ 

3 
= d 1a + d2~ + -, 

where s 1 , s 2 , .$ 3 are the eigenvalues of~- a.s given by equation 

(2-46). Thus, the constants d
1

, d 2 ,· and d 3 are given by, 
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(2-65) 

If equation (2-64) is expanded, the result is·, 

(2-66) 

This last result is identical to equation (2-50) of Section 2.6 . 

. From equations (2-61), (2-64) and (2-65) it thus follows that 

all three standing wave distributions (or eigenvectors) are 

essential for circulator operation. 
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·section 3 

THE ANALYSIS OF THE STRIPLINE Y 

CIRCULATOR THROUGH FIELD THE.ORY .· 

3.1 Introduction 

In Chapter 2 of this report, circulator action has been 

analyzed by the application of scattering matrix ·theory to a 

nonreciprocal 3-port junction with 120° symmetry. Some of 

the same cpnclusions regarding the general properties of the 

stripline circulator will be deduced in·this chapter through 
i . 

the use of field theory {Maxwell's equations) .. Additionally, 

a fields approach is important in that it produces useful 

design +elationships between frequency, ferrite material 

par~meters, d.c. biasing field, and·ferrite disk size. 

The field theory approach can be summarized briefly as 

follows: 

{a) The basic field equations ._will be derived from 

Maxwell's equations. 

{b) Appropriate bounda~y conditions will be assumed. 

{c) From the solution of the b_asic field equations, 

consistent with the assumed boundary conditions, 

a phenomenological and analytical description of 

circulator action is generated. 

{d) Such a theoretical pictur~ of circulator behavior 

should be experimentally verified in order to 

validate the selection of the boundary condition 

of.{c). 
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3.2 The Configuration of the 3-part Stripline Circulator 

The stripline Y-junction 3-part circulator consists of 

two ferrite cylin~ers of radius R filling the space between 

a metallic center disk and two conducting g~ound planes. 

Energy is fed into and from the device by s.tripline. 

{Figure 3.1) The d.c. biasing field HDC' usually provided 

by a permanent magnet, is applied parallel to the axis of 

the ferrite cylind~rs. It should be noted that because of 

demagnetizing effects in the. ferrite disks HDC can be greater 

than Hi' the internal d.c. field in the ferrite. 

X 
Axis 

Center strip 
stripline 

Ferrite 
cylind~rs 

conductor of 
circulator 

z Axis 

1. 

Ground 
planes 

Figure .3.1. Configuration of:.stripline Circulator 

Since the-circulator structure ~xhibits cylindrical 

symmetry, a cylindrical· coordinate system (r, .. (p, z) will be·· 

employed in the analysis of the devi·~.e. The d. C::. biasing field 
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will be taken in the z direction and the three striplines 

will enter the circulator at azimu·i:hs of <f> = 0 °, 120 ° and 

240° (Figure 3.2). 

X 
Axis 

.<P = -120 ° 

Isolated port 

Output. port 

= 120° 

. ' 

Figure 3:2. Center Conductor of Circulator 

3.3 Derivation of the Helmholtz Wave Equation 

For a si~usoidal variation of the applied field, Maxwell's 

equations within the ferrite are (Atwater, 1962), 

E: -+ ( 3-1) 'i/ X = -jwB 

-+ -+ ( 3-2) " X H = jt•le:E 

v·'E = 0 ( 3- 3) 
-+ 

'i/•B = 0 1 ( 3-4) 

where it has :been assumed that the ferrite has negligible 

conductivity and that no free charge is pontained in the 

circulator region. All vectors in the above equations have. 

complex components; the time variat~on of these vectors is 

given by, 

E {t) = Real [E EXP(jwt)] 

H (t) = Real [H EXP(jwt)] (3.~51 

~ {t) =Real [B EXP(jwt)] 
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with the word Real understood as "the· real part of". 

As was discussed in section 1 the magnetic flux 
+· ' 

density B is related to the magnetic field intensity by 

a permeability tensor 

+ +-+·+ 
B =]J·H (1-36) 

+ ·+ 
In the cylindrical coordinate system B and H may be 

written as, 

i3 + + + (3-6) = B a + B<Pa<P + B a r r Z Z· 

ii + + .-+ 
(3-7) = H a + H<Pa<P + H a r r z z 

+ + +· 
vectors <in where ar' a <I> and az are unit the directions of 

increasing r, <P and Z I t::especti vely. 

+-+ 
For a cylindrical coordinate system the tensor 1l in 

I 

equation (1-36) takes the same form as,for the Cartesian 

coordinate system (this can be demonstrated by a trans

formation of coordinate systems). Th.us, in terms of the 

cylindrical components of equations (3-6) .and (3-7), equation 

(1-36) becomes, 

Br -jK 0 

Bcj> = Jlo jK 0 (3-8) 

B 0 z 0 1 

Carrying out the curl operation of equation (3-1) and 

equating compon~nts yields, 

..., 
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1 aEz a ( rE.<P-> ] (3-9a) -jwB = - [ 
ac!l 

-r r az 

aE aEr 
-jWBcp = r (3-::-9b) -yz- ar 

-jWBz 
1 .d ( rE,cp) aEr ( 3-9c) = - [ ar r a¢ 

where Er' Ecp and·Ez are the cylindrical components of the electric 

field, 

(3-10) 

At this point it will be assumed that the fields within the 

circulator have no z qependence and that the 9nly component of 
-+ 

the E field is in the z direction. Such an as·sumption has been 

adequately justified by measurements made by Fay and Comstock 

(1965) and Bosma (1964). It should also be noted that the fields 

in the two ferrite disks.of the circulator are 180° out of phase 

(with reference to the z-direction) so that little radiation can 

occur outside the disks. 

Since with no z dependence all partial derivatives with 

respect to z are zero, and since the electric field has only 

a z component, equations (3-9) reduGe to: 

-jwB = 1 a Ez (3-lOa) 
r r~ 

j Bcp = a Ez (3-lOb) -ar 

Bz = 0 (3-lOc) 
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-+ 
By the us.e of equation (3-8) the ·components of B may be 

-+ 
replaced by the components of H, 

!. aEz = 
r----a¢ jK.Hcj>] 

[ j K H + llH cj>] r 

3-lla) 

3-llb) 

If equations (3-11) are solved for Hr and Hcp in terms of 

the electric field, the result is, 

Hr 
-1 [!. _9Ez j K aEz ] (3-12a)-= - -j'wllo lleff r acp ll dr 

Hcp 
1 [aEz j 

K a3. 1 (3-12b) ;; 

jWllolleff + -----ar--: llr acfJ 

Hz = 0 (3-12c) 

where lleff ·is the effective permeability of the ferrite, 

An expansion of equation (3-2) produces, 

1 
jwe:Ez = r _ aHr ] 

~-

(3-13) 

(3-14) 

+: 
for the only non-zero component of E is in the z direction. If 

next the components of H given by (3-13) are substituted in 

(3-14) the Helmholtz wave equation for Ez appears: 

(3-15) 
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with, 

(3-16) 

where e:r is the relative dielectric constant of the ferrite, and 

e: 0 the permittivity of free space. 

3.4 Solution of the Wave Equation 

The wave equation, equation (3-15), will be solved by 

a·ssuming that · 

Ez(r, ¢) = R(r) ~ (¢) ( 3-17) 

where R(r) is a function of r alone, and ~(¢) depends only upon 

cp. This approach is the standard "s~paration of variables" 

technique. 

Substituting.Ez = R~ into the wave equation yields 

(3-18) 

or by division .·by R~/r and rearrang~ment, 

+ .E. 
R 

(3-19) 

Since the left side of equation (3-19) is a function of 

r alone and the. right side is dependent only upon cp, both 

sides must be equal to a constant, caileq the separation 

constant. For convenience, t~is constant will be taken as 

n 2 , so that two·· ordinary differential equations, one in r 

and one in cp, are pro~uced from equation (3-19). 

d 2R 1 dR 
+ R(k 2 n2 

) 0 dr 2 + dr - rr = 
r 

(3-20) 
.. 

d2~ 
+ n2~ 0 d¢2 = ( 3-21) 
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(The partial derivatives in (3-19) can be replaced by ordinary 

derivatives since each side of ·the equation involves only a 

single variable). Equation (3-20) is Bessel,'s differential equa

tion, while equation (3-21) is the differential equation of 

harmonic motion. 

A complete discussion of the solution of (3-20) is available 

in many standard reference works, such as Moon and Spencer. 

(1961) or Wylie (1960). Equation (3-20) is a second order 

differential equation so. it must have two independent solutions. 

Both of these solutions are in the form·of an infinite series. 

Since equation (3-20) and its solutions occur quite frequently 

in applied mathematics, these solutions are termed Bessel 

functions. Extensive tabulations of"these functions are widely 

available; examples of such tabulations are Jahnke and Erode 

(1945) or Abromowitz andStegun (1964). 

Of particular interest in the circulator problem are those 

solutions of equation (3-20) for n integer. In this case a 

particular solUtion of equation (3-iO) is 

(3-22) 

where Jn(kr) is a Bessel function of·the first kind of order 

n with argument kr, and Yn (kr) is a·· Bessel function of the 

second kind of order n, also with argument kr. The constants 

c1 and c2 in (3-22) must be evaluated in terms of the circulator 

boundary conditions. 

A particular solution of equation (3-21) is 

~(~) = C3EXP(jn~) .~ c 4EXP(-jn~) 
(3-23) 

where again c3 and c4 are arbitrary .constants set by the 

boundary conditions on the circulato:r. 

46 



Since the field in the circulator·. is periodic in <1> with 

period of 2rr' radians, the value of n appearing in { 3-22) and 

{3-23) must be restricted to integer values. Furthermore, 

Yn {kr) -+eo as r-+ 0 so that the solution for R{r) can only be 

well behaved if <:::2 = 0. In other words, any phys·ically 

realizable particular solution for.the circulator must 

take the ·form, 

= R{r)~. {cj>) = c1Jn{kr) [C 3EXP{jn~) + c4EXP{-jncj>)] 

= Jn {kr) [a+nEXP{jncj>) + a_nEXP{-jn<l>)] { 3-2 4) 

with n = 0 , 1 , 2 , 3 , • • • • and 

{3-25) 

The total:solution for Ez must be the sum of all possible 

particular solutions, i.e., 

where 

cxi 
{3-26) 

00 

+ a 0J. 0 {k r) + 2: a+nJ n (kr) EXP ( jncj>) 
n=l 

{3-27) 

Each integer value of n in equation (3-2?) represents a mode of 

the circulator; for n ~ 0 each of these ~odes is split into 

a pair of· complementary modes, one with EXP { jncj>} variation 

(+n mode), th~ .other with EXP.{-jn<l>) vc;1riation {-n mode). An 

exact solution for E would require that a doubly . ..· z .. 
infinite set of coefficients be evaluated in terms of the 

circulator boundary conditions. This is both impossible and un

necess·ary for it will be shown that certain modes predominate in 

the circulator when it is adjusted fo~ proper operation. 
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~t-is now a straightforward procedure to calculate the 

magnetic "field components associated with each mode of (3~26). 

This can be initiated by evaluating the partial derivatives 

required in equations (3-12a) and (3~12b): 

( 3-2 8) 

= [a+nEXP(jncj>) ·+ a....:nEXP(-jn<j>)] _[KJn-l (kr) -~ Jn(kr)] 

(3-29) 

The substitution of these derivatives into equations (3-12a) 

and (3-12b) yi~lds the magnetic fie~d components for each mode, 

where 

H 
r 

K n · (kr'l. 
= Yeff {a+nEXP(jn<j>) [~, Jn-l(~r) - (1 + ~) nJ 1 ,.. ,.. --~ 

+ a EXP(-J'n<j>) [IS:. J 
1

(kr) + (1 -~) nJn (kr)]} (3-30a) 
-n · 11 n- 11 · kr 

H,~, = jY ff. {a+ EXP(jn<j>) [.(1 + !S:.,nJ~(kr) - J 1 (kr)] 
~ e n 11 . r n-

+a_nEXP(-jn<j>) [ (1 -IS:.) nJn (kr)".- Jn-l (kr)]} (3-30b) 
11 kr 

Yeff = k. 
(3-31) Wllolleff 

An obvious physical interpretation can be given to the 

mode fields described by equation (3-24) and (3-30)· .. For n=O, 

there is no variation of Ez and H with <j>; also, the H fields 

at r=O (axis of circulator) are identically zero since J_ 1 (0) - 0. 
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This corresponds to the standing wave·distribution set up by 

the eigenvector ~1 of ~quation ( -34) ' 'where all ports of the 

circulator are driven by sourc~s of equal amplitude and phase. 

When n#O, the fields in the circulator-are sinusoidal 

functions of <f>, with period ~'IT • Since EXP(jwt) .time variation 

has been assumed, the +n modes with their EXP(jn¢) variation 

represent clockwise .rotating field~ when viewed from the positive 

z axis (top of the circulator). Conversely, counterclockwise 

rotating fields are associated with the -n modes. 

Thus, the two sets of modes, +n(n#q), correspond directly 

to standing wave distributions excited by the eigenvectors 

a 2 and. ~3 of equation (2-34). Also, ·experiment (Fay and Comstock, 

1965) shows that circulator operation· ·requires that two split 

modes, +n and -n, for some n, must predominate in the internal 

£ield distribution of the circulator. 

3.5 The Normal Modes of the Uncoupled Stripline Circulator 

Fay and Comstock (1965) have found experimentally that the 

strlpline ~irculator has some, but not·· all· ~f the properties of 

. a low-loss transmission cavity. At its· resonant frequency, the 

structure was well matched but slightly undercoupled, and a 

standing wave existed in the structure.· The maximum isolation 

occurred almost·at the frequency at which the insertion loss 

was minimum. The above experimental evidence suggests a 

resonance of the center disk structure as being an essential 

feature of circuiator operation. 

With this in mind, it is .then of interest to find the 

character of the normal modes in the uncoupled case '('¥ = 0 in 

Figure 3-2). Even in the uncoupled case, it is difficult to 

record the exact boundary conditions. Bosma (1964) has argued 

that the normal modes resulting: from the boundary condition, 

H (r = R) = 0 
. .<P 

c3..:.32 r 
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are sufficient for describing the field in the ferrite disks in 

the uncoupled case. In other words, it will be assumed that H 

is everywhere zero at the edge of the ferrite disk. The justi

fication for this boundary condition is the rapid exponential 

falloff of fiel.ds outside the disk boundary~ 

If the boundary condition of equation (3-32) is inserted 

into equation ( 3-30b) , it is found. that H¢ can be zero at the 

edge of the ferrite only if the two following characteristic 

equations hold, 

~) 
nJ (kr) 

Jn-1 (kR) - (1 + n = 0 (3-33a) 
ll kR 

K· 
nJ (kr) 

Jn-1 (kR) ,... (1 - -)· :: n = 0 (3-33b) 
ll kR 

Equation (3-33a) applies to the +nor clockwise rotating modes, 

while (3-33b) ·deals with the -n or counterclockwise rotating 

modes. It should be noted that for every n each of the above 

equations have infinite number of roots. If, for a given n·, 

(kR) + and '(kR) are the mth roots of (3-33a) and (3-33b), m,n m,n- . 
resp·ecti vely, then the possible resonant frequencies of the 

uncoupled circulator can be calculated from equation (3-16), 

( kR) = w · · R/e:.o e: 11 11 
m,n~ m,n~ r ~o ~eff 

(3-34) 

or c (kR) + mn 
(3-35) 

where cis the :free space velocity of electromagnetic waves, 

c ::::; 1 (3-36) 

For a given m and n, as ~ -+O, it can be seen from equation 

(3-33) that (~R) + -+ (kR) and that the split modes . m,n m,n-
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+n and -n degenerate into a single mode with resonant frequency, 

w m,n 
= · c ( k R} m , n 

RVEr jJeff 

where (kR} is the mth root of, m,n 

J I (kR} = 0 
n 

( 3- 37}" 

(3-38} 

The prime sign in the above equation indicates differentiation 

with resp~ct to r. Bosma (1964} and Fay and Comstock (1965} both 

point out that circulato.r operation is theoretically possible in 

a lossless coupled stripline circulator-whenever~ is small, 

and the applied frequency is near w , lying somewhere between . . ~~n . 
w n+ and w . Experimentally, such circulator operation has m, m,n-
been achieved ·for values of n up to and including n = 4. 

3.6 Approximate Boundary Condition for the Coupled Stripline 

Circulator 

The most straightforward procedure for establishing design 

criteria for a stripline circulator is to assume initially that 

the 'jcinction structure is functioning as a circulator and then 

to find the conditions on the rotating normal modes to satisfy 

this assumption. As long as the three striplines are not 

tightly coupled to the circulator, the predominant field 

structure in the circulator will be. :standing waves correspond

ing to the normal modes. The only traveling waves will be ones 

whose fields are such as to result ih net outgoin.g Poynting 

flux at port 2, the output port. 

The striplines leading into the three ports of the circulator 

carry TEM waves only. The approximate boundary conditions will 

be predicated on the assumption that ·'the normal modes of equations 

(3-24} and (3-30} are driven by the TEM waves on the stripline. 
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An infinite set of field modes (all values of n) is not 

essential in the matching" of boundary conditions since, as 

discussed in section 3-5, the circulator is usually operated 

near the resonant frequency of one pair of split modes so all 

other field modes besides +n, -n (and n=O) will be of negli

gible arnpli tude. 

On the striplines the electric field intensities are perpen

dicular to the conductors (in the z direction) ; the magnetic 

field intensities are parallel to the conductors and perpendicular 

to the direction of prop·agation of waves along the line (in the 

~ direction) . It will be assumed that the stripline field 

intensities do not vary over the width of the center strips, and 

are zero outside these strips. Thus, the fringing fields 

extending beyond the edges of the strips are neglected. 

Furthermore, the fields on the two sides of the center strips 

are 180 ° out ·of phase. 

As is the· case with the fields in the striplines, the electric 

as well as the magnetic intensities on either side of circulator 

center conductor are equal in amplitude and oppositely directed 

at any instant.· Hence, the field problem need be solved only 

for one ferrite disk in association·· with the fields on the · 

appropriate side of the s·tripline. At the three ports the 

ferrite field distribution of a spl"itnormal mode will be matched 

to the TEM fields in the striplines. For all other points on the 

edge of the ferrite disk the boundary condition is 

R being the radius of the ferrite disk (Figure 3.2). Strictly 

speaking, a non-zero electric field intensity as well as a non~ 

zero value for H can exist at the e.dges of the ferrite disk. 
. r 
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Since both of these fields have at any instant opposite 

directions in the two ferrite disks, they radiate away 

no energy and contribute purely· a reactive (energy stora,ge) 

· effect. Thus, these last two field componen.ts can be 

ignored in the boundary condition approximation. 

At the points where the striplines feed into the circulator 

structure, the following boundary conditions are assumed to 

apply (Figure 3.2), 

1{1 < <P < 1{1 Hcp = Hl 

120°- 1{1 < ·<P < 1{1 + 120° Hcp = Hl 

-120°- 1{1 < <P < 1{1 120° H. 
<P 

= 0 

(3-40) 

and 
. •' 

<P = 0 E = El z 

<P = 120° E =-·E (3-41) 
z 1 

<P = -lfoo E = 0 z 

The minus sign associated with the field E at <P = 120° arises z 
·from the fact that experiinen_ts indicate the effective electrical 

length between the input and output ports is one-half wave 

l~ngth. It is: necessary for both Ez and_H<P to be zero at the 

isolated port (<f> = -120°) since the t)oundary condition there 

is an admittance condition, i.e., the_ratio of Hcp to Ez at this 

port must be the wave admittance. 

Also, the investigation in this report will be ·res-tricted 

to values of v, stripline width, wh1ch are not too ·large in .. 

comparison with R, the ferrite disk radius, 

v < R (3-42) 
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The smaller the ratio v/R, the more accurate is the assumed 

distribution of.H~(R,~ in equation (3-40), but the larger 

is the dis~urbing influence of the stray fields. of 

the striplines. Hence, v must not be too small. 

If v is too large, the stripline would be tightly coupled 

to the cir.culator and the field structure of the rot.ating normal 

modes would be severely distorted from that.of the uncoupled 

ferrite disk.· In the case then of tight coupling between 

stripline and circulator·, it is a far more difficult task 

analytically to obtain the design criteria for circulator 

9peration. 

3.7 Derivation of the Two Essential Circulation Conditions. 

As was discussed in section 3. s:; the ci:~·culator can 

operate in the nth mode with an applied frequency near that 

frequency. given by equation (3-37). However, to keep the 

radius of the ferrite as small as po~sible and thus minimize 

field losses in the ferrite, it is ·most practical to operate 

the circulator in the n = 1 mode. Thus in the following 

analysis, the boundary condition ass:umptions of section 3. 6 will 

be matched to the pair of· split modes, n = :!:_ 1, in order to 

obtain design criteria for the circulator. It will also be 

assumed that the. circulator is operating at a d.c. internal 

field Hi above. that required for gyromagnetic resonance at 

the applied frequency. Thus, the va:lue 9f K in the per

meability tensor will. be·, according to equation (1-57), negative. 

If the modes n = + 1 are assume:d. to be driven by the TEM 

waves on the striplines, then from equation (3-24) and by use 

of the first two boundary conditions ·of equation (3-41), the· 

following two ·equations hold, 
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At <P = 0 ' r = R, 

{3-43a) 
E 1 + = a+l a 

J l {kR) -1 

At <P = 120°, r = R, 

-El 
J k = a+lEXP(jTI/3) + a_ 1EXP{-jTI/3) . ·1.{ R) 

Solving (3-43) for a+l and a_ 1 gives, 

El 
a+l = 

2J l (kR) 

a = El ; 
-1 {1 - -'-) 

2J
1 

{kR) /3 

{3-43b) 

{ 3-44a) 

{3-44b) 

It can be easily verified that these values of a+l and a_ 1 make 

Ez(R, ¢) zero at <P = 120°, the isolated port, so that the last 

of the three boundary conditions of ··(3-41) is satisfied. 

The substitution of a+l and a_ 1 into equation {3-43) gives 

the n = +1 mode distribution of the ·electric field within 

the circulator as a standing wave distribution, 

E z 

E1~ 1 {kr) : . h. 

( 
,f.' s1n '+' 

= J 1 {kr.) cos 'I'' - /3 - {3-45) 

The magnetic field boundary conditions at the edge of the 

ferrite disk can be incorporated into the solution by expanding 

Hcp.{R, ¢) of equation {3-40) into a Fourier series, 

= ao 

2 

00 

+ E {a cos· n¢ .. n 
n=l 

+ bn sin n¢) 

{3-46) 
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where the coefficients can be evaluated from, 

1 21T 
ao = ! Hcp(R,cp)d,cp (3-47a) 

'IT 0 . 

1 2TI 
.a = £ 'Hcp (R,cp) cos ncj> dcj>, ( 3.::,4 7b) n 1T 

1 21T 
bn = £ H cp ( R, cj>) sin ncj> dcj> ( 3-4 7c) 

'IT 

(See, for example, Wiley (1960), for further discussion of the 

Fourier series) . 

Carrying out the integrations of (3-47) permits the magnetic 
field Hcp(R,cj>) to be written as, 

.. 

H~(R. ,cj>) = 2H [! + E sin n~{(l + c.os 2n
3

TI)cos ncj> 
"' 1 TI n=l n TI 

2n TI + sin -3- sin ncj>}] _ (3-48) 

for the n=l mode, equation (3-48) can be written as, 

H sin ~ 
Hcj>l = 1 [cos cp + /3 sin cj>] 

'IT 

Hl sin ~ [ (1-j/3) EXP(jcj>) = 
27r 

+ ( 1 +j./3) EXP (-jcj>)] (3-49) 

Unfortunately, Hcj>l, alone does ·:not satisfy the boundary 

conditions of equation (3-40). These co~ditions are ~atisfied 

o~ly by the entir~ set of modes with the amplitudes given 

by equation (3-48). Nevertheless, the result of (3-49) will 

be quite useful in establishing procedures for the broadbanding 

. of the stripline circulator. 
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Another solution for H¢ 1 (R,¢) can be obtained by setting 

n=l in equation ( 3-30b) and us in,; the .values of a+l and a_ 1 
given by equation (3-44). ·After appropriate rearrangement, 

· this solution appears as, 

H Yeff El 
¢1 = { ( -1 + . j /3) [ ( 1 + ~) 

2v'3 J 1 (k.K) ]..1 

jl (kR) 

kR 
- Jo(kR)]EXP(j¢) 

+ ( 1 +j 'IS) [ ( 1 - ~) J 1 ( kR) 
]..1 kR - j 0 (kR)]EXP(-j¢)} 

(3-50) 

Since equations (3-49) and (3-5.0) both represent for 

the p=l mode: the ¢ component of the_: magnetic field at the 

edge of the ferri'te disk., a comparison of the two equations 

yields immediately two circulation conditions, 

Hl 
sin 'f' y 

eff = -2'1t 
213 

. - [ ( 1 + ~) J1 (kR) -J 
0 

( kR) ] = 
]..1 kR 

Equation (3-52) is equivalent 

Jl ( kR) 
Jo (kR) - KR 

of which the· ·first root is 

( kR) l , l = 1. 8 4 

E.l K 
( 3-51) ]..1 

kR 

(1 - ~) J1 ( kR) -J 
0 

(kR) 
]..1 

kR 
(3-52) 

to the condition, 

I 

= J (kR) = 0 1 

(3-54) 

so that from equation (3-37) the op~rating frequency of the 

circulator in the n=l mode is 

w = c 
1. 84C 

R/£ J.l ff r.e 
(3-55) 
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It should be noted that we lies between the uncoupled resonant 

frequencies of the split modes n=±_l, wl,l+ and w1 , 1 _, as 

given by equation .(3-35) . For the case where the circulator 

is biased above ferromagnetic resonance, K<D, and the following 

relation hoids between the various resonant frequencies, 

(3-56) 

lhe circulation condition of equation.(3-51) states that 

the input wave admittance at port 1 and the output wave 

admittance at port 2 must be adjusted tq match the admittance 

on the stripline terminals. The required wave admit~ance is 

I !5.j Yeff 
. % . l.l · · .--'--s--:i-n--:'i':::---

as, 

7T 

(kR) l, l /3 

(kR) 1 ,l /3sin '¥ 

(3-57) 

= 0. 9 86 % 1. 0 (3-58) 

3.8 Confirmation of the Analysis Through Experiment 

.. 
In view of the many approximations _and assumptions 

utili zed in th'e fie 1 n t:hP.ory analysis of the circulator, it is 

only reasonabie that.experimental confirmation be sought for 

the various results of this analysis·. A scan of the literature 

on the operation of the Y-junction stripline circulator indicates 

that useful experimental results have been published regarding 

the circulator electric field distribution as well as the 

relation of ferrite disk radius to the parameters of frequency 

and the gyrotropic constants ·K and i1 ~ 

58 



One of the crucial assumptions of this analysis of the 

Y-stripline circulator is that ·the device is operating near 

resonance for the n = + 1 modes so that these modal fields 

p~edominate in the circulator. A second crucial 

assumption is that the transverse electric field at the 

three input ports has the distribution given by equation 

(3-41). When these two assumptions are· combined with the 

solution of the wave equation, Ez at the ferrite disk 

circumference should have the following sinusoidal distribution 

with ~' 

( 3-59) 

I"n order·to verify these two assumptions, Fay and 

Comstock (1965) have probed the electric field at points around 

the circumference of the ferrite disk and found it to follow 

essentially a:sinusoidal variation with cp, as given by 

equation (3-59). The mo"re lightly ·the striplines are 

coupled to th-e circulator, the more ··nearly sinusoidal is the 

distribution of E at the ferrite circumference. The only z 
distortion in.the sinusoidal pattern occurred at the points 

(0°, 120°, -120°) where the high im·pedance striplines were 

connected. Equation (3-59) predicts that the maximum value 

of E should appear at cp = -30° and ¢0 = 150° and minimum z 
value at 60° and 240°; this indeed was the case. 

When the.circulator was tightly coupled to the circulator 

by means of low impedance stripline·· ·.( \f of figure 3. 2 was set to 

22°) , Fay and Comstock no longer found E to follow a sinusoidal z 
distribution<at r=R. Much greater ·distortion of the E pattern . z 
occurred-at the stripline copnections to the circulator, and·the 

minimums of E were no longer so distinct, especially at ¢ = 60°. z 
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From this it can be inferred that the n=+l mode does not pre

dominate as much in the heavily.loaded circulator as in one 

lightly loaded. For the heavily loaded circulator, then, 

greater amplitudes are required for ·the modes n~±l, particu-. . 
larly the n=O mode, in order that the observed E field pattern z 
be produced. 

Bosma (1964) has also measured the field of the stripline 

circulator, not only at the disk circumference, but inside 

the ferrite disk as well. Along the disk circumference he 

found almost the same sinusoidal distribution for Ez. is small, 

i.e., at ~=60° and ~=-120°. By the heroic procedure of having 

an electronic computer ~atch the first 18 modes of equation 

(3-24) to the:asswned boundary conditions at the striplines, 

extremely. good· correspondance between experiment and theory 

for E was obtained at all points wi'thin the circulator. For 
z ' -

the case of the lightly coupled ~irculator discussed in this 

report this extreme accuracy of matching boundary conditions 

is not necessary, since Bosma was working with rather wide 

striplines (v/R = 0.48 or'= 12.8°) where it would be 

expected that modes n~+l would have some contribution to the 

overall internal field structure of· the ferrite disk. How

ever, such a device as computer matChing of boundary 

conditions might very well be necessary for an accurate design 

of heavily loaded stripline circulat'C>rs. 

Fay and Comstock (1965) have d~signed an experimental 

L-band circul~tor operating in the n.· = +_ 1 mode; the 

experimental' cfata discussed above was taken on this circulator 

since such a circulator had dimensio·ns large enough to allow 

accurate probing of the electric fi~:id at the edge of the ferrite 
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disk. By using equation (3-55) to determine the relation 

between we' the operating frequency, and R, the ferrite disk 

radius, such an ·L-band circulator was found to operate ·at 1300GHz 

with a biasing field of 20 oersteds (below resonance operation) 

or at 1130GHz with a biasing field of 2000 oersteds (above· 

resonance operation). In both cases 1~1 was adjusted a value 
l..l 

somewhere between 0.25 and 0.5, the exact value depending upon 

bandwidth r·equirements, as will. be outlined in following sections. 
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Section ~ 

CIRCULATOR LOSSE;S AND THE PROBLEM 

OF BROADBANDING. 

4 .1·· The Equivalent Circuit of the Circulator 

Both -the calculation of circulator losses and the problem 

of broaqhandi~g are best-approached by considering the strip

line Y-c~rculator as a l_igh tly coupled resonator structure. At 

~he inpu~ port, ~=0, the fr~quency behavior of the input wave 

etdmittance (or impedance) 9-t small deviations from the operating 

frequ~ncy can be expressed in terms of a lumped circuit model. 

If as assu~ed in Section .3, the fields due to the mode 

n = + 1 predominate within the ferrite disk, then from equations 

(3-24) and (3-44) the el~ctric field ·E at the input port z . 
(r = R, ~ = 0°) may be written as 

.. 
Ez (R, 0) = El = E+ +··E ( 4-1) 

where. 
'. 

E+ = El (1 + i> 
2 13 

( 4-2a) 

.. .E El (1 i ) = - (4-2b) 
2 13 

Wnen Ez of ::equation (4-1) is divide-d by H
1

, the driving 

magn.etic field at the input port stripline·, then the input wave 

impedance z is obtained, 

z = Ez~O)= z+ 

Hl 
+ z = ( 4-3) 

62 



' . 

with 

z+ = .!. {1 + i 
2GR · /3 

z = .!_{ 1 - i 
2GR . 1Ji 

and where GR = IH1/E1I, as given by equation (3-57). 

{ 4-4a) 

{4-4b) 

These impedances z+ and z can be represented by the lumped 

constant resonators of Figure 4-1. The resonant frequencies 

{w+) of the resonators are given by equation {3-35), 

z 

+ w = 

+ w 

w 

w 

z 

Figure 4-1. Equivalent Circuit for Input Wave 

Impedance of Stripline Circulator. 

{4-5) 
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If ~ is small, then Bosma (1964) has demonstrated that w , the 
~ . c 

circulator operating frequency as given by equation (3-55) , lies 

approximately ~idway between w7 and w-, 

+ w + w 
2 1'. 

Also, by equation (3-56), 

+ -w > w > w· 
c 

(4-6) 

( 4-7) 

It also should be noted from equation (4-4) that the + and -

resonators have phase angles of+ 30° at the operating frequency, 

we' so that the input wave impedance (or admittance) i~ real at. 

this f.requency • 

Physically, the impedanc$Z+ and z are related to the 

clockwise and counterclockwise rotating field patterns in the 

ferrite disk. Their sum z, th~ input wave impedance, is related 

to ~he standing wave distribution or stationary resonance of 

the ferrite disk.· This stationary resonance wi~l have the 

same Q as each of its components, and will be the one to be 

considered when the loaded Q and the broadbanding of the 

circulator are discussed. By a procedure such as that outlined 

in Chapter 5 of Atwater (1962) 1 the equivalent circuit of the , 

stripline circulator as a resonator can be reduced in the 

vicinity of band-center tq the single-shunt resonator shown 

in Figure 4-2. :· 
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~ 
L 

y = 1 
z 

Figure 4.2, Lumped Element Equivalent Circuit 
' 

·of the .Stripline ·Circulator as a Resonator. 

4.2 Loss Calculations for the StripLin~ Circulator 

I.f the stripline circulator is lightly coupled at the 

input port and no energy is extracted from the output port, 
/ 

the only power entering the input port will be that power 

PLoss required to supply all loss mechanisms within the 

circulator. For this condition an unloaded Q, Q , may be 
0 

defined, 

C.J = WcU 
0 p 

Loss 
{ 4-8) 

where we is the operating frequency, and u is the maximum 

energy stored in the ferrite .cylinders. 

Similarly, if power Pout is tak~n from the output port 

of the circulator and if it is assumed P >> P out Loss'· 
then a loaded :Q, QL, may be defined·· 

= WcU 

Pout {4-9) 
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It is convenient to express the insertion loss between 

the input and output ports of the circulator in terms of 

Oo and, QL. If Pin is the power entering the input port,·then 

the fractional insertion loss would be 

p 
out 

p, 
1n 

= 1 -
p· 

Loss 

P. 1n 

(4-10) 

since P = P. - P On the assumption that P << out 1n Loss. ·Loss 
Pin' it follows that 

p . . p 
out 'V 1 _ Loss 

P . '\, p 
· 1n out 

w u c 
= 1 - Oo Q . : 

= 1 - L - Oo w u .. 
c 

(4-11) 

QL 

A calculation of the loaded Q, QL, can be made directly 

from the definition of equation (4-9)' assuming that the 

n = + 1 modes:.predominate in the circulator .. According to 

Ghose (1963) "'·.P· 168, the maximum stored energy u in a 

cavity resonator of any arbitrary shape for a sinusoidally 

time-varying field is given by 

u = .:..r.:...o.. I i.i* dv. 
2 v ( 4-12) 

-+ 
where V denotes the volume of the cavity, and where E = 
the electric field within the ferrite disks, is defined 

by equation (3-45): 

E . = ..... J~1 ____;,(_kr--'-) 
z jl (kR) co.~. <P 

Sin <P 

13 

(_3-45) 
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The integration can be.carried out in cylindrical co-or~i

nates by not.ing that 

dV = rdr.d cp dz ( 4-13) 

and, by letting cp' cp 
lT 

that = + G .SO 

E = E .Jl (kr) cp I z max 
Ji. (kR) cos (4-14) 

where 

(4-15) 

the maximum value of E at the ferrite disk perimeter. Thus, 
z 

if each disk has a thickness of d, 

u = £rEo E2 max 
2 J 2 (kR) 

211' R 
f. f 
0 0 

d 
f 
-d 

J: (kr) (c.os 
2 

cp 1
) rdr dcj> 1 dz 

1 

= 

u 

'IT£ £ 0 d E 2 
r max 

J 2 (kR) 
.l 

f J 2 (kr) rdr 
0 1 (4-16) 

J (kR)} 
2 

where the last integration was carri~d out by an identity given 

by Moon and Spencer (1961), p 175. 

Through use of the identities, 

XJ I (X) = -J (X) + X J 0 (X) 
1 1 

XJI 
1 

< x> = J <x>- ·x J <x> 
1 2 

(4-17) 
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and the application of the conditions for first order 

resonance, equations (3-53). and (3-54), 

X = kR = 1. 84 I (3-54) 

,/ 

Jl (1.84)= 0 q-53) 

it follows that 

J (1.84) = J (1.84) = Jl(1 .. 84 ) 
0 . 2 . 1.84 (4-18) 

so that the energy stored in the ferrite circulator at the 

operating frequency can be expressed>as 

(4-19) 

The power taken.from the output port,.Pout, can be 

calculated by. applying Poynting's theorem to the trans verse 

elec-tromagnetic fields at either the output port or the input 

port, since it has been. assumed that PL is much smaller oss 
than Pout· Thus, 

± + + 
Pout.= 1/2 Real f .I:!;. ,X H ·ds (4-20) 

s 

where S is the stripline cross section at the input po:r;t (¢ = 

0 .,· r "" R) • From equation (3-45) , the E field at r = R is 

+ 
E (r = R) 

sin <P + = E1 (cos¢ -)a n- z 
1 (4-21) 
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and from the assumed boundary conditions of equation (3-40} 

the H field at -'¥<<!><'¥ is 

H (r = R, - 'l'<<j><'l'} 

In the preceding equation,G is the input admittance as 
. R . 

defined by equation (3-57}. Since power is assumed to flow 

into the input port, the plus sign will be associated with 

GR in the following calculation. Also, the surface differ

ential element' in the qylindrical co-ordinate system is 

giyen by 

d§ = R d<P dz -+ a 
r 

(4-23} 

It should be noted in equations (4-21} , (4-22} and (4-23} that 

the 

~<P' and ar are unit vectors in •t.he direction of increasing 

cp and r, respectively~ The substitution of E, H and ds in 

Poynting integral gives Pout as 

Pout = 
G E 2 R fdfi{ . ,~, R l S1n ~ -........:r-2-- -d ..:.,.y<cos cp- n } d<j>dz 

The limits of integrat~on can be ascertained by reference to 

figure (4-3} ·· 

Experime~tal evidence [Rosenkra:nz (1969}, Fay & Comstock 

(1965}] indicates _that the value o~ o:utput power given by 

equation (4-2~a} is too small. A more accurate value of output 

power would be calculated by also considering the stripline 

fringing fie.lds at the input of the circulator. Such a 

calculation would be extremely involved and would 
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Upper ground plane 
> > '> > > > > > >> '>.> z = d 

. . I I I 

I 
I I I 

I 

e??(2J. z = 0 . I . I 
/, ~I I"" , 

cp = ~~ lcp = G '~ = ~ 
r "' I I 

?,7 77 77 7 7 ;>77 z = -d 

q, = u - --

Lower ground plane 

Figure 4.3. Limits of Integration for Calculation of Pout 

yield little physical insight in the overall design procedure. 

In.oFc:ler to s,i,mplify matters, it would be assumed that these 

fririg.i,ng fie~ds are significant only· in the region 2~<<1><-2'1', a 

fact demon~trated by experiment (Rosenkranz, 1969). Also .. .. 
it will be assumed that the Poynting vector E x H* maintains 

the same value over the region 2~<¢< -2~ as over the region 

~<cp< -~. This last assumption is a reasonable compromise 

between ignoring the fields outside 2~<<1><-2~ and ignoring the 

fact that th.E;! fields inside 2'1'<¢<~2'1' fall off exponentially 

with distance from the stripline center conductor. With 

these ·assumptions, the power output of the circulator is 
... 

p = 2Rd GR E2 cos 2 30 ° sin 2'1' out max 

% 4Rd GR E.2 cos 2 30 ° sin '¥ (4-24b) 
max 

The substitution of expressioh·s ( 4-24b) and ( 4-19) into 

the definition of loaded Q, equation (4-9), gives another· 

fundamental ·circulator relationship, 
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1 
(kR - kR ) w RE Eo 

Q c r 
L.= 2/3 Yeff ·1~1 

)J 

1 ·~1 = 0. 69 t-' 

(4-25) 

In. reducing equation (4-25), use has been made of the 

·following expressions, 

7T I~IYeff 
)J 

n- sin '!' 

Yeff =,~ 
~~ff 

kR = 1.84 

( 3-5 7) 

(3-31) 

(3-16) 

(3-54) 

At th;i R point it should be noted that Fay and Comstock (1965) 

give after a number of additional approximations,the relation 

(4-26) 

whereas equation (4-25) has been .shown to follow directly from 

the assumed boundary conditions and internal field distribution 

for the circulator. 

The calculation of the unloaded Q, Q
0

, can be facilita'ted 

by noting that PLoss is due primarily to three loss mechanisms: 

(1) magnetic l~ss Pll,(2) dielectric loss P~, and(3) conductor 

skin effect losses P so that ' ,, s 
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(4-27) 

Thus, it follows that three separate Q's can be defined, one 

for each loss mechanism, 

where, 

1 1 
~ = Qll 

Qll = 
w u 

c 
P. 

lJ 

( 4-2 8) 

(4-29a) 

(4-29b) 

(4-29c) 

The calculation of Qll and QE can be made by a slight 

~odif~cation of lleff and E as they appear in equation-(3-16). 

Both of these will now be assumed complex with small but non

zero imaginary parts, 

lleff = ll' _J.ll" eff eff 
E = E I - jE" 

(4-30) 

It can be shown [see for example, Ghose (1963), pp 407 - 411] 

that ~e immag~nary parts of lleff and. E are proportional to 

the energy dissipated per cycle in the magnetic and dielectric 

losses, respectively, while the real parts of lleff and E 

are proportional to the energy stored in the magnetic and electric 
~ ' .. 

fields • Thus, ·from -the definitions ·9£ Qll and QE, it follows 

that 

ll' = eff 

ll "eff 
(4...,311 
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£I 1 
= = ·£" tan o (4-32) 

where tan o is th~ dielectric loss tangent defined in equation 

(1-51). 

The real and imaginary parts of Jl eff may be calculated 

by reference to the following.equat:ions, 

( 3-13) 

]1 = 1 + X (1-39) 

(wo + jw a.)w 
X = c m (1-24) 

(wo + jwca.)2 - w 2 
c 

If, as in chapter 1 

cr = wo (1-60) 
w c 

w 
p = m (1-61) 

w c 

then 
(cr +. j a.) p 

X = (a + ja.)2p -1 (4-33) 

K = -p 

(cr + j a.) 2 -1 (4-34) 

so that peff can be written as 

1 - ( P + cr t j a.) 2 

lleff = 1- (cr + ja.) (p + cr + ja.) (4-35) 

When equation (4-35) is rationalized so that its real and 

imaginary parts can be separated, it is fouhd a,fter neglecting 

terms in a. 2 and a.~ that the magnetic Q is given by 
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Q J.l = ( p a + a 2 -1) [ ( p +cr) ~ -1] 

a.p [ ( p + (j )2 +1] (4-36) 

The calculation of Q is somewhat more involved; the . . ' c . . .· 
proq.edure will pnly be briefly sketched here. By reference 

to Atwater (1962), p. 78, the skin effect losses on the 

conductors of the circulator can be calcu+ated from 

= Rs f H 2 dA 
2 t A 

(4-37a)· 

wh~re Ht is the tangent.:j..·al magnetic field at the conducting 

surface~ adjacent to the ferrite disks, ·and Rs is the surface 

resistance of the conductors, 

(4-37b) 

In the last expression n is the conductivity of the ground plane 

and ~enter strip conductors. The region of integration A must 

be taken over· the areas of all conductors that are in contact 

with the fields in the ferrite disk. It should be noted that 

equation (4-37a) does not take into account the conductor 

losses of the striplines feeding the circulator. 

The tang~ntial field required ·in. equation (4-37) may be 

written as 

(4-38). 

where 
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+ H (r,<j>) 
r 

-+ 
a 

r 
( 4-39) 

The components H<P and Hr for the n=l mode c~n be calculated 

directly from eq1.1ation (3-30) using ·the value of a±_l given 

by equation (3-44). After .. the transformation of -the variable 

<P to· the variable <P' = <P + ~ , these components can be written 

in the form, 

+ J
1

(kr) cos <f>'} (4-40a) 

E y 
eff ·H ( r, <P) max {~ J 1 '(kr) cos <P I = (kR) r Jl J.l 

j 
Jl (kr). 

<f>'} kr 
·sin 

In conside·ration of the fact that the ferrite disks are 

bounded by four· conductors, the two groundplanes and the 

two sides of the center conductor, the integral of (4-36) 

may be. written as 

r=R <P '=2TI 
Ps = 2Rs J J ( 1Hcpl 2 + 1Hr1 2 ) rdr d<f>' 

r=o <f>'::o · (4-41) 

The i~tegration is rather tedious but.can be performed with 

the assistance of appropriate identities.involving Bessel 

functions to yield 

ps = TIR y2 R2 
s eff 

where kR = 1. 84. (4-42) 
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Thus, from equation (4-29c) the value of Oc will be 

given by · 

(4-43) 

By ~e use of e9uations (3-13) , (3-31), .. and the definition of 

R , the above .expression can be reduced to s. 

( 4-4 4) 

where T = ~~ · ·. , the skin depth of the conductors [Atwater .u.L.cnllo 
(1962)',_ p. 787 

4~3 Matching the Circulator to the :stripline 

The circulator as a resonator structure will be matche·d 

to the connecting striplines by means of a quarter-wave transformer. 

Other matching ·:methods are possible,· and although the analysis 

may be more involved, the basic desig:t:J. philosophy will be much 

the same as .is followed in this report. 

This approach to the design of the appropriate matching 

tr~sformer begins with standard transmission line theory • 

. Figure 4 . 4 . 

X = -s X = 0 

Figure 4.4. Matching Transformer as a Transmission 

Line Section 
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represents a length s of transmission line ·of characteristic 

imped,ance z
00 

terminated in the arbitrary impedance zr. This 

length of transmission line represents the quarter-wave matching 

tran~forrner, and z is the equivalent circuit impedance appearing . r . . , 
at ·the input port of the circulator. (Since circuit theory is 

. . . 

now being employed, z should not be confused with the wave . r 
impedance z of equation 4-3}. z., the driving pointJimpedance 

1 ~ 

of ·.this section at terminated line; may be expressed as 

Zi = ZQQ 
1 + p EXP(-2jB

5
} 

1 - p E XP (- 2 j B s} 

where e is the propagation constant given by 

13 = 2'1Tf 
v = 

2'1T x--

(4-45} 

(4-46} 

and where P is. the reflection coefficient at the end of line, 
' 

~=0. 

z 
p = r - ( 4-4 7}· 

In equation (4-46}, vis the velocity of propagation.along the 

line, and A. the wavelength. The'devetopment of these equations 

is given in Atwater, Section I . 

. If the stripline connected to the circulator has a character-

istic· impedance of zo, matching 

resonant frequency fc and if z 0 

f = f (1 + 6} 1 where 6 is the c -
ci:r.c:ulator, 

= fh - fc 
6 --=f-

c 

is achieved if z. = z 0 at the 
' 1 

is made pure resistive at 

fractional bandwidth of the 

= = (4-48)" 

where fh and fe are respectively the high and low frequencies ·of 

th~ circulator passband. (This assumes that the bandwidth 
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characteristics are symmetric about fc.) Also, it is required 

that the VSWR {or isolation) at f = ·f {1 + ~) be within . . c 
prescribed iimits. This latter requirement can be satisfied 

by_·:appropriat~ adjustment of the circulator d.c. biasing field. 

Now, . at resonance, 

s = A 
- 4 = = - {4-49) 

where, 80 = 
2~fc , is the·transmission. line propagation constant 

at the resonant frequency. It also fol~ows that at resonance 

the argument of the exponentials in equation {4-45) becomes, . 

{4-50) 

On the other hand, at the edge of the circulator passband, 

f=fc(l ±.~), so that argument of the:exponentials in {4-:-45) 

can be calculated from 

8{+ ~) = 21T f { 1 +~.) 
·C 

v 

v = ;_ 1T{l + ~) 
.4fc 

(4-51) 

Since it has been assumed that the bandwidth behavior is 

symmetric about the resonant frequen~y fc, the analysis will· 

continue by dealing only with the on~ bandedge, f = fc{l + ~). 

The exp6hemtials of equation (4·.:.:.46) may be approximated 

at f = fc {1 + ~) by noting that 
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EXP[-j2S (1 + fl) s] = EXP irr (1 + fl) 

= cos [ 11( 1 + fl) ] + j ;sin [ '!T ( 1 + fl) ] 

- Cos 71' Cos fl- sin 71' sin fl 

· +j (sin 71' cos fl+ cos 71' sin .fl) % -1-jfl 

since (4-52) 

cos 
for small fl. 

For convenience, Zi I z r' and p will now be normalized 

with respect to ZOQ' i.e. , 

z . 
. 1 z 4-53a) Z· = r z = 1 
OQ r _x_ 

zoo 

Zr -1 1- Yr p = = 
zr +1 1+ y C4-53br 

r 

whe~e 

Yr 
1 

= (4....,54). z r 

With these normalized values, and by·using the approximations 

of <4-52), equation (4-45) takes the. form, 

z 
r 

= 1 - p - jfl 
1 + p + jil 

(4....,55) 

As discussed in Atwater, Chapte·r 4, the wave impedances 

and admittances appearing at a waveguide or resonator port 

are proportional to equivalent circui:t impedances and 
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admittance~. Thus, the equivalent circuit admittance yr,· 

equation (4-54) , appearing at the input port of the circulator 

at resonance can be written in ·terms of the input wave 

admittance at resonance as 

y (f ·) = y = KG 
r c ro R 

(4-56) 

where GR is given by equation (3-57)· and K is a factor of 

prop~rtionality to ~e determined. 

Since the matching .section is a quarter-wave at resonance, 

the characteristic impeqance of the matching section must 

be (Atwater, p. 19), · 

( 4-5 7) 

where zro = zr(f0 ), the equivalent circuit impedance at the 

input port of the circulator at resonance. Thus, it follows 

that 

= 

The normalization of Yro with respect to z00 gives 

ZOQ 

From equations ( 4-56) and ( 4-59). the factor of· 

proportionality K can be evaluated as 

1 
K = y ro GR 

(4-58) 

(4-59) 

(4-60) 

If it is assumed that the real part of wave admittance 
. . 

GR varies but slightly in the neighborhood of resonance, 

the equivalent normalized circuit admittance at the input port 

of the circul.ator for f = fc ( 1 + l!.) . may be written as 
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Yro 
= 

Yr GR 
(4-61) 

with BR the wave susceptance at f = fc(l + 6). If the phase \·. 
angle 8 of the wave admi"ttance is introduced, i.e., 

( 4-62) 

then (4-61) can be expressed as 

Yr = Yro (1 + j tan 6) (4-63) 

The substitution at the value of y given by (4-63) into 
r . i 

(4-53b) gives the value of the reflection coefficient at 

f = fc(l + 6) as 

p(+ 6) 1 2 sec 2 8 -2· y cose = y ro ro 
1 + 2Yro + y2 secze 

ro 
(4-64) 

Placing this value of p into equation (4-55) produces the 

normalized driving point impedance at the input of the 

matching section, 

(+ 6) A + jC (4-65a) z. = 
~ D - jC 

A= 2Yro (1 + y 2 ··sec 2 e ro < 4-65b r 
.. 

0 = 2 (1 + Yro> ( 4-6 5c) 

C = 2Yro tan 8 - 6.(1 + 2y ro + y~0 sec 2 8) 

(4-65d) 
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Thus, the requirement that Zi be pure resistive (or zi 

pure real) at f = fc (1 + Ll) yields one basic design relation 

between y ,IJ., aild e. ro · · 

2yro tan 0= IJ. (1 + 2Yro + y:
0 

sec 2 0) 

(4-66) 

A second basic design relation for the quarter wave 

ma~cping transformer can be deduced from considering the 

stripline VSWR at f = fc(l + IJ.) •. From equation (2-55), it can 

be se.en that the procedure is equivalent;. to considering the 

minimum isolation desired within the passband. of the circulator. 

In t~rms of the reflection coefficient p 1 at the input to the 

qua+ter-wave transformer, the VSWR oil the inputstripline is 

VSWR = 1 + I pI I 
1 I pI I ( 4-6 7) 

If condition (4-66) is satisfied, then z. for f = f (1 + /J.) 
1 'c 

can be written as 

z. 
Yro(l + sec 2 e 1 Yro z, = = 

1 ZOQ 
Y:ro + 1 (4-68) 

In· turn,: .p 1 may be written as 

Z·. -1 p I 1 = .. (4-69) 
z. +1 

1 

with z! = Z .. /Z , i.e., z. is now normalized to the stripline 
1 1 0 ~ 

characteristic impedance; Now zi is easily related to zi by 

noti1fg that 

z. z. z z. 
~ 

'1 
= 1 OQ 1 = 

Zoo Zo 
= 

i ?o yro ( 4-70) 

Thus, in terms of zit p I can be expressed as 
'' 
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z. 
Yro . p' = 1 

z. + Y-,:o 
l. 

(4-71) 

or PY using the value of z. in (4-68), 
l. 

p' = Yro ·tan 2 0 

2 + Yro · .(l+sec 2 0) . (4-72) 

After the insertion of the above value of p' into (4-67), 

plus some algebraic manipulation, a second basic relation between 

Yror 0, and VSWR is obtained: 

VSWR 
Yro' t.an 2 0 

= 1+ 
Yro +1 (4-73) 

It should be noted that if y ·is large, i.e., the ro 
circulator rather heavily loaded, then (4-73) reduces to 

the expression given by Faye and Comstock (1965), 

VSWR% sec 2 0 (4-74) 

A more convenient form of equation (4-73) is .·obtained by 

solving for Yro in terms of the VSWR, 

(4-.75) 

where V is the VSWR on the stripline at f = fc(l ~ ~). 

4-4 Adjustment of Circulator d.c. Biasing Fiel"d for 

Suitable VSWR and Isolation. 

Equation (4·-75) specifies the necessary value of 

characteristic impedance for the quarter-wave matching 

transformer for a given VSWR and tan _0. The following 

analysis will show that tan 0 is dependent upon the 

adjustment of the circulator d.c. biasing field. 

83 



From the equivalent circuit of Figure 4-3, it can be. 

seen that the wave admittance at the input port of the 

circulator has ~ po~itive susceptance BR for f>fc. Further

~or~, if BR is expanded in a-power series in o, where 

o= f-fc 

fc 
(4-76) 

and if o is sufficiently small so that all terms in o higher 

than first degree can be, neglected, then 

(4-77) 

The constant K1 can be evaluated by noting that at 

f = fc(l + ~), o = ~, and 

so that tan 0 
= GR ~...,...~--=-- and 

Y ( ~) ~ G [l + . tan 0 
R u "' R J ~ 

(4-78) 

ol (4-.79) 

Since the circulator a$ a reson~tor is represented by a 

shunt R-L-C circuit, the loaded Q of this circuit can be 

defined as (Atwater, Chapter 5), 

( 4-80) 

whe:r.e f = f~ .· · is the frequency where 

( 4-81) 
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or from (4-79), 

tan 0 
·- 1:1 1:1Q = 1 (4-82) 

with 

f - f 
~ c 

f 
(4-83) 

c 

Th~s, QL can be written as 

QL 
1 tan 0 = = 

2/:1Q 2/:1 
(4-84) 

since from (4~71), /:1Q = 1:1 cot e. 

Now by equation (4-25) , QL is determined by the gyrotropic 

rat~o K/~, i.e.; 

QL = 0.69 1~1 
K 

(4-25) 

so that by proper adjustment of K/~ -through the d.c. biasing 

field, the desired value of tan 0 can be obtained. This 

desired value .. of tan 0 can be calculated by eliminating y ro 

fr~m equations (4-66) and (4-73). A cubic equation in 

X~ tan 0 results, 

+ = 0 (4 ... 85) 

where F is VSWR - 1. The correct v~_lue of X = tan 0 is the 

smallest positive root of this cubic equation. 
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Section ~ 

A COMPLETE DESIGN PROCEDURE FOR 

A STRIPLINE CIRCULATOR 

The concluding sedtion of thi~ report will specify a 

complete ·design procedure for a Y-j_unction stripline circula

tor with quarter-wave matching. Following each step of the. 

procedure,comments relating that step to the appropriate part 

of the circulator analysis will be made. The input parameters 

to this proc~dure are the isolation, isolation bandwidth, 

operating frequency, and 4nMs of the ferrite. 

1~) Select an isolation factor, 

y = (5-1) 

at the following frequencies f = f (1 + 6) , where c -
f is the center frequency<and 6 the fractional c 
bandwidth of the circulator as given by equation 

(4-48). E1 and E3 are transverse stripline 

fi~lds at the input.and i~olated port, respectively. 

2.) The·:vswR for the input port is given. by, 

VSWR = 1 + y 
1 - y or VSWR-1 y = VSWR+l 

(5-2) 

Comment: Equation (5-2) is a consequence of 

scattering matrix theory, and follows as a result. 

of the discussion of Section 2.6 . 
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3.) The phase angle e between the real and imaginary 

parts of the circulator input wave admittance may 

be found by solving. for the smallest positive r6ot 

of the following cubic equation, 

( 4-85) 

where, 

X = tan 0 (5-3) 

and 

F VSWR - 1 (5-4) 

Comment: Equation (4-85) results from treating 

the circulator near its operating frequency as 

a lightly coupled resonator, represented by a 

shunt R-L-C circuit. Complete details of the 

derivation of (4-8~) appear in Section 4. 

4.) The loaded Q of the ferrite is found from 

tan e 
26. (4-83) 

Comment: Equation (4-83) is, as was equation (4-48) 

above, a consequence of treating the circulator 

as ?~-·resonator. 

5.) In turn, the loaded Q may.be related to the gyro

tropic ratio K/~ by 

0.69 

~ (5-5) 
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Reasonable values of I~ I fall between 0. 2 and 0 .6. 

It sho"uld be noted that K<O for above resonance 

operation, and K>o for below resonance operation. 

Comment: The quantities K arid ]..1 are _elements of the 

ferrite Polder tensor, derived in Section 1.3. As 

such, they are dependent upon the circulator d.c. 

biasing field, as discussed in Section 1.6. 

"Equation ·(5-5) follows from the calculation 

of the ·ratio of the energy stored per cycle in the 

circulator to the power transferred through the 

circulator; this derivation is carried out in 

Section 4.2. 

Large values of 1~1 indicate operation too near 

gyrqmagnetic resonance with corresponding large 

magnetic losses; small values of 1~1 lead to 

res.tricti ve circulator bandwidth. (F-ay. & Comstock, 

1965) . 

6.) The. normalized saturation.:magnetization is defined 

as 

p = 
-4rr M y /]..1 

s e o 

f e 
( 1-61) 

with 4rrMs/]..1
0 

the saturation magnetization of the 

ferrite in oersteds, ye tne gyromagnetic constant, 

Ye = -2.8 MHz/oersted (1-57) 

and fc· the operating frequency of the circulator. 

Comment: Equations (1-57) and (1-61), relating 

to·· the material parameters· of the ferrite, are 

discussed in Sections 1.3··and 1.6. 
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7.) The normalized internal biasing field, 

y = -yeHi 

fc 
(1-60) 

where Hi in oersteds is the internal biasing 

field, may be determined·from, 

(J = ! [- p + /p2 + 4 ( 1 - p ~) ] . 
2 . K 

(5-6) 

Values of cr in the range 0.75<cr< 1.15 should be. 

avoided because of high circulator insertion loss 

near gyromagnetic resonance. 

One restriction appears ~hen applying this design 

equation to below resonance operation, i.e., since 

K>O for below resonance operation,· then 

or, 

p 

> 4(pK-l) 
]1 

.~· 

> 2 [~ 
K 

+ /(~) 2 -1] 
K 

Thi.!? inequality implies that below resonance 

operation is only satisfaqtory for a low .operating· 

frequency, high saturation magnetization, or large 

gyrotropic ratio. 
. . K 

Comment: The gyrotropic .ratio ~may be calculated 

in terms of 4;rr Ms and the internal biasing field 

from equations (1-58) ·and:- (1-59), then the resultant 

expression solved for cr in order to produce equation 

(5-5) • 
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8.) The internal biasing ·field H .. is related to the 
1 

the flux density just external to the ferrite 

di~c, 13ext, PY 

Hi %(B t - 41l"M )/ll ex · s o (5-7) 

Bex~ being given in gauss. 

Comment: Equation (5-7) is merely a reflection 

of the fact that.the magnetic_flux density must 

be continuous at the ferrite boundary so that 

where M is magnetic moment per uni~ volume. 

Since the ferrite disc is biased with a strong 

magnetic field, M is equa~ to the saturation magnetic 

moment per unit volume (M.) and equation (5-7) follows. s . 
9.) The effective r.f. permeability may be calculated 

10.) 

from 
1 P + a.> 2 

1 - (J (p + 0) 
(5-8) 

Comment: The effective r.f. permeability is 

developed in Section 3·3, equation (3-13), and is 

calculated through use of equations (.1-58) and (1....;59). 

For ·first order mode oper~tion in the ferrite disk, 

which gives the smallest disk radius and lowest 

loss, the radius R is given by 

R = (5-9) 

_; 
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where, 

k = 
2n'fc lc.r 11eff 

c (5-10) 

with Er the relative dielectric constant of the 

ferrite disk, and c the free space velocity of 

electromagnetic-waves, c = 3 X 10 8 meter/second. 

Comment: The equation for the ferrite radius is 

developed in Section 3·7, equation 3-54, whereas 

k is defined by equation 3-16 of Section 3-3. 

11.) The necessary characteristic impedance z
00 

for 

the: quarterwave matching transformer is determined 

from 

z 
.o = .:_:-.::...F __ 

F - tan 2 0 (5-11) 

where F is defined by equation (5-4) and z
0 

is the 

characteristic impedance of the striplines to the 

circulator. 

Comment: Equation (5-11). is a consequence of the 

analysis in Section 4•3 and follows directly 

from equation (4-75). 

12.) It w·ill be assumed that the stripline width v and 

the quarter-wave matching transformer stripline 

width are identical. Then if£. is the relative 
~r 

dielectric constant asso~iated with z
0

, the required 

relative dielectric const.a'n.t for z
00 

is · 

z 
( -

·0 ) 2 = £. 
~r z0 Q 

(5-15) 
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Comment: Equation {5·-12) results because the 

characteristic impedance of a line is proportional 
-~ .· 

to c , c the capacitance per unit length, while 

in turn C is directly proportional to the dielectric 

constant. 

13.) The design procedure just outlined wi 11 be valid 

only if 

v < R {3-42) 

Comment: Equation {3-42) implies that the circulator 

is lightly coupled to the stripline, a circumstance 

that vastly simplifies the analysis·. 

The previous thirteen steps are>the basic design procedure 

for a lightly coupled Y-junction stripline circulator. The 

remaining steps of the procedure ·are essentially calculations 

that yield a lower bound on the circulator insertion loss. 

Certainly the ·actual loss will be greater,· since in the deri

vation of these calculations no attempt has been made to include 

such factors as stripline and matching transformer losses, 

fringing field losses, and the e·ffect. of any circulator 

assymetries. 

14.) The· lower bound of the circulator loss can be calculated 

from 

[1" 
.. 

QL] I.L. = 10 loglO -
% 

{5-13) 

where 

1 1 + 
1 

+ 
"1 .. = - {4-28) 

.. 
Qo Q Q o·· 

].1 £ c 
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15.) 

Comment: The derivation of equation {5-13) is 

discussed in section · 4. 2 of this report, as are 

the calc~lations of Q~ , Q.£ , and .. Qc which follow. 

Q~ is associated with the magnetic losses 

ferrite and is given by 

Q 
[ pcr +. cr 2 -1] [ { p + cr) 2 -1] = 

~ aP [ { p + cr)2 +1] 

Here a is the gyrotropic damping constant 

defined in ·section 1.4: 

a = - Ye ~H 
2f 

T 

in the 

{ 5-14) 

~H being the gyromagnetic resonance bandwidth at 

the test frequency f • 
T 

Comment: Equatio'n {5-14) follows from equation 

{1-49), with ~H being in oersteds and ye given by 

equation {1-57). 

16 ) Q ·is assoc1'ated with the ferrite dielectric losses, • . £ 

1 = 
tan o {4-32) 

where tan o is the dielectric loss tangent of 

the ferrite material. 

17.) Qc ·is associated with the losses in the conductors. 

bounding the ferrite disk~ 

Qc 
d ~2 K2 

(4-44) = - ~ 
T ·~ 2 + K2 ... 

93 



with, 

(1-58) 

(1-59) 

In equation ( 4-4 4) d i,s the thickness of one ferrite 

disk, and T the conductor skin depth at the operating 

frequency, 

T = ·rrf JJ n ).~ : . c 0 . 
(5-15) 

with ]J 0 the free space permeability and n the 

conductivity of the conductor. 

( 
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