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ABSTRACT

A brief review is given of current understanding of the

behavior of long wavelength excitations in liquid He at very low

temperatures and their dependence on pressure. A discussion is given

of experiments which probe the excitation spectrum; these include

inelastic neutron scattering, heat capacity, thermal conductivity,

propagation of super thermal phonons, and sound propagation.

Special emphasis is given to sound propagation.
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I. Introduction

In recent years a considerable amount of work has been done on the

behavior of long wavelength excitations in liquid He at very low tempera-

tures. It is important to study phenomena which give insight into the energy-

momentum (or dispersion) relation €=£(j>)of the excitations as well as the

lifetime resulting from collisions between the excitations. As we shall

see, the lifetime and dispersion are intimately connected.

For temperatures below about 0.6 K the number density of rotons

is sufficiently small that their contribution to the thermal and trans-

port properties of the liquid may be neglected. We are then left with

a "single specie" system of interacting phonons. This system is ideal f o r

several reasons. Firstly liquid He is isotropic and translationally invariant.

Secondly the only impurity is He and its concentration can be reduced to

an insignificnat level. Finally many of the parameters which describe the

system are well known; these include the velocity of sound, c, the

density, p, and the Grllneisen constant, U s ~ '—-• . together with the

pressure (or density) dependence of these quantities. Certainly we

should strive for a very complete understanding of He since certain

aspects of this system may model the more complex behavior of the

phonon structure of solids.

The lowest order scattering process among the excitations is the

three phonon process (3PP). The kinematics of the scattering is governed

by the laws of conservation of energy.6r. and momentum, p*. We may dis-

tinguish two such processes:
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1) two initial state phonons combine to form a single final state

phonon;

2) a single initial state phonon decays to produce two final state

phonons. Thus for the first process we have

K *• fc -
We write the long-wavelength-elementary-excitation spectrum in the form

where c is the sound velocity and g(p) is a small correction which

accounts for a departure from linearity. Using Eqs. (l)-(3) it is

easy to show that the angle, & , between the incoming thermal and

acoustic phonons is given approximately by t> - [ Jj (Jp)J L . For

g(p) = 0 all phonons are colinear; for g(p)<.0 the three phonon

process is forbidden and phonons can then interact only through the higher

order (and much slower) four ph(

phonons to decay spontaneously.

order (and much slower) four phonon process. ~ Positive g(p) permits

Landau and Khalatnikov ' state that the spectrum must be

stable (g(p)<0) and that the power series expansions of g(p) must

contain only even powers of p, i.e. <? rrc|^\- YP''+- - . - )

The situation of negative g(p) has been termed "normal dispersion".
5

Molinari and Regge have argued that g(p) can also contain odd powers

including a linear term although experimental evidence, which will be
the

discussed in this paper, indicates that linear term, if present at all-, is

extremely small. Most theories predict that g(p) begins quadratically.
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Feenberg has shown that the expansion contains a p term for the model
a a

of a weakly interacting Bose gas with potential having long range van dcr
Waals tail. There appears to be no logical reason why $ cannot have

g
either sign and Marie and Masscy were the first to suggest that a

negative tf might explain the anomalies that had been observed in the

ultrasonic attenuation. The majority of the experimental data now

appear to support the conjecture of positive (anomalous) dispersion. As

a consequence the phonon transport properties calculated by Landau and

Khalatnikov require substantial modification. This paper will present a

brief review of theoretical and experimental knowledge concerning

the thermal and transport behavior of long wavelength excitations in
A

liquid He at very low temperatures

Let us continue our discussion of the lifetime of the elementary

excitations. The formalism used to compute phonon-phonon interactions is

quantum-hydrodynamics (QHD). The QHD formalism was developed by

Landau and results from a quantization of the classical Euler equations

of hydrodynamics. When rewritten as a field equation the Hamiltonian

density, H, which results in the Euler equation is given by

(4)

where the first term is the kinetic energy of the liquid and the second

accounts for the additional potential energy resulting from increasing

the density from its equilibrium value, /> , to /> ; E(/>) is given

by

(5)



- 4 -

Expanding in a power series one obtains

where

/ «•

and

'kJ? (8)

The term H is the Hamiltonian density for non-interacting
©

phonons while the term in V3 causes a first order coupling between

three phonons. The strength of the second term in Vj is usually

0 ^-C
measured in terms of the Grlineisen constant U.5 -_. __ ;

c. ^

u(/)) has been accurately measured and will be discussed later in this

paper.

Using the "Golden rule" one can compute transition probabilities

(or equivalently lifetimes or attenuations) from Eq.(8) and the

phonon eigenstates of Eq.(7). The momentum and energy conserving S*

functions in the resulting integrations select the phonons which may

scatter as discussed qualitatively earlier; in particular if £ ( b)

contains regions of normal dispersion then phonons associated with this

region may not scatter in first order. Thus in addition to the coupling f
i

constant, u , parameters describing the shape of the elementary excita- j

tion spectrum may also affect the lifetime. For the case of small but |

negative ^ the lifetimes are independent of $ and the !
t

i

qualitative behavior of the lifetime of a phonon of momentwt p is as ;

follows:11 I
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(9a)

where f> a ._£- is approximately the momentum of a typical

thermal phonon. We must emphasize that Eqs. (9) describe the life-

time by which approximately parallel phonons come into equilibrium

with each other. In computing transport phenomena such as the viscocity

1 2coefficient, /i , a wide-angle scattering time . T . is important. *

Wide-angle relaxation may be thought of as resulting from a large number

of small-angle scattering processes which have an angle G- = [^K|\)J

as stated earlier. For y(lf>) • —^^ the angle 0- for thermal

phonons is given by tf ih - ihaJLJL*. Maris1 has argued that

rather than affecting Y by a factor £> , which would be characteristic

of random walk, wide angle scattering involves^due to momentum conservation,

4- 1 12
a factor £* . Maris and Ma find:

I ». »- <J

" *V () * T (10)

II Experiments Which Probe Dispersion and Lifetime of Excitations

A. Inelastic Neutron Scattering

The most powerful probe of the overall shape of the elementary

excitation spectrum is surely the neutron. The classic work of Henshaw

and Woods resulted in detailed quantitative data on the spectrum

originally proposed by Landau. Unfortunately the excitation

momenta which can be probed with neutrons are large
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compared with those which are thermally occupied in the low temperature

region. Fig. 1 shows a plot of the more recent data of Woods and

Cowley for f-W/ji vs. p for small momenta. The smooth line

is a fit by Maris which will be discussed shortly. The majority

of the spectrum shows normal dispersion with the exception of the

region less than rv 0.3A~ . A ^n!. phonon at 0.6K has a
8-l C"

momentum of 0.1A . Thus we must have alternate probes to study
dispersion in the thermal phonon region.

B. Specific Heat

Recently Phillips, Waterfield and Hoffer made a detailed

study of the low temperature phonon specific heat (^ of liquid He

as a function of density. If J)( I*,) = - 3T/* » tllen a n e 8 a t i v e ^

results in a lowering of the heat capacity relative to the Debye T"

behavior since the thermal occupation is slightly lower if the spectrum

curves up. The - Ifff term causes a T term in the heat capacity.

By plotting ^ / f vs T the coefficient % can be determined. The

specific heat data of Phillips £t al. clearly show anomalous dispersion at the

vapor pressure. However, aa the density increases, their specific heat data under

pressure indicate a reduction in the anomalous dispersion and, eventually, near the

solidification density, the dispersion becomes normal. Later, when we

discuss the ultrasonic data under pressure, we will see that the high

pressure picture needs some modification. Maris has reanalyzed the

heat capacity data and finds y= -8xlO37 cgs units at the vapor

pressure.

C. Thermal Conductivity

Whitworth has deduced the viscous mean free path, /I , of

liquid He at the vapor pressure by studying the thermal conductivity.

At very low temperatures, where the scattering of excitations is dominated by
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the walls, the thermal conductivity

follows from the familiar expression derived in kinetic theory;

i.e., it is proportional to the heat capacity (T ). As the temperature

in increased, scattering between excitations takes over at some temperature

and the conductivity increases abruptly due to two fluid flow. By

studying the "cross over" temperature as a function of diameter of the

thermal conductivity cell one can obtain the temperature dependence of

the viscous-mean-free-path. The filled circles in Fig. 2 show the data

-4 2
of Whitworth; if expressed as a power law the data fit a T * dependence

rather than T as discussed earlier / \ — c /-.̂  1 . However, the

T behavior is expected only if all thermal phonons can contribute. If

the spectrum contains regions of normal dispersion at higher momenta

then these phonons cannot contribute to the viscosity. Maris used the

dispersion relation

which has the property of being anomalous for small momenta and normal

for high momenta. Using the value of 5 extracted from the heat

capacity ('SX/P* CJ/S) Maris fitted h. and p to the neutron

id •> ° o M 0

data (at qz = 0.4 and 1.0 A"' respectively) and obtained curve C

of Fig. 2; for -tf = 2,6,8,10, and 12x10 one obtains curves A

through E respectively. In the process of computing the viscosity,
18

Maris has derived explicit expressions for all of the transport

coefficients occurring in lowest order two fluid hydrodynamics. The

-9
dashed line in Fig. 2 shows a T dependence computed earlier by

2
Landau and Khalatnikov. The agreement with the theory of Maris is

quite remarkable and provides additional evidence of anomolous

4
dispersion in He.
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D. Propagation of Very High Frequency Phonons

A very direct way to probe dispersion is to measure

directly the time of flight of super high frequency phonons. Highly

monochromatic phonons may be generated and detected with appropriately

biased superconducting tunnel junctions which are sensitive to phonons

of energy 3£k , 4-A , etc. A broad band of phonons is emitted by an

electrically heated resistive film. These can be detected by a super-

conducting strip biased by an external field to a value close to the

transition temperature; the temperature dependence of the resistance is

then unusually high. Using the tunnel junction*-Narayanamurti, Andres and

19
Dynes have made a detailed study of phonon velocity

and have deduced parameters for the excitation spectrum. This

excellent work is discussed, in detail, in the next paper. The results

agree qualitatively with data extracted from other measurements and

support the idea of anomalous dispersion in the thermal phonon region.

E. The Propagation of Ultrasound

1. Theory

A proper treatment of the propagation of sound waves requires

solving the Boltzmann transport equation. If the collision integral is

treated in the relaxation time approximation the following expressions

for the attenuation, oC , and velocity shift, &C , may be derived.4>1I>20"25

-JCl^lS @ r]frjths£[) (12a)

( 1 2 b )
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The quantity B is a constant which varies from one theory to another

the term 3 ^ l*1"-*̂  is, in general, much less than one. Equal/on (P**)

is qualitatively similar to Eq. (9a) ( J3 » ̂ r) \ i.e., the attenuation

arises from a three phonon scattering process. However, the collision

time approximation is a Jrastic one and this must be born in mind when

attempting to interpret data using Eqs. (12). Maris, on the other hand,

has computed the collision integral numerically assuming that only three-

phonon-processes contribute; again there are restrictions on the 3pp

arising from Eq. (ljf. We will see that the numerical solutions are

absolutely essential if semi-quantitative agreement with experiment

is to be obtained.

2. Experimental Technique

Fig. 3. shows a block diagram of the electronics employed in

our experiments. A signal generator supplies f.-f. energy which is

split into two channels: the helium channel A, and the reference channel

B. A switch in each channel converts the continuous <•£ into short

(*v 50Vsec.) bursts. The energy in the helium channel is applied to

a transducer in the sonic cell where it is successively converted into

acoustic energy, propagated across a column of liquid He, reconverted to

electrical energy by a second transducer, and finally detected by a

receiver and displayed on an oscilliscope. The reference channel contains

a precision attenuator and phase shifter (delay line). The switch in the

B channel is opened at the time of arrival at the receiver of the A

channel. The attenuator and phase shifter are adjusted so that the signals

from the A and B channels are of equal amplitude and opposite phase,
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i.e., such that a null occurs at the receiver. Accurate measurements of

the change in attenuation and velocity with respect to some variable such

as temperature or pressure can be made by observing the change in the

attenuator and phase shifter required to restore the null at the receiver.

27
The sonic cell used in our experiments is shown in Fig. 4.

The reservoir at the top was used in early experiments where He gas was

sealed in at room temperature and high pressure. In later work a long

fine capillary was used to load the cell at low temperatures. The spacer

for the column of helium (A» 1 cm) is in the center of the lower

section and is terminated by x - cut quartz transducers on each end.

The coaxialJy plated transducers are free to vibrate on both sides and

are loaded only by helium; contact to the transducers is made by fine

platinum springs. A teflon spoiler is located behind each transducer

to attenuate sound propagating in this region. Small co-ax washers

fill the remainder of the cell and make contact to the input and output

coaxial lines by additional springs.

In our experiments in which a search was made for a frequency

dependence! of the zero temperature sonic velocity new techniques had to

28
be developed. If there is no dispersion then sound waves of

frequency T and IT will propagate at the same velocity • On the other

hand if detectable dispersion 1J present the magnitude and sign can be

determined from the phase shift. We take advantage of the fact that both

of these frequencies can be generated by a single transducer. Figure 5

shows the electronics which peuiit a comparison of the two velocities.

Two oscillators of 30 and 90 MHz are synchronized such that the 90 MHz

oscillator is phase locked to three times the 30 MHz oscillator.

Switches follow both oscillators to produce r.f. bursts; a delay line
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ls Included In the 30 MHz path. Both signals are applied to a trans-

ducer in the liquid helium column. The echo from the movable reflector

is simultaneously applied to two separate 30 and 90 MHz amplifiers.

The output of the 30 MHz oscillator is applied to a frequency multiplier

after which it is mixed with the 90 MHz output. If the velocity is

dispersionless then varying the path length will produce no change in

the relative phase of 90 and 3 x 30 MHz channels. The variable path

sonic cell is shown in Fig. 6. A fused quartz V block was lapped with

respect to a second block such that when the second block was moved

along the first the ends of the sound path remained parallel. The

movement at low temperatures was accomplished with a bellows which was

4
expanded or contracted with pressurized He.

For measurements of the temperature dependence of the sonic

velocity under pressure, or equivalently, for measurements at constant

density, a valve which is held at the same temperature as the sonic cell

29is required; Big, 7 shows our low temperature valve. The valve is

closed by a teflon tipped brass needle which is pressed into a

polished brass seat by a bellows which is, in turn, actuated

by a separate He capillary. Except in cases where small crystals of

frozen air upset the seal, the valve was observed to be superfluid

tight for the duration of the experiment. The valve was tested by

pressurizing the liquid in a sonic cell, closing the valve, and, on

removing the external pressure, looking for a change in transit time

(phase) with time; no change could be detected within our resolution

(about a part in 10 ).
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3. Measurements of the Coupling Constant u.

Fig. 8 shows our measurements of the velocity of sound, c,

as a function of density, P . From theae data and values for the

density (which can be determined relative to the vapor pressure density

in the same experiment) one can determine the coupling constantj

we find a value u = 2.84. This is, of course, the coupling constant at

the sound frequency and the question naturally arises to what extent does u

depend on the momentum of the excitations. Some estimates can be made

from the behavior of the heat capacity under pressure. Alternatively one can

study the temperature dependence of the density which is directly proportional

to the parameter u, or, more precisely, an average of u(p) over the

thermal phonon distribution. Figure 9 shows our measurements of temperature

dependence of the density arising from phonons. The solid line shows

the Debye theory using our zero frequency value of the Grtlneisen constant) u.

Note that the agreement is excellent indicating that u is approximately

independent of momentum for thermal phonons. These data were derived by

taking the difference between the sound velocity at the vapor pressure

(valve open) and the velocity at constant density (valve closed).

4. Search for Low Frequency Dispersion

As stated earlier Molinari and Regge have suggested that the

expansion of g(p) should begin with a linear term, i.e., tjl\y)- •-*•,(» *••*, p'« <*,(*'

They made an estimate of •-*•, by fitting the inelastic neutron scattering

data using this form for the dispersion in Eq. 3. The existence of an

,„ of the magnitude resulting from their fit would produce a quite

measureable dispersion at ultrasonic frequencies. Using the techniques
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described in section II - E-2 we have measured the difference in transit

time for 30 and 90 MHz sound waves as a function of pathlength. Our

28
results are shown as the open circles in Fig. 10, while the solid

line shows the prediction of Mollnari and Regge. We conclude that linear

dispersion, if present at all, is insignificant.

5. Propagation of Sound at or near the Vapor Pressure.

Figs, lla and lib show our measurements1 of the temperature

dependence of the attenuation of sound at 36 and 60 MHz respectively.

We will confine our attention to only the phonon region, i.e., T 4.0.6 K.

21
The solid line shows a theory of Khalatnikov and Chernikova (KC); this

theory reduces to Eq.(12a)at low temperatures. Note that the attenuation is

considerably greater than predicted by the theory. Fig. 12 shows the temperature

dependence of the velocity for several frequencies. Note that the

velocity shift is smaller than the KC theory (which reduces to Eq. (12b) at

low temperatures). Clearly the theory as described by Eqs.(12) is

deficient in some fundamental respect, and this deficiency appears to

be the collision time approximation.

9ft
The calculations of Maris, in which the relaxation time approximation

is not made and for which the collision integral is evaluated numerically using three

phonon processes and an experimentally derived excitation spectrum, are in

much better agreement with the data. Calculations of this type have also

32
been performed by Meier and Beck. Figure 13 shows Maris1 calculations

of the frequency dependence of the attenuation of sound for several temper-

tures; shown also are the experimental data of Abraham £t_ al_. Waters

etal..33 and Roach et al. 3 4 Figure 14 shows Maris' calculations of

the temperature dependence of the velocity together with the data of Roach

et̂  aj. and Whitney and Chase. Two unusual features of both the
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calculations and the data should be pointed out. The attenuation does

not have a simple linear frequency dependence as required by Eq. (l2a)

but appears to have a temperature dependent "hump". The velocity, on

the other hand, appears to have a dispersive"S like" behavior with

frequency; the position of the center of the "S" being temperature

i

dependent. Maris has suggested that this behavior can be understood if ;•

the sound waves are interacting with a second mode whose frequency vs. [

wave number is qualitatively described by Fig. 15b. Maris believes

that this second mode is the second sound mode. For temperatures such

that <xr_«. | the velocity of second sound at low temperatures

is given by c 4 =
 C-/\T3~> • However, according to Maris for 'T̂  < — , < V.

second sound is still a good mode and has a velocity which increases
with increasing wave number; this situation is shown in Fig. 16

for a temperature of 0.35 K.

6. The Propagation of Sound at Intermediate and High Pressure

Since the heat capacity data indicate substantial changes in the

thermal phonon excitation spectrum with pressure we might expect that the

sound attentuation will present some anomalies; this is indeed the case.

Fig. 17 shows the temperature dependence of the attenuation of 15 and 105 MHz

34

sound waves for a variety of pressures. At low pressures and tempera-

tures the characteristic T dependence is observed. However, at inter-

mediate pressures , a reduction in slope followed by a sharp increase is

observed in the temperature dependent attenuation. Finally, at the highest

pressures a very steep temperature dependence is observed. The steeply

rising regions are caused by rotons and will be ignored in the present

discussion; thus we will be concerned only with the reduction in slope
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below a T dependence.

Jackie and Kehr have explained this behavior in terms of a

restriction imposed on the 3pp due to the change in the excitation

spectrum with pressure. Fig. 18 shows, qualitatively, the excitation

spectrum for two pressures P. and P~ where P. < ^? ' *?or Pnonons

with momentum greater than the cutoff, q the dispersion becomes normal

and the 3pp is forbidden. As the temperature increases the average

thermal phonon momentum t. increases. For low pressures \> is

generally less than q and no restriction in the 3pp occurs. However,

for intermediate pressures \p becomes comparable with and then larger

than q as the temperature increases. For |» >7 cl only those

phonons in the low momentum side of the Bose distribution can interact

with the sound wave and this causes a reduction in the attenuation from

the T law. At high pressures it appears that js > <i for the :|

majority of the temperature range over which the attenuation measurements |

were made. Fig. 19 shows the restricted three phonon process calculations |

of JHckle and Kehr 3 7 together with the data of Roach et al 3 4 at 15 |
I

and 105 MHz and at a pressure of 16.4 Atm. |

Fig. 20 shows the temperature dependence of the velocity of 1|

I
sound at a pressure of 8.4 Atm and for several values of the frequency %

between 12 and 105 MHz. The approximate T dependence has been §

divided out to better show the deviations from this law. No theoretical :l

calculations to explain this data have been offered to date. I



- 16 -

III. Conclusions

The experimental evidence available to date points very strongly

to the existence of anomalous phonon dispersion in liquid He. l'h<*

existence of such dispersion may appear to some observers to be of questionable

general interest. Historically, however, there was considerable reluctance

in the theoretical and experimental community to admit to this possibility.

What is needed now are first principle calculations using reasonable

potentials which can accurately predict form and magnitude of the dispersion

relation at long wavelengths. Various model calculations ' and

38
arguments based on sum rules are all that are available at this time.

Calculations of attenuation under pressure of the type performed by Maris

would be highly desirable.

On the experimental side it is desirable to accumulate more

low temperature data on phonon properties. Particularly interesting

would be measurements of the thermal conductivity under pressure. Higher

frequency ultrasonic data might also be valuable especially if an

39
observation of the four phonon attenuation process could be made.
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Figures

1. The phonon velocity as a function of the square of the wave number

as determined by Woods and Cowley. The solid line is a fit used

by Maris to explain the phonon viscous mean free path and the ultra-

sonic attenuation.

2. The filled circles show the viscous mean free path of phonons at the

vapor pressure as a function of temperature determined by Whitworth.

The solid lines show the calculations of Maris for various values

of the parameters used to describe the elementary excitation spectrum.

The dashed line shows a T dependence computed earlier by Landau

and Khalatnikov.

3. Block diagram of the electronics used in the ultrasonic attenuation

and velocity measurements.

4. The sonic cell.

5. Electronics for the search for a frequency dependent velocity.

6. Sonic cell for the search for a frequency dependent velocity.

7. The low temperature valve,

8. The velocity of sound as a function of

9. The temperature dependence of the density of He arising from

phonons as measured by Roach et_ al_.

10. Differential delay of 30 - and 90 - MHz sound waves versus round-trip

path length (open circles)measured by Roach et̂  aj_. The solid line

shows the prediction of Molinari and Regge.

11. Temperature dependence of the attenuation of sound at (a) 36 MHz

and (b) 60 MHz as measured by Abraham et_ al_. The solid line is

the theory of Khalatnikov and Chernikova.

12. Temperature dependence of the velocity of sound at 12,36, 60 and

84 MHz as measured by Abraham e£ aJL The solid line shows the theory

of Khalatnikov and Chernikova.



13. The frequency dependence of the attenuation of sound at T=0.15, .25,

.35, .45 and .6K as calculated by Maris. The experimental points

those of Abraham et ai, Waters cit a_L, and Roach e_t a_K

14. The frequency dependence of the velocity shift at T=0.1S, n.25,

0.35, 0.45, and 0.6K as calculated by Maris. The experimental noints

are those of Roach et aL, and Whiffy and Chase.

15. Frequency vs. wave number for a sound wave (solid line) interacting
Nwith a second mode (dashed line) from (a) above, and (b) below;

(intersectingj^he qualitative dispersive behavior of the sound wave

is shown by the dotted line.

16. The wave number dependence of the velocity of 2nd sound at 0.35 K as

calculated by Maris.

17. The temperature dependence of the attenuation of sound for frequencies

of (a) 15 MHz and b) 105 MHz for pressures between 0.0 and 24.7 Atm.

as measured by Roach et al.

18. The qualitative behavior of the excitation spectrum proposed by Jackie

and Kehr.

19. The data points show the measured attenuation of Roach et jiL for a

pressure of 16.4Atm, and frequencies of 15 and 105 MHz. The solid line

is the theory of Jackie and Kehr with, and without fdot-dash line)

phonon-roton interactions. The dashed lino shows !-q.(12a). j

20. The temperature dependence of the velocity of sound for a pressure of i.j

8.4 Atm.and frequencies of 12, 15, 36, 45, 84, 105 MHz. The approximate

T dependence has been divided out.
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