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MULTIPLE-EBEAM SPECTROSCOFY
Peter S. Rostler
ABSTRACT

This repurt describes a new spectroscopic technique which
provides spatially localized information about fine scale fluctu-
ations in the density of light sources within a self-luminous
plasma. In conventional spectroscoplc methods, only the frequency
spectrum of the light is measured. Yet light is characterized by
phase as well as frequency. If a source is observed from several
directions (througlr. several beams), one can measure the correla-
tions in phase between light emitted in different directions.
With en incoherent source, two-beam correlations cui only be due
to common sources, i.e., to light emitted from within that small
region which 1s observed through toth beams. Th.us the result of
& corrzlation measurement is not an average along a line of sight;
it is & local measurement.

It is shown that the light accepted by a two-beam system can
be described in terms of spatial Fourler transforms of the field.
The mutual coherence between light of wave number IEAI = IEB,
emitted in directions ?{A and ;B is then shown to be proportional
to the 1_{A = i_LB - EA Fourier component of the light source distri-
bution. This result is similar to what is found in an anelysis
of laser-light scattering. Thus the type of information given by
a scattering experiment can also be obtained from spectroscopic
measurements upon the light emitted by the plasma itself. Multiple-

beam spectroscopy and laser-light scattering differ, however,
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both in applications and in basle principles, as is explained in
a detalled comparison of the two wethods.

A two-beam spectrometer is only the simplest of many possible
instruments of this type. For applications one needs to employ
a more efficient system--one which presents a much larger solid
angle of accertance. It is shown how this can be conveniently
done with polarizing optics, using birefringent optical comporents
to manipulate two sets of beams, whose mutual coherence can then
be deduced from polarization measurements. A general m..rematical
description of such systems is developed, and several :xamples are
examined in detail.

An estimate is given of the noise level expected in the out-
put of & multiple~beam spectrometer. The effect of photon noise
18 annlyzed and & criterion ottained for the amount of light
required for acceptable photon statistics.

The results of an experimental study of spectrometers of this
type are presented. Several multiple-beam spectroscopic systems
were assembled and tested with light from & swall gas laser. The
polerization fringe patterns obtained agree with those predicted
by the taeory.

The final system studied was then used to observe fluctua-
tions in a laboratory plasma. '_I'he plasma was produced in helium
by an electron heam, the fluctuations were imposed upon it with a
probe, and a selected wavelength and frequency component of the
disturbance in the plasma wes olserved through measurements of

flictuations In the ¢istributions of the sources of the strongest
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neutral helium emission line. The plasma phenomena observed were
not extensively explored, but the results obtained show that a
multiple-beam spectrometer can actually be used for plasma
dlagnostics.

The theory developed to descrite these measurements is then
extended to some other cases. These include the use of higher
order optical correlation measurements to detect higher order cor-
relstions in the source, the use of several optical frequencies
to observe high-frequency phenomena within a plesma, and the use
of a broad portion of the optical spectrum to make one observa-

tion more efficiently.
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I. INTRODUCTION

A. Optical Diagnostic Techniques

Optical diagnostic techniques are used in nearly every field
of physics. Progress made in recent years in opticsl’2 has led
to the use of improved optical methods in many areas of research.
The ovurpose of this investigation was to explore the possibility
of extending the optical methods which are used in experimental
plasma physics.

In plasma physics, much effort has been invested in the
develomment of diagnostic t:echniques.3 Plasma diagnostics is
particularly difficult because the phenomena of interest occur
during short times and because & high-temperature plasma is
easily perturbed by almost any instrument. A probe 1s required
which can respond quickly--at high frequencies--iut which w:‘.li
not disturb the plaswa under study. Both of these requirements
suggest the use of optical methods.

Several optical diagnostic techniques are used in plasma
physics. fThe variety of existing methods calls for a discussion
of the general problem of an interacting system of optical radi-
ation and plesma. Such an analysis suggests that other useful
optical techniques could be developed. One possibility, "multiple-
team spectroscopy”, is discussed in this report.

The basis of this appros.chh is the measurement of the co-
herence, or correlation in phase, between various components of

the light emitted by a plasma. Analysis shows that such & memsure-

ment should provide information about local values ¢f the fluctua-
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tions or correlations in the distribution of light sources within
a plasma. To explore the practicality of using this technigue

for diagnostics, a model optical system was constructed and used
to observe imposed fluctuations in the density of a helium plasma .
produced by an electron beam.

Before explaining these ideas further, it is useful to
review the basic principles »nd limitations of some standard
optical plesma diagnostic techniques. This is done next and
then the concept of the present study is presented in the second
chapter.

Note added in proof: All assembled, the report is longer
then anticipated. A few comments on its structure may be helpful.
The central portion cf the text is Sect. ITA. Chapter I is Just
pi<liminary to ITIA, and later sections all stem from that basle
arg'ment. In particular, Sect. IIB (with Appendix C), Seect. IIC,
Chapter ITI, and Chapter V are four completely separate discus-
sionsg, all of which directly follow Sect. IIA.

The =xperimental work 1s described in Chapter IV. This
should be understandable if one has read ITA ead then Appendices
C and D.

B. Plasma Spectroscopy

Any optical diagncstic technique Involves an interactang
system of radiation and plasme (actually, any extended source
of light would suffice for this analysis). (See Fig. I-1.) The

plasme is assumed to be bounded, but meny optical wavelengths
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Fig. I-1. The general type of system considered.
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and B obeys a similar equation. Thus, for the fields themselves,
one has again a set of equations of the form of {I.3).

In a system like that of Fig. I-1, the source density,

s(E,t is ronzero only within the plasma, but g(z,t) extends
beyond the source. This, of course permits optical diagnostics:
The optical frequency components of g(r,t) (whic!". may include
incident, as well as emitted or scattered light) =re observed--
outside the plasma. This provides, according to Egq. (I.3), some
degree of information atcut the optical fregquency components of
s(r,t). And s(r,t) depends upon various properties of the plasma.
In geueral, s(r,t) derends also upon the fields, including those
of light waves. This effeet of the light must be considered,
®or example, to explain scattering and to compute the index of
refraction of the plasma.

In some situations, however, the effect of the light umay le
neglected. The optical radiation may then be considered separ-
ately, using Eq. (I.3) with a specified s(r,t). rthis may be done
if the light 1is emitted I1m collisions or atorﬁic transitions and
propagetes uneffected ty the plasma. We consider first such an

s(g,t), a transparent extended source, with n = 1 (n 1s the index

of refraction).
There are, then, three elements: Tie plasma, the optical
radlation, and the apparatus of measurement. To explain a

particular ctservatlon, one can calculate the effects of various



6=

plasma phenomena. But to determine what apparatus to use 1t is
necessary to first consider carefully the nature of the optical
radiation. What types of information are contained in the light
from such a source? And what types of observation might one make?

To measure the optical radietion one cen simply photograpn
the plasma..s But photographs alone can only begin to describe
plasrae phenomens and & measure of the total intensity gives only
a small pert of the information in the emitted light.

Much more information is contained in the spectrum of the
1ig1'd:.7 The light from a plasma consists of line radiation from
atoms and ions and continuum radietion du- mainly to bremsstrah-
lung and cyclotron emission.8 *ith & spectrometer (Fig. I-2) one
can compare the intensities of various portions of the spectrum
and measure the shapes and locations of spectral lines. Since
several mechanisms, including the Dojpler effect and the Stark
effect, can broaden spectral lines, several piasma parameters may
be determiried spectroscopically.

Tbe accuracy of a spectroscopic measurement is limited by
the intensity of the available light. This, of course, is true of
any optical technique. In addition tn this, a spectrometer like
that shown in Fig. I-2 nas two inherent limitations not necessarily
shared by other optical diagnostic apparatus.

First of all, the various components of the light are emitted
from small discrete sour;es--a.toms', ions, electrons, colliding
particles, ete. Such light contalns information about the source

and its lmpediate vicinity--the velocity of the source, the local
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electric fileld, ete. From the spectrum, which is merely the
superposition of such contributions, one can determine "single
point" plasma parameters such as particle densities and *empera-
tures, and fileld strengths and frequencies. Plasma dynamics,
however, 1s dominated Ly Eollective effects due to long range
forces bty which particles some distance apart may interact. With-

9

in the confines »f the observed beam,” it 1s impossible to measure
with an apparatus like that in Fig. I-2 such "plasma" properties
as the wavelengths and frequencles of density fluctuations, or
shielding distances, or correlation lengths.

The second limitation is the leck of depth perception. A
spectrometer like that in Fig. I-2 accepts light from sources
within an observed team. A typical focused beam 1s shown in Fig.
I-3. For sources not too near the focus and well within the bLeanm,
the optical system accepts any light emitted along a ray which
when traced back goes through the focal spot. Such rays are
apread over an angle b =~ 5/x, that 1s, a solid angle ~ 2w 52/x°
(8 = focal spot cize; x = distance to focus). The radius of the
observed region is r = -2]= ax (a = angular spread of the beam). So,

the amount of light received from some element along the line of

sight (see Fig. I-3) is

('brightness\"volume lsoiid angle
Inte.nsity = r\of source “of region ;| subtended
brightzness\I -ax‘2 15',2

of source | 2 i &g

i
_ |brightness), 7 2.2
= |of source ;FQSAX



XBL733-2398

Fig. I-3. A typlcal observation region (single focused beam).
6 1s the width of the focus, a is the angle of accep“ance
at the focus, b is the angular width of the focus as seen

from & point a distance x away from the focus.
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~=-independent of x, except through the brightness of the source.
So, at least according to this simple, approximate analysis, there
is no spatial resolucion at 211 in the axjal direchion.

This conclusion is valid within geometrical optics. ‘'The
intensity of optical radimaiion (the energy per unit solid angle
crossing unit area in unit time, i.e., the energy flux per solid
angle} 1s not changed by an cptical system free of locses and
aberrations.lo This 1s Jjust the result, familiar in photometry
and photcaraphy, that the apparent brightness of a source depends
upon its actual brightness, but not upon its distance from the
observer.

However expressed, invariance of intensity means that any
measured optical spectrum is an unweighted average of spectra of
light emitted all along the line of sight.l1 I the source is
nonuniform, different regions with different emission spectra
contribute to every observation. Some type of "unfolding" is
required. For this one must record spectra of light emitted along
many different lines of sight. An additional assumption, such as
cylindrical symmetry of the plasma, is generally also invoked to
simplify the analysis.

Nevertheless, plasma spectroscopy has been found extrexely
useful. An optical spectrum contains a large amount of informa-
tion. Interpretation of various spectral features can become
quite complicated and present understending is based on work by
many investigators.

Explanation of the optics of the spectrometer, on the other
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hand, is quite straightforward when an idealized instrument, free
of lens aberrations, misalignments, ete., 1s used as a model.

The apparatus depicted in Fig. I-2 measures the intensity of vari-
ous frequency coumponents of the light in some bundle of rays.

The freguency (more precisely, the wavelength) is selected by the
spectrometer (slits, mirror and diifraction grating) and the in-
tensity is measured with a photomultiplier tube.

A light wave, even i1 & simple scalar model, is characterized
by intensity, frequency, and phase. The spectrometer makes use of
phase information to define the incident veam. Different spec-
trometers select cifferent spectral features, but all conventional
instruments make similar use of the phase of the incident light:

A lens or set of lenses and & pinhole or slit are used to select
e bundle of raysz--a result which can te described by ge.setrical

optics.

C. The Use of Coherent Light: Im.erferometry

and Light Scattering Measurements

There are optical diagnostic methods which do make different
use of phase information. Within the last decade, optical inter-
ferometry and light scattering messurements have both become widely
used .. plowra physics. These techniques differ from spectroscopy
in vaat light from an external source 1is used and in that the
light intersets with the plasme iaff’eets s(I,t)].

In spectroscopy, the intensity of the light used is the sum
of the intensities of components fros different sources. In

interferometry and in scattering, the otserved intensity of the
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light depends alsc upon the relative phases of various components.
This is true because this light is coherent. It originates from
a common source and its cohercnce length exceeds any differences
in optical path.

Optical interferametry is useful in studies of dense plasmas
such as thete pinches. In such an observation, interference is
used to measure the phase of light which has traversed a plasma.
This pnase depends upon the path of the light and upon the plasma
index of refraction, which, in most experiments, is determined
mainly by the electron density. This effect is analyzed in the
review ty Jahoda and Sawyerl2 who show that, at a given optical
frequency, the expected phase shift 1s proportional to the inte-
gral of the electron density along the path of the light--again,

a nonlocel reesurement of a single point parameter. For ruby
laser light, an integrated density of 3.2 x» 1017/cm2 1s needed
to change the optical peth length by one wavelength. For plasmas
much smaller or less dense than this, zero phese shift is a gcod
approximation unless phase 1s measured very precisely or light
crosses :he plasmna many times.

The presant analysis assumes throughout that the Index of
refraction ¢f any plasme considered is equal to unity. This essump-
tion is made to simplify the analysis, tut it is not necessarily
a general iimitetic.a since in many cases some variation in n would
te inconcequential.

Many interferometric techniques, Including some which can be

used to measure very small phase shifts, have teen developed.
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These methods are well summarized in several reviews.le'l3

A different type of information is provided by studies of
the scuitering of electroaxgnetic rajiation bty a plasma. This
technique was first used in radar backscattering studies of the
1onosphere.lh Thereafter,theoretical analyses by several authorsls.
explained such scattering in terms of pred?cted fluctuations in
the plasma electron density. ILaser light scattering has since
been used to study a variety of laboratory pla.smas."e Because
an analysis of this type of measurement 1; similar to less famll~
iar protlems considered in later chapters, & brief discussion of
this by now well-known technique appears in.icated in this place.

The apparetus for a typical scattering measurement is shown
in ®ig. I-4. The bLasic procedure is simple: A laser illuminetes
the plasma and the light scattered int. some otserved team ls
spectrally analyzed. The measured spectrum is found to differ
from that of the incident laser light because components of the
scattered light are shifted in frequency by amounts comparable to
various characteristic frequencies of the plasma. To understand
the scattered spectrum--indeed, to understand why scattering
occurs at all--one must consider the combined effect of scatter-
ing by many plasma particles.

The observed scattering occurs within the intersection of
the incident and otserved teams. In this region the incident
light mey be represented as & linearly polarized monochromatic

plane wave:17

E (r,t) = Ey cos(k, « & - |k let). (1.5)
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Fig. I-4a. Typlcal laser light scattering apparatus. !‘-i = wave
vector of the incident light, Es = wave vector of the

observed scattered light.



=154

XBL733-2400

v By, vt

a3
are the maxima of a wave of wave vector l_:A dis e

difference in path of one optical wavelength.

Fig. I-4b. Detail of the scattering region. a), 8
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Each charged particle is accelers*ed by this field, a = % E, and

emits a scat'te:ned wave, gs. The total scattered wave 1s the super-

18

position of such contributions.

For nonrelativistic motion, the radiation electric field of

an accelerated point charge is:lg

e .
E(z,t) = - !-ﬁ x (@ x 5')] Iret
e r - x|
A r- E’.'
ns= . ,
iz -zl

s' and a' are the position and acceleration of the partiele at

the retarded time
1
1= - - - '
t'=¢ z lr r '

Since the acccleration, and hence the scattering, 1s inversely

proportionsl to partfcle mass, appreciable scattering is produced
only by plasma electrons. If these are described by an electron
3

density ne(z,t), then from » volume d°r' around a point r' is

emitted a scattered wave,

e 1

) u') . {n A v r .
2oz s e i ]

And the total scattered wave is the superposition,

, a7r! E(r,t5z')-
“scattering
volume

ES(E’ t) =
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This wave is analyzed by a spectrometer which transmits onlr the

X component (see Appendix E.1),

[.3 -i}-fs.-I:
Es(-}fs’t) Ejd re Es(z’t)
e2 {3 s" L I Iz - =
2Jdrr r'n r,t - ——
me e
- 1
. [n x (n x EO)]
r - E‘i
i Iz -zl
* cos|k, - w, |t - (1.6)
c
(“ﬁ = !Eilc)' This expression reduces to (see Appendix B for
details),
. 2|
=17 ’ e" i 4
E (_IS 8~ [y | E
Bkt D, TET e B
I -imst ;
) <e [ne(hs - kg oo - mi) + ne(Es Ry mi)J
L
(o )t ﬂ
+e [ e(hs -k oy - uﬁ) + ne(Es Ry oy - OS)JJ (.7
_ l AN
(wg = lgslc). Here B~ = (I - k k )E, is the component of E,
which is normal to ES and
ff3 i(kez-ut)
N | ~i(ker-at
ne(g,u,) =, d’r dt e == ne(z,t‘, (1.8)

is the Fourier transform of the electron density.
If we retain only positive frequency components of B (see

Appencix E.l)and reglect the high-frequency (w = w_ + w,]
s

iJ com-
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ponents of n,, Eq. (I.7) reduces to

2 -1w t
(+) =im e) 1 s
Bk, ,t) ~| E."e n (k,,w,). (1.9)
8 8’ t»mll—‘sl me | <0 e'-A’"A
Here,
=k - Ky
Wy S, - Wy

This analysis neglects the width, Ak, of the spectrometer
instrument function. With equal precision, the long time limit
may be replaced by egquality after t ~ T = (cAk)'l,' the correspond-

ing correlation time. This retains a slow time dependence in neg

2y =i t
(+) ~-dr [ e 1l 8 .
ES (_]Es,t) = -rk—r Ea,l EO e ne(l_(A,wA,t). (I.lO)

-5 ‘

We thus introduce a timwe-dependent spectrum. This operation 1s
considered more carefully in Appendix E.3. The measured light
intensity, which depends upon _E_J(+)(§B,t) (see Appendix E.1-3)
exhibits only this slow time dependence:
o {, s!\a (+)2 2
Ik, Ik, |5t) = \—— B (ks [k, 1)

2.2
B b P (z.11)
= — | |E n (k,,w,3t) "
167" | me ! =0 e=aTa
The observed scattering is thus due to one Fourier component,
the (l_cA,wA) component, of the electron density. A single electron

would produce a scattered weve, but when many electrons are present,
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only fluctuations in their density will cause scattering. This
can be simply explained. All light scattered by electrons located
in a plane normal to EA will have the same phase. Contributions
from scatterers separated by 2n’:‘.1’c\Al_15A['l will differ in phase by
n cycles. If n is an integer, there will be constructive inter-
ference; if n is half integral, the contributions will cancel.

If the electron distribution is uniform, there will be complete
cancellation. But any fluctuations ne(EA’"’A) %111 produce very
strong scattering. [The scattered intensity is proporticnal to
the square of 'ne(-"SA’wA)"]

A plasme wave can produce such fluctustions. Indeed, a de-
scription or' scattering may be included in a more general analysis
of three-vwave interactions. In this context the resonance con-
ditions _}_(_A = Es - 1__(1, Wy = W = oy are seen as statements of the
conservation of momentum and ener@.eo An analysis of scattering
as a three-wave process may include the effect of the interaction
upon ne and perhaps also upon Ei' These effects have been neglected
here.

In conventional notation, the result of Eq. (I.11) is often

expressed in terms of frequency,

n . @
1k, l5e)e®R alk | = 2k, Ik [56)a%k —=

[}

c
c 'e2 y2
_ ! Vo L2 . 2.,2n
v R
1

2\
Io“eo"ws(l_‘a’%)d k dw (1.12)
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“

vhere
2
[ c E [
1 =—2[E(+)(rt)l2=-— 220 . g2
(s b =4 = b 2 l_ol s

.o 1s the mean electron density,

e

e2 2 lgo.l.'a
g, =
T \aed T5,l

is the differential Thompson scattering cross section, and

1

S(Kprcty) = EXCNNDIN

el
is called the "dynamic form factor."

In a scattering experiment, one records a spectrum of the
1light scattered into some direction ﬁs. The reiative variation
in optical wavelength 1is usually negligible, so the scattering
is all due to fluctuations of one wavelength, 2rr|}_(Af -l- This 1is
customarily related to the plasma Debye length J\D by & "scatter-
ing rarameter”,

1

ny

The spectrum of scattered light then provides a frequency spec-

(1.13)

Q=

trum of the k, component of n . By the Wiener-Knintchine theorer, o1

1 2 ¥
B Ine(EA,mH = fd_“__iw’l' n, (EA,t)ne(EA,t+r), (I.1%)

this 1s equivalent to a measure of the time correlation function,
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C (1) () = B (st (ky tve). (1.15)

A complete knowledge of ne(g,m) would also provide the complete
spatial correlation function, but this would require many observa-
tions. A single weasurement provides pertial--yet extremely
useful--information about spatial correlations.

Scattering measurements are very useful precisely because
they are not subject to either of the previously noted limita-
tions of spectroscopy. A spectrum of scattered iight 1s not an
average along a line of sight. The observed scattering occurs
entirely within the intersection of the incident and observed
beems. This well localized scattering volume may be selected
et will. And the measured correlation function is not a single-
point rarameter. The interference between light scaitered from
different points provides information about fine-scale fluctua-
tions within a plasma.

With Eq. (I.1ll) one can deduce, from an optical measurement,
a spectrum of electron density fluctuations. This result may
then be compared with calculations of predicted spectra. Con~
siderable effort has been invested in this type of study. The
measured spectrum 1s found to depend strongly upon ¢, the scat-
tering parameter. For a@ << 1, the observed fluctuations are
those of a random distribution. In this regime the frequency
spectrum is determined by the electron veloclity distribution.22
If a > 1, electron-ion correlations permit observation of ion

3

motions as uell.2
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Celculations of predicted fluctuation spectra differ in
method and in assumptions, but the reiation of such results to
any scattering measurement depends upon optical considerations
which are common to all such experiments. In this report we con-
sider further this first part of the problem--the relation betveen‘
a distributed source such as & plasma and the associated optical
radiation. Tt will be seen that various aspects of the forego-
ing analysis are not unique to scattering.

D. Information in the Emitted Light

Consider further the general system of Fig. I-1 . The sim-
plest such situation 1is, again, a self-luminous plasma. In the
optical problem, the source distributioun s(z,t) is then determined
by the various plasma processes. We assume for now that the
plasma is an incoherent source. If one range of frequencies 1is
considered, there is no correlation between the phases of s(s,(o)
at different points.

The resulting radiation, however, 1s not completely inco-
herent. Components of the light at different points are due to
common sources and therefore the light £(r,t) observed at widely
separated points may well be correlated in its phase. If the cor-
relations are considered, an analysis of the radiation from a
luminous plasma is far from trivial. And such an analysis pre-
sents the possibility of developing useful optical diagnostic
techniques.

The basis of "multiple-beam sgpectroscopy" is the fact that

information about the local values of fluctuations and correla-
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tions in plasma particle densities is in fact present in the

light emitted by the plasma itself. The abcve noted limitations
of spectroscopy are not limitations on the information contained
in the emitted light. They are limitations of the type of appara-
tus represented in Fig. I-2. To make a different type of measure-
ment, one must make differeat use of the phese of the light.

Although these conclusions can be justified by a general
anelysis, they were first obtalned by consic.ration of particular
optical systems. This approach has been retained in the explana-
tion which follows. We first describe a simple two-beam spectrom-
eter and then consider the possibllities and the difficulties
suggested by the new arrengement.

The develomment of "multiple-beam spectroscopy" was based
upon experience with a scattering experiment and this is reflected
in the following explanation. Iaser light scattering methods are
familicr to plasma physicists, but a scattering measurement is not
the only optical technique which uses phase information in a way
which cannot be explained by geometrical optics. In particular,
the invention of the laser has also led to the practical develop-
ment of optical hologrBIMy-2h-26 A “"hologran" is a recorded set
of interference fringes which can be used to produce a three-
dimensional image of a stationary object. 1In & conventional holo-
graphic process, interference with the iight in a reference beam
is used to produce a record of the amplitude and phase of the
light reflected by a coherently illuminated object. An explana-

tion cf this procedure bears conside:sble similarity to an analysis
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of laser light scattering.

More recently, the possibllity of making holograms of self
luminous objects, or of incoherently illuminated objects, has also
been explored.a"{'31 This work is of interest in comnection with
the present study. The relation between lolograph; and optical
plasme diagnostics is examined in Appendix A of this discussion.

In the next chapter, multiple-beam spectroscopy is explained
in terms of classical optics. Some consequences of the discrete-

ness of light yusantm are discussed in Chapter III.
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II. THE U'E OF PHASE INFORMATION
A. A Two-Beam Spectrometer

1. [Light from an Incoheren’ Source: The Sum of Many

Interference Patterns

Every optical phase measurement requires a camparison Yetween
different components or beams of light. In interferometry, a re-
corded pattern of interference fringes reveals the difference in
phase between transmitted light and light in & reference beam. 1In
a scattering process, the interference between light scattered by
different electrons depends upon the coherence imposed by the light
in the incident beam.

A self-luminous plasma provides no incident or reference beam,
but eince a plasma rediates in all directions, the emitted light
may be considered to consist of many beams. Light from different
points within a plasma 1s, in general, not ccherent, but light
emitted in different directions from one region should have some
coberence. Thus, if a volume of plasme were observed from severel
directions at once, both pbase and freguency measuremen.s could be
made.

Most simply, one could define two distinct “observed beams"--
A and B--as shown in Fig. IT-l. Beyond a spectral analysis, or
any other measurement on either beam alone, there is then & further
possibility: to compare the light in the two beams.

This suggests at once that a local spectroscopic measurement
might be possible. The two nhserved beams can be dsfined to inter-

sect in only a small, well localized, common source volume. Then
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Fig. II-1. A two=beam observation.
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if any component of the light can be identified as cormon to both
beams, the location of the source is known at once. In human
vision, for example, depth perception 1s provided by the recogni-
tion of two images of & single object. This procedure would be
difficult to duplicate with scientific apparatus, but in observa-
tions of a plasma, the very incoherence of the source provides
another way in which a common optical component might be recog-
nized. We have noted already that light from a common source is
(or may be) coherent. If it is assumed that light from different
sources 1n a plasma is completely incoherent, then any correlatiouns
in phase between the light in becms A and B must be due to common
sources. Any measured mutual coherence between cumponents of the
light 1n different beams must give local information about the
common region where the two beams intersect.

To measure the mutual coherence between beams A and B, one can
combine them and observe any two-beam interference which results.
A simple optical system with which this cculd be done is shown in
Fig. II-2. Here a set of masks and lenses is used to define two
narrow beams which intersect in a common source volume. The light
in each beam goes through a filter (that is, through some spectro-
scopic apparatus, the same for each). We suppose that the olserved
light contains a spectral line of width aw, that the filter trens-
mits only this line, and that the coherence length, c/Aw, of this
transmitted light, exceeds any differences in the lengths of opti-
cal paths throwgh the system.

Reams A and B are focused at e common point on & screen. The
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{1lunination of the screen then depends upon the muturl coherence
of the light in the two beams. If the light were all due to a
single point source which was observed through only one of the
beams, then & single aperture diffraction pattern would appeur on
the screen, as shown in Fig. II-3a. The width of the illuminated
area would be determined by the angle § subtended at the screen by
a single beam.

If, however, the light were due to an lisotropic point source
which was observed through M_ beams, the result would be quite
different. In this case, 8 two-beam interference pattern would
appear on the screen, as shown in Fig. II-3b. The spacing of the
fringes of this pattern would depend upon the angle & between the
tvo component beams. Since & >> @, the angle subtended ty a single
beam, the fringe spacing would be much less than the size of the
whole pattern and many fringes would be seen.

If several separate incoherent sources were observed at once,
the resulting pattern of illumination would be simply the superpo-
sition of the light intensity distributions due to each of the
sources alone, as shown in Fig. II-3e¢. Two sources, one observed
through each beam, would not together produce & two-beam inter-
ference pattern. Interference requires mutual coherence which,
under our assumptions, could be provided only by e common source.

Thege conclusions are based upon quite elementary optics, but
the essential difference between the effects of sources which are
observed through one beam and the effects of sources which are

observed through both beams presents a pre.ctica; useful possibility.
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Fig. II-3. Patterns of illumiration of the sereen.
{a) A smooth distribution of light intensity duve to a
source observed through one beam. (b) Two-beem inter-
ference fringes due to & source ovserved through bolh

beams. (c) A pattern due to several separate sources.
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If an optical system of this type, a two-beam spectrometer, were

used to observe a plasma, and if the amplitude of the interfer-

ence pattern, and not the total light intensity, were recorded as
a spectral amplitude, the result would depend upon cnly those
sources within the small, well locelized common source volume.

In this manner, one could observe ex~lusively a small selected
region within a luminous volume of plasma. This is something
which cannot be done with conventional spectroscopic apparatus.

The essential difference is that, in o single beam observation,
unwaated light is stopped 2551 by some system of masks and slits.
Any 1light of the proper fregquency which is admitted by the opticcl
system--and this includes all the light radiated along certain
rays--contributes to the output of the spectrometer. With Egg
beams, however, it 1s possible to discriminate against a portion
of that light which is admitted by the optical system. This 1is
vhat gives the better resolution.

In a laboratory instrument, it is useful to observe an optical
signal electronically. In a two-beam spectrometer, there are
several vays 1n which this might be done. Most simply, the screen
(in Fig. II-2) could i replaced by an array of slits placed at
the positions of the maxima and minima of an expected two-beam
interference pattern. Then a set of mirrors or light pipes could
be used tc direct the light from a set of maxime (which we shall
call "beaw 1") into one photomultiplier tube ("tube 1") and the
light from the corresponding minima ("beam 2") into another photo-

tube ("tuhe 2"). Then, 1f the illumination were uniform, the two
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measured intensities would be equal, but if the expected two-beam
interference pattern vere present, most of the light would be re-
ceived by one of the phototubes. One could then record, as the
output of the system, not the total measured intemsity, but rather
the difference between the two phototube signals.

Any observation made with such an instrument would be a local
measurement. Light from a source observed only through beam 4 or
only through beam B would be divided equally between beams 1 and 2.
Such light would not contribute to the recorded difference signal.
Only light from common sources would (or might) be divided un-
equally between the two phototubes.

There is, b wever, a further complication. The apparatus of
Fig. IT-2 defines a common source volume which is at least as wide
as a diffraction-limited focus of either of the two observed beams.
To every point within this region there corresponds an expected
set of two-beam interference fringes on the screen. But the pat-
terns due to different sources might not coinecide.

Indeed, it can be seen at once that all such patterns would
not coincide. The locations of the maxima of such a pattern depend
upon the difference between the lengths of the two vptical paths
from the source to a point on the screen. To estimate the effect
of a displacement of the source, it is helpful to imagine inter-
changing source and screen. If a screen vere placed at the com-
mon source volume and a point source were placed where we have
dravn a screen, a set of two-beam interference fringes would aguin

appear. The specing of the fringes in this pattern would depend
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upon @, the angle between the beams, and the size of the illumi-
nated region would depend upon 8, the angle subtended Ly either
beam (see Fig. II-2). Since a >> B, there would be many fringes
in the pattern. Because the various optical peths are unchanged
by the interchange of source and screen, tne maxima of the new
pattern are Just the locations in the original arrangement of
sources which would have produced intenslty mexima at the location
of the new source. Such sources would have all produced coinci-
dent sets of interference fringes ("pattern 1"). Sources at inter-
pediate points--the minima of the new pattern--would in the oris. -
nal arrangement have produced the oprosite or complementary two-
bveam interference pattern {"pattern 2"). Finally, the region
illuminated in the interchanged arrangement is just the original
common source volume. Hence the multipliclty of fringes here
implies the presence, in the system first considered, of different
points from which light would contribute in opposing fashion to
the output signal. Some common scurces would radiate preferenti-
ally into phototube 1l; other common sources would radiate prefer-
entially into phototube 2.

If the common source volume vere filled with luminous plasma,
both types of source could be wxpected. The result might be a
cancellation of effect. To understand the significance of this
conclusion, it 1s helpful to recall some featuﬁs of a laser
light-scattering experiment. In that type of measurement, scat-
terers at different points necessarily contribute light of dif-

ferent phases to the observed beaw and such contributions can
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destructively interfere. As we have noted already, a uniform
distribution of scattering centers would produce no scattered
wave at all. The scattering 1z due %o fluctuations in the density
of scatterers. More particularly, according to Eg. (I.1l), the
light scattered by & plasma is due to one spatial Fourier com-

\ component, of the electron density.

ponent, the 1_(A = E 5

1
Thus the partial cancellation of effect leads not to a null out-

s-

put but rather to a different and quite useful type of information.
The two-beam spectrometer of Fig. II-2 would in fact produce

& similar result. From within the cammon source volume, light

emitted into & narrow range of directions around }’(\A 1s accepted

by beam A (see Fig. II-4). If a common source were displaced by

g , the optical path to the screen through beam A would be reduced

by _a_-i‘A end the change in phase along this path would be reduced

by
~ A

Sk 5.k

(m) —= Ao A

(wavelength) (.l/lkAl) =

(l_{A = wave vector, at the source, of the light in beam A.) The
same displacement 8 would reduce the difference in phase from

the source to the screen along beam B by E-&B Hence the rela-
tive phase of the light in the two beams would be changed by an

amount

2.)_‘_3 - 9_._]_(|A = !'Q‘-B - l—‘A) = &'EA

(I:A [ ] 53 - _l:A) which depends upon the displacement 5 and upon EA,

the difference wave vector, a quantity which appeared already in
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the analysis of scattering.

If the displecement § wcre normal to EA’ there would be no
change in the relative phase of the light in tre two beams. Hence
all the common sources in a plane normal to EA would produce co-
incident interference patterns. Each such source plane would
act as a single source. Furthermore, different source planes
§e;arated Ly an integral multiple of the distance 2w/’kAl would
also produce the same pattern ("pattern 1"). But sources in an
intermediate set of planes (see Fig. II-%) would all produce the
opposite or complementary set of fringes ("pattern 2"). Hence
the amplitude of the resulting two-beam interference--that is,
of the mutual coherence between the light in the beams A and B--
would be proportional not to the total intensity of common sources,
but rether to the difference inAintensity tetween these two groups
of sources. This quantity is simply the emplitude of the EA
spatial Fourier cc .ponent of the source distribution.

Here it shculd be emphasized that although this result is
similar to what is found in an analysis of scattering, the reasons
for the same effect are somewhat different in the two cases. The
result of a scattering measurement depends upon interference be-
tvween the light scattered from different points w.thin the scatter-
ing volume. The coherent incident beam provides a definite rela-
tion between the phases of waves scattvered Ly different eiectrons.
Beause of the resulting interference, the measured intensity of

scattered light depends upon fine scale fluctuations in the plasma

electron density.
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To describe a spectroscopic observation, one must make the
opposite assumption: The light from different sources is com-

pletely incoherent. There is no observable phase relation

between the light emitted from one point and that from another
point. In effect, two such waves would not interfere at all.

How then could one observe the source distribution? The
answer is that if one looked from one direction only, one could
not. But if a plasma were observed from two directions, with the
instrument shown in Fig. II-2, (1) each common source would pro-
duce an interference pattern on the screen; and (2) if the sources
were distributed in space according to 'I_(a, these various inter-
ference patterns would coincide. Then an overall patter. would
appear on the screen.

The light from each source would interfere only with itself,
not with the light from another source. It is the relation be-
tween the different interference patterns which then gives infor-
mation about the source distribution. But when one combines
interference patterns, one adds intensities; one does not add
electric fields. In this arrangement, it is the superpositica
of the various intensity patterns which corresponds to the inter-
ference of light waves (electric fields) in a scattering measure-
unt.52 A two-btomn spuctrometer could, of course, be considered
without reference to a scattering measurement, but in any explana-
tion it 1e importent that points (1) and (2) should not be confused.
Both steps are essential to the result.

The effect of the apatial distribution of sources has been
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discussed as if it were stationary, which it would not be for
times longer than 'ro rs l/mo, where wg is a frequency character-
1zing the EA component of the distribution. This affects the
manner in which the signal must be received, but it mlso intro-
duces the possibility of observing directly the frequencies
characterizing She plasma.

We have assumed already that the observed light 1s a spectral
line of width Aw. Tt follows that the measured light intensities
cannot vary at frequencies greater than this. The time resoluticn
aof the system 1s further limited by the response times of photo-
multiplier tubes. If it is assumed that the signal does not vary
over times shorter than 7 =[c'1 {length of the common source
volune)] then the output of the system at any instant represents
the (single) Jistribution of sources at the time the light was
emitted. In this low frequency limit, the output signal would
reproduce d.rectly the (fluctuating) time dependence of the }-{A
component of the distribution of common sources. (This is shown
in Section I A 3 below.) TIf, for example, one had in the plasma
a wave vectar !-‘A and (low) frequency @y, one would see in the
signal an oscillation at wy {provided, of course, that the light
source intensity varied with the amplitude of the plasma wave).
That is, a8 portion of the light accepted by the system would
oscillate between beams 1 and 2 at wye the frequency of the wave,

In the usuel spectroscopic or light scattering measurement,
it is sufficient to record an Integrated intensity value. The

fluctuation of the light intensity about the measured average is
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not usually considered. In the present case, however, the fluc-
tuation is important because the measured signal is the difference
between two light intensities (beams 1 and 2). A long time aver-
age of this signal would produce a null result. It is essential
to observe the signal over times less than 7, = l/mo, the fluctua-
tion time.

There are several ways in which this might bve done. For
pulsed experiments, the optimal procedure would be difficult to
specify in genernl, but in a steady-state experiment one could
simply record a frequency spectrum Y{w) of the output signal
Y(t) = W - —1(7. The recorded Y(w) would be proportional
to the spectrum of the EA component of the common source (intensity)
distribution. (See éection II A 3.) For example, a plasma wave
(in the common source volume) of wave vector EA and frequency oy
would produce z peak at oy in the recorded signal spectrum Y{w)-

Finally, it should be noted that in several areas of research,
mathods are used which involve effects similar to those considered
here. Interference between scattered waves is important, for
example, in the seattering of x-rays by cryst:als55 and in Brillon
34

scattaring of light by sound waves in liquids. Theoretical

analyses of the reflection of mdur"s waves also lead to many of
the same results.

The suggested use of two-beam interference to resolve fluctu-
ations in light source densities within a plasma is quite similar
to the manner in vhich the diameters of stars can be measured

with a Michaelson stellar 1nterfemmeter.56
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Another class of instruments which bear an interesting simi-
larity to a two-beam spectrometer are the laser Doppler anemometers
vhich are used to study gas and liquid flows. The literature on
these devicee is extensive, but the most common types of laser
anemometers are mentioned in one conference review article by
Durst, Melling, and th.t'.ela.\‘v.37a Those authors describe three
arrangements (see their Fig. 1). The first is just a simple scat-
tering experiment, but one in which the scattered light is com-
bined with light from the incident beam before detection. This
permits measurement of small frequency changes, which produce
beate in the observed intensity. 1In the fluid systems on which
these anemometers are used, the partlicle positions are essentially
random over distances |)_:A| ">, 50 the scattered light intensity
18 Just the sum of contributions from the different particles.
(see Section I C above.)

Durst et al. then describe another type of system in which
only scattered light it seen, but in which the scattering region
is {lluninated with two beams from the same laser. The two inci-
dent beams interfers to give a pattern of fringes within the region
observed. The scattered light is then found to te modulated by
the motion of fluid density fluctuations across this pattern of
varying illumination. This system i¢ similar to the inverse of
a tvo-beam spectrometer: Instead of a two-beam observation, one
has two incident boai., but in each case the two beams interfere
to define a source wavelength, and in each case the observed in-

tensity is just the sum of contributions from the different
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particles, in spectroscopy because of incoherence between sources
and in scattering because of randomgess in particle position. So
for different reasons, one obtains quite similar results in the
two cases.

Finally, the same authors mention alsoc a system in which
only a single incident beam 1s used, but in which the scattering
is then observed from two directions. This system is the one
which most resembles our two-beam system. A two-beam system used
to measure random scattering is clearly similar to a two-beam
spectrometer. However, in the laser anemometer, only one final
light intensity 1s measured, so the signal contains contributions
from each beam alone, as well as a correctlon due to interference.
So even In the absence of coherence there would be an output (as
from either tube 1 or 2 in our two-beam system) but in practice
the effect of interference can be separated, since it gives a
rapid time dependence to the measured signal.

Moreover, one can also use an intensity difference measure-
ment to separate the interference in a laser anemometer. An
arrangement which uses polarizing optics to do this has been
studied by Bossel, Hiller, and Meierob in an experiment of the
two-incident-beam variety.

2. Some Comments on These Results

Thus & review of several videly used techniques illustrates
the importance of an understanding of the coherence properties of
an optical radiation rield, and an analy~is of a simple two-beam

spectrometer shows that information about ‘he local values of the
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wavelengths and frequencies of fluctuations in light source densi-
ties is available, at least in principle, from measurements of the
coherence of the emitted light. With this understanding, the
present study was undertaken to explore the possibllity of devel-
oping from these ideas & useful, practical diegnostic method.

Several general features of this type of measurement can be
seen already from the first example. Only the effect of & single
spectral line was described, but the same procedure could clzerly
be repeated for several portions of & spectrum. Since different
spectral leatures are due to different types of sources, it should
be possible to measure in this way the distributions in k end w
of various groups of particles. (In a scattering measurement,
by comparison, only the electrons are observed directly.) With
8 two beam spectrometer, all of the information in the spectrum
of the emitted light would still be available and one could meas.re
at each optical frequency not only the total light intensity, but
a whole set of opticel correlations as well.

In a practical arrangement, the angle o between the beams
could easily be made small by observing the plasma through two
sections of one lens. This would permit observation of plasma
wavelengths much larger than optical wavelengths. (Again, in
comparison, a scattering study of long wavelength fluctuations
requires the rather difficult observation of forward scattering.)

In comparison with the output of a conventional spectrometer,
the level of the sigmal from a two-beam system would be much re-

duced. This, of couree, simply reflects the improved resolution
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of the instrument: Only a fraction of the sources observed through
either beam contribute to the signal.

The problem is more serious, however, because in a real system,
those sources which were observed, but which did not contribute to
the signal, would produce a measured background noise. In the
classical optical picture the "background light" (not to be con-
fused with "stray light"”, which can be reduced by improvements in
the opties) 1s divided equally between beams 1 and 2 and the effect
is balanced out in the intensity difference signal. 1In a real
system, the tackground light would contribute an irreducible amount
of photon noise. The "signel" and "background" components differ
simply in their photo count probability distributions and the sera-
retion of effects is & problem in stavistics. The need for adequate
photon statistics thus imposes a basic 1ight intensity (and obser-
vgtion time) requirement which is considered in Chapter III of
this discussion.

The need for adequate light intenesity leads one to conslder
improvements in the design of the optical system. The two-beem
spectrometer so far considered 1s extremely inefficient h~cause
the plasma is observed only through two narrow bundles of rays.,
Fortunately, one can design an equlvalent system which presents a
much larger solid angle of acceptance. In Appendix C, the pre-
ceding discussion is extended to include some more efficlent
arrangements. In Section IT B below, the same problem is con-
sidered from a more abstract and general point of view.

Beyond the design of & more efficieni version of the present

gystem, it 1s also of interest to consider other possible observa-
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tions. Selection of & single vavelength component of the dis-
tribution of sources within a local volume is not the oriy type
of spatial resolution which could t~ achieved. Spectroscopic
systems can be designed t» use phase informetion for a variety
of purposes. This possibility greatly extends the scopz of the
problem. It is important not only to consider a variety of cpti-
@l systems, but also to desc.ibe in general terms the range of
possible measurements. The necessary analysis is not completed
in this study, but in the rext few sections of the discussion,
several ways of looking at the prolem are considered.

Many plasma phenomena occur at frequencies toc high for
direct time measuremenis. The low frequency assumption of the
preceding analysis is thus a8 severe restriction on the utility
of the suggested method. Fortunately, it does not appear to te
a necessery limitation. Some modifications of the apparatus which
would permit observation of higher frequency phenomena are pro-
posed in Chapter V.

The low-frequency limit i1s nevertheless & convenient initial
simplification. It essentially permits one to consider first the
spatial or k dependence of the problem and to defer discussion of
the time or frequency dependence. Both the analysis presented in
this chapter and the observations described in Chapter IV
pertain to this one aspect of the problem.

3., A Reformulation of the Two-Beam Problam

In the preceding discussion of a two-beam spectrometer,

several assumptions are stated or implied:
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1. The effect of the plasma is represented by a scalar
source density, s(r,t), which is not affected by other elements
of the optical problem.

2. QOne linearly polarized component of the emitted light is
accepted by the optical system. It is assumed that the amplitude

¢(r,t) of this radiation is related to the source bty a scalar

wvave equation Eq. (I.3) ,

2
1 %e(z,t)
Pelzt) - — 28 i’ = -bs(z,t)
c ot

which has the retarded solution38

1 ! Iz -zl

§(£,t) =[d3r' I———l'- SI{E',t - — . (II-l)
r-I

‘\ c

3. The plasma is observed through two beams which are re-
gtricted as to regione of observation, directions (/l‘:A,iZE) of emis-
sion of accepted light, and optical wavelength (2w/ IEAI + 2/ ll:_Bl ).
The accepted light is conveniently described in terms of a spatial

Fourier transform of the wave amplitude
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[z -zl e
£y B(E,t;z') =4 for points r' within (11.20)
4 the observed team and

0 for all other points r'

is the k component of the radiation from sources at points r'
observed through beam A or B.
Since the negative frequency components of k t) pro-
e quency compo &, 5B, prt) ®

A
pegate in the -k direction, and since the source is observed

A,B

from the +k directions, only the positive frequency components,

A,B
(+)( ,t), are received by the detector. (This point is dis-

cussed in detail in Appendix E. l.) The emplitudes of the trans-
mitted waves, which are, of course, real valued quantities, may
be expressed in terms of g( )(k B,t). See Eq. (E.1l7) and dis-

cussion.) To within a multiplicative constant

{observed) - © ik, _°r
- an —A,B =
gA’B(S,t) Re [ d kA,B ] dIEA,B,e ok, .le)
(directions " O
observed)
'k ' ()
* ——L_E*rri ¢, B (k B’t) (11.3)
(o}

vhere f(IEA,B'c) is the transfer function of the spectral filter.

The lighf in each beam may then be expressed as the superposition



-hB-

of contributions from different points within the plasma. Com-

bining Bgs. (II.2) end (II.3), we have

(observed) {observead)
&, 5(Et) =fd r' gy HlEtirt) (IT.ha)

where

(observed) A -® ik, _er

ety o "A:B_

gy, gl t") = Fe f dakA,B j dlx, ple £(1x, gle)
)

. lELB-I- g}“‘%(}_:A ptI") (IT.4b)
2rie ’ ’ -

L. The light in beams A and B is then combined and resepar-
ated into two complementary "interference patterns," beams 1 and
2, whose time averaged intensities are measured. The optical
system which combines the two beams serves to superimpose the

light from different points: Y within beam A and Ip within beam

B.

‘ 1 [ (observed) _ (observed)] 2

Il,2(t) = 7_2_- §B(£B,t) + EA(EA’t)

1 "3 (observed) _ 3 (o'bser\red)'2
2l eylmur) Jd g (mytr)] . (155)

5. Light emitted from different points within the plasma
is completely incoherent. Each measured intensity is just the

sum of intensities of light from different points. Thus Eq. {II.5)

becomes
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(observed) (observed) 2
tp(zptir’) ¥ g,(x,,t51r') (11.6)

1 o(t) - 1/

Since beams A and B are transmitted through the same spectral

filter, £( ’kA]c) = f(lknlc) and Egs. (IL.k) and (IT.6) reduce to

r® xl
re [ x| = #(]x]c)
"0 2ric

et
I, o(t) = 5 [

Uﬁb 1kp-Xp (ﬂu)(k]3 e3x") +fa2x AT +)( ,t;y)”a

(1II.7)

6. Beams A and B are narrow bundles of rays, each sibtend-
ing a small solid angle 5251. The amplitude gA,B does not vary over
the width of either beam, so the integrations over direction d?‘kA’B
merely introduce a factor of 529.

7. The integration time over which the intensities are aver-
aged exceeds the coherence time of the light, so the measured
intensities are just the sums of the intensities of different

spectral camponents,

12(t)=§f falkl( )(sa)

ik,
 Ine n‘(lklc)[ B e g tixt) To A B ‘*’(gﬁ,t;z')]le.

(1I1.8)

Since the wave amplitudes are real, their time-averaged
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intensities can be expressed in terms of the associated analytic
signal. [See Eq. (E.l’j).] 7t is convenient to make this substi-
tuion here. Doing so, and using the result obtain in Appendix E.2

leads, after a few algebraic steps, to the expression

[+=4
I, 5(t) -_]EBr-J( alxl leClxle)l®s, (e Ixliz)  (T1.98)
0

where

!k[&zn 2

1
1,06 lElx) = 5| Top

e By, i) ¥ eiEA'EA;£+)(5A,t;£')I2- (11.9%)

8. Each location within the pla..a 1s an isotropic source
of light whose coherence length exceeds mny differences in opti-
cal path through the system. The contributions to beams A and B
from the same source point are completely coheren*. Their com-
bined effect is found by adding the two component amplitudes
before time averaging.

The recorded output of the instrument is the difference

between the two measured intensities,
¥(t) = L(t) - 1,(%)

@
@ [ aled Il Pzt i -zt luirn].
0

(11.10)

Using Eq. (II.9b) gives, after a few alg.traic steps,
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|65}

I(t, [klsx') - I,(t, |klsx') = ( —

1k~ . '
: {Re [e I gy B EBg,‘;’(gn,t;y)] f
= Re Tp, (05 Jxl,z") (I1.11)

where the correlation I‘m(‘r; l_lgl,z') is defined

2,2
lkls%a [eigA N

roa(vslEl,rt) = ( §A+)(EA»‘°5£')]*

2me
ik_.r.
. [e %2 _B§§+)(§B,t+'r,£')] . (11.12)
Thus the observed signal is just an integral of correlations
g .
Xt = | & j alxl le(lxle)]? me y,(0s1x],x')
{ common 0 (I1.13)

source volume)

between the 5A and )—‘B components of the light. Since FBA is v

clearly zero if either factor vanishes, the r' integration may
be restricted to the common source volume as expected.
Equations (II.2b) can now be used to express the correla-

tion l‘m(O;IEI ;r')in terms of the given source distribution,

8(r',t):
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2,42
[k|8%g\® -ik,+r, +ik_°r
Ty (0s1xb,r?) = j e 2R, %
ame }
T gy - 2|
e * r, - !
'djr, s(+) - 1 |
4 - l£1 - rll P }
-1353._1:2 / i
e ( ) lze bl l |
'_}d T 5 ri,t - !
r, -r' - c !
!
2.1\2
(xle®al® ciwer, #koor Bk et olkext
. o AT VI T T
2we
. 1 p. p.
[0y, — e B (0 LB
g, | e
- T <1 T
'jd392 e kb‘e’a (+)r't-l—j-
ID l J
I
(1I.1%4)
where 8 =1 -1
and 22 =r, - r'.
This expression reduces to (see Appendix B.2 for details),

cti e lmgr) Bt (mE) g
= eﬂ_tB = (620)24 Ul esz1)

(11.15a)

(oilhllz') £ : o ¢

e

8 (xleszty = 164z, [kl )| (T1.15b)
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18 the spectrum of the light emitted from r'. [s(+)(£',l§_]c) is
the temporal Fourier transform of s(+)(£_',t), i.e., the positive
frequency portion of the transform of s(r',t). The spectrum
J-(ll(_l c;r') 1s thus defined over positive optical freguencies
ligle.]

The time average in Eq. (II.15b) is actually superfluous,
since the averaged quantity is constant. This is & consequence
of the introduction of the analytic signsl in Eg.(II.9); 1f the
real fleld amplitude had been retained, an average would be
needed to define a constant light intensity.

More important, however, is the fact that & real time aver-
age 1s always tsken over a finite interval. In a real system,
if &w, the spectrameter bandwidth, is relatively narrow, the
output light is nearly monochromatic. Then an average of the
intens’ty over a time T ~ m)'l eliminates the optical frequency
variation but retains & slow time dependence in the measured
spectrum. The result of this operation (which 1s considered more
carefully in Appendix E.D>) is a time varying signal, not a single
long time limit as above. To describe this result, Eq. (II.15)
can simply be rewritten in the form,

-1k, *(r,-r') +ik_¢(r_-r') .
= =p ' \Ip = 2 ,

T (03 lxl,x5t) = e T =5 (6°)%4 ([xlesz',t)
(1I.16)
Since the spectral awplitude is real, the phase of the corre-

lation is determined Ly the factor,

Yot (roor') - ko (z,-2")
e[’-‘n S YRR "R VR ] (11.17)
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The two terms in the exponent are just the phase differences
along the paths from the source point r' to the two observation
points. The phase of the correlation, that is, the relative
phase of the components of the light observed through the two
beams, is Juet determined by the difference between the lengthe
of the two optical paths.

In general, this difference would depend both upon r' and
upon ’El. However, it was assumed above that the light from each
point r' is coherent, that its coherence length exceeds the dif-
ferences in optical path. For & thermal plasma, the coherence
length 1s just determined by the width of the speetrum of the
transmitted light. The requirement of coherence simply wmeans
that the light is s0 nearly monochromatic and the path differe-
ences are so small that the phase difference is the same for all
components of the spectrum. Under this assumption, the vhase of
the correlation depends upon r', but not explicitly upon l_lgl .

The expression (II.17) may thus be written

=1k, sr'
ew e ©°
vwhere
§=kyry - kyi'xy (I1.18)
and
=y o Ky

may be defined for one typical optical wavelength and then treated
as constants, independent of |k|. Equations (II.13) and (II.16)

then give the final foruw,
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. Qo
Y(t) - (ben)zj alkl le(lxle)?
o]

=ik +r*
. Re[emf d3r' e -A-J('EIC;I'It)]
cammon
source volume

o]
- (s%0) ne[e“’f alxl letlele)®a(lslesky,0)]  (1129)

o} common
sources
50, to within a phase factor, the result depends only upon

{ ( IElc;EA,t) » the k. spatial Fourler component of the distri-

common sources
bution of those sources of light of frequency 'yc which ere
observed through both beams, and upon |f( fyc)fe, the transmission
function of the spectral filter. The time dependence of the out-
put simply follows the time dependence of the observed component
of the light source distribution.

Only one phase of the complex valued 1{( l&le;}_;a,t) is
common sources

here observed but, as explained in the next section, the optical
system could easily be modified to provide both the real and the
imaginary parte of emd .

It should be emphasized that the assumption of coherence
does not imply that the interference must oe the same for all
accepted wavelengthe. Sources of different portions of a spectral
line, for example, might well be differently distributed 1n space.

Different portions of a Stark broadened line, emitted from regions
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of different electric field, or different portions of a Doppler
broadened line, emitted by sources moving with different veloci~
ties could exhibit different dependence upon l_:A and t, even though
the spectrum was quite narrow. The assumption of coherence simply
means that the relation between the location of the source and
the resulting interference pattern is the same for all accepted
vavelengths. So long as this is true, the measured distribution
will be Just the sum of the distributions of all the sources
which are observed in any single measurement.
If the spectrum of accepted light were so wide that

the light was not coherent, the total signal would be due to dif-
f_e_r_eﬁ components of the distributions of sources of light of
different wavelengths. This is not to say that such a measure-
ment could not be useful, but only that it is rot covered by the
foregoing analysis. Some ways in whici a larger portion of the
spectrum might be used are considered in Chapters Vv and VI below.

For a two-beam spectroscopic observation, made with & narrow
portion of the spectrum, Eq. (I7.19) confirms the conclusions of
our firet analysis. The output, Y(t), glves a measure of

J( Iklc;k ,t), the k, component of the common source distribution.
="' =4

common BOures
If desired, a spectrum analyzer could be used to meassure the (low)
frequency spectrum Y(w) of the output, which would give

A( Iglc;g,w), the comnlete Fourier trensform of the distribu-

common sources
tion of light sources within the common source volume. According

to the Wierer-Khintchine theorem, a complete
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measurement of J( ,5'0‘56““) would provide the two-point, two-
common sources

time correlation function of the source distribution.

As in a scattering measurement (see Section I.C), only one
k component, the l_(A component of the source density fluctuations
would be otserved at once, but with a two-beam spectrometer, one
could examine a variety of plasma wavelengtns by varying either
the angle between the two beams or the optical wavelength accepted.
In an arrangement like that of Fig. II-2, the angle between beams
A and B could be changed by replacing the first lens by another
of different focal length. The wavelength could be changed by
changing the spectral filter, but of course it should ve remem-
bered that different optical wavelengths may be due to different
types of source. As in any spectroscopic study, the relation
between components of the spectrum and conditions in the plasme
is a complicated matter which requires a separate analysis. With
a conventional spectrometer, only the total intensity of each
component of the spectrum is observed. With a4 two-beam spectrom-
eter, one could, in principle, observe the two-point, two-time
correlation function of the distribution of the sources of any
feature in the spectrum of the light emitted by a plasme.

B, Multiple-Beam Systems

l. The Use of Polarization

The foregoing analysis was based upon & scalar wave equa-
tion, or, more precisely, upon a retarded Green's function solu-

tion to such an equation. This common, useful procadure is
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easily interpreted: The scalar equation describes a single
polarization component of the field. Such & description applies
to many spectroscoplic measurements, in which a single lineariy
or circularly polarized component of the light 1s used. Since,
in many situations, light waves of different polarization remain
distinct, a stalar amalysis 1s often Justified. However, even
if the source 1s considered to be a scalar, and even if a scalar
wave equation is used to calculate the amplitude of the emitted
light, the fact that light 1s actually & vector wave is still
important in the present problem.

The vector nature of the wave should be consildered, flrst
of all because the pclarizebllity of light provides & most con-
venient way to measure phase relations. This fact is the basis

of & class of instruments called polarizetion interferometers
39

which are described in a recent book. A polarization inter-
ferometer 1s a device in which two beams of light are differently
polarized and then combined. The polarization of the resulting
light depends upon the relative phase, as well as the polariza-
tion of the original component waves. Because of this dependence,
a measurement of the resulting polarization gives information
about the phases of' the component waves, the same information
which, in a conventional interferometer, is provided by a study
of a attern of interference fringes.

In most polarization interferometers, the interfering waves
(vaves A and B of the preceding discussion) are linearly polar-
ized in orthogonal directions, as shown irn Fig. II-5. If two



@ Initial polarization
@ Beam A
@ Beam B
@ Beam 1
® Beam 2

XBL733-2405

Fig. II-5. Polarization of the different beams.
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such waves are equal in amplitude, &end also equal in phase, their
superposition will again be linearly polarized, in the direction
"1" shown in Fig. II-5. If the interfering waves are 180 deg out
of phase, their superposition will be linearly polarized in the
orthogonal direction "2". These two polarization components are
exactly equivalent to the "interference patter‘ns 1 and 2" which
were considered in detsil in Section II.A above.

This eguivalence provides & very convenient way to actuslly
construct a two-beam spectroscopic system. Several possible
designs for such an instrument are described in detail in Appendix
C of this discussion. Essentially, one must use un initiael polar-
izer to select oune component of the emitted light, then polarize
the obrerved beams A and B as shown in Fig. II-5, combine them,
and se .rate the result into polariza. »n components 1 and 2,
which are otserved with separate phototubes. Then, if beams A
and T are coherent, their superposition will be polarized, and
the light will be divided between phototubes 1 and 2 in a manner
determined ty the relative phase of A and B, exactly as described
by the analysis of Section II.A.3. If the light in beams A and B
is incoherent, their superposition will be unpolarized, the light
will be divided equally between the two phototubes, and the out-
put sigmal, Y(t) = Ie(t) - Il(t) will be zero. If the two observed
beams are partially coherent, their superposition will be partially
polarized, and, just &s before, only the ccherent portion of the
light will contribute to the output of the system.

There are several advantages to this technique. A sorting out

of different ssts of interference fringes might be difficult,
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but the orthogonally polarized components "1" and "2" can
easlly be separated. If beams A and B are distinguished by their
polarization, they can be superimposed and portions of their
paths made physically ildentical, Insuring equality of path length
and minimizing the effect of vibrations and misalignments in the
system. Such a procedure also reduces the number of optical com-
ponents needed, since, roughly speaking, every element then counts
as two. Several other reasuns for using polarization are examined
later, in Appendix C.

One potential advantage, which we shall not conslder further,
but which should at least be menticned, 1s the possibility of
measuring the complete complex mutual coherence of the two ob-
served light beams. Recall that the two-beam system analyzed
above w.s shown to measure an integral over sources and frequen-

cles of
Re[ei¢l"m(03 x|,z )]

[see Eq. (II.l}i, where I‘m 1s the mutual coherence and ei¢ is
a constant factor. The restriction to the real part of the ex-
pression is a consequence of the way in vhich the interference
was observed. The system separated "interference patterns 1 and
2," with pattern 1 produced if beams A and B were--apart from thc
phase difierence @--equal in phase and pattern 2 produced if they
werz 180 deg out of phase. However, if A and B were 90 deg apart
in phase, the fringe pattern would be exactly intermediate bvetween

1 and 2, the lignt would be divided equally between the two photo-
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tubes, ani a null output would result--exactly as if the light
wexre incoherent. Such unobserved correlations are represented

by the missing part of the mutual coherence,
1 .
mler, (0; Il 21

In a polarization interferometer, such a correlation would make

the output circularly polarized. Since this effect could also

be observed, both the real and the imaginery parts of the mutual
coherence could, in prineiple, be measured, a possibllity ex-
plained in more detail in Ref. 39.

Aftcr discussing a two-beam spectrometer, it is natural to
imagine extending the method by designing a system to compare
light emitted in many directions from a plasma. Such a multiple-
beam spectrometer would certainly be more efficient than a two-
beam system, since more light could be used, and furthermore,
the more complex arrangement should meke possible a great variety
of spectroscopic measurements.

Thus one could proceed now to consider in succession three-
and four- and five-beam spectroscopic systems. However, when
the use of polarization is included, the simple two-beam system
suggests a different kind of generalization. Since orthogonally
polarized beams may be superimposed without loss of identity, one
can, with a polarizing system, defines not Just more beams, but

two whole sets of beams, "beams A" and beams B," polarized as A

and B in Fg. II-5.
Within the optical system, the A and B components cannot only
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be recognized, they can also be independently manipulated. If

optical components made of birefringent materials are included

in the system, the optics seen by the A and B components of the
light can be completely different. This possibility, which is
really the most important reason for using polarizing optics,
leads us to replace the simple two-beam system by & much more
general type of apparatus. In place of the two apertures which

defined beams A and B, there can be two whole optical systems,

A and B, followed by & polarization interfercmeter to measure
the correlation between the two resulting waves.

2, Mult!ple-Beam Systems in the Huygens Approximation

A general spectroscopic system of this type 1s shown in
Fig. II-6. There a lens, with focal point within the plasma,
is followed by & linear polarizer, which insures that the system
operates with only one component of the light, The amplitude of
this trensmitted wave, go(z,t), may be treated as a scalar and

related to a given scalar source by expression

() o . [ .

da’r’ _m_—ls Oy E'l
lz(in) . I"*‘ ¢1(£(in))z.

¢ f
i

40(5

(11.20)

- slr',t

vhere r' = (x', y', z') refers to points within the plasma and
I(in) = (x(in), y(in), z(in)) denotes points immediately behind

the lens. (x' = x(m) =y' = y(in) = O along the axis of the

system. )
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Fig. II~<6. A multiple-beam spectroscoplc system. (The slit

shown at the right is the entrance to a spectrometer.)
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L ?, m?

¢1(£(in)) = ¢10 < ; P
1

is the additional path introduced by the lens, which has a focal
length of fl.

This wave, go, is then considered to consist of A and B com-
ponents, which are initially identical, except in polarization.
The first lens is followed by an optical system which affects
the A and B components differently. That is, the system contains
birefringent elements with axes oriented so that the A and B com-
ponents remein distinct and independent, but follow different
puths. Assuming linearity and time-independence of the system,
the effect of such 2n apperatus is described by two Green's func-
(out)’ I(:I.n) (out), E(in), 1)

tions, gA(z , T) and gB(s

@®
§A,B(3(out)'t) =‘[d5r(in)f dr
o]

. sA’B(z(“t),r(m),'r)go(_:;(in),t - 7). (II.21)

Here _x:(out) = (x(out), y(out), z(out)) denotes polnts across the
output of the system.

The birefringent portion of the system is followed by a
second lens of focal length f2 which focuses parallel light onto
a plane [of noints r" = (x", y", z")] containing the entrance to
& spectrometer. The light at points r" 1s related to the light

before the second lens by two Kirchoff integral expressions:ho
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1l - 1
CEFR) 2 (O\'t) t) t)
!A,B(E ,t ) = :Jd r m[VgA’B(I(U\I ’t(Ou )
- (out) 7
) r-r o 9 (r(out) 1_‘(out)‘
ol - SO Gty s |t
(II.22)

'zu - £(O'l.l‘t), + ¢2(I(out))

c

Ret.: £(O%) _ gn

Here . s
(out) (out)
t 1l x + ¥y
¢2(£(ou hy. B - - :

15 the added path length produced by the lens. [x("“t) = x" =
y(out) = y" = 0 along the axis of the system.] Here it is
essumed thet the normal compoment of VE(r,t) just after the lens
is epproximately given by

Eeg.(_oft_)).] . d2r(out)-

c J

e l_(ou‘c)’,c .

A term of higher order in [(wavelength)/[g" - E(out)l] hes also
been neglected. In this expression one can make the usual Huygens
approximation by assuming that ¢ = O behind any masks and is un-
perturbed at the points across an aperture.

Altogether, Eqs. (II.20), (IX.21), end {II.22) determine
;A(I",t") and gB(_I:",t") in terms of s(r',t'}). Since the differ-
enut steps are linear relations, their combined effect is also

linear. Hence if gA, gB, and s are Fourier transformed in time,
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the fields at any point _:_-" produced by a source at a point r'
will be determined by two complex-valued transfer functions,

g, (z",z'0) and B.(r",x',0).
gA’B(El'JU);E') = ¢A,B(£“’£;m)s(£"m). (II'25)

Within the spectrometer, however, it is not the A and B
components, but rather the intermediate polarizations "1" and

"2" which are separated.
§2 = l/ﬁ (EB + EA).

Since all of the light of the proper frequency which enters the
spectrometer 1s reflected into one of the phototubes, each meas-
ured intensity is given by an integral over the spectrameter
entrance aperture. Assuming that the light is nearly normal to
this surface,

o
netiz) s [ @ [ e

(spectrometer “ 0
entrance)

o leg(r,msrt,t) F ;A(z",wsz',t)l‘?-

Here, as in the analysis in Section IT.A.3, lf(m)|2 is the spec-
trometer transmlssion function. Also ao before, a slow time
dependence has been included here in the measured spectra.

Since the plasma is an incoherent source, each intensity is

Just & sum of contributions from the different points r'.
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Iy, o(t) =f Pr T, o0tz

The output of the system is the difference signal

- ®
NORE AR LSy B JESILY TP
[ “ (gpectrometer
entrance)

#*
* Re [ & (E"J‘Dil": t) EB(}'_":‘D;E' ;t)] .

As in the simple two-beam system, the output gives a measure of
the correlation between the A and B components of the light.
Using Egs. (II.23) to express the result in texrms of the

source distribution gives

o
¥(t) = f—rja3r-f amlr(w)l"’f o
0 (spectrometer
entrance)

« Re [¢A*(5"._!;',m)s*(z‘ ,w)¢B(_z;“._z_'v',w)s(£',w)]
=j13r'f&ulf(m)le . T(g',w)o{(w;z’,t) (IT.24)
where, as before,
dl@iz't) = o"(z" wit)s(z' ost) = lslz'sa5t)]®
is the spectrum of light emitted at r'. So the cutput signal

Y(t) depends upon the quantity

™(x',w) = Re 1grf dz“" ¢A*(!"J£')w)¢n(£“-’slJm)'

{ spectromter
entrance
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Thie is the transmission function for the system as a whole.
(This term seems appropriate, since the quantity is real, tut
it should be noted that this transmission function mey be negu-~
tive.)

Equation {II.24) is a generalization of Eq. (II.19). Com-
paring the two results, we see that the simple two-beam system

is described by

; (cl&aa)2 Re e ] for points r' within the c.s.v.

T(I',a)) =\
]
i

[ i@ -ik, er'

for points outside the c.s.v.

A tvo-Leam spectrometer would olserve the _l_(A component of the
distribution of common sources. But this is Just one special
case of the more general system shown in Fig. II-6. In general,
any such arrangement would define some function T(r',w). Accord-
ing to Eq. (TT.24), the output of the system i1s then given by an
integral over points r' of the expression T(r',w) A(m;z',t). So
any system of this type would select just one component of the

light source distribution: the T(r’',w) component of -'i'(w;_x:',t).

Many such systems are possible. In Appendix € of this dis-
cussion, 8 number cf different multiple-beam spectrometers are
proposed. In the next section of the present chapter, the mathe-
mstical techniques Just outlined are applied to several of those
same examples.

3. Three Particular Optical Systems

In using this description, it is convenient to first sim-

plify the expressions for the cptical path lengths. Treating
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x', x(in) ,amd y as smll quantities, assuming z(m) nearly

equal to fl, and keeping all small quantities through second

order gives
‘ xr? + y'2
29 - o) e gy (1) & o+ e —
1
x(’-“)xl + y(in)yl
- 3 .

Keeping leading terme In the meagnitude, and corrections in the

phase through second order, Eq. (IT.20) becomes

g (1,0 & %{j."jr' o(z'st" Mgy,

x‘2 + y'2

Ret.: t'-t-l ¢ +z(1n)-z’ +
¢l "lo of
1

x' + y(in)yo\

£

«{1n)

1 !

In all of the systems which we shall consider, the first
lens is folloved by a calcite rhomb. This element displaces one
polarization component bty a distance d, vhile leaving the other
unaffectea. (Bee Appendix C.) Thus, after the rhomb (at points

f), 8o is split into two waves.

MoF.p

(in) _ . _
t =t TA

g (Ert) = gl (i0)) e

- -}l- fd’r's(s',t - ¢,) (11.258)
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! x'a 2
1] ~ ,
+-Ek¢m+z-D--z+ - ,

A"

;B(E,t) - gO(E(i.n),t(:[n)) r(i

) ~ Ad
-E-ey -ezD

EL) 5

- :‘,—jdjr' s(x',t - cp) (II.25b)
A r
1 . x2 4 y'2 ' o+ (¥ - a)y')
- - t -
cpe Tyt T ¢lo+z D-z'4+ .
2f1 fl

Here T and B are delays due to the rhomb, and D is the length

of the rhomb.
We shall aisc need the derivatives

(1I.26a)

ard

3 ~ 1 3,9
(r,t) = a‘r! s(r',t" . (II.26D)
4,0 - 7 e,

The simplest system vaich we shall consider is one in which
the rhomb is followed by a mask with a single slit, as shown in

Fig. C-4 in Appendix C. In this case,
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;= EA.,B(E’t)IE _ }:(out)

~ _ _(out) _ o
; (r(out) £ for xl<x <x2
mES 7 §, <y <

1 2

=0 othervise.

From the dlscussion in Appendix ¢, it is expected that the effect
of this arrangement should resemble thai of a simple two-beam
system.

Equations (II.22) can also be simplified. Assuming that

x(out), y(out), x", y", and (2" - z(out) - f2) are all small quan-

tities, one can approximate the last segment of the path,

[zv - r(out), . ¢2(r(out)) > ¢20 + 2z . gout) | x" o+ y"

2f2

o+ — .

%

Using thie approximetion, and the preceding expressions for Vi
and J3t/dt, the two field amplitudes, N B(_l_’_",t) as the spectram-
s

eter entrance slit [given by Eq. ( II.22)} mey be written,

- %y [Y .
" ~ 11 ~ ~.3,
gA,B(E’t)':-m?IT;J dx dyjdr
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=-l.'¢ +
0 ¢, 720 or £

To obtain the transfer functions ¢A g’ one must then Fourier
2

transform this expression
r 2 g .
j & aF {a3r'[ at et

~ ~ -

X. yl

%

1
[
[r)

[
'-hll-

1
£ ‘,.E“la)) =
A,B 1 o

1
*]

. e
v ol )[t‘

- C

=t-%3p” %

X, Y. '
2 Y2 +infe, +e.)s(r',w).
{ de ay &r' e A,BT0T=

. " J

* ¥,

1
|~
[

1
Zre fl't‘;

%

This has the needed form Eq., (II.23) :
£y plZ"0) = j e 8y, p(E" s sw)s(z’0).

Evaluating the ; and ;':r' integrations gives,

{ +i‘°[cA,B(;2’§2) + co(;éz!;e)l
e

~on ~ o~
"1‘“[":1,:»"1"’2) + °o("1’5'2)]
- e -

i“’L A, B("e’yl) 1)J

;)
x,¥ i,
m[cA’B(xl,}'l) + co(xl,yl ] I (11.27)

Combining these gives the transmission function for this syctem,
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T(I'J‘“> = Re .1_2'_ J. By ¢A*¢B

- nl -
-2 2 ety a{(e/eer /)
2
. x£ ’ y"2 11
. / dx" dy"
) x-!i y;i ;E ;5
X; - X \ ﬁ - Y}' Y
. sin® | —2 1) sina( 2 1
2 2 ;
\
where
W x* x"
X = = o= 4
¢ (fl T;)
T

and (xé( - x{) and (y; - yi:) ere the dimensions of the spectrom-
eter entrance slit. The width (y; - yi) is assumed to be less
than the width of a max.mum of e diffraction pattern due to the
first slit. (See Appendix C.) Thus Y may be considered constant
in the integration over y". However, (xg - xi) , the length of
the entrance slit, 1s much larger than the width of 1/x2, so the
x" integration may as well be taken over the whole line. Making
these replacements gives,
22 o 1 e+im(1'B-1‘A)

T(r',m) = Re (ﬁ e L b1 - E, - 5,)
(£,2,)

{e/erer /)]

) ) (11.28)

where
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defines the source region observed. Assuming that the source is

incoherent, one can used Eq. (II.24) to write the output of the

system,
f z ‘f b3
X(t) = Jar [ |£(@)] 0z 0) 4 (wix',t)

+1af{ TB-‘I'A) r 3

-

s (efe)ay/ey)]

M tb}_!:',t)

+ioof ‘I'B-‘L'A) ’

C/ dw ‘fllf(a))'z Re e

where

2 1 ~ ~ " "
;)’ —F (x2 - Xl)f2(172 - }'1)
172

. (wiz',t) = A (a5z',t)F(y")
cboerved

and

w4,

c?f

=

+1a( -rB--rA)

observed

c/-'dw {%)[f(w)|2 Re e Ja'rt F(y")

(wi_}EA:t)

(I1.29)

So, assuming that e is constant over the range of fre-

quencies considered (which is equivalent to saying that the path

difference is less than the coherence length) this system ob-

serves the k, spatial Fourier component of the distribution of

=A
light sources within the observation region.

Thus, at least near
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+he focal plane of the first lens, this setup ls eguivalent to

the simple two-beam system which was discussed in Section II.A.
Moreover, the result is seeu to depend upon the width,

(;2 - fr'l) of the aperture in the mask behind the rhomb, but not

upon its location, since ;1 and ;"2 could both be changed by &

cammonn amount and not affect the answer. This suggests using a

mask with many slits, as shown in Fig. C-6a in Appendix C. This

second system would give two transfer functions, [for n slits,

separated by a distance & < (}'2 - &l)]

w1l 1 *2 - oo Ypra . +im(cA B+co)
g _(£",r',0) = dx dy e ’
A,B'E 22 T E T, ~
Xy J=0 yl+JA
" ;E ~
gy 1 teT g +io/e) 2 oI
= 5re P e e e
172 ~
*
n §2+JA - =1 forA
-y 5 o1t
L. H (w/e)(ay'/f))
3=0 yl+jA v e for B
w1l 1 11 T Hw/c)® -1xx,  -1Xx)
= 5rg Tl ?; ITe e (e -e )
n  -1jAY -1Yy -1y, | * 1 for A
7‘ e (e 2.e 1
. \ +i(aa/c)(dy'/fl) for B
3=l L- e
(I1.30)
vbere
LN ¥ x? 4 y?
0=¢10+¢2°+z"-z'-b+ + .
2!‘1 2!’2
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Using these to calculste the transmission fuction for this system

glives,

302 Holt7,)  +1f(a/e)(ay'/e))]
T(r'm)=ReH—2r}‘%’} ——}—Ee B AT L 1
x! ~ yr

2 1 - Xx 2 1
l' dxll sina xx2 1 I‘ @" T
’xu 'yu Y
1 1
Y; - Y; ) DAY
sinz( 2 1 | s:l.n2 —_
. 2 2 |
&Y
eine{——)
2

Assuming again that (xs - xz) is large, while (ys - yi") is small,
one bas,

Halrgry) tfl/e)ayt/ey)]

'T'(_x_",m) = Re C%

o222
: r(y')l—é—z—, (mm-31)
ot (5] |
with ¥ evaluated at yi.

This result is somewhat similar to that found for the simple
two-bean system, but there is an important extra factor
[sinzl%qfsinegén. Assuming that A, the distance between slits
is comparable to 4, the displacement dus to the rhomb, and that
Y- w/c[(y'/rl)\s (y{/fz)] is of the same order as (u)/c)(y'/fl),
the additioml factor sinz(nYA/e) will vary much mcre rapidly

3
with y' than will the exponentisl, .+1[(m/c)(dy'/r1)L Thus the
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effert of such an apparatus would be very different from that of
a simple two-beam system. The multiple slit arrangement would
observe exclusively those regions where the extra factor is large.

As is explained in Appendix C, this difference in effect is
cuased by interference between light observed through different
slits in the first mesk. ©Because of this additional interference,
the result is not just a sum of two-beam ouservations. To make
a more efficient version of the two-beam system, one must avoid
this interference between separate pairs of beams., As is sug-
gested in Appendix C, one can do tuis by using a collimator to
select the light from each palr of beame inderendently, before
the point where the separate pairs of beams are all combined.
Such an apparatus is shown in Fig. C-T in Appendix C.

To describe this third arrangement, we denote points at the
output of the collimator by T = (X,¥,Z). The light there con-
sists of outputs from the different collimator slits,

(J)(r,t) for ;1 <3< §2
8y, p(Eot) = Y+ BT <F, + 00
{ 0 otherwise.
The cutput of each slit is given by a Kirchoff integral across
the entrence to the same section of the collimator
+JA

(J)Gat) = rj de dy ~ ~
ST L

. 1
. [ng,B(s't”z -

%>
L]
[
o
—~
142
.
ct,
\-—a:l
(24
L]
LT
L)
M2
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L e Fpuin 1-11 {3
oA 4 vzt 1
_2":}‘“ dx . dyL cfl.)dr
% yl+JA
3 ) .
3t t' = t-c c
A,o
where
~ 1, ~ 17 2 2
Fegi-ie @969 I

and L is the length of the collimator. Here Eqs. (II.26a,b) have
been used to express t 2 field g(i,t) in terms of the source
s(r',t') and the distances -3, -9, and@f - Z - L) have
been treated as emall quantities in an expansion of the path
length.

The rields at the spec .eter entrance slit are a sum of
contributions from the different collimator slit-, contributions

given by a Kirchoff integral scross the collimator exalt:
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Using the above expressions for g(‘j)@,t), and Fourier
transforming the result gives for this system *he two transfer
functions,

-1 1

AL, | = em—r— QI
By, BT 0) ppw | j/=

L4 1(w/e)o
fle _1_ a8,

| -1XX, -1XX
! 1

-1 (w/c)(L/e)(x'a/fle)
e l -e '.

b Lad

}E -1[(a/e)(y /2 38] tl(e/e)y /2,)08)
. e e " :

/o) (y' T, /) ~Uale)(y'F, /1))
e - e

-1(a/e)(y'¥y/t,)  -1(a/e)(y"F,/1,)
e -e ‘

1 for A
4 1(ay /ey Yafe)
-]

tor B (I1.32)
where in the x and y integrations it hac been assumed that (x2 - x)
1s large, while (y2 - yl) is small in comparison with the widths
of the reepective integrands.

Combi:. ¢ these two tyansfer functions glves the trans-

wiesion function for this syetem:
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(r',0) = Re jd ™ ¢A ¢B

= Re ( } p S e -TA) ei(dy /fl)(w/C)Jlr d‘?r"

1 2’)6‘:'2-)(;1\ 1
oy o s
X 2 'y
wy' (¥, - 7) [0y (F, - 5,)]
-Bine ——i—#sinal___g 1!
cf) 2 cf, 2 _j

~1¥(3-3")A

f\/lu

L

S Y

30 J

0

The reason for using a collimator is to avoid eny ef. :ct
of multiple-beam interference bvetween light eccepted through
different slits in the collimator. For this reason, it is essen-
tial that no more light should be rejected after all the beams
have been combined. Thus the spectrometer entrance slit should
be made larger than the width of the illumination pattern there,
and in the above expression the r" integration should be taken

over the “hole plane. Doing this one has,

-~ A (% -1, )
Nr'o) = Be |§ } Fao( - K, -F)e BA
1(d.v /t)(wfe) 1 ! wy (y2 - yl)
a _E Bi!l 2 . (n'bj)

Here the double sum hag vanished. This occurs in the y" integra-

tion, where oue has expreesions of the forw,
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@ ~ ~
« (}'2 - yl)

1 2 w A T|
f dy" _T‘E sin' - — = }'" CO8 | =~ — (J - J')Y"J R
-co Y ¢ 21, tef,

This vanishes Leor J # J',provided that A > (¥p - ¥1)5 Leee,
provided that the slit separation exceeds the slit width, which
it obviously does. This leaves a single sum of identical terms,
which gives the factor n.

Thus the effect of interference vunishes, as was expected,
and the contributlons from the different slits are seen to be
identiral, because, as noted eax ier, each result is independent
of the slit position. 5o the conclusion or Appendix C is veri-
fied: A spectrometer with many independently collimated peirs
of beams provides a more efficieut version of the simple two-
beam system which was first considered. It should be remembered,
however, that this is true only of regions near the focus of the
system.

C. Higher Order Correlaticnms

‘he elementary two-beam rpectrometer discussed in Section
IT.A would give an output, Y(t), proportional to the mutual co-
Berence Iy, (0; [k|,t) betveen light of vavelength 2rik|™' enitted
in directions ?A and QB from the same region. In the =nalysis
4n Section IT .J, this quantity was shown to be proportional to
cne Fourier componant, t‘(l!lc;%,t), of the dlstribution of ob-
sorved light sources. According to the Wiener-Khintchine theorem,al
measurement of 4 (I!Ic;!o,t) is equivalent to messurement of the

two-point correlation function of the light source distribution.
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Heace a two-beam spectroscopic measurement of correlations in
the light emitted by & plasme would give information about two-
point correlations in the disi ibution of the source. So stated,
this result suggests that there may be & much more general cor-
respondence between correlation functions of a light field,
¢(r,t),and correlation functions of the demsity of sources,
A(l]_‘qu'.vt)'

In discussions of optical theory, higher order correlations,
like the two-beam mutual coherence, are customarily defined in
terms of an asiociated analytic signal. Wol fb'a has used this

technique to define e complete set of complex correlations,

I“m’n) = 2(“"‘") ;{*’)*;g")* can glg*)*g;:i... ggx); . (11_51.;)

(The use of this form here involves one change, however, since
the definition was made to compare light at cne point at differ-
ent times, while the otservations discussed here would ccmpare
light at one point in different beams with no 'delays.uB ) similar
dafinitions have been used by other authors. (see, for example,
Ref. la.)

We shall not coneider here the ways in which these higher
order correlations might be measured. It is possible, at least
iu principle, to observe them (for example, by measuring higher
order correlations of intensity), but that problem is beyond the
scops of this investigation. However, the theory in Section
II.A.5 16 readily oxtended to some higber or.er quantities.
8inoe this should be of interest by itself, ctuch an extension

of the theory is outlined io the naxt few ages.
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It is shown in Appendix E.1 that 1light of wavelength 2#]5['1
Fa)
emitted in direction k may be described by 2 fileld amplitude,
(observed) Ik}
-~ iker (+
frt) = Re [—— oM My )
2mic
where g(+)(5,t) is the positive frequency, or analytic signal
associated with the spatisl Fourier transform of the field. (In
this scalar model, the normalization is arbitrary, since the
physical nature of ¢ has not been specified.) The analytie sig-
nal associated with this field is
(ovservea)(*) 1 el e +)
t(z,t) B~ —e==t""(kt). (11.35)
2 2riec
This followe from the result shown in Appendix E.2. This form
is now to be used in the expressions for the correlation func-
tions.
To further simplify the problem, it is convenient to expli-

citly assume that the source, s(;',t), 15 quasimonochromatic:
s(rit) = 2 a(r',t) coa[u)ot + ¢(£',t)] . (11.36)

The amplitude, l(z',t), ie proportional to the square root of
the source density and the phaese, #(r't), is random from point
to point. Tho time veriation of both & and ¢ is assumed to be
wuch slower than the oscillation at the optical frequency, wge
Using the Green'e function expression for the field :Eq.

n.x)] one has
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1 Ir - r"
oy = [Pr BT [P e =
- e~z \7
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- [ e -,i"- [ei’y“t") . e-ilﬁlc(t-f)J oo
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-
. jdjr' e'iﬁ'ﬂ(z' ’T)e-iﬂf(_;','r) .

As before, this integration over all preceding times is much
idealized. If the finite size of the spectrometer grating is con-
sidered, the T integration should be taken only over the preceding
inverse optical bandwidth. Furthermore, since a and § are slowly
varying, they may be teken as constant over suck an interval.

From this more realistic form one obtains the result,

omi
!(+)(!;t) = :
[xl

e-"'ycr'b(u)o - 'EIC)fdjr’ edE‘E'a(_z_",t)

. o 1B 5%, (11.37)

Using this expression to evaluate the two-beam mutual coherence

[_1.0., combining Eqs. (II.34) and (IIJ'()], one has

(1,1) , TT+#J¥ (+)
r - QA ‘B

ik ¥ oy, . ik ert 1k _ep"
-a-a.“—“n-n]dsr.],:,.. Sl thyer

. alr',t)a(r", t)e 19(rit) "'1’(_3_'": t)
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-1k, -I -i( -k )'1“
K0Ty eIy et e LN 2

where n_ is the (unnormalized) source density.

This result agrees with that obtained in Section II.A.3.
But the assumption of Eq. (II.36) has so much simplified the
derivation that it now can be extended without difficulty to
some higher order quantities. For example, one can calculate

a four-beam correlation,

ROIAORORO)
r(22) _ 16 §c+ £A+ gB+ gD+

1k _er. =ik, er . or
S, —A—Aeil‘-n-se“—‘n—fdsr,fdir..
i.kd r'l

‘!.'"e'iEB'E'e‘ﬂ_‘D'_

. [D,QB = koot )n (k= k%) + 0 {ky - Kouin kg - l_tA,t)]-

80 this four-beam optical correlation 1s seen to be propor-
tiomal to & sum of mean products of source density fluctuation
components. Here the remaining exponential ractors are just con-
stants. The source density componsnts, na(li,t), are complex
valusd spatial Fourier trsnsforms. Hence the indicated average
products depend upon the phases of the factors. If there were a

correlation be.wecn two such quantities due, for example, to an
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intcraction between plasma waves with wave vectors (EB - }_(C) and
(5]) - EA)’ the measured averages would A!ffer from a product of
the averages of the two factors. Such a correlation corresponds
to higher orde: correlations in the light source distribution.
Agein, this ell assumes &n incoherent source. There is 1o
correlation between the phases of the light from different points.
But there can be correlations between the light . ‘erved through
different beams, because the same sources contribute to them all.
This was shown to be the case for the two~beam coherence, and

the same thing 1s now seen to be true also of some r'gher order

quantities.

1
The foregoing derivation of I‘("’l) and r(2,2) 1s easily ex-

tended to still higher order quantities. Any of the cerrelations

defined by Eq. (IT.34) can be obtained in the same manner.
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III. SIGNAL, NOISE, AND LIGHT INTENSITY

A. Quantum Optics and Intensity Correlations

The analyses in the preceding chapters have all been dsne
vithin a framework of purely classical opties. But, of course,
a classical theory is merely a limiting expression of the more
fundamental quentum optics. The present chepter takes up the
question of estimating the ratio of signal to noise 1n the out-
put of a multiple~beam spectrometer. In this analysis, che dis-
creteness of light quanta is important.

Such discussions usually assume that photon detection is a
random process whose probability density is proportional to the
classical 1light intensity. This assumption received some atten-
tion at the time of the first intensity correlation measurements,
which were done by Henbury Brown and Tw:l.ss.1L1+ in their analysis
of thet exper:l.::lent,h5 Hanbury Brown and Twiss used both classical
and guantum theories. They interpreted the agreement of the
classical and quantum calculations as an expression of the prin-
ciple of complementarity: One can interpret the interference
process in terms of waves and then explain the detection process
in terms of discrete particles. Since interference involves the
wave aspect of light, a classicul analysis is valld for that pert
of the experiment. The same experiment was agaln analyzed by
Pu.rcell,h6 who also equated classical intensity with photon proba-
bility. In both of these papers, the point was made that one cen
also analyze the interference prncess vwhlle discussing photcns,

but that a wave picture 1s wore convenlent because a Light wave
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may be treated as 4 classical field, while photons cannot be
treated as classical particles.

It perhaps should be emphasized that the multiple-beam spec-
trometers which we are consldering here are not intensity corre-
lation devices. The spectrometers discussed in Thapter IT select
two obgserved waves, A and B, which are combined and then resepar-
ated into interference patterns 1 and 2, giving information about

the phese of A and B. ‘'[o make aun intensity correlatinn measure-

ment, on the other hand; one would not combine beams A and B at
all. One would simply measure the intensity of A with one thoto-
tube and the intensity of B with another phototube and then record
the correlatlon of the outputs. This 1s the technigue which was
first demonstrated by Hanbury Brown and Twiss. It provides a
different way of getting information about the mutual coherence
of two light waves. Intensity correlation measursments have
replaced the other methods in certaln applicatlons, but the multi-
ple-beam spectrometers which we are considering belong to the
older, standard class of interferometric instruments.

But this i1s not to say that an intensity correlation measure-
ment c-ould not be useful in the observation of a plasma. Indeed,
this technique should be important there for the seme reasons for
which 1t was developed in the first place. Intensity correlation
wethode were first developed for use in stellar interfercmetry.

Tt had long been known that one could use an interferometer to
measure thy apparent diameter of a star, but the utility of this

technique was limited by the effect of atmospheric scintilietion.



Variations in the Earth's atmosphere cause variations in the phase
of starlight, and at points too widely separated these variatlions
are uncorrelated, destroying the effect of interference. This
lim3ts the useable beseline, and hence the resolution of a con-
ventional stellar interferometer. But an intensity interferom-
eter is'largely unaeffected by this difficulty. The inteusity is
a much more slc4ly changing quantity than the amplitude, and
changes in peth of muny wavelengths can be tolerated.

In a plasma, variations in the index of refraction could
produce the same effect. If the index of refraction were not
exactly unity, differences in n along the different lines of
sight could cause phase changes and destroy the in‘uerf‘erence.b7
As in obesrvations of e star, the use of an intensity interferom-
eter would permit extension of the method to sucii cases.

Since the first intensity correlation measurements, the
1nvention of the laser and Lsprovements In other optical devices
have led to reneved interest in the quantue theory of optics.

The present state of this subject 1s described in several recent
books.2

The interpretation of vhotodetection data, and the relation
between classical and quantum optics--both topics of perticular
importence for our discussion liere--are considered in detail in
one paper by Glauber.u'8 Strictly speaking, only radiation fields
containing many quani: are described by ciasslcal theory, and,
moreover, there are many quantum staetes which even with large

quantum numbers do not seem to correspond to mny classical descrip-
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tion. Noting this, Glauber then describes a certain cluss of
states (states whose density operators can be written. in & form
which he calls a "P representation", with a positiw/weight func-
tion) whose averaged behavior--in particular, thei. quantum
mechanical correlation functions--mey be writtern in a form similar
to classical theory, even in the limit where the occupation num-
bers of the states are very smal . The light emitted by chaolie
sources, he observes, 1s always of this form.

The same paper also analyzes the significance of photon
counting measurements. Using a simple model of a photon coun'er,
Glaubey obtalns an expressio.: for the factorial moments of the
photocount probabllity distribution in terms of the correlation
functions of the radiation field. [His Eq. (51).] This result
is much more general than any which we will be using here, but
for the first moment it just glves the mean number of counts ex-
rected 1n a given interval. This mean is proportional to the time
integral of the first correlation function, i.e., to the quantity
which corresponds to classical intensity. For fields wuich cor-
respond to classical deseriptions, Glauber then goes on to obtain
an expression for the complete photocount probability distribu-
tion. Thie he shows to be an integral over Foisson distributions,
s result which can also be obtained from semiclassical enalysis.
(See Fef. 49,)

The guantum theory, cf course, provides much more than Just
o basis for a clavsical descrlption. But for our problem here,

a full quantum treatment is not really needed, so long as one



accepts the two assumptions that & classical analysis describes
the interference of the light and that the classical intensity
may then be taken as & photon probability in analyzing the detec-
tion process. One can then explain both interference and photon
statistics. We will not discuss the basis of this simple {(and
quite standerd) picture any further here. More complete explana-
tions of the link between this semiclassical description and the
full quantum theory can be found in the paper by Glauvber just
.r,.;.tlinedl‘B and in the books on guantum optics mentioned earlier.2
B. (lassical Noise

Even if a completely classical description of the light were
adequate, & multiple-beam spectrometer, like any other instrument,
would generate some noise. Before beginning an analysis of photon
statistics, one should obtain at least an estimate of the amount
of noise to be expected from such other sources as stray light,
mechenical vibrations, and fluctuations in the electionics.

Ideally, in the classical picture, the light in either beam
A or beam B alone should contribute nothing to the output signal.
Such light should be divided equelly between beams 1 and 2, add-
ing nothing to their inteusity difference.

It perhaps should be emphasized that on: actually could
balance out the separate effects of E_t_h of the beams A and B.
One could obviously zero elther one of them by adjusting the
phototube geins, but the same setting which balanced A would
probably not be exmctly right for B. There is, however, a second

possible adjustment. One could also rotate slightly the polarizae-
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tions of A and B with respect to 1 and 2. This would put more
of A into 1 and more of B into 2 or viece versa. By using this
"differential” control, together with the "common" calibration
of the phototubes, one could, in prineciple, precisely rull out
the effect of each of the two beams.

In reality, this balancing would not be perfect, but the
effect of noise could then be minimized by signal processing.

In many observations, the spectrum Y(w) of the signal Y(t) would
have sharp maxima at certain frequencies. For example, if the
observed source density component were produced by a plasme wave
of frequency wy? this would appear in the recorded signal spec-
trum. The noise, on the other hand, should be spread out over
some wider band of frequencies. (Remember that the signal comes
from only one component of the source distribution. Thus the
signel spectrum would usually be much narrower than the whole
spectrun of plasma disturbances. Thus even If the noise came
from the plesma, it would still be spread over e wider band.)

S0 there are, so to speak, two "lines of defense" against
unwanted background light. First, one can null out beams A and
B alone. Ideally, this should eliminate everything except the
signal. Then any noise which does get through (or which is gener-
ated later in the system) can be removed in an anmlysis of the
time or frequency dependence of the signal. Roughly estimating,
it should be possible to balance the phototubes to within one
percent. Then if the signal spectrum is at all unique, one should

be able to do at least as well again ir the signal spectrum
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analysiaz. Together, this would give discrimination of one part
in 101‘, and probably several orders of magnitude more.

Furthermore, 1f 1t were possible to modulate the observed
phenomenon, one could use phase sensitive detection, which would
give a large additional improvement. Another way to use this
same technique, 1f the phenomenon were stationary, would be to
modulate the light with a toothed wheel or other shutter and then
phase lock onto that signal. This would not discriminste against
the background light, but it would stop noise generated later in
the system (e.g., in the amplifier or the spectrum amalyzer),

One cannot say much more in gzneral. The sensitivity <. any
given measurement would depend upon the apparatus used e~y upon
the spectral properties of the selected signal. But it does not
appear that “classical" nolse would present an& major prablem.

It seems evident that in almost any situation in which a multiple-
beam spectrometer could be used, the observation woulé be limited
by pnoton statistics, rather than by other types of noise.

C. hAn Estimate of Photon Statistics

For an analysis of photon statistics, it is convenient to
express each light intensity in terms of a mean counting rate.
our system measures two intensities, Il(t) and Ia(t), and these
in turn consist of two distinet components: "background light®
and "signal 1light". The beckground light 1s that which classi-
cally is Just divided equally between beams 1 and 2 (e.g., light
frem a source observed only through beam A. This 1s not to be

confused with "stray light" which can be reduced by optical im-
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provements). The signal light is that emitted by the one observed
component of the light source distribution [T(I"“’) in the termi-
nology of Section II.B.Q]. Describing both of these 1n terms of

photon flux, we have

2Q background photons/second

P sigoal photons/second.

2Q is divided equally between phototubes 1 and 25 P is un-
equally divided and varles between the two in a manner determined
by the time dependence of the observed source density component.
These two intensities, whose values were obtained from classical
enalysis are now to be treated as photon detection probabilities.
For an ideal photon counter, this deseription can be Justified by
semiclassical analysis, as explalned in the freceding section.

A photomultiplier tube is not a perfect photon counter, tut
for many such devices, & similar description of the output is
appropriate. This can be seen from an investigation of photo-

2 After meas-

multiplier preoperties reported recently by Robben.
uring the pulse charge spectrum and the fluctuations in the out-
puts of a variety of different photomultiplier tubes, Robben was
able to describe the nolse propertles of each tube in terms of

three parameters: the oversll quantum efficience, nF; a photo-
electron noise factor, S; and an effective dark rate, D. The

quantum efficiency n and photoelectron collection F were used as

usually defined. The factor S was defined in terms of excess

meapured nolise, but in the simple model of a phototube producing
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pulses with & range of amplitudes, followed by & discriminator
which accepts all those above some threshold, S 1s just the
inverse of the fraction of the totel pulses which are counted.

D is the measured dark 1ate at the same discriminator setting.
These quantities were found to be independent of frequency,
except for periods longer then about 10 seconds. Thus, for many
observations, P and q, the signal and background contributions
to the counting rates could just be modified to teke into account

the fractional detection and the dark rate:

P! = g_F P (I11.1e)
Q' = 'QE Q + D. (I1I.1p)

Sc in the following analysis, the measured light Intensities,
which will be specified in terms of P and @ may be interyreted
as photon fluxes (measured by a perfect photon counter) or, more
realisticelly, as photomultiplier output pulse rates, given by
P' and Q' in Egs. (III.ls,b).

If the signal were at zerc frequency, the photon statistics
would be simple. Assuminé that P went entirely into beam 2, one

would have

L=

I,=Q+P

Provided that  >> P (which is assumed throughout the following),

the signal to noise ratio would be
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vhere T is the total time of observation.

In general, the problem is more complicated then this, since
the signal Y(t) is time dependent. In such situations one would
be likely to record & sigpal spectrum Y(w). To analyze this
operation, consider now a case in which the observed component
of the light source density is all due to a plasma wave of fre-
quency wye Then P, the signal light, would oscillate between
the rhototubes at this rate and the spectrum would show a peak
at @y

We represent a spectrum analyzer by the model shown in Fig.
IIT-1. In such & device the signal ¥(t) is first mixed with the
output of a reference oscillator and the result is then averaged
over a time 7. Since the mixing heterodynes the signal down in
frequency by an amount equal to the frequency of the reference
oscillator, and since the T average transmits only those fre-
quencies below _l/'r, the result represents the signal frequency
components in a band of width 1/t around the reference frequency.
To measure the amplitude of the signal within this band, the out-
put of the T average, Y'(t) 1s squared, giving a signal Z(t).
This quantity is then averaged over the ubservation time, which
we agalin denote by T.

Thus the observation of a signal spectrum involves two time
intervals, an inverse bandwidth, 71, and T, the total time of ob-

servation at one signal frequency. (If the reference frequency
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Fig. III-1. A model of the electronic apparatus.



is swept, T is the time needed to sweep across one bandwiti.)
Since all taunsmitted frequency components lie within l/'r of the
reference, their phase relative to the reference cenuot change
within & 7 interval. In terms of counting statistics, the signel
probability is roughly comnstant over any T interval, so for such
times the problem is effectively at zero frequency. On the other
hand, at times differing by much more than T, Y'(t) is an «ver-
age of different inputs, so such velues represent completely
separate samples of the signal spectrum.

Tc describe these two extremes, it is convenient to divide
the observation time into a set of T/T discrete T intervels. As
an approximation, one can then consider each 7 interval separ-
ately, assuming that Z{t) at the end of eac. depends only upen
signuls received during that same interval, and also that all
such inputs may be weighted equally. 3ince these are then c.m-
pletely independent samples, the signal-to-nolse ratio expected

in the T average is

; |
:%] =\/§—(%) (111.2)
(WL T
where (s/l\r),f is that expected from the counting distribution dus
to Z(t). In figuring these quentities, we shall consider all
counts equal in magnitude, but since the phototube signzis are
differences, and also multiplied by a reference signal which takes
either sicn, ope must include buth positive and negative pulses.

If n is the recorded algebraic sum of counts, one has for a -

interval
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2
‘[(")z with  ~ <n')Z withnut}
signal signal . . (1I1.3)

T, 2

Here {) denotes &n average and the subscript Z refers to the
associated probvability distribution. As indicated, the "signal”
is not the spectral amplitude; it is the difference between the
amplitude with signal (l.e., with the reference frequency =~ Luo)
and that without signal (or ~+itk the reference oscillator at
another frequency). In either case there will be some spectral
amplitude due to the randemly distributed background counts. To
be observalle, the effect of the signal must exceed the fluctua-

tions in the measured background spectral amplitude.

Since z(t) = Y'(t)e,
{n), = (nE)Y, (ITI.4a)
(n2)Z= (nh)Y.. (IIT.4b)

Y' in turn is equal to the difference between Ye(t) and Yl(t),
the positive and negative components of the output of the filter.
{Tn a zero frequency observation, these would be just Il and 12
In an observation at a higher frequency, the multiplication by

a reference oscillation switches Il and I2 between Yl and Y2 at
the reference frequeacy.) Over a T interval, the signal P is
divided unequally between Y]. and YQ' By definition,

t
Y'(t) =j at' [1,t) - ¥,(83]
t-T
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Hence the counting distributions are related by an integral
= 1 1 "y,
pY,(n) fdu PYl(n )PYQ(D + ")

From this it follows that

(o = - 2nly (why + () (111.58)
and that
" 4 3 2 2
{n )Y‘ = {n )Y2 - ¥n )Yz(n)Yl . &(n >Y2(n )Yl
\ 3 L
- 4(n)Y2(n )Yl +{n )Yl. (TII.5Db)

¥Finally, the distributions for Yl(t) and Y2(t) we take to be

Poissonian. If the signal is all contained in Yz(t) this gives,
n
Py (n) = -(3'-3— e’ (II1.6a)
1 H

b o - Lar o ceme (zzz.60
2

This is an approximation too, since it ignores the rapid
fluctuations in the classical intensity, but since the times con-
sidered here are all much longei than the coherence time of the
light, the neglected increase in (n2) and other moments, the
"excess photon noise", is relatively small. (See Ref. 49.)

All the needed moments can be calculated from these distri-
butions. Using Egs. {III.5a,b) to write the moments of Y', and

keeping only leeding terms, one obtains
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2 2 2
@ wien By Gaenon = (PF)
signal signal

4 2
(1%, = (%), = 8(an)?.

From Eqs. (IIT.3) and (III.la,b) one can then calculate the siy-

nal-to-noise ratio for the T average,

,’_S.JE e
Nz 8(qn)?

Then from kg, (ITI.2) one obtains the signal-to-noise ratic for

the whole measurement
2 Pu

=TT . (TII.7)
bz

So, for the effect to be observable, one must have

P J/TT > ,\/8'% . (1I1.8)

Here the numerical factor should not be teken seriously, since
several simplifying approximations have been used, but the result
shows the dependence on the diiferent factors and indicates when

such an observation should be feasible.
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IV. EXPERIMENTAL RESULTS

A. Tests .t the Optical System

1. The Calcite Rhomb

To test the conclusions of the foregoing anilysis, several
multiple-veam spactrometers were assembled and studied, A central
element in all of the arrangements used was & calcite rhomb, 1 cme
in aperture, whick is shown in Fig. IV-1.

As a first step, the optical properties of the rhomb alone
were examlined, using light from a small He-Ne laser. The laser
was equipped with a beam-expanding telescope, which when focused
at infinity produced a beam 2 cm in diameter--large enough to
illuminate the whole face of the rhowb. To observe the effect of
the rhomb, & ground glass screen was placed approximately 1 m
behind the rhomb and a camera behind the screen was used to photo-
graph the illwminetion patterns.

The laser light was initially linearly polarized at h5° to
the principal axes of the rhomb. A second linear polarizer was
pleced before the ground gless screen, to permit observation of
different polarization components of the final pattern.

Altogether, the ordering of elements was:

laser,

bean-expanding telescope,

linear polarizer (at 45° to the axes of the Thomb),
caleite rhomb,

linear polarizer ( raried to display the different patterns),

ground glass screen,
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Fig. IV-1. Calcite rhomb in mount.
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camera, focused on the screen.

Thus this arrangement was like that shown in Fig. C-2 of
Appendix C, except thet in the present case the telescope was
defocused to give a slightly expanding beam, a mask was not used,
so the whole rhomb was illuminated, and the lens in Fig. C-2 was
not neeled, since the beams alreedy overlapped.

The incident laser light was divided by the rhomb into two
equally intense, orthogonally polarized components--"A" and "B"
in the terminology of Chapter II. When the polarizer before the
glass screen was orlented to select elther of these components,

a smooth distribution of intensity resulted, as is shown in the
photographs in Fig. IV-2. But the intermediate component, "1"
revealed a set of distinct interference fringes, and the orthoga-
nal component "2" displayed the opposite or complementary set of
fringes, as 1s shown in Fig. IV-3.

Thece are polarization fringe petterms, produced by inter-
ference between the A and B components of the light. Since A and
B were orthogenally polarized, the totel light intensity (also
shown in Fig. IV-2) was Just the sum of the intensities of A and B.
Put since A and B were coherent, they could interfere to give a
pattern of varying polarization.

To display such results more concisely, one ca:u plac: two
orthogonally orilented polarizers side by side, so that each covers
half the pattern. Then both the A and B comwonents, or both the
1 and 2 components of the light can be observed. Such results are

shown in Fig. IV-%. fThere the left frame shows the A and B cou-
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XBB 7332372
Fig. IV-2. Illumination patterns with the rhomb alone.
Top left: polarization A; top right: polarization B;

bottom: total light intensity.
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Fig. IV-3. Illumination patterms with the rhomb alone.

Left: polarization 1; right: polarization 2.
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XBB 733-2373

Fig. IV-k. Illuminetion patterns with the rhomb elone.

Left: polarizations A and B; right: polarizations 1 and 2.



-109-

ponents (the left and right halves of the pattern) and the right
frape shows components 1 and 2, Here it is particularly evident
that patterns 1 and 2 are complementary.

‘fhese results are illustraticns of the kind of polarization
interference effects which we propose to use to measure correla-
tions in the light emitted by a plasma. Moreover, since all of
patterns in these figures were made while i1lluminatiug the entire
rhomb, the sharpness of the fringes served to demonstrate that
this rhomb was of sufficient quality for use in such & system.

2. A Two~Beam Spectroscopic System

As the next step, an elementary two-beam spectroscopic system
was assembled. In this arrangement, the calcite rhomb was used in
series with a monochromator. A mask behind the rhomb served to
define the two observed beams, a lens before the rhomb defined a
common source volume, and finally & second lens tocused the light
onto the entrance slit of the monochromator, exactly as illustrated
in Fig. C-&4 of Appendix C.

If this system had been used to observe a plasma, a linear
polarizer would have been placed behind the first lens, causing
the tranamitted light to be divided into equal A and B components
by the rhomb. These components would have been recombined at the
monochromator entrance and the light which was transmitted by the
monochromator would have been separated into 1 and 2 components
by a priem placed behind the exit slit.

However, for testing the system 1t is much more convenient

to interchange the roles of source and observation point. If the



=110~

2xlt slit of the monochromator is illuminated with light polaer-
ized as 2, that light will retrace the optical path in reverse,
will be divided into A and B components by the rhomb and these
components will be recombined at the former location of the common
gource volume. There all those points for which the path lengths
of the A and B components differ Ly an integral number of wave~
lengths will be illuminated bty light polarized as 2, while all
the points for which the two path lengths differ Ly a half inte-
gral mmber of wavelengths will receive light polarized as 1.
Since none of the path lengths is changed by reversing the direc-
tioﬁ of the light, these points are exactly the locations from
whick sources would, in the original arrangement, have contri-
buted light of the same 1 or 2 polarization to the output of the
system, Thus, in this way. one can obtaln directly a display of
the observed component of the light source distribution.
This procedure was used to test a variety of systems. For

the two-beam system, the arrangement was:

He-Ne laser,

linear polarizer (vith the orientation "2"),

lens, focused on the exit slit of the monochromator,

monochromator,

lens, focused on the entrance slit of the .monochromator,

mask with one slit,

calcite rhomb,

lens, focused on ik ucreen,

two orthogonel linear polarizers side bty side (varied
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to display the different petterns),
ground glass screen,
camera, focused on the screen.

In normal operation, all of the light transmitted bty the
monochromator would contribute to the signal. Hence in the pre-
sent reversed operation, the entire exit slit should be 1llumi-
nated. This was accomplished by sweeping the focus of the laser
beam along the exit slit during exposure of each photograph.
Sweeping the focus in effect expands the laser beam, but in a way
which prevents interference betwzen light from different points
along the slit.

The 1llumination patterns which this system gave are shown
in Fig. IV-5. There the upper pattern shows polarizations 1 and
2, vhile the lower pattern shows polarizations A and B. Again,
the A and B components produced smooth patterns {the faint verti-
cal bands are due to unsteadiness in sweeping the beam), but the
1 and 2 components gave sets of sharp interference fringes.

As Just explained, the patterms 1 and 2 in Fig. IV-5 show
the locatione from which sources would contribute light of that
polarization to the output when the system was operated normally.
The final measured quantity in normal operation is, of course,
the difference, Y(t) = Ie(t) = I (t), betveen the intensities of
these two components of the output light. Hence, in Fig. IV-5 it
is the difference between fringe patterns 1 and 2 which corre-
sponds to the component of the density of light sources which

would be measured by this system if it were used to observe a
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Figz. IV-5. The effect of a two-beam spectrometer. Top:

polarizations 1 and 2; bottom: polarizations A and B.
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plaspa. Tt 1s clear from the patterns that this difference is
Just one wavelength or k component of the distribution of light
sources near the focus of the system. Thus these photographs
egree with the predictions of the theory, with the result deseribed
in Sect. II.A by Egs. (II.13) end (II.15) and deseribed in Sect.
II.B by Eq. (II.29).

The theory also predicts that the signal from a two-beam
spectrometer will be due exclusively to sources within a restricted
"ecommon source volume". Indeed, the achievement of spatial locali-
zation was the first objective of the whole project. Thus, 21-
though the result is fairly cercain, it is still importent to
check the effect of this system away from focus. This was done
by moving the ground glass screen and the canera closer to -he
other optical components. (The distance between the screen and
the last lens was roughly halved.)

The result is shown in Fig. IV-6. There the top frame shows
agein some patterns taken at the focus, while the lower frame
shows the results away from focus. In tcthe lower frame beams A
and B are clearly separated, and patterms 1 and 2, which now do
not exhibit fringes, are seen to be identicrl. Hence, the inten-
sity difference signal, Y(t), will always vanish for sources this
far from the focus. This region makes no contritution to the
signal, irrespective of the distributica of the sources there.

Thus the result of a two-beem spectroscopic observation would not
be an average along & line of sight. Sources thié far from the

focus would not be observed.
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XBB 734-2424
Fig. IV-6. Spatial resolution with a two-beam system.

Top frame--patterns in the focal plane of the system
(upper pattern: polarizations 1 and 2; lower pattern:
polarizations A and B).

Bottom frame--patterns at a distance from the focus
(upper pattern: polarizations 1 and 2; lower pattern:

polarizations A and B).
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Although one can thup make a local measurement, our theory
predicted that--at least with & two-beam system--one can observe
only fluctuations in the 1light source density. One cannot observe
the total number of light sources in some region, essentially
because the wavelength of the observed source density component
(2vr/|l_{A|) is necessarily smaller than the width of the focal region.
This is true because the former varies inversely with the angle
between beams A and B, while the latter varies inversely with the
angle subtended by either beam alone (angles & and B, resrectively,
in Fig. C-4). This conclusion was also checked experimentally,
and the results are shown in Fig. IV-7. In our apparatus, the
angle between the beams was determined by the focal lengths of
the lenses and by the lateral displacement of one beam by the rhomb.
This was left unchanged. The angle subtended by each beam, however,
was determined by the width of the slit in the mask btefore the
rhomb, and this was varied to produce the three sets of patterns
shown in Fig. IV-7 {again taken at focus). The upper pattern was
made with the largest slit, the center pattern with a narrower
slit, and the lower pattern with a still narrower slit. Thus the
angle B subtended by each beam was progressively decreased, and,
as expected, the number of fringes in the pattern is seen to vary
inversely with this angle.

Beyond & simple confirmation of the theory, the importance
of these results 1s that they showed that an optical system of the
type envisioned could be made from components of quite ordinery

quality. The width of the beams A and B covered a substantial
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XBB 734-2433
Fig. IV-7. The effect of the width of the beam-defining slit.

Top frame: widest slit; bottom frame: narrovest slit.
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portion of the Aiameter of the lenses used (and in the multiple-
beam systems described below, the whole set of beams covered a
large part of the lens area), yet the interference patterns ob-
tained were sharp and clear. This occurred because the displace-
ment due tu the rhomb was fairly small and thus the interfering
components of different beams pe.ssed through adjacent portions of
the lens. Tt is only necessary that the different interference
patterns coincide, but that is in essence a requirement on the
imaging quality of the lens: So long as the lens is good enough
to imege a point te & spot much smaller than the desired fringe
spacing, then the interference patterns produced by pairs of beams
which go through different portions of the lens will coincide and
the whole mattern will be sharp and clear.

T went to emphasize this point. At no time in this experi-
mentel work was any difficulty due to poor lens quality encountered.
The produccion of polarization interference fringe patterns does
not require "interference quality" components. OQur systews were
made with lenses already in the lsboratory and they alweys pro-
duced fringe patterns like those shown in the photographs preserted
here.

3. some Multiple-Beam Systems

Thus the two-beam system performed as expected. This apparatus
could be used to observe fluctuations in a plasma, but such an ob-
servation would be difficult because the two-beam system 1is so
inefficient in its use of the available 1ight. It was for this

reagon that some more complicated systems were designed (as
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deseribed in Appendix C) and analyzed (as deseribed in Sect. II.B).
In the experimental work, several multiple-bear ystems were also
constructed and tested.

To simplify these observations, only the interferometric por-
tion of these systems was constructed. The results of the work
with the two-beam system proved that tae inclusion of the mono-
chromator did not degrade the polarization fringe patterns. In
those studies, however, the first part of the optical train,

laser

lens, focused on the exit slit of the monochromator

monochromator

lens, focused on the entrance slit of the monochromator,
simply served to produce a beam of parallel monochromatic light.
It was important to establish that this could be done with the
required accuracy, but once that had been demonstrated, this part
of the system could be replaced by just the laser and a beam-
expanding telescope.

To make & multiple-beam system of the first type considered
in Appendix C, one need only replace the mask behind the rhomb with
one containing many slits. This was done in the simplified system:

He-Ne laser,

peam-expanding telescope,

linear polarizer (oriented at h5° to the axes of the
rhomb),

mask with slits to define the beams,

calcite rhomb,
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lens, focused on the screen (except when the patterns
were observed away from focus),

linear polarizer (varied to display the different
patterns),

ground glass secreen,

camera, focused on the scieen.

In tests of the two-beam system, the focus of the light was
swept along the exit slit of the spectrometer. This .aused an
image to sweep along the entrance slit, and the lens focused there
produced a collimated beam swept in direction. Thus the effect of
11lumineting the entire slit could be simulated in the present sim-
plified system by rotating the laser and telescope during exposure
of the photographs. However, the work with the two-beam system
showed that this would only spread the patterns horizontally.
Since all the features of interest can be seen without such a
spreeding, the multiple-beam patterns studied next were simply
rhotographed at one position of the laser beam. '[he results thus
show & single vertical slice of the complete fringe prtternms.

The deaign of a multiple-beam system actually began when it
was realized that the effect of a simple two-beam system should
be independent of ths exact position of the slit which defines
the beams. In Appendix C it was argued that a change in the posi-
tion of the slit in the mask behind the rhomb would not change the
result. This led to the idea of using many slits at once, defin-
ing many pairs of beams which would use more of the availalle

light. Thus, as & first experiment, it was essential to check
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the effect of changing the position of the bea.m-defining. slit.

To do this, a mask with one slit was mounted between the
laser and the calcite rhomb. This Jjust produced e two-leam system,
but this time, in photographing the result, the beam-defining slit
was swept across the rhomb while the camera was open. Thus, if
the pattern had varied with slit position, the effect wou'd have
been washed out. Instead, the sherp pattern in Fig. IV-8 resulted.
(Again, this is e vertical section of a pattern like those shown
in the preceding few figures.) This clearly shows that our essen-
tial supposition is correct: The position of the slit 1s incon-
sequential.

Since all of the points behind the rhomb thus give the same
observation, one might wonder why the mask there cannot e removed
entirely. A pattern produced without the mask is shown in Fig.
IV-9. The result shown there is clearly not the same as that of
& two-beam system. The reason for this difference is that a
larger aperture permits the system to focus the light down to a
smaller spot. (e¢.f. Fig. IV-7. What we now have is a pattern
which contains less then one fringe.) Thus almost all the sources
observed radiate into beam 1. This in iteself might be desiratle,
but the trouble with this arrangement becomes apparent when the
pattern is observed away from focus (Fig. IV-10). There the
light 1s gtill all polarized ae 1. (The order of the two polari-
zations was reversed between these figures. The light is, in
fact, polarized the seme way in Loth cases.) Thus this system

does not provide spatial localization. Sources all along the



-121-

XBB 735-3032

Fig. IV-8. Lack of dependence of a two-team pattern upon slit
position. A photogreph in which the beam-defining slit

was swept across the rhomt during exposure.
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Fig. IV-$. The effect of the whole rhomb without a mask--

polarizations 1 and 2 observed at focus.
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Fig. IV-10. The effect of the whole rhomb without & mask--

polarizationr 1 and 2 observed away from focus.
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line of sight would be observed. In the two-beam system, locali-
zation was provided by having separate beams which intersected
only near the focus of the system. Without th: bask, "beams A
and B" completely overlap.

To avoid this difficulty one might consider inserting behind
the rhomb a mask with many slits--defining separate beams but using
more than two beams to accept more light. The effect of such a
system is shown in Fig. IV-11l.

The result shown there 1s again different from that of a
two-beam system. In the nevw patterns, polarizations 1l and 2 give
narrow, widely separated fringes. The reason for the difference
is apparent from the patterns of A and B suown in the lower frame.
Unlike the two-beam case, these patterns are not uniform, but now
themselves consist of fringes. As explained in Appendix C, these
fringes are produced by multiple-beam interference of the light
transmitted through the different slits. Thus the overall effect
is not the same as would be found for any of the slits considered
singly.

This system was 8lso analyzed in Sect. II.B (it is the second
of the "three particular systems" of Sect. II.B.3) and the con-
clusion obtained there is given in Eq. (II.31), In the system of
Fig. IV-11, the number of slits, n was 4, and A, the slit spacing,
was approximately twice as much as d, the relative displacement
of components A and B after the rhomb. When these values are in-
serted into Eq. {II.31), it then describes correctly the differ-

ence between the patterns 1 and 2 in Fig. IV-11l. (Note, for
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Fig. IV=11. Patterns at the focus of a multiple-beam system.
Top: polarizations 1 end 2; bottom: polarizations A

and B and total light. Here n = 4 and A = 2d.
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example, thav Eq.(II.3l) says that the polarization fringes should
be twice as widely spaced rs are the maxima of total light in-
tensity. In the photographed patterns, this is the case.) Thus
this result also agrees with the predictions of our theory.

Although it differs from a two-beam system, this multiple-
beem system also defines separate beams and hence should also give
a local measurement. This it would do, as can ke seen from Fig.
IV-12, which shows the effect of the same system away from focus.
There beams A and B are physically separated, ccmponents 1 and 2
are identically distributed, and hence the difference sigral Y{t)
would always venish for sources this far from the focus.

Thus this system could be used to make a local spectroscopic
measurement. The result might well be useful, but since it would
be due to the irregular component of source density described by
Eq. {II.31), the information obtained from this system would be
in an inconvenient form.

4. A system with Several Independently Collimated Pairs of Beams

In our theoretical analysis it was concluded that one could
make & multiple-beam spectroscopic system which would observe
Just one k component of the distribution of light sources within
a local reglon. This system, which is descrived in Appendix C and
was analyzed in Sect. II.B.3, was to include a collimator, a device
which would define completely independently awho) =set of pairs
of beams A and B. By avoiding any interference between light ac-
cepted through the different slits, 1t was concluded that one

could produce & more efficient version of a simple two-beam system.
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Fig. IV-12. Patterns at a distance from the focus of a multiple-
beem system. Top: polarizations 1 and 2; bottam: rclari-

zations A and B. Here n = % and A= 2d.



-128-

To actually build such a system it was only necessary to con-
‘truct the collimator. Since this device was made with some care,
a few words on 1ts design may be appropriate. The collimator was
made from sheets of 10 mil hard copper. From thls were cut thirty
plates 1-7/8 x % in. and thirty pairs of specers 5/8 x 4 in. To
form the collimator, these pleces were assembled in a stack of
0.600 x 1-7/8 x % in, To make the structure rigid, two Dieces
of 3/16 in. brass were cut to the length and width of the plates
and mounted at the top and bottom of the collimator. To reduce
reflections, two holes 5/8 x 1-1/16 in. were cut in each of the
10-mil pletes. (i.e., the center 5/8 in. of the length of each
plate consisted of three strips 5/8 in. wide, 1-1/16 in. apart.
To cut the holes, the plates were clamped together in a stack and
milled.) The assembled collimator was held together with both
pins and screws. After assembly the device was electrolytically
blackened in a chemical bath. The collimator ready for use is
shown in Fig. IV-13.

As a first test, the collimator was used in place of the
maek in & multiple~beam system like those discussed in the pre-
ceding section. The result is shown in the upper fram of Fig.
IV-14, There polarizations 1 and 2 again show sharp, widely
spaced fringes. This is not the effect of a system with many
independently collimated reirs of beams. Since the laser beam
wvas already collimated, the collimator simply acted as a mask
with many slits, and since the laser light was coherent across

the width of the beam, the light which went through different
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Fig. IV-1l3. Two views of the collimator.
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Fig. iV-14, Two effects of the collimetor.
Top frame--a lultiplc-beam pattern, n = 15, A= d/2, made
with the slits coherently 1llumlnated.
Bottom frame--the effect of many independently collimated
palrs of beams.

(Polarizations 1 and 2 shown in each case.)
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collimator slits interfered to give the vesult shown. This is
another example of & pattern descrided by Eg. (II.3l). Here
Aw~ d/2 and n = 15. (The collimator was taller than the rhomb,
so only 15 slits were used.) Since, according to Eg. (II.31),
the polarization fringe spacing should be roughly half the in-
tensity fringe speecing, one might expect that only one polariza-
tion would be seen. This is almost true. Near the center of
the pattern the light 1s mostly polerized as 2, but since d was
not exactly twice A, the two patterns "get out of phase™ and near
the top the light is mostly polarized as 1.

This result again confirms the calculations which led to
Bg. (IT.31). It also shows what could happen if interference
between light accepted through the different slits of the colli-
mator were permitted to affect the result. In use in & spectrom-
eter, the collimetor 1s to be followed Ly a lens focused on the
monochromator entrance slit. It is absolutely essential that
this entrance slit te large enough to accept all of the light
tranemitted Ly the collimator. If only pert of the light at that
surface were accepted by the monochromator, the result of the
measurepent would depend upoh multiple-team interference and the
observed source density component would be cimilar to that shown
by the difference between the two patterns i{n the upper frame of
rig. Iv-1h.

When the collimator is correctly used, all of the light trans-
mitted through the different slits will Le accepted, so the result

will not be affected by any multipe-leam interference. To model
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this i.n an inverted system, it is necessary to illuminate the
collimator 1ncohnrent£z. This was done by shining the laser onto
a ground glass screen. A lens, focused on the screen, then gave
an approximately collimated beam, but one in which the 1light was
spread over a range of directions greater than that accepted by
the collimator. Altogether, the test systen was:
He-Ne laser,
ground glass screen,
lens, focused on this screen,
linear polarizer (oriented at 45° to the axes of the
rhomb),
collimator,
calcite rhomt,
lens, focused on the following screen,
two orthogonally oriented linear polarizers, side ty
side (to show patterns 1 and 2),
ground glass screen,
camera, focused on the screen.
The result of thie system is shown in the lower frame of
Fig. IV-li. There polarizations 1 and 2 show simple sets of
fringes like those ottained in the two-leaw system. This {5 the
desired result. In use as a spectromster, this system would select
& single ! component (more precisely, a narrow range of components)
of the distribution of light scurces within the region observed.
This oyatem i discussed ln Appendix ¢ and (n Sect. TT.N. 3,

whare the concluslon in given Ly Bq. (IX.53). The pattern: In


http://syste.ii

133

Fig. IV-14 agree with the predictions of the theory. (The fine-
geale greininess 1s just lastr speckle, which has nothing to do
with the spectroscopic system. Use of & ground glass s~reen does
not really make the laser light incoherent, it merely complicates
the phase relations so that unwanted interference produces only

this easily ignored effect.)
As with the other systems tested, this result confirms the

theory and also shows that the optical components were of suffi-
cient quality for use in such a system. In the present case,
this was particularly important, because in the formal theory it
was assumed that all paths through a given collimator slit were
equal to within a fraction of s wavelength, tut the collimator
actually used was not quite this restrictive. This difference
did not appear to affect the result. As can be seen fram Fig.
Iv-14, the fringe patterns produced agreed gquite well with the

predictions of the theory.

B. Observations of a Plasma

In the final part of the experimental work, the last optical
system tested was used to observe fluctuations in a plasma. The
plasma which was ueed for this purpose was produced in the
Berkeley electron beam-plasma machine, which had previously been
used in other experimental vork.sl Photographs of the machine
and of the plaswa are shown in Fig. IV-15.

In this device, an electron gun, biased to & kV negative,
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Fig. IV=15. For legend, see page 134a.
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Fig. IV-15. The electron beam-plasma expeviment.
Top: The machine. The electron gun is to the left of
ihe glass tee. The plasma chamber is between the two
iarge magnet coils.

Bottom: Plasma with probes.
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produced & 30 mA beam which w s injected through two successive
apertures (separating three independently pumped vacuum chambers)
into a chamber filled with 300 microns of helium. The resulting
beam~plasme instability produced a plasma with an electron tem-
perature of a few eV and an electron density of a few times 10:Lj
em™. (See Ref. 51 and Appendix D below.) The plasma was con-
fined by a magnetic field of 7 kG produced by two coils in Helm-
holz configuration. (The magnetic field also served to gulde and
focus the electron beam.) The electron beam was less than 1 mm
in diameter and the resulting cylindrical plasma was approxiwately
0.5 cm in dlameter and more than 10 cm long.

For a controlled test of the spectroscople system, it was
desired to produce in the plasma a disturbance of known frequency
and of relatively large amplitude. This was done by using a nega-
tively biased langmuir probe with which one could vary the plasma
density. This technique had already teen used successfully to
study the propagation of pulses in this plasma {see Appendix D).
The pulese propagation work had shown that a density perturtation
would be transmitted through the plasma at a speed slightly in
excess of 106 cm/sec, the expected ion sound speed.

In the multiple-beam spectroscopic observations a sinusoidal
signal rather than a pulsed signal was used. Frequencies in the
range 10-50 MHz were chosen, since at the indicated ion sound
speed this would give disturbances with wavelengths of a fraction

of a millimeter--a convenient wavelength to ohbserve with the

multiple-beam system.
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To improve the signal-to-noise ratio, two stages of phase-
sensitive detection were employed. First, the transmitted signal
was modulated at 50 kHz and this modulatlon was used as the ref-
erence signal to a lock-in emplifier. Secondly, the observed
light was modulated at 1 kHz with a mechanicel chopper and a
reference signal from the chopper was used by a second lock-in
amplifier {both were PAR Hr-8's).

The spectroscoplc system was tuned to the neutral helium
line at 4471 R 10 provide the needed aperture, the entrance and
exit slits of the monochromator were removed entirely, & cheange
which did not appreciably reduce the coherence length of the
light, since most of the light was still in the 4471 R line (see
Appendix D). The neutral density wes not expected to vary with
plasma density, but since the neutral light emission was caused
by excitatlion of neutral atoms by the plasma, it was expected that
the light intensity would vary with the fluctuations in the plasma
density.

The plasms was observed from a distance of 61 cm through a
13 cm focal length lens. This was followed by another lens of
focal length of 26 cm vhich imaged the plasma at infinity. Iater
in the system, this light passed through the calcite rhomb of
1l cm2 aperture vhich displuced one polarizetion laterslly by 1.1
mm. In the multiple-beam systom the effect of this was to select
from within the plasma a source-density camponsnt of wavelength
of 0.391 mm and to observe this through an wperture 0.6k cme,

61 cm from the plasma.
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The collimator, the rhomb, and the monochromator were mounted
g0 that beams A and B would be horizontal fans, vertically dis-
placed. This would permit one to observe & vertical k vector cam-
ponent of the source distribution. Since the magnetic field lines
in the plasma were horizontal, and since it was desired to otserve
propagation along the field, & Dove prism was included in the
system to rotate by 90° the image of the plasma.

Altogether, the opticel train was:

plasma,

lucite vacuum window,

objective lenses

linear polarizer (oriented at 45° to the axes of the
rhomb),

calcite rhomb,

collimator,

lens, focused on the entrance to the monochromstor,

mechanical chopper,

monochromator,

Glan-Thompson prism (separating polarization components
1 and 2),

lenses, focused on the exit of the monomchromator,

photomultiplier tubes.

The last few elements in the optical trein are shown in Fig.
Tv-16. There can be seen the monochromator, the preceding lens,
and chopper wheel, and the “Y" structure containing the Glan-

Thowpson prism, the two lenses, and the two photomultiplier tubtes.
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Fig. IV-16. For legend, see page 138a.
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Fig. IV-16. A view of the optical system showing the chopper
wheel, the photomultiplier tuvlte assembly, and one end of

the monochromator.

n
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A diagram of the entire apparatus is given by Fig. IV-17.

As indicated there, the phototube outputs were compared by a dif-
fercential amplifier, the resulting signal was fed into & spectrum
analyzer, the output of this was processed by two lock-in ampli-
fiers, and the result of this was then plotted by an X-Y recorder
driven by the spectrum analyzer sweep.

The output was thus in the form of signal spectra. The dis-
turbance in the plasma was injected at one frequency and the opti-~
8l system was designed to observe one k component of the resulting
plasme oscillations. Hence if the transmitter produced a distur-
bance at the observed E, the signal spectrum would show & peak at
the injected frequency.

Such a result 1s seen in Fig. IV-18. Each of the signal
spectra shown tlere covers a range 39.5-41 MHz, which includes the
transmitter frequency (40 MHz). The phototule difference signal
(i.e., the intended output of the system) Is shown in the upper
trace, which does in fact exhilit a peak at the imposed frequency.
This peak disappeared when the light path was blocked and it dis-
appeared when the transmitting prote was rotated out of the plasma.

A spectrum of the output of a single one of the phototutes
i8 shown by the second trace in Fig. IV-18. There the amplitude
of the peak is reduced bty half. This is as expected, since a wave
at the observed k in the plasme will cause the light to oscillate
between the phototubes (i.e., between the "interference petterns"
observed by the phototubes). In the intensity difference signal,

these two oscillations. which are out of phase, will add. So in
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Fig. IV-17. Principal elements of the apparatus.
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For legend, see page l4la.

XBL 735-671
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Fig. IV-18. Bignal spectra (approxlmatcly 3.5 MHz with lower

frequencies at right).

Top trace: The intensity difference signal.

Second trace: The output of one photomultiplier tube.

Third trace: The intensity difference signul with the
light path blocked.

Bottom trace: The output of one photomultiplier tube with
the 1igh* path blocked.

Each trace is three spectra superimposed (except the bottom

trace, which is two spectra). This is a photograph of the

X-Y recorder graph.
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the spectmm of the output of each phototube alone, one ought to
see axactly half the total signal amplitude.

Qf equal interest is the change in the noise level all across
the spectrum. The second trace is clearly noisier than the first.
Nothing in the apparatus was changed between thes2 to measurements
(sctually six measurements, 2s each spectrum is three traces).

The differential amplifier was simply switched from (2-1) to 2.
The increased noise ir due to random variations in the plasma
luminosity. When the two phototube signals are differenced, the
fluctuations in the total light level are cancelled out. When
only one of the tubes is used, the noilse in the output i1s much
greater. This is e useful thing to note in setting up the appar-
atug, because the cancellation of the noise shows that the system
15 ecorrectly balanced at the frequencies of interest.

To be sure that the increased noise was not an electronic
effect, the same spectra were again recorded, with the light path
blocked (transmitter still on). The result is shown in the third
and bottom sets of trances in Fig. IV-18. There the noise in the
output of one phototube is less than that in the intensity dif-
ference signal, Just as one would expe.'t. Interestingly enough,
the noise in the third set of traces (th: difference signal with
the light path blocked) is not much less *than that in the top set
of traces. Evidently most of the nolse in the system came from
the electronics, and hence it could have been eliminated by refine-
ments in the apparatus.

On close inspection of the first two sets of traces, one sees
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two small peaks, one on either side of the main peak, which in-
creased vhen the system vas switched from (2-1) to 2. Unlike the
random noise, these features show a systematic change. This al-
most certainly is due to modulation of the total plasma luminosity
by the transmitter. In Langmulr probe observations of pulse pro-
pagation in this plasma (see Appendix D) a fast signal was always
seen. This was attributed to a potentilal fluctuation. That alone
should not change the light emission, but there certainly are
other mechanisms, such as a change in the electron temperature,
which would cause the fast signal to make at least a slight change
in the plasma luminosity. Since this would be seen with the same
phase by both phototubes, the effect would be seen by each one
alone, but would be balanced out in the intensity difference sig-
nal.

The presence >f what appear to be the same two small peaks
in the first set of traces may be due to a slight imbalance between
the phototubes. A second possibllity is that the plasma oscilla-
tion at the observed k merely had similar components *n its spectrum-
i.e., that the second set of traces is the sum of two components,
one equal to half the upper traces and the other caused by modula-
tion of the total luminosity.

There is, however, a third possibility which should also be
mentioned. If there were a stationary or a slowly varying plasma
disturbance at the observed k, then the total light from the plasma
would be divided unequally between the two phototubes. This by

iteelf is jJust like any other fluctumtion which the spectroscopie
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system might observe. In this case the effect would appear at the
low-frequency end of the signal spectrum. However, if the total
plasma luminosity is modulated at a higher frequency, then the
phototube which sees more light wili see the modulation with a
larger amplitude, and hence the modulation will appear in the in-
tensity difference signal.

In other words, a high-frequency modulation of the total
plasma luminosity would "illuminate" low-frequency density varia-
tions and these would then appear to have the higher frequency.
Now, as far as the optical anmalysis is concerned, there is nothing
to explain here. The high-frequency intensity modulation and the
low-frequency density inhomogenelty combine to produce a fluctua-
tion of the light source density at the observed wavelength and
frequency. Then ns(l_&,m) actually exists in the plasma, and so,
of course, the multiple-beam system sees it. But in interpreting
such results it is important to realize that not every observed
fluctuation corresponds to a wave in the plasma {except, perhaps,
in a very broad sense of the term). Some features in the signal
spectrum could be due to fast disturbances 1lluminating slower
ones.

In our data, the location of the two small peaks at the sides
of the main peak is not necessarily an indication of a difference
in frequency. These data were taken with a lock-in aasplifier which
selected one phase component of the output of the spectrum analyzer.
Since the phase and the amplitude of the {50 kHz) analyzer output

woull both change as the analyzer swept in frequency, the exact
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shapes of features in these spectra did vary somewhat with the
phase setting of the first lock-in amplifier. All the curves
shown here were taken at a single phase setting.

It is also of interest to note the amplitude of these oscil-
lations. When the gains of all the elements in the system are
considered, the amplitude of the largest signals observed (at

10 A oscillation

29.5 MHz) 1s found to correspond to about a 10~
in photocurrent. The mean phototube output (measured directly)
was 10”7 A. Hence the strongest signals were due to a 0.1% osecil-
lation of the observed light intensities. In the pulse propaga-
tion studies (sese Appendix D) in which the transmitter voltage wes
roughly the same as that used here, the peak of the pulse identi-
fied as an ion wave also represented a& 0.1% change in the probe
current. Now the width of that pulse was about five times the
width of the transmitted pulse, so this amplitude represented
about one-fifth of the whole disturbence. Judging by the inter-
ference patterns photographed in the test program (see Fig. IV-14)
the spectroscopic system would observe a region about 40 fluctuation
wavelengths wide. Thus the resolution in k was a few percent.
Bence if the spread in transmitted wavelengths were about 10%,
the spectral amplitude would also represent one-fifth of the dis-
turbance. In a sweep through different frequencies (see Fig.
IV-19) the maximum seen around 29.5 MHz did extend over roughly &
10% range of frequencies.

So the awplitude of the pulses seen with probes was roughly

equal to the amplitude of oscillations observed spectroscopically.
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In fact, this agreement must be at least in part fortuitous, if
only beeéuse the dependence of the light intensity upon the plasma
density is not known. An ettempt was made to measure this depend-
ence by changing the transmitter amplitude. It turned out that at
large amplitudes (larger than where the data shown here were
taken) the spectroscopic signal actually decreased as the trans-
mitter amplitude increased. At lower amplitudes, the signal in-
creased with the oscillation voltage, but the increase was much
more rapid than linear. So the amplitude calibration has not been
related to the plasma density disturbance. Still, it is worth
noting that the observed 0.1% modulation of the light is reason-
able and is similar to the density modulations seen with probes

in the pulse studies.

Finally, to gain some information about the plasma response,
the amplitude of these signals was observed over a range of fre-
quencies. For each measurement the transmitter was set at one
frequency and the spectrum analyzer was swept past that frequency.
A Bet of the results is shown in Fig. IV-19. There one can see
that the amplitude of the observed response did vary quite sharply
with frequency. Of particular interest is a peak in response at
about 29.5 MHz (the seventh trace in this set). Since the observed
vavelength was 0.391 me, this frequency corresponds to a phase
velocity of 1.15 x 106 cm/sec. This 1s roughly equal to the ion
sound speed, as computed from the measured temporature and as
observed in the pulse propegation studies (see Appendix D). This

suggests that theee data show plasma density disturbances trans-



, bee page 147a.
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¥ig. IV-19. BSignal spectra teken at 0.5 MHz intervals from
26.5 through 35 MHz. These are tracings of the X-Y

recorder plots.
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mitted at the ion sound speed.

There are, however, several unknowns in the problem. The
electron temperature, and hence the sound spped were known to vary
with the distance from the center of the plasma column. The probe
pulse data were taken Just outside of the electron bveam. The
spectroscopic measureme:.lts presunably refer to the same region,
if only because the transmitter was located there, but the effect
of the hotter plasma within the beam remainc unknown. Further-
more, the efficiency of the probe as & transmitter may be frequency
dependent. Some of the observed variation in signal asmplitude
could have been due to the transmitter, rether than to prcigation
properties.

Clearly, an understanding of the dynamics of this plasma
would require much more informetion that is contained in these
few spectra. One could proceed now to use thls spectroscopic
system to do a complete study of the plasma--looking at different
wavelengths, different frequencies, and different porticns of the
plasma column. But this would be a project in itself. Our pur-
pose here 15 to show the utility of the spectrometer. These data
should serve to illustrate the kind of information which can be

obtained with such a diagnostic instrument.
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V. HIGH-FREQUENCY PHENOMENA

A. The Effect of a Moving Source ard the Use of a

Time-Varying Optical System

The need to observe relatively Lish-frequency phencmena is a
+undamental consideration of plasma diagnostics. Characteristic
frequencies of meny laboratory pleswas lie in the megahertz or
gigahertz range. In pulsed experiments, the entire plasma may
exist for only a smell fraction of a second. We have noted al-
ready that the need for r probe with a rapid response suggests,
in general, the consideration of optical diagnostic techniques.

In the multiple-beam spectrometers described in Chapter II,
a component of the light would oscillate between two photamulti-
plier tubes in a manner characteristic of one component of the
source distribution. Frequencies of plasma uscillations would
be observed in the time dependence of the outputs of the photo-
tubes. Yet phototubes, and other elements of the system, ha.: a
finite vendwidth which would, inr practice, interfere with the
measurement of frequencies above a few hundred megahertz. This
is & serious limitation.

The present discussion began with an amalysis of a simple
two-beam spectrometer. A two-beam spectroscopic measurement was
found to resemble a light-scattering experiment in several ways.
A scattering measurement, however, is not restricted to low-fre-
quency phenome.a. Indsed, scattering provides a most convenlent
vay to measure higher frequencies, which can be seen as optical

frequency differences in ths Doppler broadened spectrum of the
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scattered light (see Sect. I.C). On the other hand, there are
scattering measurement techniques (which we have not discussed)

in which one Jdoes observe directly in a measured light intensity
the time dependence of low-frequency phenomena. (See, for example,
Ref. 52.) This similarity suggests that the low-frequency restric-
tion uf the multibeam spectrometers of Chapter II is due to our
choice of apparatus, and not a necessary feature of a spectro-
scopic measurement.

To see how higher frequency, or bhigher phase velocity phe-
nowens might be observed spectroscopically, consider first the
effect of a single moving source. In Fig. V-1 is shown a small
monochromatic light source which moves with a velocity Yoo If
the source has frequency wgs then the light emitted in s direc-

tion T(A oust have a Doppler shifted frequency (to first order

tn v |/e)
w
- ___8
w, = v A . (v.1)
1l - T kA

~ A
Light vhich is emitted into different directions kA and }LB will

differ in frequency by an amount

1 1 \
Am=mB-wA=ms A ol 2 AI
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Here l’-A

(11.18)] .

So, at least for nonrelativistic motion, the difference in

is the familiar difference wave vector g—c.f. Eq. (I.9) or

frequency which would be seen in a two-beam observation of a mov-
ing source depends upon the same EA vwhich describes the fluctua-
tions in source density observed in the low-frequency limit. The
same source wavelength characterizes both the mutual coherence and
the frequency difference observed with a two-beam spectrometer.
This suggests that it should be possible to extend the low-fre-
quency technique and observe rapid motions of a light source dis-
tribution by comparing light emitted in different directions at
different optical frequencies.

In fact, the low-frequency system discussed in Sect. II.A
already involves exactly this. In the simple two-beam arrangement,
the observed beams A and B were combined and their superposition
was separated into two complementary interference patterns--beams
1l and 2. It was shown that an oscillation of the EA camponent of
the light source density would produce a corresponding oscillation
of the light intensity between beams 1 and 2. This oscillation of
the light is due to a steady variation in the reiative phase--
more precisely, in the phase of the mutual coherence--between
beams A and B. Yet a steadily increasing phase difference is
exactly the same thing as a difference in frequency. The low~
frequency system simply measures a small frequency difference by

observing the time dependence of the beats which result when the

two waves are combined.
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One can certainly measure differences in frequency between
the two beams, but to extend the concept of a multiple-beam spec-
trometer, the phase must also be observed. The optical systems
described in Chapter II vwere designed to measure the mutual co-
herence of light of equal, or at least nearly equal frequency. An
obvious way to extend the method is to add to the system a moving
mirror or other time-varying element which would Doppler shift the
frequency of one of the beams. The remainder of the system could
then be left unchanged.

Such a modified two-beam arrangement is shown in Fig. v-2 .
The spectral filter again accepts the same |k| components of each
beam, but since beam B is first shifted in frequency, the light
accepted through the two beams is emitted at different frequencles
from the plasma.

The analysis of Sect. II.A.> is easily amended to describe

this new arrengement. The light accepted through beam A, is, ss

before
{observed) 2 @ ik, or Ix, |
A =
g(x,t)  =Red nf alx,le ™ Te(lk,le) 2": ;ﬁ")(g,t)
0 c

@
ik, r
= Re Benf alx,le A “e(lx,le)
0

Bl 7 0309

Because of the moving mirror, beam B is, in effect, observed from

a moving freme of reference
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Fig. V-2. The use of & moving mirror in a two-beam system.
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(obse rved)

t{nt) = Reanj alkBIe p'~ ~ t(ligle)

~B 3.0 3 .p?
* J_iclfd r §B+)(£-B:t'£ ), (v.3a)
where

-1
"("')(lg‘B t;r') =f3r e ! g(+)(r + Yotstiz')
ik .
=1639 e =B £ e+1]éB XOt §g+)(£,vt5£')

ik«
o % (*)(kyt r'). (v.3v)

8o, the effect of the moving mirror is to introduce in the ob-

-iBBolrot.

As before, the two waves are combined to produce two inter-

served field amplitude an additional factor of e

ference patterns

observel (observed)'ll
11,2(") = I»/—E— [lB(EB:t) + 8,(1,,t)

and the difference between these intensities provides the output

of the system,
¥(t) = I(t) - I)(t).

Assuming that f£( I!A[c) e £ [l_gBIc) , descridbing the intensity
in terms of an anmalytic signal, and assuming again that the light
from each oint r' is coherent, but that light from different



points is incoherent, leads, as before, to the expression

e 0]
W)= | & alkl [2([xle)(? me F,(031x],z")
comnon source (o]
volume
where now

k/s%)\2 TIE~ ¥
T (03 l6l,x') = (U n) {e W e, 51 )]

| eme

T Ik _* 1
. [e }—‘B EB + k,B +)(k,B’ ,r ).] (V-h)

Expressing §(+) in terms of s(r',t), the source gives

Ra(0s]kl,x") = (Ikla) -1k, ox, +ikBr +1k ot '“‘B"'

Tk - x
.jd%l_l;_lre-.q—pls(ﬂ (E,t-J%J.)
- ik +v.t = . -
,despa@eﬂn!o o 2B B(+)(£.,t Ll

Using again the result of Appendix B.2, we have,

ik o(r. -r') ik _-(x -p
Fp(osleler) (T e 'A(QE)EEB dBS)(Ban)a

* ik_ev_ t
: [5(+) (e Ikle) o B0 )y lglc)] . (v.5)
ik v t
EBXO will

In

If the velocity R/ is not too large, the factor e

be nearly constant over the interval of the time average.

such cases, the above result becomes,
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~ =ik 'r' +ik. vt
Faaloslklzt) =e e =7 o B0 ) uferr 0 6%

vhere §, k,, and A(|klc;r',t) are defined as in Chapter IT.A.3.
If the light is 50 nearly monmochromatic that ¢ and k, may be
treated as constants, as wvas done before, the output of the sys-

ten is

ik *v.t
o .&(lglc;sA,t)] (5%)2.
counon

source (v.6a)

1f
¥(t) = [alxl 12(|kle)]? Re [e

S0 the spatial resolution is unchenged. The system still ob-
serves the ch component of the distribution of common sources, but
the introduction of & moving mirror has changed the time depend-

ence of the output. Taking a frequency spectrum of the signal,

Yw) -} at e**y(t)
-jdlsllr( xle)® n-[e“’ (xlesgy o + 53-30)](529)2. (v.6v)

S0 the time dependence of the observation has been "heterodyned"
in frequency. The o frequency component of the output corre-
sponds to the o + 5310 frequency camponent of the I_:A wave vector
component of the source distribution. The addition of a moving
mirror has shifted the observed frequency range from near de to
an equal band around E.B. ¥or thus permitting observation of higher
frequency phenomena.

il‘.ja'lot

It should be remembered, howsver, that the factor e

vas treated as constant in the time average which defined the

light intensity. Such an assumption is, in fact, required for
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consistency, because it was assumed that the light from each point
r' vas coherent, that the spectrum was so narrow that the differ-
ences in optical path were the same for all accepted wavelengths.
The requirement of a narrow spectrum is, in itself, a low-fre-
quency restriction. The above result is still significant, since
the time dependence of even a narrov spectral feature may be too
rapid to be easily observed, but to observe still higher fre-
quencies, one must accept a larger portion of the spectrum and
the requirement of coherence must Ve modified.

B. Correlations Between Light of Different Frequencies

Pefore continuing with the general analyeis, it seems appro-
priate to say & little more about the ways in which these higher
frequency correlations could be measured. The use of & moving
mirror, or some similar device, 3 is only one of several possi-
bilities, and a few other options might be mentioned.

One way in which the observation could be heterodyned in
frequency is by employing a fast shutter. If an electro-optic
element or sume other rapid gstesu were placed before the system
and switched at a frequency I, the entire observation would then
be shifted in frequency by that amount. This can be seen quite
sipply. Just imagine that the plasma wave observed had frequency
8. Then the light would oscillate at this frequency between beams
1 and 2. If the spectrometer were gated, so that the window was
open only vhen the light was polarized as 1, the signal would
appear at zero frequency.

Another way in which high-frequency effects could be observed



-159-

1s suggested by a more careful examination of the system shown

in Pig. V-2. There a moving mirior is used to shift the frequency
of the light in beam B, th. 1light in beams A and B is then pro-
cessed Uy the same spectrometer, and the mutual coherence of the
two is measured by combining A and B and measuring the intensities
of the intermediate polarizations--"interference patterns 1 and 2".
Novw the observation of interference is not the only way ir which
this mutual coherence could be measured. Th: magnitude of PBA
could alsu be obtained from an intensity correlation measurement.
(See Sect. ITI.A.) In thet case one would not comtine beams A
and B at all, but woul@ observe the two with separate phototubes
and then record the correlation of the two intensities. ‘[his is
something which could be done with light of different frequencies.
The moving mirror in Fig. V-2 does not affect the ite.nﬁl of B,
it only shifts thx frequency. One could separate the same light
without the mirror if the spectrometer uWere readjusted to the
original, unshifted frequency of B. Since A 1s unaffected, one
would thern require two spectrometers or spectral filters set to
different frequencies, as shown in Fig. v-3. If an intensity
correlation measurement were practical, one could Jjust select one
frequency component of beam A and another frequency component of
beam B and then observe a correlation of the two intenmsities.
However, care should be taken to determine the usable aperture,
¥hich might be severely limited by requirements of coherence, and
a more detailed analysis of the significance of an intensity cor-

relation measurement--which is really beyond the domain of the
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Fig. V-3. The use of intensity correlations to observe high-

frequency phenomena.
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present study--should also be done before attempting this type of
experiment.

In whatever way the experiment is done, the object {5 to
mreasure the coherence between two beams of light of different
frequencies. This concep' itself is not new. As has been noted
by several authors,ss there is nothing inconsistent atout the
idea of coherence between light waves of different frequencies.
One can always imagine Doppler shifting the frequency and then
comparing phases, and any of the other techniques just mentioned
would also serve to introduce the same ides.

In & formal analysis, it is only necessary to include a time

dependence in the cozrrelat:l.on function. Thus where we had ovefore

,|k,529\2 1k, T, o ET
(7 [x]) = ( — }\ . [e A, t)] (e B ‘B§§+)(5B,t+r)],

we should consider now

2 2
Ix,le RA\ heplo”ag
eme / 2re /'

I‘m('r: IEAI’“—L.B') =

, 1 _
[ e, t)] ety lLB"3;,(3")(1_5,3.“1)%
L .

(v.78)

where the frequency difference,
oo = II_LBIc - 'EAIC' {(v.7b)

To oimplify the following equations, it is assumed here that
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the light accepted through each beam is quasi-monochromatic. Then
only one value of IEA' and one value of l_lgBl need by ccusidered.
The two frequencies, however, are not equal, and hence the total
spectrum is not narrow. Indeed, this is required for the observa-
tion of high-frequency phenomena, since the frequencies of the
phenomena observed cannot exceed the bandwidth of the light.

In all of our preceding calculaticns, light from different
points r' within the plasme was considered incoherent, while light
from the same source point was assumed to be completely coherent
and, in effect, was treated as monochromatic. That assumption
clearly 1s not valid in this high-frequency analysis, since light
from each point is far from monochromatic, and hence our former,
simple plcture of the source 1s not aprropriate. The easiest way
to generalize the picture is to represent the plasma as a set of
moving sources. Each source may still be considered monochromatic
in its own frame of reference, but since the source is moving,
the emitted light will be Doppler shifted to produce & broadened
spectrum. One could do this by replacing the source density (in
I-space) by & distribution function (dependent also on veloeity),

but for dmplicity we shall consider only a discrete set of sources:

s(r,t) = }j cos u)Jt + ¢J(t)[5 r- IJ(t)J' . (v.8)
J
Here (be phases ¢ J(t) are independent, so the different sources

are &ll incoherent. Hence the mutual coherence rBA may be written
as 8 sum of contritutions from the separate sources. Making this

assunption, and then evaluating PBA gives
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Since each source is nesrly monochromatic, the phases g i are
all slowly vaerying quantities. More precisely, they vary only at
frequencies less than the optical bandwidth. But this ilmplies
that these phases may be taken constant in the -tl and 12 integrals
which define the spectre, since these lntegrals are really teken
only over the preceding inverse bandwidth interval. UHence it is
admissable to replace ¢J(‘l’1) and ¢J(1’2) by ¢J(t).

It also greatly simplifies the result to assume that all the

sources move without acceleration and set
r,(t r,. +vt.
Iyt) = 1y + ¥,

Under these assumptions the above result reduces to

-1k, *r, <+ileer . -1k -k, )+
T 0l L ligl) = %g,0% 6 e kp'Tp | Y )z,

. E(wJ + kyey, - l‘lsalc)b(md rEYy - |_]_(A|c). (v.9)
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Ex.ept for normalization, this expression just denotes the
EA = -lEB - .]SA component of the distribution of those source-~ which

have frequency and velocity such that

wy +Ryv, = Il_LBIc

u)J + -’EA'!J = l_]g“lc
Putting these relations in a more convenient form, we have the two

conditions
(kg - K)oy = ligle - Ixyle = a0 (v.10a)
o, *% (ky + Rp)ev,y = % (I le + Ikgle). (V.101)

The first condition, Eq. (V.10a), Just restates our earlier
result, Eq. ({V.2), which was obtained from a much more elementary
argument. The point is the same: The frequency difference between
light emitted in the /ﬁA and Q:B directions depends upon that com-
ponent of the source velocity which is parallel to l_(A. Hence, by
correlating light of different frequencies emitted in these two
dsrections, one selects one value of this source velocity com-
ponent. Only sources with such motion can contribute to the
sigml.

The second condition, Fq. (V.10b), Just gives the usual effect
of Doppler broadening, as is seen in conventional spectroscopy.
Bere it 1s the (_):“/+\l_gs) velocity component which changes the
armarent frequency of the source.

What thie calculation shows is that the effect of Doppler



=165-

broadening could be deduced from correlation measurements--even
with a spectrum further broadened by another mechanism. We assumed
that each source was monochromatic in its frame of reference, but
did not assume that all the frequencies (DJ were equal. These fre-
quencies could differ and this difference would produce a broadened
spectrum. If such broadening concealed the Doppler shift, the
source velocities could not be measured by conventional spectros-
copy-

This is sometbing which does happen in a plesma. In any
plasma there are electric fields, fluctuating fields which through
the pechanism of the Stark effect can broaden spectral lines.

(we mean here the quaci-static, or Holtsmark type of Stark broaden-
ing, not collieional broadening which spreads the spectrum of the
light emitted from each atom.) This brosdening can exceed the
Doppler broadening und conceal the Doppler line shape in the spec-
trum. Then the Doppler broadening cannot be seen--at least not
without some kin@ of unfolding.

In such cases, nevertheless, a detailed record of the source
velocities is still present in the radiation. As the preceding
calculation shows, such information could be found from observa-
tion of the phase relations--of the correlations--between differ-
ent frequency components of light emitted in directions I:A and AlgB
When differences in frequency are allowed, a two-beam spectro-
acopic observation could provide the distribution, not just in
space, or 5, tut also in velocit!, of the sources of esach feature

in the spectrum.
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This result, of course, suggests some interesting experi-
ments. Moreover, the analysis which we have done is only a
beginning, for the effect of other optical arrangements and of
other correlation measurements remains to be determined. We
shall not pursue these questions further here; that would he a
separate project. Tbe foregoing discussion illustrates that an
extension of the method to high frequencies is possible. An

exploration of this possibllity could be the subject of a later

study.
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VI. CONCLUSIONS AND SUGGESTIONS

A. A Summary of Results

This project began with the realization that spatislly local-

ized information about particle correlations--information of the
type provided by a scattering experiment--is in fact present in
the light emitted by a plasma. The initiasl objectives were to
prove this fact and then to demonstrate that such information could
be obtained with a practical, convenient diagnostic instrument.
The facts about pt.se measurements could probably have been shown
with a simple two-beam system, but since the two-beam arrangement
is 80 inefficient, the development of a more efficient design was
crucial to the querstion of practicality.

The multiple-beam system which was ultimately constr. - .ed
involved two design ;@ :iples: the use of polarization inter-
ference and the use of many independently-collimated pairs of beams.
Our particuluar system could, of course, be improved, but these two
tachniques should be worth considering i.. the design of any such
device.

The particular system described here can be claimed to have
served its intended purpose: The optical tests verified the theory
of the design and the plasma observations showed that such a system
can be used for plaema diagnosties.

Regarliing the experimental work, three comments seem worth
making in conclusion. Mretly, as we have already noted, the
optical system which was used was made from components of quite

ordipary quality. The lenses were all single elements; the patterns
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shown in Sect. IV.A were made using sheets of plastic polarizing
material. Furthermore, the plasma was observed through & lucite
vacuum window which was curtainly not of high optical quality.

It was originally thought that this window would hove to be re-
placed, but before doing so the lucite was placed in the optical
train of a test system like those described in Sect. IV.A. A pat-
tern like that shown in the lower fram of F¥ig. IV-1l4k was produced,
and the presence of the luclte seemed to have no effect whatscever.
The reason is that the lateral displacement between interfering
beams was so small that the lucite (and the other elements) did
not kave to be very flet for the optical paths to be equal. After
this discovery,the lucite window was put back in place and all the
plasma obrervations were made right through it.

The second point is that the total solid angle subtended in
our plasme observations was extremely small. The apterture vas
0.64 cm square at 61 cm frum the plesma. This amourts to 1.1 x w0
sterradians, or less than one-thousandth of one percent of the
whole solid angle. Thus, although our system was more efficient
than & two-beam setup, it was still extremely weak in terms of
the total light available. The design which we used could be
extended to a system with & much larger aperture.. With more ex-
pense, but with the sawe approach, one could obtain orders of
magnitude more light. (Also, the plasma used hére was not par-
ticularly luminous. An arc discharge, for example, would be much

brighter than the beam-plasma system on which these measurenents

were maae.)
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Finally, it should be remembered that e multiple-beam system
of the design used here requires that all the light transmitted
by the collimator be accepted by the monochormator. This means
that the entrance slit cannot te too small, and hence that the
spectral resolution is restricted. (In principle, of course, the
resolution could be improved by using & more dispersive grating.)
In our case this was not important, since the observed spectral
line was stronger than any nearty feature, but in planning such
e system, one should make sure that the intended phase and fre-
quency measurements are compatible, and that the coherence length
of the accepted light will exceed any difference between the
lengths of the paths of the A and B components of the lig} .

In the course of studying these systems, it has become in-
creasingly epparent that this vroblem involves much more than just
the spectroscopic analogue of a light scattering experiment. The
spectroscopic problem is much broader to begin with, because the
variety of sources la much greater. Scattering is due mainly to
the plasma electrons, but the emission spectrum includes light
from many different groups of plasma particles. But beyond this
difference, the spectroscopic problem is more diverse because the
number of possible optical systems is much greater. TIn principle,
one could construct multiple-beam spectrometers which would observe
many different components of & light source distribution. The
selection of one k component of the sources within a local reglon
is only one among many possibilities.

To be better able to discuss the problem in sowe generality,
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two different mathematical deseriptions of this type of optical
system have been presented. Reviewing briefly, the first approach
var based upon spatial Fourier transforms. In a preliminary analy-
sis of scattering (in See. I.C) it was shown that the light of one
wvavelength emitted in & given direction could be expressed in terms
of the positive frequency portion of one k component of the redis-
tion from within the o%served region. This description was then
used (1in Sect. II.A.B) to analyze a two-beam spectroscopic system.
Aesuming that the light from each point was coherent but that
light from 1ifferent points was Incor.rent, it was shown how the
measured correlation between light in the two beams could be

R
written as an integml over source points and wave numbers [Eq.

(11.13)]

©

¥(e) [ &r' [ et 1egen® e LNCTHFOR

common 4]

source volume)
The mutual cobsrence, r‘m(o; |kJ,r') was then expressed in tewms of
the source distribution:

1f -1k r'
. - - .2 2y

NG D (6°0)% 4(|xlesr')

Bere &( lEle;:') ¢ t':.he gpectrum of the light emitted by sources
neer r' and edEA.S is a complex phase factor which appears be-
wuse the lengths of the optical paths depend upon the source
position. Because of this factor, the integral over r' is just

a Fourier transform oré(lzlc;s'). Thue the measured signal, Y(t),

is found to Le due to one Fourier component of the source distri-
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bution.

This analysis was later extended to high-frequency effects
(in Chapter V) and to higher order correlations (in Sect. II.C).

The second description presented (in Seet. II.B.2) was not
limited to narrow pencils of rays. Instead, it was assumed that
the accepted light (initially polarized) could be divided into two
orthogonally polarized components which would be treated separ-
ately by the optical system. The system was assumed to be linear,

50 that each effect could be described by a transfer function ! Eq.

11.25)]
8y, p(Zwz') = By Hr'srw)s(ziw).

Here r' denotes points within the source volume and r" denotes
points across the entrance to & monochromator. Y(t), the output
from the system was then shown to be given by an integral over r
of the coherence between the waves gA and 513' Agsuming the light
‘rom different points 1o be completely incoherent, we obtained

the result, [Eq. (11.2u)]

¥(t) j d’r'jdmlr(w)ler(_r_',w).i(w;_r_'t)

where
*
T(r',0)= Re 1%] o BN r o) )
(epectrocter
entrance )}
Thus the runction T(r',w) describes the eftect of the correlation

moasurepent. Since many trencfer functione ¢A B(}_‘,":E':w) can
?
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obviously be produced, a great variety of functions T(r',w) could
be gene.ated.

Several spectroscopic systems were analyzed (in Sect. II.B.3)
by this technique and the conclusions wore later confirmed by opti-
cal tests done in the course of the laboratory work (described in
Sect. IV.A).

Finally, the effect of photon noise in a model systein was
analyzed in Chapter ITI. There it was concluded that if the ob-
served component of the source density oscillated at a frequency
4y, and if a spectrum analyzer were used to select & band around

Wy, the effect should be measurable if [1nequ&lity(III.8)] ,

P,\/F>,\/8%.

Here P and Q are the signal and background photocount rntes, Tt
is the analyzer inverse bandwidth, and T is the time of observa-
tion. In our plasma observations, phase-sensitive detection was
used to reduce the noise, so the above result does not apply di-
rectly to tbe fata, but it does imply that the signal could nnt
have be:rn observed without the lock-in amplifier. When measure-
ments of plaswa luminoeity (see Appendix D) are scaled to our
experimental conditions, the total photon counting rate deduced
is roughly 106/sec. The signal level was one-tenth of one percent
of tackground (see Sect. IV.b) so Q = 106 and P = 10°. The in-
verse bandwidth t vas roughly 10™> sec and the observation time
was about 10 sec. BSince these numbsre do not satisfy the above

criterion, it appeares that the effective aperture of the system
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would have to be increased before an unmodulated eignal of this
level could be observed.

The theoretical analyesis developed here is clearly more than
wvas needed to explain our measuremente, but the general formalism
should be useful if this work is to be carried any further. If
the projJect were to be continued, it would not be necessary to go
on with all of the topics which we have mentioned. By discussing
a number of related problems, it was hoped to provide here an over-
view of some of the dbroader implications of these correlation
measurements. But now it should be possible to concentrate on
one or 8 few aspecte of the problem without losing sight of the
wvhole picture. Such a greater specialization should pernit reason-
ably rapid progress from this point.

B. Extensione of This Work

There is nu shortage of directions in which this work could
be continued. One obvious next step is to now use such a system
for detailed observations of a plasma. Only a few simple features
of the placma used in this work were considered. We have concen-
trated on the optics of the spectroscopic system. The other half
(or perbaps the other ninety percent) of the problem is to see
what can be learned with such a system when it is used to observe
a plasma. The availability of this nev tool should permit a
variety of interesting experiwents.

The multiple-beam spectroscopic system de scribed here could
be improved in several ways. One could use a system with a larger

aperture, or with brtter spectrsl resolution, or with better
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electronics to reduce the noise.

As noted in the preceding section, the photon noise analysis
presented in Chapter III has not been tested. In any further
study of these spectrometers, the level of noise, including pho-
ton noise, should certainly be examined in more detail.

The range of possible multiple-beam systems--i.e., o possible
tranemission functions T(E' ,®) bas only begun to be explored. One
could construct and test & much greater variety of systems, and
the analysis presented here could also be continued. Our calcu-
lations (in Sect. II.B.3) were limited by several simplifying
assumptions, including a restrietion to points near the focal
plane of the system. The calculation of the functions @,, @.,
and T for systeus of this type could te done more completely. with-
out such restrictions as were used here. This 1s a problem which
seeme well suited for the use of some numerical analysis, which
ve have not emplcyed at all.

Also, in the general analysis, it would be valuable to know
what type of systems are prsslble in principle. Given any desired
T(r',w), could ope design a system which would produce 1t, or are
there basic mathetatical resirictions on the transfer functions
¢A.B and the transmission function T vhich can be generated?

One property of the light sources which we have not discussed
at all is sngular coherence. All of the analyses done here assumed
an isotropic source. This is acceptable vhen the range of angles
actually used is small, but if the observations were extended over

larger angles, the effect of “he source radiation pattern would
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have to be inelvded. This would give an added complication in the
theory, but it would slso provide a way in which radiation petterns
could be measured. A weasurement of single~source radiation pat-
terns would be of interest, for exe ‘le, in observing brems-
strahlung or cyclotron radismtion where the pettcrms depend upon
particle enexgies.

‘Another property which could also be observed 1s the lateral
coherence of the source. We have assumed thromghout thet any dif-
ference between the lengths of the interfering oeams was less than
the coherence length of the accepted light. Oue might, however,
wvant to deliberately introduce a peth length difference in order
to measure the coherence length, thereby obtaining informetion
about the spectrum. This, in itself, is nothing new. The point
i1s simply that when one had a multiple~beam system it would be
relatively easy to add a path length difference. This should be
particularly useful since a multiple-beam system would otherwise
be limited in spectral resolution (see Sect. V1.A above). The
addition of a coherence length measurement could be a convenient
vay to avoid exactly this restriction.

Another possible extension is suggested by the origins of the
multiple-beam technique. The development began with an analogy
with scattering, where it was argued that one could obtain similar
information from measurements of correlations in the light emitted
by an ilnccherent source. Raving used both methods, one might
wonder vwhether it would not be of interest to combine the two tech-

pigues, using a multiple-beam system to observe scattered light.
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To understand such a measurement, one would have to do a separate
analysis, since the assumption of an incoherent source is not
valid in scattering, but a part of the answer caen be seen already.
In sca_ttering, the amplitude of the light of wave vector 55 is due
to one Fourier component, ne(l_xA,mA), of the electron density.

(see Sect. I.C.) Such fluctuations tyvically are due to plasma
waves. Thus if a two-beam system were used to measure the co-
herence between two components of the scattered light, the result
would be a measure of the correlation between two waves in the
plasma, & result which would in turn give information about higher
order correlations between particles. Clearly, both the opties
and the photocount statistics should be analyzed with care befors
attempting any such experiment. Success would probably reguire a
very strong incident light beam, but “here may well be situations
(for example, in laser-produced plasme experiments) where correla-
tions in the scattered light could be observed.

In our plasma observeilons, the light used was a neutral
helium emission line. This was convenient because, in this weakly
ionized gas, the strongest neutral line was narrow enough to pro-
vice coherence and strung enough to give & high intensity. 1In
more fully ionized gases, however, line radiation would be weaker
or even lacking mltogether. 'fo observe such a plasms, one would
have to make use of the continuum. With our system this would be
more difficult, because the spectral resolution would btecome criti-
cal and because the amount of light available in any narrow band

would be limlted. Thus it would be of value to see whether the
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optical bend of the system could te increased. In our system a
broad spectrum could not be used, even if all the paths through
the apparatus were made exuctly equal, because the paths of the
A end B components within ths plasma would still differ by more
than the coherence length of the light. Wwhat this peans is that
light of different wavelengths would have different phase changes
and hence would produce aifferent interference pattverns--i.e.,
that the observed source density component T(r',w) would in fact
be a function of w. If too broad & spectrum were used the effect
would wash out. This suggests an answer: If T(r',o) could be
made independent of @, then 1t would be possible to use a broad
optical band.

In our syctem the observed source density component had a
wavelength (kfl/d), where A was the optical wavelength, f, was
the focal length of the first lens, and d was the displacement
of one of the interfering beams. If the displacement d were not
a constant, but were jnstead proportional to wavelength, then the
whole expression would be wavelength independent. This would
happen if the calcite rhomb were replaced by an element which gave
an offset proportional to the wavelength o the light. Intevest-
ingly enough, our system alreadyxfontained a device which gives a
wavelength Aependent displacementq;namely, the grating spectrometer.
If the entrance and exit apertures were made large iiough, one
polarization component could be put through the spectrometer and
then recombined with the cther component to give a wavelength-

inderendent interference effect. Such a change would greatly
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extend the utllity of multiple-beam systems.

The possibility of making the deviece broad band is also
interesting conceptually. Up to this point, we have considered
a8 correlation measurement &s something additional to a frequency
measvrement. Physically, our interferometric apparatus was mounted
in series with a standard speciroscoplic instrument. But now it
apprears that the technigue co»*Z be made broad band and could be
used to extract useful information from light whose spectrum is
flat and uninformative. This possibility clearly shows that what
we are dealing with here is really a separate aspect of the light--
one which may have little or nothing to do with the frequency
spectrum.

C. Final Comments

In crmperison with & conventional spectrometer, & multiple-~
beam system has the advantage of providing spatial resolution. The
output from a multiple-beam system is a local measurement, not just
an averasge along a line of slght. However, a multiple-beam spec-
troscopic system is certainly not the only optical device which
hes such an effect. An ordinary camera also provides depth per-
ception. By noting which objects in a photograph are in focus
and which are out of focus one can tell something about distances
along the line of sight. In closing our discussion here it might
be of interest to exsmine the relation tetween the depth ¢f field
provided by = camera and the spatial reolution of our spectro-
scoplc system.

The depth of field of & camera is the range of distances cver
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which objects ars in focus, l.e., the distences over which a small
source is imaged to a smell spot on the film., According to physi-
cal optics, an image is simply a diffraction maximum, a& sharp peak
in inteneity produced by interference between the Hurgens wavelets
of the light behind the lens. 'Thus a statement about the sharp-
ness cf «n image 1s really a statement ebout the amplitude and
width of & diffraction maximum.

To see how this effect could be simplified, one might try +~
reduece the mmber of interfering waves hy masking off portions of
a camera lens. If the lens were masked down to one small aperture,
the result would be a pinhole camers in which depth perception
would be lost. There the light coming through the aperture would
contain information about direction (the slope of the wavefronts),
but information about source distance (the curvature of the wave-
fronuts) would be lost. To avoid this one might try masking off
most of the lens, but leaving several small apertures. Then the
1°ght coming through each hole would have & direction and the
different directions combined would imply the distance of +he
gource. The result on the film would no longer be a clear image,
but would be a set of interference fringes. Most simply, one
could leave just two apertures in the lens. Then if the source
were away from the focus of the system the two beams of light
would strike the fllm at different points, but if the source were
in the focal plane, the two beams would intersect on the film to
give e set of Iinterference fringes, a result which thus would con-

stitute the most rudimentary precursor of an image. But now we
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are right back to the two-beam system with which this whole dis-
cussion started!

It is important to realize that in order to detect any pro-
perty like the sharpness of an lmage, ore has to observe at least
two light intemsities. With one light intensity value, one has
no way of knowing whether the source is 1ln focus or not, but two
intensities give an additional piece of information--namely whether
they are equal or diffevent. From that one can say ‘something about
“he sharpness of an interference pattern, =2 statement which is
similar in kind to statements about the sharpness of imeges. In
this sense, the "multiple-besms"” of importance in our system
were not so much the observed beams A and B, but rather the two
measured light intensities, 1 and 2.

One can think of a scale, an ordering of optical techniques
according to the number of intensities observed. At one end of
the scale are spectroscopic methods in which, at least at each
wavelength, only a single light intensity is observed. At the
other end of the scale are photographic methods in which many
light intensity values are recorded on the film. The subject of
the present study l.>s between these two extremes. We have shown
that by taking the single step from one to two intensities, one
can obtain new types of information. Two 1s a convenient num-
ber of intensities to use, because as we have seer, it is then
only necessary to conslder the single difference signal Y(t).

T™wo 1s & convenient number also because such a system can te

simply constructed out of polarizing optical components.
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It might be obJected that the measurement could have been
made with beam 1 alone, by observing features in the fregquency
spectrum of the output Il(t). But in that case, one would still
be taking the difference between two light intensities, nemely
the intensities seen by the same phototube at different times.

Both types of intensity differencing are used by the human
eye and by other natural optical systems. Sharp spots or edges
in an image are immediately apparent to a person, and any motion
of light patterns is noticed at once. uUn the other hand, the
overall luminosity caen change by orders of magnitude and the eye
will adjust quite completely to keep the signel the same. OFf
course, one can make too much of any such compariscn, tut the
results of the evolutionary process do seem to suggest that dif-
ferences in light intensity are much more interesting than total
1light levels.

A comparison with a camera, and with the eye, is also useful
because of what it shows about the concept of phase. One does not
normally think of the human eye as making measurements of mutual
coherence, but of course it does. An image 1s a diffraction maxi-
mum and any Interference or diffraction effect depends upon the
coherence of the light. Thus "phase" is a much broader category
than one might have thought.

The term comes originally from the simple mathematical

deseription of & nearly sinusoidal quantity:

a(t) -cos[u:t + ¢(t):.
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is called the "dynamic form factor."

In a scattering experiment, one records a spectrum of the
1light scattered into some direction ﬁs. The reiative variation
in optical wavelength 1is usually negligible, so the scattering
is all due to fluctuations of one wavelength, 2rr|}_(Af -l- This 1is
customarily related to the plasma Debye length J\D by & "scatter-
ing rarameter”,

1

ny

The spectrum of scattered light then provides a frequency spec-

(1.13)

Q=

trum of the k, component of n . By the Wiener-Knintchine theorer, o1

1 2 ¥
B Ine(EA,mH = fd_“__iw’l' n, (EA,t)ne(EA,t+r), (I.1%)

this 1s equivalent to a measure of the time correlation function,
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APPENDICES

A. Holography, Spectroscopy, and Scattering

In introducing the concept of multiple-beam spectroscopy, we
first reviewed the stendard technique of laser light scattering
and then proposed its spectroscopic analogue, two-beam spectros-
copy. What scattering and our two-beam system have in common is
a dependence upon phase relations, a dependence which leado to
results which are inexplicable in geometrical optics terms. Now
there exists also another class of optical techniques of which the
same thing is true. These are the various methods of holograp! ?h,25
which have been extensively investigated. There is an interesting
connecticn between several of the different holographic methods
and the scattering and spectroscopic systems which we have been
considering. In the following appendix (which assumes scme know-
ledge of holography) the relation between these different methods
is examined briefly.

Holography can be exprlained in several ways. One explanation,
vhich is particularly well suited for a compariscn with scattering,
is that presented by H. M. Smith in his book on hologra.phy.el+ Con-
sidering off-axis holograms (in which the reference wave and the
object wave intersect the photographic plate at different angles)
he desceribes the obJect wave as a superposition of plane wave com-
ponents. When a hologram is made, each such component interferes
with the light in the refereuce beam (which consists essentially
of only one plane wave component) to produce & set of stmight,

evenly spaced interference fringes on the photographic plate. When
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the resulting hologram is then reilluminated with the reference

team, each recorded set of fringes acts as & diffraction grating

and diffracts the light into a reconstructed wave identical to that
plane wave component which produced the fringes when the hologram
was mede. So the object wave is considered as a superposition of
plane waves, or k components, and the hologram is then seen a&s a
superposition of diffraction gratings, one for each k component of
the object wave.

Seen from this point of view, the similarity to scattering
is obvious. In & scattering experiment (see Sect. I.C) only a
single 5 component of the scattered wave is observed. The inten-
sity of this component gives the emplitude of one Fourier compon-
ent of the distribution of scatterers.

In this respect, holography is more complete: The hologram
is & record of both the amplitude and the phase of every k com-
ponent of the object wave. It thus describes not one, but all of
the Fourier components of the object under study. On the other
hard, a scattering experiment gives informetion about the time or
frequency dependence of the observed component of the scatterers.
One can record a complete frequency spectrum of the scattered
light which can be complicated and quite useful. In holography,
one does not have such information, snd the method will not work
at all unless the object studled is precisely statinnary or unless
the light comes in a pulse so short that object motion is ignorable.
Still, in spite of these differences, it 1s evident that the two

methods share at least a substantial portion of & common theory.



-186-

This similarity suggests that two-beam spectroscopy, which
was flrst introduced by a comparison with scattering, may also
have a holographic analogue. This is, in fact, the case. The
suggested simlarity is to a very different type of holograrhic

process, incoherent light holography, which can be used to make

a8 hologram of a self luminous or incoherently illuminated object.

Incoherent light holography is usumlly discusesed in terms of
a somewhat different explanation of holography advanced by Rogers.26
Rogers described a hologram not as a superposition of diffraction

gratings, but as a superposition of Fresnel zone plates, one for

each point of the object. When the hologram is illuminated, ench
zone plate acts as & lens to focus light towards the location of
the corresponding objeet point. According to this explanatiun,
when coherent light is used to make a hologram, light from each
object poirnt interferes with the light in the reference beam to
make a fringe pattern which, when photographed, becomes the needed
zone plate. Pl this technique is not the only way in which such
patterns can be made. There are several other possibilities, some
of which apply to incoherently illuminated objects.

One approach is just to use a mask cut as a zone plate.
Placed vetween the obJect and the film, this mask will cuast a set
of shadows ~f the needed form--one for each object point. This

technique was used hy Mertz and Young;'a7

to make an x-ray star
camera. In their device, each x-ray star produced a zone plate
on a film. When the developed film was then illuminated with co-

herent visible light it acted as a hologram, focusing the light
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into an imege of the x-ray sky. Thus this technique rerembled
stendard holographic metl:ods in its reconstruction phase, bu% the
formation of the "hologram" wes due only to simple shadow :esting.
Mertz, however, then propoxsed28 a purely optical arrangement which
also used interference in the making of the hologrem. His sugges-
tion was to use & beam splitter to split light from arn i..oherently
111uminated object into two components. These two waves c¢ .1d then
be focused at two different points aﬁove a photographic rlete.
Assuming roughly equal lengths of peth (which we~ assured in his
suggested setup) the contributions to the .wo wavefrouts from each
single object point would interfere to make a sel of fringes on
. the film. The system was arranged to make this pattern have the
form of a Fresnel zone plate. ¥For an incoherent source, the total
illumination of the film would Jjust be a sum of contributions from
the separate source points, and the developed film would be a set
of zone plates, just as in coherent light holography.

After Mertz' suggestion, several other peoplee" provosed
schemes for making holograms from lizui or other radietion from an
inccherent source. The several methods out-lined all involved the
same idea of dividing the emitted radiation into two component waves,
which can then be made to interfere, producing a pattern of fringes
which, when photographed, becomes & hologram. Shortly thereafter,
several author530 reported succec in making hologrzms of some
slmple objects which were incoherently illuminested.

In practice, extension of the method to more complicated

objecvts has proved difficult, tecauvse the superposition of many
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intensity patterns tends to uniformly expose the film, giving a
much lower contrast than is obtalned in holograms made with co-
herent light. 3Several techniques have been employed to partially
alleviate this problem,3 1 but the art of making hologrums with
incoherent light apperently has not progressed beyond the stage
of simple demonstrations. Nevertheless, experiments have clearly
verified the theory of the technique: ILight from an incoherent
source contains sufficient information to construct a hologram.

Tt is evident from this work that incoherent light holography
resembles multiple-beam spectroscopy in nuch the same way that co-
herent light holography resemble: laser scattering. Like scatver-
ing, the spectroscopic system observes only one source density
component, while a hologram, recording all the source components,
permits reconstruction of a complete image of the object. But as
in the coherent case, the holographic object must be strictly sta-
tionary, while the output of a spectroscopic system would follow
the time variation cf the observed component of the source.

Moreover, the need for contrast is also different in the two
techniques. To obtain a photograph of a fringe pattern requires
recording the intenszity at many different points. A spectroscoplc
system, on the other hand, would measure only two intensities, Il
and 12, each containing roughly half of all the light accepted.
Furthermore, a small difference between these two should also be
more easily distinguished, since the two phototubes can be pre-
cisely balanced, as described in Sect. IIT.B. As explained there,

a spectroscoplic difference signal far below the level of the back-
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ground light should still be readily observable--a situation very
different from the need for contrast in a fringe pattern recorded
for holography.

Nevertheless, the two technlques “nvolve related theories, and
thus the demonstrated possibllity of making holograms with light
from incoherent s..urces gives an added proof of the essential fact
that measurements of phase made on such light can give a complete

record of the spatiml distribution of the source.
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B. Some Mathematical Details

1. An Integration Needed in Section I.C

Ti.e expression,
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Here
ne(l‘.:t) = dzr itz ne(zlt)

is the spatial Fourier transform of n,. It is convenient to per-

form the _1:" integration in polar coordinates. Replacing _] d3 r"
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The integration over directions may be donc separately. In
a spherical coordinate system, r" = (p,8,8), defined so that
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This expression is to be integrated over I _1:"] . For this one
may neglect all but the lowest order term in 1/ | E",' The higher
order terms would make little contribution to the integral and
would in any case vanish in a long time limit take later [see note

R
below Eq. (B’{)J . Thfs leaves, from (B5)
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This 1s the desired integration of (Bl).

2. An Integration Needed in Section IT.A.Z

A similar, but less complicated expression
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appears in Eq. {II.14). It is again convenient to use polar co-

ordinates. Replacing

ap by fd|2”£|2fd28
gives
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positive frequency components, the first term in the above expres-
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This is the desired integration of (B9)
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C. The Design of a Multiple-Beam Spectroscopic Apparatus

1. Previous Conclusione

In Sect. II.A.1l, the effect of an elementary two-beam spec-
trometer was described in fairly simple terms. 1In this appendix,
that first discussion is extended to include anaiyses of several
other spectroscopic sys-ems.

Reviewing briefly, the two-beam system, which 1s shown in
Fig. II-2, was designed to compere light emitted in different direc-
tions from the same volume of plasma. As explained in II.A.l, the
screen at the end of the system would receive light from two types
of (point) sources:

(a) sources observed through one beam {A or B, but not both}.

(b} Sources within the "common source volume" which are ob-
served through both beams.

An (1isotrcpic) source of the first type would produce on the
screen & fairly broed smooth intensity distribution--one whose
width would be determined by the diffraction of & single beam.

The second type of source would produce a two-beam interference
attern on the screen.

The optical system was designed to use this difference to
observe selectively a localized region within a distributed source.
But there is a further complication: All the sources within the
camnon source volume might not produce coincident interference:
patterns on the screen. The positions of the intensity maxime
would depend upon the precise location of the source.

Some sources, however, would produce identical patterns. As
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explained in Sect. IX.A.l, a set of sources which lie in planes
vhich are normal to k, = k; - k, and spaced 2W/|1=A| apert (within
the common source volume) would all produce the same interference
pattern on the screen. (EA and !ZB are the wave vectors of the

light in beams A and B.) Light from sources located halfway between
these "source planes'" would produce the opposite or complementary
set of fringes on the screen. Hence any overall fringe pattern
must represent not the total number of common sources, but rather
the difference in numbers of two such groups of sources. The system
observes not the total density, but rather the amplitude of one com-
ponent of the fluctuations in the density of ccomon sources.

It should be emphasized that these results do Eo_t involve any
interference between light from different eources, as occurs, for
example, in & scattering experiment. ¥Here the light from the dif-
ferent source points is incoherent and the observed light intensity
1s Just the sum of the intensities due to the various point sources--
some of which produce sets of interference fringes.

Thus the apparatus must in some way separate a pair of comple-
mentery interference patterns which we have called "beams 1 und 2".

The quantity of interest is the ditference in intensity between

beams 1 and 2. This difference is proportional to the amplitude
of the ‘-‘A spatial Fourier component of the distribution of light
gources within the region observed through both beams A and B.

To use these results one ..’ actually constract such a device.
In plasnning for this, one i. saced with several further questions:

What is e practical way to separate "beams 1 and 2"? Are there
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other equivalent but more convenient optical systems? Is 1t
possible to make better use of the available light? And, finally,
is this observation the only possibility, or is this system one
of a larger class of devices with which one could make a variety
of optical measurements?

We can note at once that beams A and B need not be restricted
to narrov pencils of rays. To obtain more light, the spertures
which define the bemms may be enlarged to perallel slits. This
increases the efficiency, but, as we shall see, the resulting
system may be further improved.

2. A Modified Two-Beam System

To separate two complementary interference patterns, one
might simply replsce the screen with an array of light pipes and
direct the light from the locations of the maxima of different
patterns into different photomultiplier tubes. But for this to
be feasible, the interference fringes would have to be rather
widely smaced--which would probably require additional lenses to
wagnify the pattern. The resulting system would be fairly compli-
cated. Furthermore, such an arrangement would only approximate
the desired system because interference produces a sinusoidal
intensity distribution, while a set of light pipes would separate
two "square wave" ratterns. Indeed, some light would go into each
phototube, no matter what type of interference occurred.

To see what else ope might do, consider again our reason for
meking these interference patterns. The object is to compare the

phase of the light in beam A with that of the light in heam B.
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The “interference patterms 1 and 2" are simply the result of two
possible phase differences tetween the light in beams A and B.
This technique, of course, could be used uitb any type of wave,
mut in an optical system one can &lso use the fact that light, a
trinsverse wave, is characterized by its polarization, as well as
by its intensity, frequency, and phase. This additional property
provides an alternate method of meking phase measurements, as is
explained in Sect. II.B.1l, and, more completely, in Ref. 39,

Consider the apparatus shown in Fig. C-1. Here we have again
beams A and B. But now we wish to consider tr-ir polar.zation. A
first polarizer transmits only one ccwmponent of the light--the
same for each beam. The two beams are then lineaily polarized in
orthogonal directions. They are then combined. TIf the two were
in phase, their superpositicn would again be linearly polarized--
in the intermediate direction "1" shown in Fig. C-1. If the two
components were 1800 out of phase, thelr superposition would also
be linearly polarized, tut In the orthogonal direction "2". Con-~
veniently enough, these two intermediate polarizations are just
beams 1 and 2, which we wish to sevarate.

So, to summarize, the conclusion 3 that if the light came
fram e source lying in one of a set of planes normal to 5& and
spaced 2"/'EAI apart, within the common socrce volume, .hen the
contributions to beams A and B would be separated in phase by an
integral number of cyeles and the 1.ght would (&ll) to into beam
1. Other sources wituin the c.s.v. would contribute to beam 2--

or both 1 and 2. And sources outside the c.s.v. could at most
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contribute light only to beam A or only to beam B. This light
would be divided egually between beams 1 and 2 and would contri-
bute nothing to their intensity difference.

In the arrangement of Fig. C-1, the relative phase of beams A
and B, yand hence the resulting polarization, also depends upon the
position of the point of observation (where the entrance slit to a
spectrometer is indicated;. Indeed, if there were coherence between
A and B, then there would still be an interference pattern--and a
set of fringes on the screen. But instead of a sinusoidal varia-
tion in intensity, there would be u variation of polarization. If
a polarizer oriented to select beam 1 were placed before the screen,
a set of fringes would appear, and if the polarizer were rotated
to selcet beam 2, the complementary set of fringes would appear.
The relative rThase of beams A and B is shown not by which intensity
pattern appears, but by which pattern corresponds to which pelari-
zation, making it possible to, in effect, observe both "patterns"
vwhile looking at only one fringe. The presence of spatial varia-
tion in the pattern also limits the cize of the slit in the screen:
Its width must be less than the width of one fringe.

Since, in a polarizing system, only a single slit 1s needed
to observe the interference, the same slit can also serve as the
entrance to & spectrometer, as shown in Fig. C-1. In such an
arrangement, the frequency resolution would occur after the inter-
ferometry, and the f'ilter shown in Fig. II-2 would not be needed.

This system, which uses polarization, has several convenient

features. The separation into beams 1 and 2 1s just whet is
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needed, and the pos3ibility of simply mounting the interfercmeter
before the ertrance of an existing spectrometer is a big advantage.
This not only simplifies construction of the system, it also mini-
mizes the nuwber of interferometer-quality optical components
needed, because precise eguality of path length is not important
beyond the entrance to the spectrometer. Light of unwanted phase
is blocked by the screen and the following part of the system
simply measures the spectra of the accepted 1 and 2 components.

As long es these remain distinct, the signal will be preserved.

Unfortunately, the new arrangement has & serious failing,

It makes extremely poor use of the available light. The system
is inefficlent in two respects. First of all, because the angle
B is small, beams A and B, as seen from the source, subtend cnly
a small solid angle. Secondly, because less than one fringe of
the pattern on the screen is used, most of the light which did go
into beams A and B would be lost.

The second limitation is clearly removable in principle. One
could, for example, construct a system which admitted light through
several properly spaced slits. But there is a more convenient
solution. In the arrangement of Fig. II-2, the interference
fringes on the screen were needed for phase measurements. But
the patterns on the screen in Fig. C-1 are simply an inconvenience,
because the phase measurements are now made by comparing polariza-
tions.

The small slit at the entrence to the spectrometer may be

thought of as a device which combines beams A and B. Tt is
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necessary, as noted above, that this slit be smaller than one
fringe of the interference pattern made by beams A and B. But
this 18 equivalent to a requirement that the maximm of a siugle
slit diffracticn pattern of the slit itself include beams A and
B. In other words, within the spectrometer, beams A and B are
superimposed. To permit use of a larger slit, another method of
combining beams A and B is needed.

3. The Use of Birefringence

In construeting an optical system to define and focus beams
of polarized light, it is oftten convenient to use optical ele-
ments mede of birefringent materials. We have not yet discussed
this possibility, but one can see at once a simple way to produce
with such an element a pattern of varying pclarization.

The optical system shown in Fig. C-2 includes a calecite rhomb,
with the optic axis in the plane of the drawing, as indicated. If
a besm of light is incident on the face of the rhowb, its path
through the calelte depends upon its polarization. That component
of the 1light which is linearly polerlzed with the electric field
vector normal to the optic axis is propagated through the calcite
as an "ordinary ray." At normal incidence, its direction is un-
changed. ‘'The other linearly polarized component, however, becomes
an "extraordinary ray" and a normally incident beam is deflected
by ~ 6.26°, a change in direction which is reversed at the oppo-
gite face of the rhomb. The two polarizetions thus emerge as
scparate beams of light. The various rays are again parallel,

but one component of the light has been laterally displeced by a
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distance approximately 0.11 times the length of the rhomb.

On tbe arrangement of Fig. (-2, a small gas laser is used to
produce the incident beam, which is linearl; polarized in such a
direction that it is divided by the calcite into two beams of equal
intensity. The light is then focused onto & gereen. (More simply,
one could place the screen so far away that the divergence of the
beams caused them to overlap.) Tie total illumination of the foeal
spot is then rather uniform, but the pattern of polarization con-
:ains move detail. If & limear polarizer aligned at 45° to the
polarization of either beam--that is, parallel to the polarization
of the original laser beam--is placed@ before the screen, & set of
interference fringes appears. And if one selects the other,
orthogonal, polarization, the complementary set of fringes appears
on the screen.

This result is like that which wes expected from the opticul
system of Fig. C-l1. So, with the calcite rhomb, one can construct
a8 simple demonstration of the "polarization fringes" which were
described earlier. Moreover, this suggests that such an optical
component could be useful in the type of spectrosccpic system
which we wish to design.

To explore this possibility, we need@ to consider more syste-
matically our objective. If only two-beam optical arrangements
are considered, then there are essentially, four requirements:

1. The apparatus must define & '"common source volume'--the
intersection of two beams.

2. It must define two directions beams A and B-~-from which
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such sources are observed.

3. It must include some spectroscopic element--a filter or a
spactrometer--to select a limited portion of the optical spectrum.

4. Finally, the apparatus must measure the correlation, or
mutual coherence, of this spectral component of the light in the
two beams.

Note that, in any one particular system, the size of the com-
mon source volume may be varied inversely with the rangs of direc-
tions included in the two beams. If beams A and B are separately
focused at their intersection (Fig. C-3a), then the c.s.v. 1s rela-
tively small, while the range of f:A and & --and hence of k,--1s
large. This spread in -‘-‘A may be thought of as due to the small
mmbver of "source planes" in the c.s.v. If, on the other hand,
+he beams are not focused at their intersection (Fig. C-3b), then
the resolution in space is less precise but the resolution in EA‘
I_LB, and EA is more precise. We shall consider only systems of the
type of Fig. C-3a, but one could modify any arrsngement to pro-
duce Fig. C-3b. Of course, good resolution in _l_cA also requires
good resolution in Il_cAl and L‘S_gl’ that is, & spectrometer or a
filter with sufficiently narrow pass band.

If the angle between them is small, it is convenient to ob-
serve beams A and B through different sections of & single lens,
as shown in Figs. IT-2 and C-1. If the remainder of the system
accupts only light nearly parallel to the axis, then the observed
beams will intersect in a common source volume around the focal

point of the lens. For the interference measurement, the two beams
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must be recombined beyond the lens. So the rest of the optical
system wust defire and then combine two parallel, sdjacent beams
of light.

The calcite rhomb in Fig. C-2 divides one beam of light into
tvo separate parallel beams. If, however, the mask which defines
the (single) beam is placed after the calcite element, then two,
initially separate, incident beams are defined and superimposed.
Conveniently enocugh, this is Just what is needed.

The resulting system is sLown in Fig. C-%. There a lens plus
a8 rhomb not only define and combine beams A and B, but slso deter-
mipe thelr polarizations--something which required separate polar-
izers in the setup which we firet discussed (Fig. C-1). The first
polarizer, which insures that we start with a single component of
the 1light 1s, however, still mquired.

This gain in simplicity is not, however, the principal dif-
ference between the two designs (Figs. C-1 and C-4). More impor-
tant is the change in the distribution of light over the 1llumi-
nated portion of the screen (before the spectrometer). In the new
arrangement, the two-beam interference fringes are absent. Beams
A and B are parallel at the screen and their phase difference is
constant within the limitations of the collimation of each single
beam.

An isotrople point source within the c.s.v. will here produce
on the screen a single slit diffraction pattern due to either
wam alone. (Bince this 1s ahead of the spectrometer, consider

also that the source is monochromatic.) We can distinguish these
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with 8 polarizer but, since the two components cose from the same
s8lit, the two patterns will be identieal, provided that the two
distributions of phese across the first slit are identical. (We
essume, of course, that any polarization dependence of the effect
of the sli: is negligible.) TIf the two diffraction pestterns are
identical, than the variations in phase across the screen will
also be the same for each component. Therefore the phase differ-
ence between the two--and hence the polarization of their super-
poeition--will be constant across the screen. The entrance slit
t0 the spectrometer way be made large enough to admit & substantial
part of the light. The result is & more efficient system.

However, the second slit should probably still be marrower
than the central maximum of a single-slit diffraction pattern of
the first slit.56 This would insure that the phases of the A and B
components could not vary much across the second slit. Then their
relative phase, and hence the polarization of their superposition
would alsoc be approximately uniform, and each point source within
the placma would contribute with a single polarizetion to the out-
put light.

This 1s not to say that a larger second slit could not posri-
bly be used. Tt could, but that would a2llow the polarizetion of
the light from some poilnt sources to vary across the width of the
8lit. The overall effect, given by an average over the slit area,
could then include some cancellation between different contribu-
tions. Now the illumination of the second slit is Just & sum or

contributions (Huygens components) from the light which goes
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through different portions of the first slit. If a source were
near the edge of (or, for that matter, outside of) the common
pource volume, then the distributions in phase across the first
slit, and hence the distributions in intensity and phase across
the screen would be different for the light observed through the
beams A and B, 57311& the polarizaton of the total light would vary
with position. If the second slit were wider than the suggested
limit, there could be some cancellation of effect. But this would
not happen with all sources. A source near the center of the
c.s.v., for example would produce uniform distributions of A and
B across the first slit, making two identical patterns on the
screen. The polarization of light from this source would not
change, even over distances greater than the suggested slit width.

Thus, 1f a larger second slit were used, our simple statement
that each common source contributes with one polarization to the
output light would not be strictly valid. Some sources would,
but the effect of others would be reduced or lost in averaging
across the slit. Only some restricted portion of the c.s.v.
would still meke a definite contribution to the output signal.
Other common sources would contribute only background light, as
do the sources szen through just one beam.

Pinally, the width of the second slit also limits the spatial
resolution, since the c.s.v. 1s just an image of the second slit.
Enlarging the slit would enlarge the c.s.v. but, on the other
band, reducing the slit to less than the limiting width would not

further improv- the resolution, since the image would then be
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diffraction limited.

Even with this limitation on the second slit, the system
shown in Fig. C-4 would still accept most of the light emitted in
directions kA and kB by common sources. It tbus overcomes the
second of the two limitations--noted at the end of Seet. 2.3--of
the apparstus shown in Fig. C-1, If we wish to study only light
emitted into two narrow beams, the apparatus of Fig. C-U4 satis-

fies our requiremsnts.

4. Multiple-Beam Systems

The more efficlent two-beam spectrometer which we have now
designed has both the advantages and the limitations of the ori-
ginal concept. Any device which accepts only two narrow beams
can use only a small part of the available light. To further im-
prove the design we must consider a more general class of systems.
On doing so, we can consider observation of various other aspects
of the source distribution as well.

A simple two-beam apparatus responds, as we have seen, to a
marrow portion of the spectrum of the spatial distribution of
sources within a loealized "common source volume." One has at
once two types of spatial resoclution: A coarse definition of an
observation region and a fine definition of a wavelength--?rrlEAl'l.
One can make a local measurement, but only of fluctuations. Such
an optical system is hardly the only possibility. We have yet to
explore the range of rossible observations. Could one, for example,
select all the light emitted from within some localized volume and

gtill reject that emitted from other regions?
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Before considering other errangements, it is convenient to
summarize analytically the ,roperties of the system already de-
signed (Fig. C-5). This consists of & source region, a polarizer,
a Pirst optical system (I), & slit, and a second optical system
(II). System II, beyond the entrance slit to the spectrometer,
selects a narrow portion of the optical spectrum, separates two
polarization components--1 and 2--and measures the difference
betw »n these two totel intensities.

The preceding portion of the apparatus, System I, defines two
beams, A and B, distinguished by their polarizations. A point
source within the source region thus produces two illuminations
(including zero amplitude es a possibility) of the entrance slit
to the spectrometer. These vary in amplitude and phase along the
slit. The effect of System I may thus be represented by two com-
plex transfer functions, ¢A and ¢B (see Sect. II.B.2). If a
point source of light of frequency w 1s then represented by a

(complex) source strength p(w;t), that is, by & source demsity
s(z'mit) = pla;t)s(z’ - ry)

tioen the resulting disturbances at the slit are determined by the
products (¢Ap) and (¢Bp).

¢A and ¢B depend upon the location of the source (1,) and
the location along the slit of the point of obse. tion {x").
For completeness we include mention of & position across the
width of the slit (y"). The intepnsities of light in beams A and

B which pesses the slit are
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due to the point source. (xE - x;) and (y§ - y{) are the dimen-
sions of the slit.

A distributed source 1ls described by & source density,
s(r',w;t). We mssume that the source is Inccherent. That is,
the total intensities are the sums of the Intensities due to the
separate elements of the source:
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Optical system II, however separates not these intensities,
but those of the two intermediate polarization--1 and 2. The

resulting signal, the difference in intensity, is
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Defining an emitted spectrum as we did in Sect. II.A.3,
Awsr,t) = 8" (x w5t)s(x! w5 t)

and reducing the above result we have
. x"2 [ y"e
ey 123 . . * *
!(w,t)-,—,fd r'{! ax" ay" (By 8, + B, dp)e
" "
* 4

The last factor can be written,
* % *
B0y + 8 9= 2R fy
= 2'¢A”¢B, cosf

where 9 is the difference in phase between the complex valued

quantities ¢A and ¢B' Defining

5 %
T(S';‘-U) = 13,.'[ ax" J dy" ,¢A(x"1y":£' ;w)’ ,¢B(x";§'":£' :‘-ul
q

x cosd(x",y",r',w)

we have
Y(w;t) = djr’ T(E',m)d(m;z’,t).

In distinection to the §'s, T is a real (but not necessarily
positive) quantity.

We have here & formal representation of the two types of opti-
cal interference which occur in the system: Diffraction due to the
superposition of various Huygens components of each beam defines

the beans and determines each of the two transfer functions ¢.
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Interference between the two beams is represented by the inter-
ference bvetween the two functions ¢ This determines the observed
component of the source distribution--described vy T{r',w).

For our two-beam apparatus, the general form of these three
functions is shown in Fig. 5B. |¢A| and |¢B| are nonzero only
within the respective beams. Therefore T is nonzero only within
their intersection. This defines the c.s.v. The relative phase
of the two (the cosé factor in T) varies within the c.s.v. as
shown, defining a source wavelength, or EA

In this arrangement, the small size of the solid angle through
vwhich the system accepts light is due to each of the @J's separately,
vwhile the object of the measurement is defined ty T. To use more
of the available light, we need other "beams" ¢A and ¢B’ ones which
interfere to define either a T(r';w) like that we have already, or
else some other T of particular interest.

If, in the system of Fig. C-4, one specifies an optical wave-
length, and an arrangement of lenses and calcite, then both the
location of the c.s.v. and the wavelength H’EAI -1 are determined
(the c.s.v. by the image of the entrance slit to the spectrometer,
and ||_\A| Uy tbe angle g vhich 1s fixed by the distance by which
the calcite element displaces an extyeordinary ray). Finally, the
Airection ?A is determined by the directions of the beams, that is,
by the location of the Aperture in the mask behind the calcite.
Now, if @ is small, the range of possible positions of this beam-
2efining aperture corresponds to only & small range of ?A' And the

locations of the mexima of T (i.e., the "phase of T") are also
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unchanged because the exact center of the c.s.v. is always a
(zero order) maximum. So, over some range at least, T(r',n) is
indepsndent of the exact location of the aperture which defines
the beams (at least near the center of the c¢.e.v.). The result-
ing existence of many equivalent sets of bemams A and B suggests
the possibility of obtaining more light by using several pairs of
beams at once-=-in a multiveam system.

So far we have insured a localized measurement by defining
separate interfering beams A and B with a well localized intersec-
tion. We shall for now retain this approach--which requires some
sort of mask to defins the separate besms.

To use a larme solid angle while defining ceparate beams, one
wight eaploy & mask with many slits. Such an assembly is shown in
Fig. C-6. The slit spacing (in the mask) has been =et at twice
the distance of the displacement due to birefrigence so thet the
beams are distinct. ’A and ¢B novw descrite two sets of “veams A"
and “beams B".

Peams 1 and 2 are again the intermediate polarizations--separ-
ated at the output of the spectrometer. So, again, only sources
vieved through btoth A and B can contridbute to the signal. And
since the two only intersect near the focus of the first lens, a
localized c.s.v. is again defined.

Within the c.s.v., hovever, the situution is different. The
calculation of either ¢A cr ﬁn in the focal plane of the first
lens reduces to ths solution of a simple Praunhofer diffrection

problem for n identical, evenly spaced slits. HNear the center of
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Fig. C-6b. The effect of sources in the focal plane of the first

lens. A cross section of the central portion of the c.s.v.
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the c.s.v. the various functions have the form shown in Fig. C-6b.
The system thus achieves, at least in this region, a measurement
of all the light from a smwall volume. This is something which
coald not be done with two heams because the angle & between the
beams is, of course, larger than the angle f subtended bty either.
If B now denotes the range of directions included in either set
of bveams, then in Fig. C-6a, B is larger than a and the system
permits & different kind of observation.

The situation is more complicated, however, because the
effect of sources near the edge of the c.s.v.--perticularly at
other maxima of ¢A and ¢B--and the effect of sources before or
behind the focal plene of the first lens remain to be considered.
In any case, this arrangement is clearly not Just a more effici-
ent version of a two-beam spectrometer. The difference is due to
the interference between the various '"beams A" or "beams B". These
interfere with each other as well as with the other polarized com-
ponents to produce bteams 1 and 2.

It 1s of interest to note that the nature of this interference
depends upon the width of the entrance slit to the spectrometer.
The narrow slit implicitly assumed above admits less than one
fringe of the interference pattern. A wider s)it would have a
different effect. This is consistent with our earlier picture of
the slit as an element which combines by diffraction light from
different directions. A very narrow slit combines all incident
light; a wider slit only combines nearly parallel beams. (learly,

this system should be discussed more completely and carefully--
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provably with the help of numerical analysis. Such a discussion
we defer for now to consider instead & different design.

In the device of Fig. C-6, the entrance slit to the spectrom-
eter defines & ¢.8.v. by rejecting unwanted light. But if any
light is rejlected by & mask after the many beams are combined, then
interference among them cannot be ignored. To obtain more light
while making an observation such as one would obtain with a two-
beam system, it is necessary to independently define the component
beams. A system which does this is shown in Fig. C-7.

Here we have used the fact that in preceding systems the
second lens is not really needed to define a c.s.v. The light
from such sources 1s already focused--at infinity. One can define
a c.s.v. and insure coherence by placing a defining aperture suf-
ficiently far away. This can be done separately for each component
pair of beams A and B. One must simply add a set of collimating
slits to the apparatus. Beyond the collimator, a single lens may
be used to focus the light onto the entrence slit to the spectrom-
eter. This slit should now be large enough to admit all of the
light trensmitted by the col.l.i.lmt:or.58

The polarization components 1 and 2, and hence their intensity
difference are gimply the sum of contributions from various com-
ponent beams. There 15 no interference here at all and the system

is simply the sum of many two-beam assemblies~-each with the same

T(I' s0)e
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of beams.



~226-

5. Spectral width, Peam Divergence, and the Quality of the

Optical Components

Several ldealizatiuvns bave been used in this analysis. Are
the conclusions reslistic? To answer this, one must consider
departures from the model system.

A calclte rhomb is to be used to combine two beams of nearly
monochromatic light. Within the calcite, however, the two beams
differ not only in path, but 2lso in propagation velocity. This
difference in velocity leads to & difference in optical path
length--a difference which could, if necessary, be reduced with
an additional birefringent optical element.59

Differences in path length are of great importance in any
interferometric optical apparatus. If the difference in path
exceeds the coherence length of the l.ght, two beams with an
initial partial coherence will almost certainly become incoherent
and no net interference will be seen.

The ordinary ray is unchanged in direction within the calcite.
Itse velocity isIJust c/no, vwhere n, is the ordinary index of re-
frection, 1.658. Therefore ths optical path is simply 8y = 1.658D,
vhere D is the length of the calcite element.

The extraordinary ray is churecterized by tso velocities, a
phase velocity and & group velocity, which differ btoth in magni-
tude and in direction. Conveniently, however, the projection of
the group velocity onto the direction of the phase velocity is
equal to the phase velocity. For normal incidence, thie direct-

tion ie the srme ae that of the ordims:y rey--normal to the surface.
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And because the light is focused at infinity and normal to the
faces of the rhomb before mnd after, the optical path length within
the calcite (the free space wavelength times the number of wave-
lengths along & ray) is found from just this normel component of
the propagation. The magnitude of this phase velocity (which in-
volves both n, and B, the extraordinary index of refraction) is
approximately c¢/1.549, so the optical path length 8, = 1.549p.
The optical path length difference introduced by the bire-

fringent element is

85 - sx = 0.109D.

S0, if the length of the calcite is one centimeter, the co-
herence length of the light must be considerably more than one
millimeter, or corrections must be made to avoid loss of coherence.
In practial terms, this means that the width of the spectral fea-
ture should be less than adout two angstroms.

In our analyslis of the effect of the calcite, we have con-
sidered only rayes at normal incidence and used the convenierntly
simple result: One component of the light is laterally displaced
by 0.1097D. The effect of tirvefringence upon light incident other
than normally is, of course, more complicated. Two orthogonal
polarization components of the beam are then both displaced ty
the calcite and their resulting separation varies with the direc-
tion of incidence. Rscall that, at normal incidence, the x-polari-
zation is deflected by 6.26°. Clearly, our analysis is adequate

only so long as any departures from normal incidence are much less
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than this. We can hence consider only light from scurces suffi-
ciently close to the focal point of the first lens.

In optical interferometry, much care is often required to
eliminate mechanical vibrations of the components of the system.
But ! a system designed to observe high-frequency phenomena, one
can certainly ignore low-frequency virations. chanical vibra-
tions are in general of much lower frequency than oscillations in
a plasma and should therefore present no problems.

Even if one wishes to otserve low-frequency phenomena, one
needs to consider only relative changes in the length of the paths
of the two components in the interference. Through most of our
system the two paths are identical or at least adjacent and much
mechanical vibration may still be ignored--a result wrich further
illustrates the convenience of using polarization to define the
interfering beams.

Finally, one must consider what optical quality is needed in
the various components of the system. If the apertures were pin-
holes, such requirements would be minimal, but slits have teen
used to obtaln more light and one must insure that the nature of
the interference does not vary across the entrance to the spec-
trometer or across the apertures which define the beams.

Clearly, any imperfections in the system will distort the
image of the plasma and reduce the accuracy of the measurement.
That 15, to a given point at the entrance to the spectrometer,
there corresponds some observed source distribution [T(x",y",z',cu)

with x",y" fixed]. If the optical quality is poor, this will



differ from the desired distritution.

More serious than this, however, i1s the possibility that opti-
cal imperfections may destroy the interference altcgetler. This
will occur if the various points across the entrance to the spec-
trometer observe different source distributions. That is, a given
polnt source within the common source volume illuminates through
each of the beams A and B a finite length of the entrance to the
spectrometer. The two 1llumination patterns ¢A, XY w)
with r' fixed must vary in the same manner along the length of the
slit, or the polarization of their superposit./n will vary with
x". That is, the function T(x",y",r',wn) = % ,¢A||¢B| cosf uay
vary with x" becamuse of the (same) change ‘1. )¢Al and ]¢B|, but
must not vary in sign becsuse of the charges ir relative phase, 8.

To prevent such a loss of interference, the optical elements
before the spectrometer {optical system I) must be of good quality.
The two interfering beams go through different portions of the
lenses and the calcite and any lens aterrations or curvature in
the faces of the calcite will lead to a difference between ¢A and
¢B’ the two interfering illuminations.

This sort of difficulty would also result from a wedge in
the calcite rhomb., If the two faces are flat but not parsllel,
the beam cannot be normally incident at both faces. There will
be a refraction at one or both surfaces. This is not in itself
destructive of the interference. But because the indices of re-
fraection are unequal, the two beams will be refracted differently.

The resulting difference in direction can destroy the interference.
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The refraction is described by Snell's law, which involves the
phase velocities. These are approximately normal to both faces
of the rhomb {1inside the caleite as well as outside)., If there
1s a cmall wedge angle ¢ to the rhomb, each beam will be defected
by an angle 6 = (n - 1)@. This will cause a difference in direc-

tion

2= (ny - 18- (ny - 1) = (n, - n)¢
(1.658 - 1.549)¢ a'% ¢

Therefore, the exposed portions of the faces of the rhomb must be
parallel to within a few optical wavelengths. But they need not
be parasllel to within a fraction of one wavelength--because only
differences in deflection are important.

Similarly, a small amount of wedge in the first polarizer
(that before tha rhomd) would not be detrimental, so long &s the
diilerent beams were deflected equally.

The optical elements beyond the entrance slit to the spec-
trometer (optical system II) may be of lesser quality. All that
1s required is a measure of the intensities of polarization com-
ponents 1 and 2 of one portion of the optical spectrum. The
optical elements--such as the diffraction grating--must keep
these two components distinet, but precise equality iu path length
is no longer important. It is for this reason that the interfer-
ence 1s done before the spectrometer.

Finally, all of the optical elements must be of sufficient

quality to avold loss of light through partial reflection, absorp-
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tion, or scattering. Any decrease in light intensity will, of

course, degrade the final signal.
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D. Studies of the Plasms with Langmuir Probes

and with Conventional Spectroscopy

In preparation for the multiple-beam spectroscopic abserva-
tions, the plasma produced in the beam-plasma device was observed
with some standard diagnostic apperatus. The basic plasma peram-
ters were already known from other work done with this pltzsma.'Sl
(for a description of the beam-plasma device, see Sect. IV.a snd
Ref. 51.) The plasma electron density had been found to be a few
times 10% en™> and the electron temperature had been estimated
from spectroscopic observations to be greater than 4 eV, perhaps
as high as 20 eV. The ion temperature was less than a few tenths
of an ev.

To check the temperature measurement and to explore the possi-
bility of using a probe to launch waves in the plasma, several
Langmulr probes were made snd used to obtain standard probe char-
acteristics (current vs blas voltage). These curves had the
expected form, showing an ion saturation region, where the trace
was linear (with a non-zero slcpe) and en expontentisl increass in
cwrrent as the voltage became less negative. The indicated elec-
tron temperature was about 4 eV, somewhat lower than had been found
in the preceding work.S:L This is not surprising, since the earlier
spectroscopic data showed mainly the central region, within the
electrco beam, while our probe date were taken outside of the beam,
where the electron tempera-ure would certainly be lower. (Probes

could not be used within the beam, because & probe there would

quickly bave vaporized.)
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In & heliun plasme vith T, = 4 eV, jon wvaves should have a
velocity of 106 cm/sec. This is only an estimate, however, since
the plasma was strongly nonuniform, the electron temperature wvas
higher in the csnter, and the effect of neutral atoms {(and of doubly
charged ions) may not be negligible. To observe ion waves directly,
and to show that a probe could be used to launch such waves, a mir
of Iangmuir probes were inserted in the plasma. The probes were
both biased to draw ion current and vere placed a few centimeters
apart, with one directly downstream (i.e., on the same magnetic
field lines) from the other. The upstream probe was used as a
transmitter and the downstream probe was used as & receiver. A
serles of one microsecond pulses (of a few voiis, positive) were
imposed on the transmitter, and the resulting fluctuations im
receiver current were analyzed with a boxecar integrator. Figure
D-1 shows the results obtained at three receiver positions. Each
trace shows recelver current a1s & function of time--a 10 usec sweep
from left to right. Severul propagating wodes can be seen. There
is a fast wave (the initial negative pulse) with a velocity exceed-
ing 10'7 cm/sec, whick 1s protadly & potentiel fluctuaticn. There
is & slow wave, only visible in the first trace (but seen at greater
distances at later times in other traces not shown here) with a
velocity of a fevw times 10‘j em/sec, which probably involves the
neutral gas. Finally, there is a pulse with intermediate velocity
which is seen ir all three traces. This disturbance moves with a
velocity ~ 1.3 x lo6 cm/sec, acceptatly close to the expected ion

sound speed. (The velocity appears to increase slightly with probe
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Fig. D=-1. Langmuir probe observations of pulse propagation in
the plasma. Top left: probe spacing 1-1/4 in.; bottom
left: probe spacing 2-1/16 in.; right: probe spacing
2-7/8 in. (These are tracings of X-Y recorder plots of

the output of the boxear integrator.)
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spacing. Thie ie not surprising. The probes visibly perturbed
the plasma and the perturbation was smaller when they were farther
apart.) From these results it was concluded that our estimate of
the ion sound speed in this plasma was correct, that plasma density
disturbances would propegate at this spezd for several centimeters
along the magnetic field (without, in particular, being damped by
collisions with the neutral gas) asnd that & negatively biased
Langmuir probe could be used to launch such waves.

In order to select the spectral feature best suited for
multiple-beam observations, & complete emission spectrum of the
plasma was recorded, using & monochromator with autamatic scan
comnected to a chart recorder. Virtually all the expected neutral
helium lines were seen. The helium ion line at 4686 § was also
present. Most of the remaining lines were identified as due to
& few impurities (oxysen, hydrogen, carbon).

The strongest line was the 4471 £ neutrsl heliwn line. The
nearest line of any strength was one at 4437 R and even that wae
far less intense than the 4471 R line. Almost all the light within
& hundred-fngstrom band was found in the 4471 K line. This was very
convenlent, since in a multiple-beam spectrometer the monochromator
was to be used with a very large slit, giving poor spectral resolu-
tion, vhile the interference which was to be pfoduced required
1ight with a fairly marrow (~ 1 &) spectrum. By tuning to the
k471 £ line the required coherence length could be obtained withe
out precice spectral resolution.

To eatimate the intensities of various spectral componeunts,



-236-

a few photon counting measurements were also made, For this, the
plasma was observed through a 2 x 2 cm aperture 50 cm away. The
light was focused onto the entrance slit of a monochromator (25 p x
23 mw, imaged to 68 u x 8 mm within the plasma). Various spectral
features were selected and tke number of photocounts in 30 sec was
recorded. The 4688 £ helium ion line gave, after subtraction of
background, 11.7 million counts, or 3.9 x 105 cou.nts/sec. The

i1 £ neutral helium line was not counted directly (in this setup
it would have exceeded the counting speed of the egquimment), but
from integrated photocurrent measurements the 4686 £ 1ine was found
to be 0.8% as bright as the 4471 § line. Thus the latter would
bave given a counting rate of 4.6 x 107/sec.

As a check on these measurements, it was assumed that the
phototube was 10% efficient and that the 4471 R line contained 10%
of all the light emitted. Then an accounting of the total source
volume and total solid angle gives an estimate of a few milliwatts
of light emitted from the plasma. Judging by the apparent lumino-

sity, this 1s & reasonable value.
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E. Some Notes on the Definitions of Spectra

1. Direction-Dependent Spectra

In dlpcussions of optical problems, the direction of emission
or scattering of light is frequently defined (in r-space) as the
direction from a localized source to a distant observer. (See,
for example, Pef.16.a.) In the present discussion, the directions
of propagation of light waves have been defined (in k-space) in
terms of spatial Fourler transforws. The equivalence of the two
descriptions should be noted.

In the r-space formuletion, one considers a source, g(z,t),
which is non-zero only witﬁin a bounded region--say within a dis-
tance To of an origin of coordinates. The emitted radistion is

described by the usual retarded Green's function integral,

[ 1 ’r-r'l
E(r,t) = {897 —————— g lT', 4 - ———— . (E1)
=) -zl 74" ¢

oOne assumes that E(r,t) is observed at a distant point x{ Izl >> ro),

where |r - r'| may be expanded,
-zl = (lz® - 2o+l DM < 2l - Prt s e,

Keeping only leading terms in the magnitude, but including first

order corrections in the phase, the rediation field is then approxi-

mated,
B xl,t) = B(rt) m gy (@ gfzse - 3 (lel < F)] - (e2)

At large distances Igl, the Poynting vector is nearly parallel



-238-

to r and the energy flux (per unit solid angle) is simply
n c 2p 0 2
I(r,t) = s 'zl IE(r: Iz':t)l . (E3)

Except for retardation, this should be independent of |r].
The spectral density is then defined in terms of the temporal

Fourier transform of E(T, Isl,t),

A < 2( 2 2
I(r,w) = .81? Izl IE(I‘: '_I:I ,(D)' s (Eb4)

where

E(R |2l o) = fdt %8, |x],1). (r5)

(We first consider only cases where this integral exists.) To
compute the radiated energy, the intensity may be integrated in

time or in fi.guency, since, according to Parseval's theorem,

f 2 2
fat [eE 1x],0)12 = 2 1563, Izl o]
and hence

fdt I(F,t) =de I(F0), (E6)

vhen I(%,0) 15 normalized as in Eq. (EM).

Evaluating this spectryal density,

(1) = /dtj atr %" -'“”t'j f 3

. g[z',t -2 (el - 2p0) - gz - 3 Uzl - e

Substituting

. Izl
r.s' - —_—

c

a =t +

Qlr



-239-

r
a' =t +l;or" -!
¢ c
gives
~foxy’

c
I(T,) =8—§jda em[dz' e
g

[P eHeflerr f P M) g1 ). a(2m,a)

c ftuf' ;owr
= 5l — , olesi= = ,=w
=Rl E
e e )
TP le _(c,
where
A
1’£.r'.
e =

s (‘g] =jd3rJ]"dt e s(z',@)

is the Fourler transform of s(r',a). 5o, finally,
a
) = —p |8 (m—r ] 17 (=7)
&—fa e
independent of Izl [as anticipated in the notation, I(;‘\,Lu)]. Hence,
in the approximetion of a localized source and a distant observer
the definition in r-space of the spectral density of the light
emitted into a given direction ; reduces to & simple expression
invalving the Fourier transform of the distribution of sources.
In the present discussion, however, both the direction of
propagation and the spectral density of a light wave have been

described Ly spatial Fourier transforms. This is convenient
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because the transform of the field amplitude
A
E(k, |xl,¢) = E(x,t)
Ejd’r eiker E(r,t)

defines in one step both a direction ? and a wavelength 2rrl5[’l.
[Here , as above, such expressions are considered well defined.
If the simple Fourier integral does not converge, E(k, |l_:|,t)--
and E(r, lsl ;w) discussed above--must be defined either as ensemble
averages or &s instantaneous spectra, as discussed in Sect. 3
below. We consider first the simple case in which the usual
definition of a Fourier transform is suf!’icient.]

Using again the retarded Creen's function [Eq. (El)] to

compute the fleld amplitude,

T 1 lr - r'l

B(k, Ix],8) = [&r o72E ffﬂ3r' slre - ==
[z -zl c

. w 1 el

e |adpt o 1K r'de -ikep — st -—

el c

where

2 = E - I .
If the p dependence is described in polar coordinates
2.2
(a% - dlpllpl%a%p)

the integration over directions may be done at once [as in Fq.

(su)] leaving
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3. o-ikex!

. or % 1lxllgl _ -lxllgl
E(x, x| ,t) -m;a vt eI alg| . (e1EIIEI | -tiEliR
1 -

etlele(eer) _ -tlele(t-n)

2we t
- — ar s(k,T) [
k| 3

where TEL o momr

In the long time 1imit, which, of course, is also required in
Eq. (ES), ve have
2re 3

E(k,lkl,t) -~ — [e1'5'°‘_s(5,-lgle) - enHEletong ne)!  (e)

t » o1kl 4
To use & k-space formulation, the spectral density must ve ex-
pressed in terms of g(ﬁ,l!],t). Yet E(l?, l_lgl,t) is here seen to
involve two components of the source distribution, while I(?',a)),
the spectral density discussed above, was found to depend upon

only a single component of s. Clearly, the simple expression
A 2 2
x(ic, ) Yo |x|€IECK, k[, ¢)]

{8 not equivalent to the usual frequency spectrum. The reason
for the difference is evident in Eq. (ES): E(l?, lx|,t) contains
negative as well as positive optical frequency components. The
negative frequency components, which propagate in the -?: direction,

would not be observed with a detector on the +k side of the source.
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On the other hand, negative frequency components of §( -5), which
would be observed, have not been included.

This suggests the form,
1k, Ixl) = 1?1 k002 + 1500 kL0l @9

vhere by g("')(]?, I_JEI,t) [E(')(]?, lfl't)J is meant the positive (nega-

tive) frequency portion of E(k,t):

® o
Mk, t) sj g—‘-_r‘r’ g lut joa 1 gk, 1) (B10a)
Q0 -@
0 - ©
g(')(l_g,t) = | % oot j at' ™ 'g(k,t") (E101)
7 .
-0 -

Equation (E9) can be Iurther simplified, however, because the

. *
reality of E(r,t) implies that E(k,w)= E (-k,-w). Hence the two
terms in the above expression are identical and only one is needed.

This leaves
» 2
1k, Jxl) = [xIZE R, Ikl 012,
Finallv, according to Eg. (E8),

P L DI2 - WP e, Ik e))? (E11)
t-m

which is time independent. Comparing this result with that ob-

tained for I{r,w) [Eq. (E7)], the r- and k-space formulations are

seen to be equivelent provided that (1) the direcvtion Q is identi-

fied with the direction r, (2) the wavelength zﬂy'l is related

to the frequency w by the ususl, w = |k|e, (3) I(k,|k|) s cor-
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rectly normalized, and (4) only positive fraquenecy components of
g(l/(\, Ihl,t) are included.

The two expressions, lg(m?/c,u))le and |s(k, lyc)le, are still
not quite equivalent, since the former includes negative frecuency
components,. while the latter does not, but this is not an essential
difference, because g(-k,-w) = 3*(5,0.\). Indeed, since w appears
in both the wave v ‘tor and the frequency of s(uw¥r/c,w), the two
halves of the spectrum in Eq. (E7) simply correspond to the two
terms in Eq. (E9).

The normalization of I(]?, [l_gl) should be chosen to equate the
integrated spectrum to the total radieted energy [as in Eg. (E6)].

The proper value is

Ik, [x[) = Lim l 2IF(")(J? k), )12 (E12)
for then,
o w
[Tortar [Tl
-0 -0
«© ]
far
= Jf dw oz El = )|2
o
e o] e 2
-f el S5 1atw o)
o bt

1lim

= ” ' (E P ]
fo alxl pom-x [tﬂ o 1B (K], ]
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a0}
=j alxl 1(k, |x|)
[o]

as required. The normalization of the two intensities is most

transparent from a comparison .. differentials,

HFadn o3 = o 281111%R%) 802, Izl 00 |2 (m130)
1k, Ix) )alk| &%k - (2)/—‘\ ’—l—'l Ix|? % ‘ Lim
’ o e
(e ek, 1xl,)12 (E13b)

[Again, the factor of two in I(Q,IEI) reflects the fact that this
spectral density is non-zerec only for positive frequencies,
Ixfe > o.]

This definition is in accord with s1 dard practice. In
amalyses of optical problems, the light intensities and correla-
tion functions are often defined in terms of the positive frequency
portion of the radiation field.2® Iu an r-space formulation,
E(r,t) is real and §(+)(g_,t), which 18 called the associated ana-
lytie signal, is & complex valued quantity which completely de-
scribes the field E(I.’t)' The use of an anslytic signal is a
geperalization of the familiar device of replecing a coslne by
& complex exponential. If E(r,t) is nearly monochromatic, the
magnitude of the analytic signal IE("')(E,t)l 1s a slowly varying
quantity.

The magnitude of the positive frequancy portion of the spatial

Fourier transform IE(*) (1_(,t)| which was used above also contains no
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rapid oscillation. [See Eq. (E8). There elther term alone has
constant magnitude, but their sum does not.] This elimination of
the rapid optical frequency variation is convenient because it
permits one to define a slowly varying or constant light intensity
without resort to a time averaging procedure.

However, g_("')(_ls,t) wes introduced above for a different
reason: to define a direction of propagation of the wave. The
definition of an optical spectrum I(l:,l_lgl) in terms of the spatial
Fourier transfcrm of the field requires the use of only the posi-
tive frequency portion of E(k,t). If negative frequencies were
included, the results would not be equivalent to the frequency
spectrum I(,m) of the light emitted in the k = r direction. Yet
the quantiiy §(+)(l_t,t), vhich was seen to be needed for this, is
Jr.t the transform of the usual anslytic signal §(+)(£,t) since.

"at least for well behaved functions, +he two operations commute:
. @ .
[E(E,t)]("') =J‘ %‘,—r” e'm’t‘} at* em"’ &r e-iE'-l-'g(z,t')
(o] -00
. - 00 o
= ’dsr e'%’f] g—? o~ lut at’ ewt.g(z,t)

J -

[¢] -C0

=J,;i}r o-ikx §(+)(£,t)

Tt ehould be noted also that different definitions of the
amslytic signal are in use. Sove authors®® consider E(+)(5,t),
vhile othersh’aéﬁne an analytic signal equal to twice this

quantity [to eliminate the factor of two in Eq. (E1lh4) beldw]. A
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superscript r--for "real'--is sometimes used to identify the origi-
nal signal, but this is inappropriate when spatial Fourler trans-
forms are employed, since E(k,t) is not necessarily a real quantity.
Thioughout the present discussion, a superseript (+) is used to
identify the amalytic signal, as defined by Eg. (E10) [snd similarly
for other quantities, 5(+), g(+), §(+)(£,t), etc.]. Since E(r,t)

is real, Eq. (E10) implies that
E(r,t) = 2 Re £ (z,0). (E14)

In k-space, however, both E(k,t) and g‘”(g,t) are, in general,

complex valued functions. For such functions, Parseval's theorem

implies that
) ) . ®

f dtlg(g.t)|2=j atfe( )k, 012 +] atfE(H) (1,012,
-0 =00 =00

For a real valued function such as E(r,t), this reduces to

00 -
f dtlg(g.t)l:’=2j at|g™)(z, 012, (E15)

-0 =00
Using this relation, the time-averaged intemsity of polychromatic
as well as monochromatic light can be expressed in terms of the
sesociated analytic signal.

The analyesis of optical interference, however, requires an
expression for the rapidly varying amplitude, as well as the mean
intensity, of the interfering waves. Both the amplitude and the
inteneity of the light transmitted by a spectrometer may be ex-

preseed in terms of the Fourier transform of the input, as can be
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seen from an analysis of the actual effect of such an instrument.
A brief review of this discussion is included here.

In a grating spectrometer, the length of the path from the
entrance slit to the exit slit is different for light reflected
from different lines of the grating. Components of the light are
delayed by different amounts end the output of the instrument is
a superposition of many preceding inputs.

E(out.)(t) . y [;Tount of .I E(in)(t-delay)

- L — ght reflected | —

(lines of )

grating)

a0
=-[ dr f(t)g(in)(t - 1),
O(delay time)
£(1) is a real valued quantity which, according to Eq. (E1%) may
be expressed in terms of an associated analytic signal. Making

this replacement,

o
o)

t ©
=2 Rej a(t - -r)j g‘;” ei"’(t")e'i"’tf(m)t:““)(t - 1)
-m 0
.
~2 e[ S0 o Iwtep(in)) (£16)

t-m® 0
vhich just describes the effect of the spectrometer in terms of e

trensfer function f{w).
In the limit of perfect resolution, that is, of an infinite
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sinusoidal grating, f£(1) = cosw,T, flw) = 7 5(w - wo) + 5(w + cuo) R
and Eq. (E16) reduces to
=1n.t
E(out)(t) “« gee °© E(m)(“’o)'
t-+m
To calculate the mean intensity of this, only the magnitude |§(¢°o)|

15 needed, since, after time averaging,

R
I=5, IBee ° E)l® = & B>

To describe interference, however, the rapid oscillation of
the field must also be considered. It is again useful to express
the result both in terms of wave vector k and in terms of direction
’z: and frequency w. Consldering once more a localized source, a
distant observer, snd a temporal Fourier transform, g(?, lzl,m),

we have from Eq. (E16) mn expression for the amplitude,
- N
§(°ut)(t) « Re [lsle 1oty(r, l:l,w)] .

The factor of |r| permits normelization of the intensity to solid
angle as was done with I(%,w) in Eq. (EM).

The same amplitude can also be expressed in terms of the
spatial Fourier transform of the field and the two forms can be
related to the source density as was done with I(l?, [l_(l) and
I(;,w). In exactly the same manner as in that discussion, one
obtains the two equations

~ hl
Re |£|e'm’t§(§, |£|m)] I -~ Fe [ei(wlﬁl/c-mt)gf%‘.r,a,}i (E178)
rl ~o !
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re [ gy =BG el 0] - ne[ e
-o®

+ sk, IEIC)] . (EL7D)

Either of these forms can be used to describe the i'leld amplitude.
The normalization, if needed, can be obtained from the correspond-
ing expression for tbe spectrsl density, Eq. (El3a) or (E13b). If
the form of (El7b) is used, it should be noted that the order of
the operstions is important, since (+) and (Re) do not commute.

2. A Property of the Analytic Signal

Equation (E14) implies that
[re £(z,0)] ) = 2 EWz 0. (£18)

Equation (E14) applies only to real valued functions, E(r,t), but

the relation (E18) 1s in fact more generally valid. Because this

result lg used in Chapter II, a simple derivation is included here.
Consider & complex valued quantity, E(E,t). The positive

frequency portion, §(+)(l_q:,t), may be written
e ,0) = [re 2 0)] )+ 1 [ B, 0014, (E19)

Re E(k,t) and Im E(k,t) are both real valued quantities,and hence
a relation like (El4) must hold for elther term alone. This sug-
gests that even though E(k,t) is clearly not equal to the real
part of 2§(+)(_]£,t), the imaginary part of g(")(g,t) may still be
redundant.

Taking the real part,
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The positive frequency portion of this,

[o ] @
(+) (+) _ d ot [ , ettt aw "
Re E' "/ (k,t) -f 5 © Jr ALt e . dt
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1
yeHio' (£7-87):
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@ [+ @
aw -dot| &' f 1
= e ar
f -3 j o z
Q 0 -
) [E(E:w)ei(w-w' ) + E(EJ 'w)ei(M')T}:
where T = t' - t". The T integration gives

@ ©
f %” o lwt gri’ % [g(!,w)?’r&(w - ") + E(k,-w)2ms (e + w')] .
0 0

Since the w and w' integrations include only positive frequencies,

the second term contributes nothing [E(.]E"”) = 0at o= 0], and
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the first gives
o " E(k,o), @ > 0.
da' ) = J
j B ams(w - )E(l_t,m) 3
o] l 0, w < 0.
\

Using this, we have

s 2]
[re sw0] ) = | 3 e 0
0

50 (£20)

This result, identical in form to Eq. (£18), applies to complex
valued functions _E’(l_c,t), [1.e-, to eny well behaved complex valued
function of time. We heve assumed only that simple algebraic steps
are valid, the the integrals used exist, and that there is no con-
trivution from o = 0.]

The same result can be obtained by evaluating separately the
contributions of the two terms in Eq. (E19).

3. Time Dependent Spectre

The use of Fourler iransforms to describe a spectroscopic
measurepent is convenient for analysis, but such a deseription is
highly ideel'zed. Literally, *he memsurement of any wave vector
component, E(k,t), of a field, E(r,t), requires observation of
E(E,t) at every point in space. A description in terms of fre-
quancy componsnts requires knowledge of the field throughout all
time. A long time limit is also needed in the k-epace amalysis
[eres Bae (1.7) or . (11.15)] .

The output of & real spectrometer is not a single ppectral
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amplitude; it is a time-varying signal which depends upon the past,
but not the future input to the instrument. This situation is not
unique to optics. Any actual spectral measurement is related only
in 8 long time 1limit to & simple Fourder transform. To improve
upon this description, other mathematical techniques have been
developed (primarily for studies of electrical signals in commu-
nication systems) which better represent the effect of a spectrometer.

Most simply, the usual Fourier transform f(w) of a signal f(t)
is sometimes replaced by an integral over past, but not future
times. 'The result is a time dependent quantity which is called a
running spectrum:

t
2w t) aj ate o1 p(ery). (E21)
-®

This definition can be further modified to reduce or elimt-
nate the effect of events in the distant past. By integrating over
only a finite interval or by including an appropriate weighting
factor in the integrand, one obtains a time localized expression

which is called an instantaneous spectrum.6° An instanteneous

spectrum not only better represents the effect of s real spectral
instrument, it has the added advantage of being well defined for
many functions whose Fourier transform does not exist at all.

The analyses in this report have all been done with reference
only to a silmple Fourier transform, but much the same discussion
could be done in terms of time-dependent spectra. Indeed, expres-

esione for running spectra and for instantaneous spectra emerge in
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a simple and straightforward way from calculations done in Chap-
ters T and II. For this reason it seems appropriate at least to
mention hov these concepts could be introduced in this discussion.

Expressions of the form of Eq. (E21) appeared both in the
analysis of scattering in Chapter I [see Eqs. (I.7) and (B7), from
which it canes] and in the analysis of a two-beam spectrometer in
Chapter II [see Eq. (II.15) and the discussion after Eq. (Bll)].
In each case a long time limit was invoked to change the result
into a standard Fourier integral. But one could instead consider
the expression as a running spectrum. So one need not introduce
this concept--it is already present in the calculations as they
stand.

Both of the same calculations started with a spatial Fourier
treansform, which involves an integral of the field over all space.
Since this represents the effect of the diffraction grating in the
spectrometer, it would be more realistic to replace the Fourier
{integrel by one over a finite volume comparable to the dimensions
of the grating. If this were done, the final expressions just
discussed [Eq. (B7), etc.] would have a finite lower limit too.
(The integrals over thes retarded times came from integrals over
lel = |Ir - ', which caweoriginally from the spatial Fourier
transforme.) Thus a more realistic model of the spectrometer would
give at once an instantanecus spectrum as the output.

In Chapters I and II, the time dependence of the measured
spectra, Il'a(w;t), and of the corresponding sources A(m;l-',t)
vas reintroduced after the Fourier transformation, essentially be

treating the tvo time scales separately. If instantaneous spectra
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vere explicitly employed, this separation of time scules would not
be necessary. The difficulty with such an approach is, of course,
that it would not permit use of the standard theory of Fourier
transfornation. In particular, the light intensity, which was
defined by integration over the complete time axis would then have
to be restated locally. (Recall that the intensity was written in
terms of an analytic signal, vhich was in turn defined in terms of
the whole Fourier transformatior-) Also, the treatment of the
total intensity as just an integral over IE! component s [1n Egs.
(11.8) and a.f"ber] would have to be rewritten for a local definition
of intensity. Thus a conversion to an instantaneous spectral for-
miation would require a new definition of intensity, and protebly
also of anmalytic signals.

Finally, it should be noted also that the concept of & time-
dependent spectrum is closely related to the coicept of a time-
dependent correlation function. (Here "time" means the instant
of observation, not the length of a delay.) Both a scattering
experiment and a simple two-beam spactroscopic apparatus would
give a measurement of one Fourier component ot the fluctuations
in the source or electron deneity within a plasma. According to
the Wiener Khintchine theommlg [see Eq. (I.llt)}, this gives infor-
mation about the two-point correlation function of the source or
electron dietribution. This correlation function is customarily
defined in terms of a stationary ensemble of systems. But any
real observation is made on a single system, and most experiments

involve pulsed plasmas which are far from stationary. These
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differences are Just as basic as~-and, in fact, related to--the
difference between & Four'er transform and a measured opectrum.

It is possible, however, to defi.e a correlation function which
does not assume a stationary situation. The correlation function,
like the spectrum, can also be defined in terms of a tise-local-
ized expression. Several authcrssl have used definitions of this
sort to generulize the Wiener-Khintchine theorem--obtaining a rela-
tion between this type of correlation function and a corresponding
instantaneous power spectrum. Thus a more realistic treatment of
the correlation function leads again to the idea of a time-depenc-
ent spectrum. Conversely, & description of the radiation from a
plasma in terms of instantaneous spectra~-a description which
emerges naturally from a more realistic model of the optical
devices used--would lead to a description of the plasma in terms

of time-localized expressions for the correlations between particles.
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F. Notation

The Fourier transform ic used repeatedly in this discussion.
For any function, such as g(;,t), the spatial rourier trancform
is denoted by &(k,t), vhile &(r,w) denotes the temporal Fourier
transform. [For the definition used, see Eq. (1.8).] For any
function of time, such es £(x,t) or E(r,t), a superseript (+) is
used to denote the positive frequency (or amalytic signal) portion,
g(+)(}_‘,t), §(+)(£,t), etc. [This 15 defined by Eq. (El0a) in
Appendix B.}

A wave amplitude which is linear in the source may be divided
into separate contributions from the different source points.
This 18 occasionally indicated by a second spatial variable, as
in ¢(z,t;r') vhich means the contribution to g(r,t) from sources
near the point r'.

A vector quantity is denoted by an underscore, as r, its mag-
nitude by the addition of an absolute value sign, as IE': and its
direction by the same symbol with circumflex, as ; Thus r = Izlxl},
E= IEIE, ete.

Strictly speaking temporal Fourier transformed quantities
are functions of frequency and do not depend on time. But in prac-
tice, measured spectra are time varying, a fact which cannot always
be ignored. In our notation, a time dependence is explicitly indi-
ceted in such quantitie: as d'(ru;z',t) in those equations where it
is important. (The mathematical basis of this procedure is dis-

cugsed in Appendix E.3.)
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The principal symbols used in the discussion are:

a

a(r't)

(e

1]

>

angular spread of a beam (in Sect. I.B)
amplitude of a nearly monochromatic source
[see EqQ. (II-36)]

accele.atipn

acceleration of a particle at time t' (in
Sect. I.C)

magnetic vector potential

apparent angular size of a focus (in Sect. I.B)
magnetic field strength

speed of light

(used in Sect. II.%.3) various time delasys
in pultiple~beam spectrometers

electron density time correlation function
laterel displacement of the extraordinmary ray
in a calecite rhomb

a difference in optical path of one wave-
length (in Pig. I-4Db)

the length of & calcite rhomb

electronic charge

unit vectors of a Carteslan coordinate system
electric field strength

electric field of an incident light wave (in
a scattering experiment)

amplitude of an incident light wave, Ei

= (3.; - ksks)go, the component of E, normal to k.
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elestric field of a scattered wave

=8

1’1,1’2 focal lengths of the input and output lenses
ofe multiple-beam spectrometer (see Fig. II-6)

() the (complex valued) transfer function of a
spectrometer or spectral filter

Fy') a function vhich defines the region observed
by a multiple-beam spectrometer [see Eq. (11.28)1'2

gA,gE Green's functions which describe the central
section of & multiple-beam spectrometer [ see
Eq. (n.zl)}

I the unit tensor of the second rank

I(ﬁ,l_lgl) the spectral density of a light wave defined
in terms of spetial Fourier transforms

{3 ,0) the spectral density of light emitted in
direction T [see Eq. (Eh)}

IO the intenmity of an incident light wave

Il(t), Iz(t) the two light intensities which are measured
in a multiple-beam spectrometer

P electric current density

EA » _l_(_B wave vectors of light in beams A and B

! 1 wave vector of an incident light wave

Eg vave vector of en observed scattered wave

Ea a difference wave vector (= l_(s - l_(i or
kp - k)

L the length of a collimator

» mase of a particle
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index of refraction

the number of pairs of beams in a multiple-
beam spectrometer (1.e., the number of slits
in the mask which defines the beams)

a unit veetor = (r - :')/(l: - E'l)

muber of photocounts (in Sect. III.C)
electron density

mean electron density

density of light sources (in Sect. II.C)

noise level in a spectrum of the output of a
multiple-beam spectrometer

e camplex-valued source strength (in Appendix C)
the photozount rate due to signal light

the photocount probability distribution assoei-
ated with the signsl Y(t); six;lilarly for
Py,(n), ete. (in Sect. XIT.C)

the mean photocount rate due to background
light received by each of the photomultiplier
tubes 1 and 2 (in Sect. III.C)

position vectnr

position of a particle at time t'

polnts of observation of the selected k com-
ponents of &, und gy [see Eq. (II.5)}

points in a multiple-beam spectroscopic system
(see Fig. II-6)

the position of ome of a set of point souw.ces

(in Chapter V)
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points immediately behind a caleite rhomb
(in Sect. II.B.3)

points immediately behind 2 collimator (in
Sect. IT.B.3)

a scalar wave gource [frm Eq. (IJ)}

the signal level in a spectrum of the output
of & multiple-beam gpectrometer (in Sect.
ITI.C)

dynamic form factor in scattering (Sect. I.C)
the spectrum of the light emitted by sources
near r' i:see Eq. (II.le)}

time

retarded iime

the total time of an observation (Sect.ITI.C)
the transmission function of a multiple-beam
spectrometer [see Eq.(II-é‘h)~S

the velocity of a moving frame of referenco
(in Sect. V.A)

tha velocity of a moving source (in Sect. V.A)

distance from a focus (in Sect. I.B)
components of r', E(in)’ ete.

- (m/c)[x'/fl + x"/t‘2 ] a quantity used in

Sect. II.B.3

camponents of 5', S(in)’ ete.
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the output signal from a wultiple-beam
spectrometer

the result of frequency mixing and then time
averaging the signal Y(t) (in Sect. III.C)
the positive and negative portions of Y'(t)
(in sect. III.C)

- (w/e)y' /ey + 3/t
components of r', z(in), ete.

= [Y'(t)]2 (in Sect. ITI.C)
scattering paremeter = 1/(II;AIAD)
the angle at which two cbserved beams inter-
sect at a source

the angle subtended at the source by a
single ohserved beam

the mitual coherence between the |klc fre-
quency components of the light in beams A
and B [ see Eq. (11.12),

the contribution to PBA(" Ikl) from sources
near r'; this is only meaningful for an in-
coherent source

e complex correlation function [aee EqQ. (II.}'&)I
the mutual coherence between beams A and B
observed after beam B is Doppler shifted in
frequency luo Eq. (v.b)j

& mutual ccherence between light of different

wavelengths [uc Eq. (v.7u)]
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focal spot size (in Sect. I.B)

a small displacement of & source within a
common source volume {in Sect. II.A.1)

the small solid angle subtended at the source
by an observed beam

the distance between adjacent beam-defining
slits in a multiple-beam spectrometer

the width of a spectrometer instrument function
a spectrometer bandwidth, or the width of an
observed spectral line, whichever 1s narrower
the angle at which two interfering beams
intersect at a screen

the difference in phase batween the transfer
functions ¢A and ¢B

plasme Debye lergth

scalar wave amplitude [from 2a. ( I.})]

the amplitude of the light accepted by a
nultiple-beam spectrometer

amplitudes of the iight in beams A and B, or
of the A and B polarization camponents of the
light

the light in beam B observed from a moving
framy of reference [see Eq.(".'.jb)]

charge deneity

differential Thompson scattering cross section
the inverse tandwidth of the spectrum analyzer

used to obtain a signal spectrum (in Sect.III.C)
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=1 0yt 8 time interval characteristic of the
EA component of a light source distribution
time required for beams A and B to travel
through the calecite rhomb

electromagnetic scalar tential

angle subtended at a screen by ome of & pair
of interfering beams

= -'E'.B'EB - l{A-_A, a phase factor in the meas-
ured mutual coherence

the prhase of a nearly monochromatic source
[see Eq. (II-36)}

the two complex-valued transfer functions of
a multiple beam spectrometer

the phase o‘ ~m» of a set of point sources
(in Chapter V)

optical path lengths added by the inpmt and
output lenses of a miltiple-beam spectrometer
constant contributions to ¢1 and ¢2

a wean path length for rays in a multiple~
‘beam spectrometer [aee Eq. (II.}O)]

angular frequency

a characteristic frequency of the k component
o” a light source distribution

& frequency of a nearly monochromatic source
[aee Eq. (II.56)]

the frequencies of light in beams A and B (in
Chapter V)
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frequency of incident light

the frequency of one of & set of point sources
(in Chapter V)

frequency of scattered light

a difference frequency (= W, - @ or wy - wA)
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Appendix C

56.

5T.

58.

This is equivalent to a requirement that the first slit be
smaller tkan the maximum of a single slit diffraction pattern
of the second slit. That is, the path length from any point
across the width of one to any point across the -width of the
other must vary by less than half a wavel:ngth.

Indeed, it is this which defines the beams: If the source is
outside a beam, then the resulting distribution of phase
across the first slit will be such as to destructively inter-
fere at the second slit; the light which passes through the
first slit is going in another direction. The first slit is
many wavelengths wide. The light retains "memory" of direc-
tion to an accuracy slightly less than needed to distinguish
the small angle subtended by the second slit. This is, of
course, just the connection between geometrical optics
("veams A and B") and the physical optics which determines
the forms of the interference fringes and the associated
polarizatic. patterns.

In using such & system, the optics would have to be rather
carefully aligned, so that all of the light transmitted by
the collimator would then enter the spectrometer. One night
even want to remove the spectrometer entrance slit, and just
let the second lens focus the collimated light into an image
of 8 slit at the samc place.

One solution is to uee a series of two rhombs, the second

rotated 900 w.th respect to the first about the axis of the
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system. Then each polarization is extraordinary in one rhomb
or the other and the differences in optical path length
introduced will cancel, but the 1e:teral displacements, which
are perpendicular, will not. This combination of elements is
called a Savart plate, or "polariscope". (See Ref. 39.)
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