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. THERMODYNAMICS OF IRREVERSIBLE PROCESSES: -
THE EXPERIMENTAL VERIFICATION OF THE ONSAGER RECIPROCAL RELATIONS®
Donald G. Miller

Lavrence. Radiation laboratory, University of California
Livermore, Cslifornia '

July 30,' 1959

I. Introduction = . ‘ . . ‘ !

. In the last ‘twenty years a thermodynamic theory of irreversible
processes (TIP) has been vigorously developed . which, unlike its classical
forebear, has been able to treat irreversible phenomena in s detailed way

 The- present macroscopic form of the theory (32, 45, 46, 61, 63, 65, -
‘112, 113, 114, 125, 126, 130, 132) wes suggested primarily by the

statistical mechanical investigations of Omsager (125, 126). However
the necessary cqnéepts; such as entropy production,‘linear laws, and
symmetry of coefficients, are based wholly on expériment,'and some were -
known long ago. For éxample in the case of heét conduction in solids,
the entropy production was known at least as early as 1887 (8), the
linear lavs as early as 1811 (55, 56), and the symmetry of coefficients
was suggested 4n 1851 (148) and firet shown experimentally in 1893 (143,
lhh) If these notions had been_generalized_and applied to other
phencmena, the theory might well have appeared outright in macroscopic
form. By historical accident the 1nte:rélaiion of these notions was not
recognized until statistical mechanics showed the waY . _Ip this reﬁiew
we. shall consider only the macroscopic. theory, leaving aside.all
gtatistical considerations. - '

1This work ves performed under the auspicea of the U. 8. Atomic
Energy Commission. '
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The TIP has been very successful 1n‘tfeat1gg many sorts of -
irreversible phencmena.. In some cases, like thermoelectricity and
electrical transferenpé in solutions, equations originally derived by
edmittedly incorrect means have been put on a ratioﬁal basis. Never-
theless despite the théory's success, there were some (5, 6) vho
felt that it was not adequately verified by experiment. Most of the

. 8 bee
controversy / concerned with the validity of the most important

consequence of the formalism, the Onsager Reciprocal Relations. The
purpose of this review is to collect the presently available experimental

' date for a variety ‘of quite different irreversible phenomena and to show

that this evidence does indeed verify the Onsagar Reciprocal Relatione.
Some of the data have been in the literature for years, -and part of it

was originally obtained to verify less genera; or incorrect theories.
. Thermoelectricity, electrokinetics, transference in electrolytic sqlutions,

1sothermal.d1ffusion, heat-conduction in ‘anisotropic solids, and thermo-
gavanomagnetic effects will be the irreversible ‘phenomena considered in
detall. Chemical reactions and the thermomechanical effects will be

discussed briefly

- 1I. Thermodynamical Preliminaries

To facilitate the thermodynamic description of the various
1rreveraible phenomena to be considered we shall discuss briefly the

-assumptions and the general formalism of the TIP. 7This material has

been covered more comprehensively in a previous article (llS, cf. 31, 68).

A. Assumptions

. 1. Classical Thermodynamics

All the concepts of classical thermodynamics ‘are assumed.
2. Division into Subsystems

It is assumed that systems undergoing irreversible processes
can be divided up into infinitesimal subsystems in which
the usual thermodynamical variables such as T, P,.V, E,
8, etc., bave meaning. For example, a heat conducting
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- rod can be divided ﬁp into a large number of thin slices,
each of which has a definite temperature. Such an

D) . - assumption is valid'fbf'most'prbcesses but would feil in
turbulent systems. .

3." ‘Local Equilibrium

It is assumed that each subsystem can be considered as
if it were in local equilibrium, despite the gradients
of the thermodynaMic variables which give rise to-the»
birreversibility. This asspmbtion permits ﬁs to apply all
the resﬁlts-of classical thermodynamics to a given subsystem.
It will be valid if perturbations from equilibrium are

not too large.'

B. Sketch of the Formalism
1l. . The Entropy Production .
By means of the above'assumptions, the entropy productidn
can be calculated. Thié notion is based on the Clausius

inequality
as >25Tﬂ R (irrev) | (1)

& theorem of classical thermodynamics (33&). S is the
entropy, q is the héat transpofted across & boundary of

the system, T is the temperature of the surroundings at

the boﬁndary, 4§ refers to an inexact differential, and fhe
summation is applied if there are boundaries of the system
at different temperatures. Expfession 1 can be turned into
an equality (the entropy equafion) in this manner (63s,
130, 132) ' '

ds;Z%’Q + as . . S (2)

where dS, . 1is called the "entfopy created internally"

y _' dufing the irreversible process, and by equation 1 is

(S8l

)

G
)
)
=3
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alhays'positive. By means of assumptions,é and 3, these
equations may be applied to any subsystem. The "entropy

_ production” ¢ is now defined to be the rate of change of
T per unit volume, i.e.,

Synt . ‘
o B

Q
<fp

where t 1s the time and V is the volume. In any particular
case, dsint is calculated from the defining equation 2 as
follows: The quantity 43 is computed for a particular
subsystem in the usﬁal way by integrating Jq/T along
some reveréible path between the initial and final states
associated with some time interval. Assumption 3 is used
_in this part of the calculstion. Next the quentities

dg/T at each boundary of the subsystem for the actual
irreversible process are calculated and summed. It is |
often convenient to compute 9q by a separate calculation
of dE + dw, where E is the energy and v is the irreversible
work done by the syatem. Substitution into equation 2
gives d5, .. Same simple examplea are given in (116).

The quantity TU is known as the "dissipation and
was known to Bertrand (8) in 1887 for the case of heat
conduction. Other early workers who calculated ¢ or To
were Rayleigh (135), Natanson (121), Duhem (39), Jaumann
(87, 88), and Lohr (95, 97). More recent calculations are
summarized in DeGroot's book (63), and many references are
given theré and in (32).

when Ta is calculated for any system, 1t ie alvays
found to be of the form

oeyaxo )

or its vector or tensor analogues. The Ji‘are flows of

NS | LA
PEAUES \‘-., e t}
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matter, heat, or electricity, and the X, are generalized
forces such as gradients of chemical potential, temperature,
or electrical potentia.l. Take for example, a fluid of k
constituents (some of which may be charged) which is
situated in a gravitational field and in which gradients

of concentration and temperatwre exist. To can be

written in 1 dimansionaliférm for a given subsystem as (117)

T”(-Aat) - +8] 2(" [‘%@*%-‘é

Here A denotes the cross section, x the length, Dy the
_ number of moles of k, Mk the x_nole,cul_ar weight, e ;he
electrical charge in.Feradays, , the chemical potential |
(the partial molal free energy f‘k), g the acceleration
due to gravity, and ¢ the electrical potential. The
' parentheees are the flows J of heat and ma.tter per unit
cross section, and the square brackets are the generalized
forces X. More familiar cases will be considered shortly.
It should be.remaxked again that this sort of calculation
depends on assumpticns 2 and 3 and would not be possible
in systems with turbulence. -
2. The Iinear laws
' It vas noticed experimentally long ago t.hat in simple
cases the forces and flows of To are linearly related to
each other. Thus, for example,
a. Pure electrical conduction

To = IE « o (6a)
I= (1/R)E Ohm's Law (12k) =~ (68)
" b. Pure heat conduction ' '

-3 - F + ) (7A)
3y = -(k/T}E - Pourter's law (55, 56) ~ (TB)
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vhere I 1s the current, £ is the Emf, R is the resistance,
Jq is the flow of heat, endKfis the heat conductivity
coefficient. Note that equation 6A, the Joule heat, is

- already familiar as & dissipation energy. .

In general if there is more than cne sl.rr‘evereible‘
process océurring, it is found experimentally that each
flow J, 1s uot only lnearly related to its conjugate
force X, but is also _linearly related to all otber forces
‘found in the expression for To. If the general linear
coefﬁcient is denoted by Li J’ the general form for J
is

i
I, =.2: Luxd- . - (t?)

For-example, in themoelectricity, the flow of current
is caused by the temperature gradient as well as the usual
electric potential gradient. The connection is clear from
a microscopic viewpoint, becauge heat is conducted through
metals in part by the transfer of energy from the hotter,
.. higher energy electrons to the cooler, -~ .,
lower energy ones. ' ' '
3.  The Onsager Reciprocal Relatiom
.So far, no ideas have been presented above vhich were not
used extensively before 1900. We now come to the only
aignificant addition of thia century to the theory of
irreversible thermodynamics (63; 125, 126): Provided the '
J, and X, are chosen from the expression for Tg and are
independent, the phenomenological coefficients -Iii 3 of the
linear laws satisfy the symuetry rela.tion'

Lyg =1y | - S (9)
for all i and j. In the presence of magnetic fields,

- equation 9 takes the form

I ' o
Led3 0 210



- 11 - o UCRL~5644-T

LB = LB )

vhere B is the'magnetic;induction.

_ As ﬁoted‘before, this kind of relation was found

" for heat conduction in anisotropic eolids. However the
first general statement of this principle was given by
Onsager (125, 126) in ‘1931, as & consequence of a
statistical mechanical argumcnt.‘ It is known.és Onsager's
Principle, and equation 9 states the Onsager Reciprocal
Relations. The power of this simple relation will be °
"seen in the following sections. ' :

‘In any theory, certain axioms or principlea are

assumed. In a purely macroscopic theory, the validity

- of the axioms and their consequences can be compared

~ directly with experiment. In thie way the validity of
classical thermodynam;cé WEs'ehcwp long ago. Bimilarly,
Onsager's Principle can be tckén'ascan axiom supplementary
to classical thermodynamics, and its experimental validity
investigated. - This is a worthwhile task, even in view of
the existing statistical mechanical derivations, because

- the conceptual foundations of equilibrium statistical
mechanics alone are the subject of considerable controversy.
Even more specialized and controversial hypotheses are
required for the derivation of eqﬁation 9.

' - The experimental evidence for the validity of
'Onsager 8 Reciprocal Relations (ORR) in a wide variety
of different irreversible processes will now be exhibited.

IIT. Thermoelectricity

A, Definitiona and Description of the- Effecta.

Consider & thermocouple consisting of two metals A and B vhose
Junctions in electrical contact are at T and T + dT, as shown in
‘Fig. 1 (63b,‘73). As a result of the temperature difference, heat

e
o]
Ca
b]
Y
fesch
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" and electricity will flow and potential and thermal gradients will
be set up. There are a number of thermoelectric effects depending

| on the complexity and degree of aniaotroyy of the syetem We a.ssume

that the above system is 1Botrop1c and consider here only the -

Seebeck and Peltier effects.

In the Seebeck effect an Enf £ 1s measured between the two
Junctions P-and Q when no current is pemitted to flow. Thus £ is
meagured with 8 potentiometer, whose Emf terminals at x, and xO are
'e.t the same temperature 'I‘ to avoid thermoelectric ans 4inside the
measuring system. This % can -clearly be written

: b4 : - _

o2 ’ . i
= - cdi

6 = - x/ @ = | (1)
. .

where ¢ is the electrical potential. .Its derivative

%=%%=% : - : @

is calléd the thermoelectric pover..

In the Peltier effect, the two Junctions are kept at the same
‘temperature, but a current is passed through the wires. A quantity
of heat J_ will be absorbed at one junction and a quantity .J(i at
the other. This quantity of heat is found experimentally to be
proportional to the electrica.l cu.rrent I, hence the Peltier heat n
.13 defined as

u='.(Jq/i)dT=0 T a3)

B, . Derivation of Kelvin's Relation .

' The above gystem is easily ana.lyzed by the' TIP in a very direct
wvay a8 follows. It can be shown quite easlly (63b) that for the

thermocouple as & whole,

M
Cad
D
Lvb
&9

QI"
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1o = J(--l-i?)+1(--é) ‘ .. - - (1)

. .Hence the linear relations are

R T RENE # (15)
I=1L (-l dT) +L 22(" %é) i | (16?.

The conditions of the Seébeck experiment'are I= 0, and thus by 16

%%=-?<§%) nza‘ - ar)

. From the ‘definition of the. Peltier heat and equations 15 and l6
" one readixy obtains .

Thus we have -
1.12/1.al = = 1\3—% ' l‘ | R o Q19)

Acccr@ing to equation 9 Lyp “~;§15 whence
' dﬁ o I . o
Conversely, if 1 = Tﬁﬁ/dT, the ORR will be verified. Equation 20
‘18 a well-known expression of thermoelectricity, derived by Kelvin
1n 1854 (152) by .an admlttedly unJusfifiabIe argumsnt. Until the
TIP, many imaginative but incorrect attempts vere made to Justify

it (16a, 47, 48, 153).

More elaborate derivations of Kelvin's relation consider the
) systen- to have twp components, a fixed metal and mofing electrons :
- (21, 36, 37, 122a). 8uch derivations are helpful in wnderstanding
'the Thomson heat as well as being valushlé in. showing the clarification

N a0
* k} 659 (¥4 i (¥
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which can result from & wholly mécroscOpiclfreatment;"The aiguments
have been extended to anisotropic media by Domenicali (36, 37), whose
' papers along with Nye 8 book (1223) are especially recommended.

It can also be shown by means of the TIP that an electrolytic
cell vhose electrodes are identical except for being at different
temperatures and whose Bolutlon is of uniform ccmpositian behaves
in the same way as a metallic thermocouple and will, if the ORR
are valid, also .obey ‘equation 20 (2,. 78, 120).

C. Experimental Evidence for the QRR

Not every experimentsl meaaurement is suitable for comparison,

" because it is well known that minor impurities have an enormous

effect on the thermoelectric propertiéé of metals. Ccnseqﬁently

a test of the validity of the ORR for metals will be significant

only if d€/dT and n are determined on the same specimen. -Owing

to the difficulty of directly determining =, not many such messure-
ments exist. In table 1 are the values of x/T and df/dT measured

- on the same specimen for a number of metallic thermocéuplea.‘

Table 2 contains the limited data obtained after 1900 for electrolytic
thermocouples.

Tha ratio le/L21 1s remarkably close to unity in all but a
A.tew cases, lesving no doubt that the ORR are verified within the
" . error of the: EXyeliMEntB
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 Table 1

Test of thé _Kelvin ‘Rel'ation for Metallic Thermocouples

’ ' : _ SR Lo
Couple , °c. z ié : Tde/dT 1L Reference
« | T ar . 21
‘Cu-Ag | 0 - 1.8 - 21 . .86 - (82)
Cu-Ag‘ _ - 18 1 .2 5 ' (27)
Cu-Al . 15.8 2.4 3.1 .77 (27)
Cu-Ni — 0 ~ 18.6 - 20.0 .930 ‘ (82)
Cu-Ni : 1k S 20.2 . 20.7 976 (7)
U Cu-Ni ' 22 - 20.5 22.3 919 . (21).
Cu-Pt B 0 3.66, 3.67.  .997 (10)
Cu-Fe = . o 0 -10.16 -10.15- 1.000 (10)
. Cu-Fe - ' 19 - 9.9  -12.9 a7 (60) -
Cu-Fe 0 - 13.22 - - 13.24 . .998 (4)
Cu-Germsn Silver 0 . 25.25 25.22 1.001 (10)
Cu-Nickeline 0 . 18.90 - 18.88 1.001 (10)
Cu-(70% Sn, 30% Pt) o 230 - 2.3 .99 (10)
Cu-(70% Pd, 30% Pt) - 0 1.06 . 1.01 -  1.05 (10)
Cu-Bg . 13.9 T 619 61.9° -~ 1.00  (150)
. Cu-Hg 0 s6.2 3.6 73.5 100  (150)
Cu-BE - - - T1.T  79.0 79.4.  .995- . - (150)
Cu-Hg - . 99.7 8k.9 . - 85.k4 .99k (150)
Cu-Hg - . 1322 . 92.8 946 - ©  .980 (150)
 Cu-Hg : . 1844 107.6 . 108.0  .996 (150)
Cu-Bi, } 20 - M7 -k 1.00 (22)
Cu-Bi,, ' 20 -7 -66 . 1.08 (12)
Cu-(BL 45° from hexsg. ) e
“axis) . 20 - 82 .- 81 - l.0x- . - (12)
Cu-Bi | .20 -65.9 -67.2 .98 (28)
Cu-Bi (3.75% Sm) 20 37.0 35.4 1.0k (28)
Cu-Bi (6.36% Sn) - 20 ©39.8 k2.7 . .93 - (28)
Cu-Bi (9.93% sn) - 20 35.6 8.0 .94 (28)
303 °15
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- Table 1 {continued)

Test of the Kelvin Relation for Matqllic Thermocouples

o o 5 4 x D2
Couple c. . T - dT "I‘df]d'l' _ LZ,J. Reference
Cu-Constantan 15 3.3 33-7 - 989 (7)
Cu-Constantan - 20 37.7 9 1.03 - (159)
Cu-Constantan 30 k0.5 4.8 1.03 (259)
Cu-Constantan 4o k3.2 k.6 1.03  (1%9)

. Fe-N1 - 16 33.1 - .2 1.06 . (7)

" Fe-Hg o 18.4 16.72 16.66 1.006 - . (128)
Fe-Hg -+ 56,5 16.17 16.1k - 1.002 . (128)
Fe-Hg o 99.6 15.57  15.k2 1.000  (128)
Fe-Hg = . 1316 1.8 .81 . 1.005- - -(128)
Fe-Hg - 182.3° 13.88 13.7+ - 1.011 (128)
Fe-AL 0 11.0 "11.5 S .956 (%)
Fe-German Silver 0 19.97  -20.0 998 (&)
Cd-Ni -~ = | 17 L 22,1 22.6 .. 978 (7)
Cd-Pb o [¢ 3.03  3.02  1.00 (%)
Zn-N1 17 - 22.1 28.0 1.00 - (1)
Zn-8n 0 2.65 . 2.56 1.0 (4)
Zn-B1 - 0 25.b . 25.1 1,01 C(4)
Bi,-Big, o2 46.0 48.3 95 (50)
Biks-Bigc 21 33.0 - 277 145 (50) -
B1-Fb : )

- 17.5 - 17.2" T 1,020 (%)

All values are in microvolts/degree.
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Table 2

UCRL~5644-T

Test of the Kelvin Relation fqr'Electroljtic Thermocouples.

Electrolyte™
. Concentration - ‘ . b
Couple Moles/j c n Reference . z}TA£/AT Reference  z3Tdg/dT
Cu-Cuso, 2 25 - 10.8 (17),' g 10.9 . (19) .99
| Cuso,, 1 ~25 8.9 (14) ' 8.9 . (14) | 1.06
oue (5% | | o
LEs0, - 4f01' |
Hg,Cl, sat. ' 25 7.1 - (9%) - 8.2 " (92) .87
He- gxm 1 |
Ag-AgliO, -01 25 - - 4.65 (93) - LA (93) 1.03
" 1 25 - 2.93 (93) - 2.89 (93) 1.02
" .316 25 - 2.30 (93) - 2.13 (93) 1.08
" 1.0 25 - 1.82 - . (93). 1.32

n and 2z}TdE/4T are in units of kcal/mole

- (93)

1.38

er
£
C2
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mectrokinetice 4

A.‘ -Definitions and Description of the Effecta

We now look into some of the variaus electrokinetic quantities

(59, 101«5) Consider a 'fluid system which msy have several components

(some of which may be charged), and suppose this eystem is divided
into two reservoirs sépé.rated by a porous diaph:a.gn;’ The diaphragm
may be a single capillary, e porous frit, or even pressed fibers

such aa compressed glags wool. Into each reservoir dips an electrode

88 shown in the schematic dlagranm Fig. 2.

If & fixed potential difference £ is impressed across the

' '~éleétr¢d,es‘, then it is found that as a consequence of the current
flow I, a fluid flow J through the diaphragm D results until finally

a stem state is reached. At this point the presgure difference,‘
AP = P, - P, Just balances the impressed’ £, and the flow J

' becomes zero. The observed OP d.eyends both on the fluid and the '

nature of the diaphregm but is proportional to £. The forced flow

of - fluid through a diaphragn by an mpreased BEnf is called electrosmosis.

Thus for & given system and diaphragm, the electrosmotic pressure EOP
can be defined as

EOP = ( ). , S (&)
J=0 : -
Now consider the converse experiment with the same fluid and
diaphra.gn in which the electrodes are short circuited (le., £ = 0)

. and the fluid forced through the diaphmgn by a piston as shown in

Fig 3. If an anmeter A is placed between the electrodes, a current
1 ie observed which is. proporticnal to J but depends on the fluid
and the diaphragm. D A quantity called the streamigg

-¢urrent SC cun be defined as

3c=(‘I/J)£ o— . S - . (22)

There -are various other canbinations of experimental conditions
vhich lead to other "defined quantities.: Th\m if: tne fluid is-forced
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through the diaphragm with a pressure difference AP, and the £
resulting is measured with a potentiometer (I = O), then the -

streaming tentlal SP can be defined as
sP= (/6P _ o | 3y (.23)

Similarly when anf:forces the fluid through the diaphragm along a
horigzontal tube so that 4P = 0, both J and I can be measured, giving

rise to ‘the quantities electrosmosis,

E0 = (J/I

’ and 2nd electrosmesis
- 2nd B0 = (3/E)y _ R - (2z3)

All of these quantities as well as the resistance R have been
meaeured,in the experiments we shall use to test the ORR.

B. Derivation of Saxeéns and Related Equations

Now let us analyze the general situation by the TIP (63c, 100,
101, 108, 109, 116, 129, 132a). It has been shown that the entropy
‘production: for this type of system is- ' ‘

= JoP + IE B ) (26)

so that the linear laws are

TELpR e LE o (278)
I .=.'L21LXP + L6 : (27B)

¢
(M
Q3
by
b-A
e
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It 18 easily seen that

BOP = (UR/E) ;.0 = 41.12/1.]_1 - . (28)

) o Tk ()
5P = (E/AP‘)m? RL : | | | '- " (30)
30;’ (3/T)ppeg = le/Laz. L - (x)
Znd EO = (J/i)APco le - | ~ . (32)
R = (f’/I-)AP=0 = YLy, . o o - (33)

It is clear that the assumption le L?l entails various
relations emong the experimental quantities, 8],

EOP = -5C o S o (3w)
-EO = 8P - ' S (35)

~(2na EO)R =8P ' - (36)
Conversely, the validity of these: relations entails le = L21
, The first of these, equation 34, is known as Saxdrs relation
and vas originally derived using microecopic models of the details
of the ﬁlgctrokinetic process (139)  Our analysis aesuming the ORR |
shows/this result, and the others as well, should be valid 1ndependently

of any models.
" C. Data and Verification of the ORR :
It should be remsrked that electrokinetic experiments have the

" same sort of difficulty as the thermoelectric ones. Two ostensibly
identical diaphragms may behave quite differently Results even on
the same diaphragm wmay change with time and are very sensitive to
impurities, especially in dilute solutions. The data collected below

e (? o ﬂ

o /I vt \Z



w

-2 - | UCRL-5644-T

have all been determined on systems which used the Bsame ___Eggggg for
the different kinds of electrokinetic measurements.

Table 3 (139) contains the ‘experimental evidence for Saxen's

‘relation and'tablelk(38)'contains that for equation 35. These latter
' resulte are stated to have significant experimental €rror.

- Much of the data for veriﬂying equation 3% have been reported
in terms of the zeta potentiel { a concept- baaed on the microscopic
models. The f potentiel is defined in terms of 2nd electrosmosis by

WIL3/E) : : o
. . Dr N ' -
and in terms of streaming potential and R by

o mUER),,
Cor = 7 | o (38)

RDr

where "l 1s the viscosity of the fluid end_D its. dielectric constant.

The quantities r and { are the radiﬁs and length of a diephragm
consisting of a single capillary. If the diaphragm is & porous frit,
f/r 18 replaced by the equivalent quantity =K referring to the net-
work of capillaries making up the frit, vhere K is the effective '
cell canstant for conductivity and is the same for both (. and Z .
If equation 32 is substituted into equation. 3@ and if- equations 30

. and 33 are substituted into equation 38, we obtain

| Zma a, [Mhet] ()
fep= - % z :[ml/Dr‘z]= 1,y WMn?] ().

- Thus SR .' o '
CEO/(SP = Lyp/lyy ) (h1)

(Y
Caw
>
£
[

()
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The evidencevthat (EO/(éP = 1.is given in tables Sr(18), 6 (136).
and 7 (158). The data in table 5 actually were not obtained from
the same diaphragm but from a protein covered capillary (SP) and
an electrophoresis cell covered with the same protein. The larger
deviations from 1.00 in table 5 compared to those in tables 6 and 7

may be due to this circumstance

In table 8 are calculated values of le end L for quartz;

21

. acetone, based on 2nd electroamosis, streaming potential and- R (102)

Also included are Iij determined using sdnueoidally varying
voltage and pressure (29). This kind of experiment gives values of
iJ which are frequency dependent. However, the values approach a
constant value at sufficiently low frequency. 1In the table only
these low-frequency values are included. It is intereeting to
note that le/L = 1 within the experlmental error even at higher |
frequencies. Above 200 cycles/sec N, phase differences cause

difficulty.

Considering the well-known difflculty of carrying out these
. experiments, it is clear that le >l within experimental

A uncertainties

There is also seme recent EO and SC data. of Rutgers.and de Smet
(137) for iéo-amylammonium picrate in organic.solvents, but they
found that the EO was dependent on E/,,which implies that the linear
lavws (equation 27) are not adequate for this system. - However at
low values of f, the linear approximation will become better, and
if- at the lowest value of- £ is compared with {' ‘at concentrations

EO
L&eQuivﬂf or larger, the ratio is close to 1.



D - 23‘}.
_ Table 3 ‘
Test of Sax3n's Relation (139) .
' o - -Eop M2
Clay Plugs: -1 =  FEC
. Aqueous Solution . 8¢ EOP ' f;;
1/2$ 2080, .35  .352 1.0l
~ 3/4% ZasO, .36 388 .99 -
o 37T .37 1.00
Re 381 379 1.01 .
1% zo80, .350  *.338 1.0
.‘ " ' .31"2 o 0350 . 098.
1% Cuso, 392 .380  1.03
,"_ -385 389 <99
- " <318 .387 95
% Cuso, | .233 .237 .98
1/2% casoy. 633 .609. ' 1.0k
1% caso, 532 567 «9h
o A6 1150 101
1/5¢ and 1/EOP are given in ew’! 2/gu*/?

UCRL~5644=T
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' Test of “Bquation 35 (38)

" UCRL-56kb4-T

Glass Slif:

"Concentration 10 110 :§Q . Q0 10 =E0 e U : =EQ
| in equiv/iiter -EOXI0 BP0 S -EOxIOT BP0 gp  -EOXKIOT - SPx1O 35
of aqueous , . . - ' . e
soln. " KC1 BaCl 2 ALCL
1o‘h. : ‘ %32“ 795.0 l{h.' 7.9 62.2°  1.25 T0.9 ‘ 80
5 x 107" 1.2 185 61 . 12k 118 1.05 15.7 - 16:6 .9k
103 99 8.0 1.23 4.8 5.3 9 1.0 8.1 .87

-EO and SP given in cc/sec-esu and esu am?/dyne respectively.
T T e , '
T= 23

RN
ar bk J

Z
‘.. tor nﬁ
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Table 5

Test of Equation 36 (18)

. Protein covered Pyrex: . : B

%g;:g:21§OIUtion ___EHC (moles/t) fgolfsp = Lip/ly
.202 Bgg albumin 3.5 x 107 96
:1?& Gelatin T skt - 495
a6 ﬁ ' 6.3 w107t T9
.166 | S 7.0x w0t 1
280 L T x ot .1.55
175 o 7.5 x.lofn o .82
226 8.0x 107" 107
| ‘;éo7 I - 6.5 x 107" 1.1k
.219 S . 5x w0 | 1.0353
EN
L3 TRS
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Table 6 . o

'Best of Equation 36 (136)

Jena 16 III Capillary:

W

o eatefr {EO Cor ;,-?g | {z0 Z ggg - ZEo or ?gg - [ $sp (%
of agueous ‘ : : 4
solution - KC1 CapA r=.0243 em KC1.Cap® r=.0152 cm xci Cap(C r=.0109 cm KC1 Capp r=.00516 cm
0 - 19 159 - .94 152 160 .95 153 168 .91 . 156 155 .99
1 | 17 165 .89 .1k 155 .93 147 153 .96 149 152 -.98
2 146 158 .92 - 139 150 .93 143 151 .95 145 14T .99
5 ‘ 1M 155 .93 139 4 97 139 148 .94 S1k2 145 .98
0. 141 148 .95 132 141 .9k 136 144 .94 136 1 .96
20 | 139 15 .89 130 136 .9 136 138 .99 135 137 .99
50 , .o 133 138 .96 . 12k 129 .96 - 127 133 .96 123 127 .97
c100 | 122 129 .95 16 123 .94 119 126 .9 - 16 19 .97
200 ) . 18 130 .91 110 113 .97 113 120 .94 107 107 1.00
HC1 Cap:D KOH Cap:.D . CaCl, CapD Al(NO}ls Cap: D
¢ 0 o P ‘ Lo ;
LT | 132 135 .98 153 156 .98 122z 123 .99 - 130 132 .98 .
2 122 128 .98 . W9 156 .96 115 17 .98 120 121 .99
55 100 104 .96 © 153 157 .97 107 108 .99 - 60 64 .94
= 73T .95 154 165 .93 99 101 .98
2 6L 6171.00 . 153 162 . .9k 91 92 .99 -
50 R o 151 153 .99 8L 82 .99 k2 -38 1.11
100 o : W6 152 .96 T .99 b k6 .96
200 " | 139 139 1.00 69 69 1.00 ‘

is in mi}.livolte .

- PO P

Va.lues for HC1, KOH, CaCl% in& oAl(NO3)3 vere read off the graphe given in reference (136)
2 2 )
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Ta.bie T
‘l‘eet of Equation - 36 (158)

'goqﬁ;/ino'; (g0 lsp (EO/ZSP {0 {sp (Eo/(SP {E0 - {sp {EO/pgp {Eo ZSP (EO/(SP {E0 {sp {EO/gSP

ag. eoln. K‘NO3 Pyrex Cap.. KOH Pyrex Cap. Bg(no ) ‘Pyrex Cap. ce.(mo ) Pyrex Cap. xmoj Pyrex Powder
0 - | - 139.8 138 1.0 . |
2 - . .11 15 1.0k 68.0 68.5 .99 |
5 s 133 .92 150 151 .99 101 10L.5 1.00  59.0 56.5 .99 . 76 . 80 .95
10 1.9 130 .92  155.8 15%  .99- . 93.5 9% .99  52.3 52.1 1.00. 8L 8 .97
20 © 136.8 125.5 .92 153 15k. .99 85.5 86.3, .99 = L5.7 45.8 1.00 & 8 .97
50 7.5 147 1.01 75.3 75.2 1.00  37.5 38.1 .98 - 92.5 95 .97
100 - 9.2 119 100  142.2 42  1.00 67.7 67.5 1.00  31.6 3L.7 1.00 95  97.5 .97
200 - 11.8 110.5 1.01'  136.6 136.5 1.00  60.5 60.2 1.00 - 25.5 25.5 1.00 = 97 99 .98
00 - o | o . - | 98 100 .98
Average T 18°C 16% 1% 19° 19%  20% 19% 19% 23% . 19%

ZSP for Ba(NO ) (capillary), Ia(ﬂo ) (capillary), and KNO (powder) were from a graph based on the
date in wm@ s tables IV, V, and XXv, respectively

{ B0 for KNo, (powder) were obtained:from a graph of data in tables XIX and XX. .
{ is in millivolts. ‘Note that the greatest deviations are for syatems whose temperatures of EO and

'8P measurements differed the most.
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Table 8

Test of Eéuatio_n 9

| | Lo | A
. . _ L | m— pressure frequency
System : L | 2 Loy : .cxcles/se‘c : Reference
: . |z ¥ -ier . . . '» . .
plug-acetone" ’,;0‘28 .029 * ,002 .96 t .08 .0 . (102)
' Glass frit - . - . .
. water A .066 JOTh B - 20 (29)
" B .060 056 1.07 . . 20 (29)
" ¢ .053 .058 91 20 - (29)
o n D : .072 .m3 . .99 20 (29)
Glass capillary- e ' N . o .
 water .00050 00045 1.1 ‘ - Lo (29)

le and 1‘21 are in egp-esu

] ’ [P
Cooke's LiJ aqd Lorenz's ciJ rr
lorenz's experiments were at 30 C.

Maximm estimated error in each of Cooke'e‘Li

cori'espond to our L 4

J

3 18 6%, 'or 9% overall.

Y
2
2
€ 2
(€]



o L UCRL-5644-T

Tranaference in Blectrolytic Solutions

we now consider the relation between certain electrochemical

'effects in an 1sothermal system consisting of a single binary electrolyte
in a neutral golvent; namely, Hittorf transference and electrochemical
cells with transference. ’

“A. The TIP Equations

Suppose the electrolyte CA ionizes 1nto cations C and anione
A as follows:
S Lz T
A 1 2 . _
CA=rC~ +rA | (k2)
" where ry and r, are the ionizatioﬁ stoichiometric coefficients for
cations. and anions and 2, and z, are the charges on the ions with'
due regard to sign. Let W,, Tepresent the chemical potential of

the eleétrolyte-és-a.-whole. Then by definition
S Mg TyHy rgua _ o . (43)

‘where u, and pé.are“the chemical partse of the chemical potential
" of the ions; moreover, ' | :

r,2, + r,2

121 ¥ Tp%2p=0 ;’_~ (1+1+)

For such a eyotém, (63d)

To = J)X) + 3%, + I X, '_(hS)
oy 4q : : |
Xy = V"[E:‘:" *'?1}ng' J - (k6)

where 3 refers to the solvent (z = 0), § is the electrical . potential, '
and }aia the Faraday. It was mentioned earlier that for the ORR to

be valid, the J, or X, or both mst be mdependent, This is not the

Cad

~3G

3]
D
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case here, since the Gibbsg=-Duhem equation relates the chemical
potentials. Thus

ByptHp * n3°1*‘3 = 0= ny,(rydu) +rpduy) +ngdug
| R T e T (47)
where n, is the number of moles. ' - ‘

However by 46 and Uk, this result 19je¢pi§alent to

nlx1 + nzxz +n X3 =0 :-'  o (“8)

.Therefore, by eliminating X3, equation MS is obtained in the
1ndependent form: :

n J n J

R e ERIEE o L )

= J' Xl + J' X

- The flows J can be looked on as motion relative to the solvent,

whereas Ji are flovs relative to the apparatus. The linear laws
written in terms of J and X are nov suitable for testing the.ORR.
They are : = o
[ : o e
Jl = Luxl_»* lexz . (50)
Jp = I;yXy Ik | ~ | (51)

B. Hittorf iransfefence (Lokv) :

SupﬁOse a current I is passed through the eyétem, vith the
solution at uniform composition throughout. ‘The Hittorf transference
number th can be defined as the fraction of the current carried by

- th i *
the 1" ion. relative to the solvent

‘#A rigorous general definition.qf the Hittorf transference number
valig for non-electrolytés es we;l as ions and which ie based on the

e}
G
2
Ca
@

e
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actual expérimént is given in (117). The analysis in detail using
the flows J 4 Yields (equation 17 (ll’{)) our equation 53 based on the
definition above.

The current (in Faradays) is

: ' 1 . o »
I=2J +2,d,=2J +2J, R (52)
hence . ' . .
n_ %y '
t, =~ : (uniform composition) (53)
zlJl + zsz .

At uniform composition however,

E_“.i : i“}. ,odm 0 ' : | - (5k4)
dx ‘dm | dx ’ :
vhere m 4is the molality, hence

X, == ;1}1% (unifom'oomposition) (55)

Thus by equations 50,,51,-aod 55

v ( + | :
.ti = 2 e P L SN R (56)
o ?1L1 t7 (le + L)+ ?2L22.

and similarly for tg.

~C. Electroohemical Cells with Tra,nsferenée- (32a, 117, 15T)

Now consider an electrochemical cell with two identical
and s single electrolyte.

‘electrodes/but which may have a va.rying composition, €.8ey

| PbIPbCl (m, ) i FocL (m ))

vhere W 1s the mola.lity.

bk

- [a s}
‘, ) o
:;:r (iR 3 .U
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In such a system,-diffusion will occur, and owing to the different
mobilities of the ions a charge separation will be induced. After
a very short time of the order of microseconds, however, the power-
ful coulombic effects speed up the slow ions and slow down the fast
ones so0 that no electric current flows thropgh'the solution. Thus

I-= 0 = 2, J + 2 J (57).

2 2 )

8 relation expresaing the conditioa of electroneutrallty

From this expression, the- liquid junction (diffusion)potentlal
is calculated by substituting equations 50 and 51 in 57, applying
equa.tion 46 and finally solving for Fd@. The result is

(zan + 2,0p) d“l + (ZlLlZ + 2,Lp5)du,
1111 +22(Lyy + Lyy) + ?2“22 .

Now define the cell or Emf transference number tlc of ion 1 to be

(58)

‘.}dg} =

. :
t : zlLll + 2z L

B el e —— (59)
1 ozl +.zlz2(L12 + LZl)“+ z,L,,
and analogously for ion 2. Then the diffusion potential becémes'
. . lc t~§ :‘. | -. | |
Fah = g auy ¢ 2 diy - (e0)

SN 2

Note that these transference numbers need not be the same aé the -

‘corresponding Hittorf number; théy will be identical gnl& if le = Lél'

It should be emphasized thét'the classical derivation of the
diffusion potential, due essentially to Helwholtz (75), is not
correct, because this system is irreversible owing to diffusion.
Classical methods can be used only if the states are in equilibrium.
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| Since the quantities , Wy, and uélare not experimentally
‘accessible, it is necessary to consider the whole cell including
the electrodes. Of the two ways to include the electrodes, the
most familiar is the one given in most chemical thermodynamics or
electrochemistry texts- and 1s based on paasing/Faraday through the
cell. A better way (331» 64, 138) 1s based on the equilibrium
between electrons, electrode,. and’ solution which exists during a -
potentiometric measurement. The results are of course the same,
and for a concentration cell whose electrodes are reversible to

the anion are ‘ .
P t,° c o a
Ft- j nE Y S - (61)

where 6 is the potential difference measured at the potentiometer
términals, and @ and B represeﬁt the anode and cathode respectively.
For electrodes reversible to the cation, replace the subscript 1l

in tl » T and z by subscript 2. -

1 :
. Since the chemical potential in terms of the agtivity,é%

Bip = Wy + RTfh a, 12 , | (62)
where R is the gas constant, ‘ . .
equation 61 can be written

. [Py, Lo 6
ﬁT' a l
- Thus if a series of measurements of 8 is done at various
concentrations and if the activity 8y, is already known by other.
means, tl ie obtained from the experimental quantities using the
derivative of equation 63, namely, ' :
. _ ¥ '
6= - 1 RSN gf;n_a. . (64)
. Rr 12 : .
Sometimes fn a ,is obtained from Buf méasurements on cells without

(4]
(W)
(EV]
e
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‘ traneference, for. which the differential Emf dE. 18

ot - 22T 8, T (es)
e } o
Consequently t ¢ 1s‘often obtained from the equation
; 1 g
t, © ' : (66)
. d8 S S '

D. The ORR and its Experimental Verification

. If a8 is ordinarily aasumed, the Hittorf and cell transference
nimbers are the same, then from equations 56 end 59

[ W L DU zlez 2 Lil * z2L21 " (67)
2 r, z,2 fi 2
-1 1,J 1 iJ 3 %1% 13 1
Clearly the equality of t," and t,° entalls the ORR
Lp=ly ' . - (e8)
for electrochemical systeme'with transfereqce. |

| In table 9 are collected the t kand t'h for a number of

salts which were investigated at a :umber oz concentrations In
.table 10 are scme for which a fewer number of comparieons were

' posslble. In cases vhere no Kittorf measuremente are avallable
the equivalent moving. boundary results -are given. It should be
noted that the measurements of tic are more difficult since they
1nvolve the differentiation of two sets of experimental data,

magnifying the errors of each set.

In teble 11 are some lese accurate traneference dats, denoted
by tis, detenmﬂm&d from gravitational and centrifugal cells. The
- equations were not derived above, but the argument is essentially
the same as for the concentration cell case (117). The definition

of ti is egact;x the eaee as that.ef t1 involvmqg exactly the

M
W
]
o
[P
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same numerical values of L (apart from a negligible pressure dependency).

The data on chlorides wereigbtained_with gravitational cells for which the
& is only a few microvolts per meter. Considering the difficulty of such
measuremehts, the agreement is remarkabiy good. Thé centrifugal cell
measurements on the iocdides were done with modefn techﬁiques, but KI
is the only case where a Hittorf or moving boundary measurement exists
at the same T and concentration. . _ . A

The references are precéded by E, H, M, and G for éell, ﬁittoff, moving
boundary, and'gravity—centfifugal measureménts respectively.. If the tempera-
" ture of measurement is different than 25°C; it is noted in 0C..in parenthesis

after the value of t The quantities ¢ and w are concentrations in moles/l.

and moles/kilo. of s;lvent respectively. _
The agreement between the two types of transference numbers is very
good and within the errors of expe;imenﬁs. .ﬁowever; by equation 67 if
' zlzle2 is smallAcompared to ZJZiZJLiJ; a small error. in tlcl- ﬁlh will result
in a large error in L, - L, . Electro;yte'solution theory (;27} does in
fact predict that Liz will be relatively smell, belng zero at infinite
dilution and increasing as the concentration (and the ionic interaction)
increases. Some (unpublished) rough calculations from experimental data
indicate that the per cent error in (le - in)/le is very roughly.i-
lO/Kt?-ti)/ml/3 for strong l-l'electroly;es, where /\ 18 the equivalent
conductgnce; and is‘l/3 smaller for 2-1 electrolytes. Thus for 1l-1 salts,
a .00L difference in P - tC ig approximately an error of 10%, 4%, 2% and
1% at .001, .01, 1, and 1.0 molal respectively, and is 4 times as large
for acids. On this rough basis, it may be cohéluded thet the ORR are
verified to within about 10 per cent for HC1 (25°C.), LiCl, BaCl
CaBr, (table 9); 2nCl, and Znl, (table 10); and KI (table 11).
Thus, an adequate verification for the ORR has been found for most of

the cases in tables 9 and 10 (and XI in table 11). In the femaining ones,

o» and

the experimental errors are too large to give a satisfactory test. More-

over, for a test Of .the ORR to be ‘significant té one'per cent in dilute
silutions,.both types of transference numbers must be known to 1 to 5 parts

in lQ,OOé. As yet, this accuracy has not been achieved in any Emf measurements .

e
D!
Tl
b

o
(94 ]
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Test of Bquation 67 (Concentration Cells)

' Conceéntration in c or m

8alt 005 .0L .02 .05  .I .2 5 Reference
Hc1 ® : t: 831 .832‘ 834 :.836 .838- 843 845 | E.(71)

" 18%. & 832 .833 .833 .83% .835 B0 .84 . H (81)
HCL £ .Bzh 825 .827 .830 .830 . E (1)
25°c. . tg 824 825 .827 .829 .83L | M (96)5

ue . .335 .333 .33 .326 .320 .33 .307 .28l E (89)
25°C. £ .330 329 .327 323 .319 .31z .30 .287  H (89)
BaCl, ij 43 440 436 .ﬁaj 418 .05 .381  .353 E (90)
25°¢c. £§ 40 .&38 433 425 416 403 .379 .33 H (90)
KI ] 49T k9T ..#95 .#9& .88 E (58)

25°. B 488 488 .88 .u88  .uBg M (99)
H,80, P o t:“ | .825 .825 i,azh .820 .813 E (70)
20°c. tf .822 .822: .820 .816 ',;812 : H (81)
‘caso, © t; (25°) .397 .390 .375 .358 3% o1 2“ - B (15)
| 6y (18°) - 385 .19 .6 352 .330 .293 .25 B (84)
CaBr, tf- . H3h LU34 k25 ko8 371 - £ (103)

tf (18°) .h3y 434 B31 k11 L3700 u (83)

a ' - N - T o
Agreement also at 107, 307, and 50 C.

b, c

Opn.
t‘; at . 20°C..

from interpolation of Hamef's values (70) at other temperatures.

Some values determined by interpolation from graphs of reported data.

3.
sy
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Table 10

Test of Equation 67 (Concentration Cells)

¢ - .h

. UCRL~5644-T

3 Sﬁ;t A t+ §+_' . c - Réference.
oz, ® 330 .325 - ..325  E (149)
270 .213°  1l.2T7 H(76)
1507 =157 W13 S
2nCl, . -.088  -.08 = 2.6h . E (72)
<260 -c241 - k035 H-16
| S R ()

"aValues of t: obtained froﬁ 1nter§olatiqg from .
graph of Stokes and levien's data (1}&9).
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Table 11
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Test of Equation 67 ‘(Gravitational Cells)

‘Concentration

Salt tf ti in c or m “Refc'erence‘_ :
NI  .383 .375(18%) (.19 @ '6(105), M(34)
| o 1 M S

KI - .487 .489 1941 G(107), M(99)
 RbI 506  Jhg7 (18°) (.2 G G(13h4), M(34)
_ L {.1 M

csI 496 g7 (18°) (.61 6 G(134), M(34)
| | S { 1M | o
. HCL . .85  .835 1.01 - 6(35), H(81)

LiCL .23 .24 %.93 - " 6(35), H(89)
. NaCl .34 .365 25 6(35), H(BL)

KC1 50 - 486 2.7 © 6(35), H(1.06)

BaCl, .36  .379 -98

. 6(35), B(50)
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VI. Igothermal Diffusion

Diffusion is & phenomenon well described by the TIP. Owing
to the Gibbs-Duhem equation and the experimental condition of no volume
flow described below, it turns out that in binary ayetems there can be
‘only one diffusion coefficient, and thus no ORR (63e). The simplest .
non-trivial case with an ORR is ternary diffusion, and fortunately
suitable date presently exist for ten such systems. BSystems with more
components are much more complex, and furthermore no adequate diffusion
data extst. ' |

" A. The TIP Description of Diffusion (119)

‘It can be shown (63d) that the entropy production is

TcaJ(a::i') J-i—;-z-}-&-.! i—%) ' B (69)
'where X, 2, 3 refer to solute 1, éolﬁte'z, and the solvent respectively,
J, refers to the flow, and 3, /ox refers to the chemical potentiel
gradient, However, the. exyeriments are carried out in such a vay
that no volume flow oceurs, ie.,

JlV1+J\7 +JV o ’ (70)

vhere V is the partial molal volume Moreover the forces of 69
are related by the Gibbs-Duhem equation

c (aul/ax) +c (aua/aX) +c (au3/aX) =0 - (11)

where °y is the concentration in moles per liter. Since it was noted
previously that the ORR are valid only for independent flows and
forces, these two secondary conditions can be used to get rid of

the dependent eolvent terms in To. By eimple substitution, ocne obtains

To = Y + T | (72)
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where

v'c V ‘. .
—‘l:-] 79"‘1 ‘ ,' (73)
3 3

2'-
-Jz___:ll.d(i

and é;j is the Kronecker delta. The linear relations are
Iy = LyyY) + LY, | (74)
Jp = Lpj¥Yy + LYy

_and because the Ji as well as the Yi are_independent, the ORR

o=l ) | | (75)

shonld now be valid.
B. Comparison with Fick's Law Description

Ordinarily, diffusion is described by Fick's Law. Generalized
to ternary system, Fick's Law»involvea concentration gradients and
has the form (3) ' '

o C,. éc
J. = <D .._1_'..1) —2
1~ 711 ox 12 9ox S (76)
¢ @c'. |
1 2
Ja= Dy 3% Dzz S x

vhere. Dij are the diffusion coefficients in lycm sec and ci

concentrations in moles/l The D are principal or main coefficients.

are

,The Dij are the interaction or cross c0efficients and are somewhat

smaller in numerical value than the Diil Equation 76 is convenient for

experiment because concentration gradients are easy to measure. However,

Dl does not equal D in general.

All the experimental data have been reported in terms of Dij'
Therefore, in order to test the ORR, it is neceésary to get the

Lij in terms of the DiJ' This is done by expanding auiﬁgx‘into

.

LA

s
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3% {5y 9%y 3x

(tT)

aubstituting'equation T7 into the Y, of equation 75, and comparing -
the corresponding coefficients of«&ciégx in equations 7h and 76.
~ From the four resulting: expressiona for D, ; we solve for the L

1J 15
iand obtain . ) : h -
==_‘”;_'11"’”1 e ¥ Bilhay 1
Iy = %o : Ls= -~ %
‘ ' (78)
L - _““’21 - B0 e e
21 . ad « be. 22 . gd - be

o, on cf; am
l 1 l 21 2
i(l ¥ e ¥ )‘9°1 * c3ii3 3¢y ]

€3'3 -
(19)
c. V., au eV, ou
bn[lvz acl*(lf. 2-2)3_(;@]
A ARG

and ¢ and d are the eamg'reejecfively as a and b except that
8A9¢1 18 replaced by aﬁac . Nowhere in the above argument has the
ORR been assumed. From equation 78, the necessary and sufficient
, condition for the ORR to be valid is
ab,, + szz = cn'u + &b,

' : (80)
ad - be § O

To get the L 13 OF to verify the ORR, onme must know cy» v,
13’ and auifac These quantities are readily available for the
ten ternary: diffusion systems except for the thermodynamic quantity
M, /ar Unfortunately no thermodynemic data are available in the
-prOper concentration ranges for the nine of the systems, and as a
result, the activity coefficients and their derivatives with concentration

[
Ca

41

(448
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had to be estimated (L4, 118, 119).
C. The Test of the ORR

, The following systems were investigated at the concentrations
indicated: | o

I. Lici({.25)- 'kc1(.z) H,0 (43, s57)

II.. 11C1(.25) - NaCl(.2) - H,0.(43, 57)
III. NaCl(.25) - KC1(.25) - B,0 (123)
IV. NaClL(.5) - KC1(.25) - H,0 (123)
V. Nacl(.25) - xc1(.5) -'Hzo (123)
VI. NaCi(.5) =~ KC1(.5) -H oi(123)
.VII. NaCl(l.5) - KC1(1.5) - H L0 (b2)

. VIII. Raffinose(.015) - KC1(. 5) - H 0 (uo)
" IX. Raffinose(.015) -~ KC1(.1) - H 50 (40) -
X. Raffinose(.015) - Urea( 5) - H 0 (L1)

It can be shown (119) that these are ternary diffu51on systems
even though there are four diffusing species in systews I - - IX.
System VII is the only one for which thermodynamic data exist.

In table 12 are given the right- and left-hand sides of
equation 80, the difference'between them, and-the'probabie error
of the calculatlon based on the assumed’ errors in DiJ d the

activity coefficient estimates. Also 1ncluded is the quantity
LlZ/LZl' Similar results for systems IITI - VI were given by

. Dunlop and Gosting (44).

- The agreement is within the probable error for all ceses
except VIII and is remarkably good considering the experimental
difficulties.of determining DiJ and the errors inherent in
estimating thermodynamic quantities. (Private correspondence has
_revealed that the errors in D for Case VIII were underestimated

13
'in the calculations.)

(XN
P
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Table 12

‘Test of Equation 80

I II III . V. VI VII® VIII IX X

1he 80° 373 3.50 3.2 2.19 2.25 1.76 1.10 1.55 1.53 .bl
rhs 80 °  3.80 3.71 3.24 2.22 2.30 1.80 1.1% 1.16 1.53 .32
difference . .07 .2l .12 .03 .05 = .Oh .0k .39 0. .09
probable T . ‘ |

error A7 .20 .12 .08 .07 .05 .06 .21 .27 .10
Ly /L,y 11,03 1.1k 1.05 1.02 -1.04 1.03 1.06 .k2 1.00 .58

SThese values have been calculated from Dunlop's daﬁa‘(hz).

Abm"8 RT bas been factored out.
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Conduction of Heat and Electricity in Anisotrqpic Solids

We Bhall actually confine our diacussion to heat eonductivity. L

This case will be discussed in some detail both because 1t is interesting
and because adequate desceriptions of the experiments are relatively:

inaccessible.

The equations and interpretation for electrical conductivity

are the same, but no suitable electrical experiments have been carried out

on crystals

A. The Classical Equations

The traditional macroacopic theory of heat conduction in

" crystals is more than 100 years old and is based on a simple

d

generalization of Fourier's law for an isotropic subatance (55, 56):
Fourier's law is i

T
Jy= - k'a'ii (1)
wvhere J1 is the component of heat flow along the céordinate axis

x;, and k 18 the thermal conductivity. It seems intuitively cleer
that in an enisotropic substance, contributions to the component

1 8ay, will be made not only from the temperature gradient aT%Qxl,

‘but from the gradients 9Thx, and a'r/;;x3 as well. Thus classically

(13, 25, 145, 148, 156) one writes

OT T T

==y 3{1‘ + kla S, ¥ F13 0% (2)
S or o7
Jp= - \kzl axl * Koo 5k 5%, * Koz Sx, ax3

| DT ST . 9T
AJs“blaxl 3aax fl?33<9x3

" The array of nine numbers

e
)
()
2
;.T )
[P
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11.k12 k3

w

[kig]

21 kza 23 o o (83)

Foow

3132 33

iis called the thermal conductivity tensor and 1s & second-rank - a

tensor.

The actual numbers which go into this array depend on hov

L the (orthogonal) axes X, X x3 are chosen with respect to the

natural axeg of the crystal. This tensor, hovever, represents a

| physical property of the crystal, -and hence values of the conductivity

in a given direction 4o not depend on the coordinaxe axes to vhich

’this direction or tha tenaor are referred

For those not too femiliar with the concept of & tensor, it

" can be regarded as a generalization of the concepts of acalar and

vector (122b). A scalar (Oth rank tensor) doesn't depend on
direction and has no subscripts on its. single compénent. A vector
(first-rank tensor) is determined by or 1s related to one direction

and its components have one Bubecript. A second-rank tensor, such

[kij] , is connected vith two directions and has two subscripts. .

' For example, [k ] is connected with the directicns of the vectors

J==( o ja.ndeT (a’r ii,‘;g) Higher-mnktensom

appear as extensions of the above deaa. @ensor is A rigorously
defined by transformation relations such as ‘equations 89, 90, and
91 given below.'

Our interest is in the symmetry of the thermal conductivity
tensor, ie., whether kiJ kji' There is nothing a priori which
reqnires a tensor to be symmetric, although many second-rank ones,
such as the magnetic or- -electric suSceptibility tensors, are -
symmetric. However, the electrical conductivity in a magnetic

field (Ball effect) and the heat conductivity in a magnetic field -

.(Righiuleduc effect) are represented by non-eymmetric second-rank

tensors. See Section VIII Cr

e
[
G

b
[
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B.,'The TIP Equations

It can be shown quite straightforwardly (63f) that
Sl LT o : : I
and therefore the 1inear laws aré

R T - e |
4 OT : - , .
YERVE 5 2
Compaiing equation 85 with equation 82, one obtains -

L = Tk - . | 86)
9y @

Thus the ORR will be experimentally verified 1f experiment shows

[k“ to be. aymetric. :

It is mtereating to note that equation 8s 18 a consequéence
‘ of the assumptions of the TIP theory. Since it is of the same form
.. as ‘the generalized form of Fourier's law (equation 82), equation 85
can be -regarded as a derivation of Fourier's law from more basic

* thermodynamic principles. "

It may well be asked at this point, does the. TIP lvpothesis
of linear equatians actua.ny yield a proper representation of
conduction phenomenat For exmnple, 1f equation 85 is really valid
‘and 1f the temperature gradients earﬁox ). are changed in eign,

. then all the J ghould change sign but the value of the conductivity

should remain the same. If this were not observed, the form of
équation’ 85 could not be valid, and perhaﬁs a repfesentation vith
terms in Qz’r/ax 3%, or )2 would be necessary. This question ,
(ie., whether the thermal cénductivity tensor. is "centrosymmetric")
was tested experimentany on an appmpriate crystal (toumaline, .
point symmetry C ); when the sign of the gradients was changed the
flows were reveraed and the conductivity was found to be the same

(86, 147, vlSl). -An appropriate crystal 1s one whose point Bymmetry '

™
o)

e

"46
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' o , . *
does not already have a center of symmetry.

C. Properties of'the Thermal Conductivity Tensor

As noted earlier, the numerical values of the entries in [k ]
depend on the choice of axes. If the axes coinecide with the crystal
axes, insofar as this "is possible, the tensor may take simpler forms°
To obtain a better background for the discusslon of the experiments,
a very simple procedure for working out these forms is summsrized
‘below (160). v

' Congider a’ set of orthogpnal'axes Xy5 Xpy x3° If we wish to
change to a new set of orthogonal axes xl';'xz', x3' with the_eame

origin, then the new axes in terms of the old are given by.

where 843 is the cosine of the arigle between the new exis xi' and
'the old axis xJ, i.e., 1ts direction cosine.- The a 14 can for

convenlence be put into an array of nine components (not & tensor)

X

11 %12 %13 S L (e8)
X t . . . .

821 822 823 ' - , e

83) 832 833

The trensfdrmation‘of the .components of the tensor upon the
transformation of axes is directly related to these direction cosines
844 Thus the components of a first-rank tensor (vector) D= (pl, P, p3)

transform as

*There are 21 suoh point symmetries out of the‘3é total. Of these
there are 14 (including C ) for which a third-rank term in the direction
of one of the conventlonal coordinate axes changes sign when the temperature
gradient in that direction changee sign; and would thus cause different

heat conductivities in the forward and reveree directions.

)
<N
o *
2

o

3
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Z . : |
J upa (%)
" of a second-rank tensor such ‘a8 [kid as
= Z 811 Ji51n o R )
gﬁdhofha third:rgnk tenaor‘?idk

Pt o o, :
TiJk .1,m,n ailadmsknTlmn ‘(‘91) |

and -80 On. -

Coneider for example, -1 crystal vhich has only a fourfold
‘axis of syumetry (C ), and let the xg axis be the crystallographic
principal axis.: The@kiil as far as ve know at this point, has
the general form of expression 83. Suppose.now the axes are rotated
one ‘fourgg of the way around the x5 axis. The table of direction’
'cosines/for this traneformation can be seen to be

0-10
‘1 Q 0
0 01
The new. kig 18 by simple calculation from equation 90 found to be
' kY k. ‘ (92)

12 21

.But & fotatibn of the axes by 90° really hasn't chenged an&thing
- since the crystal has a fourfold. axis; "+ "its properties must be
unchanged by a symetry operation. The new components must therefore

be the same as the old, and hence kiz = K . By equation 92

Kp=kp=ky | (93)
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In a similar way
22 = ¥ = ¥z, o (9%)
and '

13 = K3 = k3 = K3 =0 o (9%)
vOf course, & system with a fourfold axis auﬁdmétically has a
twofold axis, but the calculations reproduce eguation 95. For
this example no other gymmetry operstions remain, Thus a
consideration of the symmetry properties of the crysm has- redueed
the form of the general tensor expression 83 to this :_xmch simpler
foru ' '
kK 0 o
Ky, kg O o - (96)
0O © 'k33
The -more aymmetrical the crysta.l, the greater is this simplification.
In the emmple it is seen that considerations of geometrical
synmetry alone have reaul’ced 111 :

SEhi U Chi (51)
quite :Lndependently of any possible existence of- the ORR's.

It turns out that all the orthorhombic (cav, D,, Dah),
the cubic (7, T 2 Ty O Oh), and certain trigonsl (D3, CBV’ 3d)’
hexagonal (Dg, Cg, D3h, Dgy,)» and tetragonal (Dh, C,, v Dyqr D)
cryatal classes satisfy
kyyo= kg - (98)
for g 1 and J by geometrical symmetry considerations alone.
 Therefore a test of the'_ORR's must come from. consideration of the

(4
oy
Co

b
58
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remaining classes; namely, the triclinic (Cl, C ), monoclinic (C
Cyo C.y, ), and these of the trigonal (c3,_c tetragonal (€, sh, Chh)'
and hexagonal (C6, C3h, 96h) classes.

The simplest.non-triv;al cases are those of the above trigonsal,

31 )}

tetragonal, and hexagonal systems, all of which have exactly the same
form of tensor; namely, expression 96. Henceforth only crysteie with
this type of tensor will be considered. Clearly, it can be symmetric
only if k), = 0. Thus if experiment shows that k5
has been shown that the ORR are experimentally satisfied for that crystal.
D, The Experiments of Soret and Voigt -

The experiments carried out to determine whether [x J] is symmetric

does equal zero, it

are interesting and rather clever.

Soret's experiments (143, 1bkh, lh6) are all based on heating a point
. of a thin crystal plate. Heat will flow away from this point, and the
temperature gredient will give rise to a family of isothermals. In an
isotropic crystai these isothermals are circles; in anisotropic systems;
the isothermal lines are ellipses in general (13, 25, 122c, 145, 156).

First, consider a thin plate very large in extent (or alternatively
surrounded by a cbcular bounding surface of highly conducting material)
which is. cut perpendicular to the principal axis (x ) of a crystal whose
tensor is like expression 96 (144). In this case, it can be shown that on
heating the center, the resulting isothermals are elways_circles. If the
tensor is symmetric,-the flow of heat will be in straight lines away from
the center; if not, the heat will flow away in spirels (Fig. 4) (13, 25,
122¢, 156). Suppose now a very thin sector is cut out of the plate. Ie
the tensor is not symmetric, the spiral heat flow will result in an
accumulation of heat on one side of the cut and a loss on the other. One
would thus find a temperature difference between the two sides. '
Soret (1hkl4) observed no such difference. The analogous experiment for
electrical conductivity in a magnetic field (Hall effect) where

k), # O was suggested independently by Boltzmann (9) and carried
out by Ettinghausen and Nernst (49).

g
<
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Secondly, consider heating on an edge é very large but thin rectangular
' piece also cut perpeﬁdicular to the principal axis. In this case, 8p1ral'
heat flow results in isotherms which are not symmetric aﬁout the heating
point (143, 14k). The effect is magnified by sawing such a piece in-

half; rotating one of the halves about an axis perpendicular to the saw

cut, but leaving a small space between the pieces,'and heating a point

in the érack between the two pieces (Fig. 5). When the appropriate
_crystals were used, Soret observed no discontinuity in the iséthérms

(143, 1hu).

The isotherms are made visible in this way (161): the plates are
covered with a thin layer of melted wax which is allowed to soiidify; When
the point is heated, the wax will melt in the region.where the temperature
is higher than its freezing point,.‘ The boundary line between melted and
solid wax is the isothermal corresponding to the freezing temperature.

When the melted wax is allowed to cool, this isothermal becomes visible

as a raised edge.

Third, consider a large thin piece this time cut parallel to the
principal exis. If the plate is heated at an interior point near the
middle, the heat flow results in elliptical isotherms wﬁich are unsymmetric
with respect to that diameter which is parallel to the principal axis
(1&#, 146). By means of the wax technique, the isotherm is made visible &nd
is viewed with an ocular uwtrometer. Upon rotating the sample 180° ‘about -
the heating point, Soret found that.deviations from perfect symmetry
- appeared to be sbout 1/LOth of the diameter (146). However, such
‘deviations were also observed with isotropic substances where no such

dissymmetry could occu{ﬁe Since the‘diémeter is inverse;y proportional . .
to the square root of/conductivity.along the principle axis, he concluded
~ that for crystals of gypsum, dolomite, erythrite, and .apatite, the tensof
was éymmetric'yithin his experimental error (5%). ‘

Voigt's experiment (155), suggested also by P. Curie (30), is more
‘direét_and more accurate. Suppoée a fixed temperature difference 1s applied
io the ends of a long, narrow,_andithin plate of a crystal whose tensor is
}ike expression 96. Let the axis X be ﬁléng the length, X, alqng the
width, and - the principal axis x3 be pgrpendicuLar to the‘plate (Fig. 6).

The solution of the boundary value problem is ihdependent of the
~symmetry of the tensor and shows that the heat flows only along X, .
Hence for this case ' '

. o ~r
ESRCRRE -3 |
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. . N
Jy = 'k].l‘,)x1 'klzaxz
(99)

" Consequently from the expr‘essién for Jz, one obtains

T klszll - tena - .(1095

where  1s the &ngle vhich the isothermal straight line makes with
the nermal to the line of heat flow (see Fig. 7). By means of the
melting wax technique, an isothermal is located. If this line is
inclined eway from the norma.l, then the tensor is not sym:etric, and
the ratio of k to kll is given by equation 100. ‘

Oving to possible heat losses from the edges, it 1s more precise
to use Voigt's "twin plate” method. The plate_' is sawed in half
along the x, axis, one plece is rotated about the x, axis, and the
two pieces are clamped together. If the tensor 1s asymmetric, the
isotherms will have the form shown in Fig. 8. One me&s\u'es the
angle £ at the common edge near the middle, which avoida any distortion
due to losses at the edges or due t0 end effects. The angle o is

[90 - (8/2)] . Voigt (155) found that for suitable crystals of
apatite and dolomite, the lines were straight and perpendicular to
xX,. More precisely, B vas 180° with an error of not more. than four
. minutes (i.e., < 0.037 per cent). Therefore, @ is lese than 2', and

kizlkll < 0.0005
" This vaiue implies that klz = 0 t.o less than 0.05 per cent and
' consequently that the tensor 1s symmetric.

()
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E. Reply to Casimir's Objection

An objecticon to ‘the conclusions drawn from these experiments
" has been raised by Casimir (26, 1224); namely, that the individual
heat flows are not obgervable physical quantities, but only their
divergence (net flow) is. Consequently one could add a divergence-
froe tensor [a,,] to [kiJ] vithout altering any observable
quantity. A sufficient condition for a divergence-free tensor is
that it be anti-symmetric, i.e., of the form (for second rank) '

0 4y, 445

dlz 0 d23

-d 39

13

‘ ~ Now it can be easily shown that a non-symmetric tensor can be épliﬁ
up into the sum of a symmetric and an ahti-symmetric'tqnsor, and
éonversely, the addition of an anti-symmetric tensor to a symmetric
one ylelds a non-symmetric temsor. Therefore it was argued that '
nothing eun be determined about the syumetry properties of the thermal |
conductivity tensor from the experiments cited because only the
divergence_ia observable and becausg the addition of the antisymmetric
:'[dia] could make the sum .[diJ + kiJ] non-symmetric irrespective of
.whether [kiJ] is symmetric. ' '

However, it should be noted that the solution of the boundary
value problem 1is 1ndependent of the tensor'e symmetry or lack of
1t (25). Therefore the form of equations 99 is valid whether or not
' a divergence-free tensor 15 added. But in Voigt's experiments (as
also in Boret's),'no flow is measured. The observeble is the isothermal
line, not a divergence, and Casimir's objection is not relevent.  Thus
one concludes that the above experiments do exactly what they were
designed to doj i.e., test the asymmetry of the conductivity tensor.

€y
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It might be mentioned that the saime type of experiments were
" successful in ghowing the non-symmetrical character of the Hall -
tenaor (439).
We conclude tha.t Soret's a.nd Voigt's. experimente have shown

- that k ] is symetric, and thus by equation 86 the ORR's are
verified exyerimentally for heat conduction in e.nisotropic solids.

VIII. Thermo- and Galvanomegnetism

_ _ We conclude our detailed review of the experimental evidence
for the ORR with & discussion of galvanomagnetic and themonna@etic
effects (11, 24, 85,111a), which ordinarily are not too well known to
chemists. The most familiar one 1s the Hall effect, but there are &
‘large number which could be defined (51, 54). We shall be primarily
intereésted in the Ettinghsusen end Ettinghausen-Nemat effects, because
these together with the therma.l conductivity can be related to each other
by an ORR. The relation was originally derived by Bridgman (16“b)

‘in an incorrect way, anslogous to:the one used by Kelvin to derive
equation 20.

A. The General TIP Equations for Thermo@_alvanomﬁgnetism _
1. To N | | |
In the general case of simultanecus heat end electrical
flow in a magnetic field.,-‘ it 18 necessary to consider all
three -coordinate directions. For this case it can be
shown (21, 22, 23, 51, 52, 53, 63g, 110) that To may -be
written in vector form as ‘

- gTEm/M +TE . o

vhere E = -grad #, I is the electrical current, and bold

face represents vectors. In component form, equation 101
is ' .

To = J.G. + chy +J3G, +1EB + IyEy +LE {302)

(&)
LD
Cd
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| 3Ty 19T o
wharersT,—%@ - T andExa-ax,etc. It

. should be noted that E wmay be employed only in the case
. of a metal. Otherwise a term involving the chemical part
of the electron chemical potential is required (21, 22,
23, 51, 52, 53, 5&) It ie interesting to note that the
magnetic field does not appear explicitly in these equations.
The Linear laws and CRRs '
In the standaniv&v, the ﬂmmbewrittenasalinmr
function of the forces. It is convenient to write them
" in vector and tensor form as follows ’

P! = Leeag" L_G
‘ (103)

d=L E+L_G
&7 Tge~ T Tqg ¥

where G = T grad (--).' The L's are clearly second-rank

.tensors and are functions of the ma@etic induction B.

In particular, L is the electrical conductivity (Hall)

_tensor, qu is the heat conduetivity tensor, and the- L |

- and L ‘are related to longitudinal and tra.nsveree tharmo-
Aelectric efi‘ecta in a ma.@etic field.

, The ORRs for this case are given in component fom Yy
equation 10, In tensor form they became

L@ - d_(-p)

WEIEEANC ) (104)

+' .
L (B)= -B
a® * Tl |
vhere the dagger refers to the traneposed temsor. The
need for the transposed notation to express the ORRs is
- seen by writing out equation 103 in component forw.

( r
‘7\
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A More Convenient Form
8. The Transformed Linear Laws

Experimentally it is more convenient to deal with
currents and température gradients, and therefore the use
of 1 and G.as independent variables will simplify the
definitions of the effecta of interest. The desired
equations '

§=ﬂee-1-*‘%qg ~ B ) - (105)
J‘;’jﬁ 3+ ke

are obtained by writing equations 103 1n component form,
aolving for the cmonenta of E, and collecting the proper

. terms.. Alternatively, the mversion could be carried
out by matrix methods (23).

: Suppose that the experimente.l conditions are such
thatgisparalleltothezaxisandthat;andgare
restricted to the xy plane. Then 1n component form
equation 105 is written '

= LT e }iny s L8, +lwc g :
}élxx + iezly + 4302: + éhc Yy ; (106)
; %ﬁx Lty + Lo, + Jyo, :
jl&lIx + 'qtzIy + 1&3Gx ’&hGy
b. 'I‘he Transformed ORRa

When the ORRs (equations 101&) are applied to the
‘expressions for ,81 ) in terms of the Ly» it is found that

A ®) = ()
-qq(m - Jgjq -8) (107)
eq(B) = 41 (-B) o ‘ |

.
.
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Conversely the validity of equations 107 implies the
validity of equations. 10h. Equations 107 are therefore
the ORRs for the linear laws 105. :

B. The Isotropic Metal
" I. Form of the Tensor With and Without the Field
Consider en isotropic metel. In the a't_asence of a fie€lad,
1tcwbeshwnbythe'samekindongtr1calsymmetry

argumenta used in Sect.ion VII that the tenaor of equations
106 has the form

11,1: 0y O
| | o Ay o Ay - |
- J(B=0) = 131 o %3 0 o (108)

o Uy o \'vlaa‘

" where 111 is the reeista.nce, j the theml eonductivity,
and f,. 5 and: 1 _are related to the absalute thermoglectric
pover a.nd the absolute Peltier coefficiemt/ For emmple,

for the Junction of two isotropic metals a and b,
w=f% 31" (1zze)

‘ Suppone nov that a magnetic f‘ield is directed along
4thezaxisasehowninmg.9 Mmasensethemtal
15_ no longer isotmpic, since z is now a unique direction.
~ However there 1s still isotropy in the xy plane. S8ince
systems with a three-s,‘ four-, or sixfold z axis are q.lso A
isotropic in the xy plane, the four pieces of/ 1 Loor
: qu !eq jq . each take exactly the eame form as
expreesion 96, with the z(=x ) ccmponents ouitted. Thus

Ay A 4’13 4, '.

Jry - e A by . (09)
n b L3y A - | |

41' 131 'jgu 1_33

ey
o

Kl:

¢a
U
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Because of the isotropy (21, 51, 5“, 19) 4 5 [115’ ’[hl
. and [/, must be odd functions of B, l.e., 4, 4(-B) =--,{J(B),
. and<j&1,‘f 1& and 4%1 mst be even functions of B,
t.e., 4 (-B) = / (B)

2. The Onsager Relations f .
Mng to the a.ssumed symuetry, & number of the ORRB are
. redundant. Bowever there are still two independent onee
arising from the [ and 4 piecgs of[ Fran equ.a.tiona 107
and begause4[ and 1%1 are even and lah and zhl are odd,
one finds that

113<s)a-131(-n)=:£3lcs) o)
Ly® = - Ly(wy= 4y )

The Bridgman equation is related to equation 111 and

equation 110 is the Kelvin themoelectric equation for
' absolute Peltier and thermoelectric coefficients in a

msgnetic field (85) ' -

€. Experimental Definitions of the Desired Effects

| The Bridgman equation relates the Ettinghsusen and Ettinghauaen-
Nemat effects to the thermal conductivity. By means of Fleschi's
.definitions (51, 54), the desired coefficients are given in terms of
the,/ without appeal to the ORRe. Other definitions (21, 22, 23,4
83, 110) are the seme except for sign or a factor B.

' The (isothermal) thermal conductivity k, is defined as

J

k, s> g, = G, = 0 (12)
| T—; c - 1, - o

»f*

and by equations 109 o . _
B, = AyofT R o (u3)

B

'
(2

C D
(VE R
0.8

8
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° The definition is clearly the same 1f we choose the y d.irection.
The label "1sothemal" 15 necessary because an "adiabatic” heat
conductivity can be defined for which I = I, =J, = o (21, 22, 23,
51, 54, 85, 110)..

The Bttinghausen effect is the ‘ajppearénce of & temperature

gradient in the y direction when a current flows in the x direction.
t 4 .

The Ettinghausen coefficient P is ‘ | 4
t - OThy) . e T =206 a0 @ _ .
P’ = 1o - "T;l’ Iy'-Jy 6 =0 I (1%)
Mce :
RN
5 ——— (115)
33 .

The Ettinshausén-Namst effect is the appea:rénce of a poten'éial .
gradient in the ¥ direction vhen heat flows in the x direction. .The .
(isotherml) Ettingh&usen-mernst coefficient Qi is defined 88

T g | o
t- . . - .
&= Sf'g_'_"‘"-".fw%;’ .1x=1y~=cy=o' - ol
whence
Q:,, ..%i o - o (uan

. Although pure heat conduction in a megnetic field is not &.
part of the Bridgman equaticn, it 18 of interest because of its
connection with the discussion of Section VII. The Right~Leduc
 effect iathe appéaranc'e' of a températuré' gredient in the y direction
vhen heat flows anly in the x direction. The appropriate coefficient
8 1s defined 'by ' '

aT."fx S . -
8"5@'%5!:"01‘?‘/ o Ig= Iy =dy =0 "(.1.18)
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. 8= %—' o . (n9)
A S

But this definition corresponds exa.ctly to Voigt's .experiment (VII D),

8 being the tanaof equation 100. Thus §, the measure of the geymmetry

of the heat conductivity tensor in a ma.gnetic field, can be determined

'by same ‘technique used to show the m ry of the temsor in the
absence. of the field. : : .

.. ‘whence

D, The Bridgnan Relation and the Experimental Ev1dence

From equations 113, 115, and 117, it is 1mmed.15te that
P, = 4 o . Qe
0t =4, IR (121)
_ Y SU S o :
If the ORR (eQuation 111) is valid, theh the Bridgmen relation

P%, = 'rqi | . (122)

is ’valid. Converse],v, the validity of the Bridgman rela.tion entails '
~ the validity of 'Zlh = ‘Zhl S

In table i3 are the values of Qi and -541 (11, 11la, 142).

Unfortunately the experiments are quite difficult, and the results
differ from sample to sample as was found in the thermoelectxic

. and electrokinetic cases. Except for Little's measureménts on
arsenic (95), there are no cases where all three messurements

‘were done on the same sample (142). In most of the entries in the
table the thermal conductivity was the one not directly measured.
Perhaps for these remsons the ORR (eqdation 111) is ﬁot satisfied
quite as well as in the previous examples. Optimistically it could,
ve sald that coneidering the difficulty of the experimente and their
attendant errors, the ORR is satisfied, especially since the only
réally'appropriate case (Little's arsenic data) gives almost perfect
agreement. Pessimistically it could be said that the validity of
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the OFR 1s quite probable, but awaits a series of precise~measureméﬂts'
- on- single samples for verification.

‘It should be emphaeized that only one of the ORRs is tested by
the Bridgman equation. - The other 6ne,_£l3 = -1%1, 1s strictly
analogous to equation 20 and must be checked through longitudinal
thermoelectric and Peltier measurements in a transverse magnetic
field. ‘Although a few such measurements have been méde, there are
" no recent ones (85)‘ The comparison of Peltier heats and thermo-
electric powers obtained by different workers are discordant, and
" there seem:. to be only the measurements of Houlliwegue (80) on iron -
ih which both experiments were done on the same sample (2ks, 111v).
Hére the agreement was within'S per cent;.~

g
Y
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e
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Table 13
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cosgETLER

| pX Pk
12 Tk 12t 1
Substance . * T ° % Qi aﬁ_ References 4
2.2 1.8 - 1.22 (1.34) u(lsh) -
.60 A2 1.43 (1.8) - (15%)
22.0 - 22,5 .98 (95)
1.2 " 1.8 .66 (.67) (66)
2200 2340 O (2.9) (162)
.9 e .15 (.76) (154)
22.0 21.9 1.00 (66)
2 1.9 1.05 (.76) (154)
.86 (67)
Fe 8.6 9.5 .91 (.88) - (15%)
B 1 . 22.0 30.4 g2 (3.4) 0 (66)
P& 4.00 '3.26° 1.23  (.82) - (66)
‘ | 1.23 ~ | (67)
gb .220. 176 125 (.66) (162)
Zn 1.00 SaT3 1.37 - . (b.2) (154)
PoSe-1% 6.2 2.3 2.7 (133)
Foge-22 4.5 k.5 1,00 (133)
PoPe-1® 19 - 13 1.46 (133)
PbTe-2® 3.5 3.5 1.00 (133)

3 /‘1‘ and Q are in volts/gauss deg. The data and references are

" primarily taken from Borelius' collection (ll)

The values of P'k /QiT -

A crude

- in parentheses are from a similar collection by Meissner (llla)

calculation of ILl/lgu from the adiabatic quantities for Fe and Fi (zo)
give the values .28 and .27 reapectively.

afI'he units of Ptki/’r and Qit are in lO2 cmz sec-l @eg‘l. The -heat

conductivities vere estimated from a Peltier heat measurement.
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IX. Cases with Meager or Inconclusive Evidence

We have discussed in some detail above six quite different
types of. irreversible phenomena There are two more for which the
evidence 1s meager or inconclusive and which will be mentioned very. briefly

A.’ Chemical Reactions

The first case,‘chemical reectione, 15 the only common one
~ where the linear laws do not hold in & useful range of deviatious
from equilibrium. Consequently, the hypotheses of the fundamental
aasumption‘(IIB3) is not satisfied. However, sufficiehtly close
to equilibrium it would be expected that linear laws should be valid,
and this was in fact shown by Prigogine, Outer, and Herbo (131).
Hence near equilibrium, a test of the ORRs becomes meaningful. The
first non-trivial ORR comes from a consideration of a triangular
" chemical reaction system (32b, 125), and it can be shown that the
ORR is equivelent to the well accepted principle of detailed balance
~ (3%b, 125). It can also be shown that if the ORR (detsiled balance)
18 not satisfied, then such e reaction system will exhibit oscillations
in the concentrations of itse componengf as it comes to equilibrium.
(But see the recent discussion in (1,/69, 74, 141)). The experimental
‘ studies of -this phenomenm however have been inconclusive (2A,’ lho) ‘and
the question is still open from ‘an experimental standpoint.

.B. Thermomechanical Effects

The second case is the ;ntefaction of heat and matter flows in
8 ene-compqnent system (62, 63h, 132b). The two .experimental effects
are the thermomolecﬁ;ar pressure difference (TPD) and the mechanocaloric
effect (MCE), and are defined as follows (132b): Consider a one-
component fluid in two vessels cennected by a slit or capillary.
If there is a temperature difference between the vessels, a flow
AJﬁ will result and a pressure difference will be set up. In the
' steady state, J_ = O, and the quantity (dp/d'r)J - 18 the TED.
m
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A related quantity 13 the amount of heat J necessary to maintain
the system at constant temperature when the fluid is forced through
the slit by a pressure difference. This quantity, (Jq/Jm)T PYREY
the MCE. It can be shown (132b)-that

Q*, ' g '
S R | (123)
m0 : .
o/ Tudpo = P12 o (12w

where'Q*iJ(heaﬁ of transfer) = LiJ/LZZ Sincé~dP/dT‘can}be obtained from’

1Ll Vapor pressure measurements and Q from ‘calorimetric measurements, it is
‘possible in principle to verify thevORR. The first ‘measurements of these
quantities were carried out on iiquid He II by Kapitza (91) and Meyer and
Mellink (115) who stated without giving numerical comparisons, that to
within a few per cent le QZl (and thus le = Lal) More recent data,
obtained by Brewer and Edwards (15A) from 1.1 to 1.7°K are shown in Fig. 10.
Clearly le and Qzl are egual within about 5 - 8 per cent, which is the |
scatter of the data for each type of experiment.

X. Assessment

* By means of the dats in thé fdregoing éections,,it has been’ possible
to check the validity of the ORRs. The results may be summarized as follows:
 For thermoelectricity, electrokinetics, 1sothermal diffusion, and anisotropic .
heat conduction, the experimental checks are sufficienﬁly good- that the validity
of the ORRs is yractically'unquestionable; With electrolytic tranéferenée,

. most systems check pretty well;'i,e., within about 10 per cent. In the remain-
'iné ones the experimental errors are too large tb_yield e significant test, even
though equations 67 and 68 are satisfied within these errors. In the thermo-
galvanomagnetic case, the Bridgman relation is nicely verified for thé‘dnly
system where all the quantities were measured on the same sample. With the other
| systems, the values of 'lhi/llﬁ are more scattered but still reasonably close
to 1, i.e., 1 * 0.5. Because it is most: likely that the scatter is a result
of not doing all measurements on the same sample, validity of the ORR (equation
'111) may be accepted with considerable confidence. With the thermomechanical
effects the experimental test is very good, but there are data for only one
system. Finally, for chemical réactions, the evidence is inconclusive.

)
o~
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In view of the above, the reviewer concludes that the ‘
experimental evidence is oVerwhelmingly in favor of the validity of the
ORR's. Moreover ‘this experimental - check of the ORR ig at the same time

'.ra proof of both the essential correctness of the linearity assumption

and the adequacy of the thermodynamic deecription of these 1rreveraible
phenomena.

It would of course be desirable to have some further. exyerimenta
to clinch the argument in those ceses vhere experimental errors vere
especially large. The following ere suggested: - (a) Accurate Hittorf
(or moving boundary) and cell transference nunber measurements in
relatively concentrated solutions of~weak electrolytes such as CdBr 3
because of ion association L12 and L?l will be significantly larger.

“(v) A eeriea of measurements by modern techniquee of the three thermo-
galvanomagnetic coefficients and of the longitudinal Peltier heats and
thermoelectric powers in a transverse field to check equations 110 and

111 respectively; all quantities to be determined on the same sample.
81nCe-aem1~conductoré ofteh have large galvanomagnetic effects, such
systems would be most suitable. (c) Some direct calorimetric messurements
of the heat of transport to compare with the value obtalned frcmﬁthe
thermcmolecular pressure difference on systems other than Helium II.

Both meaaurements of course should be made using the same diaphragm.

(d) A careful reinvestigation of the queation of oscillating concentrations
in triangular chemical reactions.

. I would ‘like to thank my colleagues D. F. Abell and M. W. Nethans
for their generous help with various sections of the manuscript.
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METAL A
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T < . ,

. METALB.  METAL B T+dT.
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x x MUL-6928

Fig. 1. Schematic diagram of thermocouple. The terminals
of a potentiometer (Seebeck effect) or battery
' 1

(Peltier effect) are at x  and x_.
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Fig. 2. Schematic diagram of apparatus to measure

electroosmotic pressure.
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MUL-6929

Fig. 3. Schematic diagram of apparatus to measure

streaming current.
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*\ T=constant
N

MUL-6931

Fig. k4. Circular plate cut perpendicular to the axis x

. 3
heated at center 0. If the tensor 96 is not

symmetric heat flow (dotted lines) will be in spirals.
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MUL-6932
Fig. 5. Thin plate of crystal cut perpendicular to the principal

axis x3 and sawed in k}alf. One half is rotated with

respect -to the other about an axis perpendicular to the

saw cut. Thus originé,lly edges A and A' were continuations

of' each other. The two plates are separated by a small

space so no heat is transferred from one plate to the other.

The plates are heated at O, and if the tensor 96 is asymmetric,

the isotherms will exhibit a discontinuity.
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D S — 77N
RESERVOIR T=const \@a! < RESERVOIR]
T8 b———N —1 Ta

3

MUL-6933

Fig. 6. Schematic diagram of the Curie-Voigt ekperiment. The
principal axis x3 comes out of the paper. If the
tensor 96 is asymmetric, the isothermal lines far from
the regidn ofv'end effects will be inclined away from

. the normal (dotted line) to the direction of heat filow.
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MUL-6934

Fig. 7. Expanded drawing of iAsothermals to show how & is related
to the thermal gradients. Since @T/@x ) = (T - T')/dl =
ar/(a, tan @) and 8T/dx; = aT/d,, clearly ' ,

G/ - tan o
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Schematic diagram of Voigt's twin plate experiment.

If the tensor 96 is not symmetric, the isothermals

will form a V symmetric along the X axis with an

interior angle B. If symmetric, the isothermals are

perpendicular to the X, axis.
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I g A

H y
Jy s 1y aT o¢ |
ay Jay BT a¢ MUL-6986
Jx »Ix L) a_’x

» X

Fig. 9. Schematic diagram of an igsotropic metal in a- ma.gnetlc
field. The field is directed along the z axis, and x
is chosen as the direction of the primary currents.
The metal is isotropic only in the xy plane in a non-
zero field. '
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® Calorlmetrlc
o dP/dT

.2 14 16 1.8
TEMPERATURE (°K) ™™

Plot of Q for liqu1d He 1I, ada.pted from Fig.3 of (15A).
Closed c1rc1es represent le (calorlmetrlc) and .open circles
21(dE/dT) The percent deviation is from the theoretical

&
calculation of Qij which is not relevant to this discussion,





