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PREFACE

The work reported herein was performed as part of the base technology

activity under the Flow Induced Vibration Programs (189a No. 02659 and

02683) sponsored by ERDA/RRD. The overall objective of the activity is

to develop new and/or improved analytical methods and guidelines for

designing LMFBR components to avoid detrimental flow induced vibration.

Heat exchanger tubes and reactor fuel pins are long, slender, beam-

like components typically arranged in bundles and immersed in a flowing

liquid. As such, they are susceptible to flow induced vibration. The

excitation mechanism may be associated with vortex-shedding,fluidelastic

interaction, or random pressure fluctuations in the turbulent flow.

Designing to avoid large amplitude motion, that is, to avoid a resonance

condition or instability condition, and the prediction of component

response, require knowledge of the dynamic behavior of the components.

However, cylinders in a closely spaced bundle do not respond as single

cylinders immersed in a liquid, rather, interaction with the liquid causes

coupled motion of groups of cylinders. The fundamental natural frequency

of the coupled system will be lower than that of a single cylinder immersed

in a liquid.

Understanding and modeling fluid/structure interaction in cylinder

bundles is a basic requirement in the development of analytical methods

and guidelines for designing heat exchanger and reactor fuel assemblies

that are free from component vibration problems. As a step toward

satisfying this requirement, in this report a method of analysis based

on potential flow theory is developed for modeling the response of a row

of cylinders vibrating in a liquid. Added mass coefficients are given

as a function of the number of cylinders in a row for various values of

gap to radius ratios. A graphical method of determining natural frequencies



from a curve of the real part, of the propagation constant as a function

of dimtnsionless frequency is illustrated for a specified cylinder row.

To demonstrate the method of analysis and coupling effects natural

frequencies, normal modes, and forced vibration response are presented

for a numerical example.

The analysis method presented will be extended to account for flu:V

structure coupling in bundles and will be used in the development of

sets of design curves corresponding to various values of displaced-

fluid-mass to cylinder-mass ratio, gap to radius ratio, and number of

cylinders in row. These curves will be included in a future design guide

and will permit determination of the added mass coefficients and natural

frequencies of coupled cylinder row and bundle systems.
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VIBRATIONS OF A ROW OF CIRCULAR

CYLINDERS IN A LIQUID

by

S. S. Chen

ABSTRACT

The effects of Interaction with surrounding liquid on the dynamic

behavior of a row of circular cylinders are studied analytically. First,

the hydrodynamic forces associated with cylinder motions are obtained using

the potential flow theory. Then, a method of solution is presented for

free vibration of a row of cylinders. Finally, steady state responses

to harmonic excitations are presented. The results of this study have

important application in the modeling of crossflow-induced vibration of

heat-exchanger tubes.



I. INTRODUCTION

The dynamic response behavior of a group of circular cylinders, such

as heat exchanger tubes and fuel rods, is influenced by the surrounding

liquid. Interaction with liquid causes coupled motion of a group of

cylinders. The dynamics of a single cylinder vibrating in a liquid are

well understood. The comparable dynamic response for multiple cylinders,

however, is more difficult to understand and model [1],

Several studies have been made to investigate the coupling effects

of multiple structures in a liquid. Laird and Warren [2] studied

experimentally the variations of hydrodynamic forces with cylinder spacing

during oscillations of a group of twenty-four cylinders in water. Dalton

and Helfinstine [3] analyzed the problem of an accelerating flow past a

group of rigid circular cylinders. Mazur [4] obtained a solution for the

hydrodynamic forces of two cylinders moving in an ideal fluid and Chen [5]

applied Mazur's results to study the coupled modes and responses of two

cylinders in a liquid. Shimogo and Inui [6] considered the coupled

vibration of two and four identical cylinders in water. Connors [7] and

Blevins [8] studied the critical flow velocity for a tube-row subjected

to a cross flow. Chen [9] and Chen and Rosenberg [10] investigated the

coupled modes of two coaxial tubes and coaxial cylindrical shells separated

by a liquid. A brief review of these published literature reveals that

a general method of analysis for the vibration of a group of cylinders

does not exist. The objective of this paper is to present a method of

analysis which can be employed to study the response of a row of cylinders

in a liquid.

Numbers in brackets designate References at the end of paper.



II. ADDED MASS COEFFICIENTS

Consider the motion of a row of k circular cylinders in an ideal

incompressible fluid (Fig. 1). The axes of the cylinders are perpendicular

to the x-y plane and the centers of the cylinders are on the x-axis. Let

ft. and (d , 0) be the radius and the coordinates of the center of the

cylinder j. The cylinders may vibrate in the x and y directions.

The fluid velocity potential associated with the motion of the cylinder

j, assuming all other cylinders are stationary, can be written

Tj L. n J

n=l xi

for the cylinder j vibratir.g in the x direction, and

for the cylinder j vibrating in the y direction, r. and 8. are cylindrical

coordinates referred to the cylinder i as shown in Fig. 1, and a. and b.
jn jn

are constants to be determined. The total field at a point in the fluid

is made up of the partial fields generated by all cylinders; i.e.,

k

* = I • . (3)
j=l 3

Note that $. given in equations (1) and (2) is written in terms of the

local coordinates referred to the cylirder j. To satisfy the boundary

conditions at a perticular cylinder, the velocity potentials associated

with all cylinders must be expressed in terms of the coordinates of that

cylinder. The transformation is accomplished by use of the following

relationships:cos D 6, <- (n+m-l)!rm1 n I £
r. m=0 m!(n-l)!R ,

(4)

and



Fig. 1. A row of circular cylinders vibratlne In a liquid.



sin n 0. ,- » (n+m-1)! r"1

sin[m9.-(m+nH.,] . (4)
x 1Jr" m=0 m l C n - ^ J R ^ * . *J (Contd.)

R . and <p,, are defined in Fig. 2. Equations (4) can be established from

Fig. 2 and using Taylor series expansion of the function

[R..exp(iiji..) - r.exp(i0.)]~n. Let the superscript i denote a variable

written in terms of the local coordinates associated with the cylinder i;

e.g., the partial potential <j>. and total potential * in terms of the

coordinates of the cylinder i are <j>. and $ , respectively. Therefore,

i k* i

where £ denotes the summation for j from 1 to k except j = i. Using

equations (1), (2) and (4) gives

and (6)

I 1 ^ i b sin[mO - (m+n)* J
=0 m! (n-1) !R^ jn i xj

for motions in the x and y directions, respectively.

The velocity components of the cylinder i in the x and y directions
3uj 3v£

are -r— and -rr- respectively. The fluid velocity components in the r

direction are U. In terms of the local coordinates of the cylinder i,

i 3*IT = |f- . " (7
3 ri

At the interfaces of the cylinders and fluid, the following conditions

must be satisfied;



y

Fig. 2. Relation of two cylindrical coordinates associated
with the cylinders i and j.



u
3 ^

cos 0,

(8)
i = 1, 2, 3, k ,

for motions in the x direction; and

3vi

(9)
i - 1, 2, 3, .... k ,

for motions in the y direction.

Substituting equations (7) into (8) and (9), and using equations

(5) and (6), a. and b. are determined,

and (10)

bin = J x
 einq I T '

where a. and 3 are solutions of the following equations:
XI) J XX1X>

<-n)o. „ + I I • • _ J — a . Bcos[(m+n)i(p..] * 6 .6,. ,
inl .1=1 m»l (n-l)!(»-l)!Rf jm* lj ^ U

ij (11)

i» J, * = 1» 2 5 3, c... k ,

n, m = 1, 2, 3, .... <*> .

A finite number of undetermined coefficients were determined by inverting

the matrix formed hy truncating the infinite sets of equations (11).

The fluid forces acting on the cylinders can be calculated from fluid

pressure p;

P=-of~ . (12)



where p is fluid density. The two components in the x and y directions

of fluid force acting on the cylinder i are H. and V.;

f2" 1
"'•-Jo '

• R cos6.d6 ,

and (13)

P R.sin8 d6

Using equations (5), (6), (10), and (12), and integrating equations (13)

give

k
H± « -prr ^

and (14)

k

where
k*

and • (15)

4R2 ( k. - y R. n+1

L 8 + X I G 3 »

a. and 3.f are added mass coefficients. It can easily be shown that

and (16)

kFor a group of k cylinders, there are only -j (k+1) independent components

for a., or B because of the symmetry. The diagonal ones a., and 3..

are self added mass coefficients, which are p*opo*tional to the hydrodynwaie



force acting on the cylinder i due to its own acceleration; while

the off diagonal ones are mutual-added mass coefficients, which are pro-

portional to the hydrodynamic force acting on the cylinder i due to the

acceleration of the cylinder H. a , and f5.« may be referred to as the

added mass coefficient tensor. For a group of k cylinders it is possible

to find k principal axes such that a.. = 0, or 8.. = 0 for i t a.

a and 6 are in terms of series solutions. Only a limited number

of terms are needed in calculations. The added mass coefficients for

two cylinders with different radii (R. = 2R ) and five identical cylinders

(R. » Rj i » 1, 2, 3, 4, 5), equally spaced, are shown in Fig. 3 as functions

of the number of terms n taken in calculations. In both cases, a.,, and

6. are referred to the x-y coordinates and the gap G between two

cylinders is equal to 0.1 R.. Calculations also have been made for many

other cylinder-rows. It is found that the rate of convergence increases

when cylinders are far apart and are of the same radius. In general, n = 10

will give results with sufficient accuracy.

The vibration of a tube-row consisting of identical cylinders, such

as heat exchanger tubes, is of importance. It is interesting to know

the effect of the neighboring cylinders. Figures 4 illustrate the self-

added mass coefficient a and mutual-added mass coefficient a as

functions of the number of cylinders in the tube-row^. For k = 1, it

corresponds to a single cylinder in an infinite fluid, a,, is equal to 1.

As other cylinders 2, 3, 4, etc., are placed on the x-axis, a,, increases.

The two adjacent cylinders 2 and 3 have a significant effect on a-,-,,

while the effects of other cylinders are negligible. Similar effect is

observed for mutual-added mass coefficients; a., is small except a 1 2 and

a...,. From Figs. 4, it is clear that, in in-plane motion of a row of

cylinders, the coupling of a cylinder with other cylinders can be neglected
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except the two adjacent ones. The added mass coefficients (5,, and f3

have also been calculated as functions of the number of cylinders, which are

shown in Fig. 5. In this case, the coupling between any two cylinders is much

larger.

Added mass coefficients depend on R., R.., and k. For a tube-row con-

sisting of identical cylinders at equal distance, added mass coefficients depend

on G/R and k only. Figure 6 shows a and S for three cylinders as functions

of the gap-radius ratio. For large G/R, a., and f}.. approach one, and

o and p.. for i ^ i. approach zero. As G/R decreases, both a., and 0..

increase. It is noted that the mutual added mass coefficients a. are

negative and B are positive. In all cases the absolute values of a±

are smaller than those of B. ; that is, the hydrodynamic effect on
l i t

cylinder motions is more important in the out-of-plane vibration of a row

of cylinders.

The hydrodynamic forces presented in this paper are based on a two

dimensional theory. In the case of a group of cylinders vibrating in a

liquid, the fluid field is not two dimensional. However, the three

dimensional effect is small for large wave lengths [9]. Consequently, the

two dimensional hydrodynamic forces will be employed to study the vibration

of cylinder rows.
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III. FREE VIBRATION

A. Frequency Equation

In-plane and out-of-plane vibrations can be studied independently.

The equations of motion for in-plane vibration are

34u. 3u 32u

where a. is mass per unit length, E.I. is flexural rigidity, c. is damping

coefficient, H. is hydrodynamic force, and G. is external excitation force.

The hydrodynamic force is given in equations (14); substitution of

equations (14) into (17) gives

34u. 3u 32u /R. 2 2

In this analysis, it is assumed that all cylinders are of the same

length 9. and have the same type of boundary conditions. Let

CO

u< * £ V n ( 2 ) '

where $ (z) is an orthonormal modal function of cylinders in vacuo; i.e.,

*ffl(Z)$n(z)dz - « „ • (20)

Using equations (18), (19), and (20) gives

j - 1, 2, 3, .... k , (21)

n • 1» 2, 3, .... °° ,

where at,, is the nth frequency in vacuo for the cylinder j, and

(22)
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and

(22)
G.$ dz . • (Contd.)

Note that equations (21) can be applied to all values of n. For each n,

there are k equations which ere coupled. However, there is no coupling

among the equations for different n. This is true for a group of cylinders

having the same length and same type of boundary conditions. If the

cylinders have different types of ->.nd conditions, a similar method of

analysis can be used [5].

For a given n, equations (21) may be written

[M]{q} + t*Cj{q} + fK-Hq} - {F} , (23)

where [M], f C j , and fKj are symmetric matrices and

jit ~ j j£ jA il *

(24)

and

For free vibration, neglect damping and forcing terms and let

{q} = {q"}exp(iQt) . (25)

Frequencies and normal modes of the system are computed from the undamped

homogeneous equations

TKJ{5} = n2[M]{q"} . (26)

Let [P] be the weighted modal matrix formed from the columns of eigen-

vectors. It is easily shown that

[PTHMHP] - [IJ ,

and (27)

[PT][K][PJ = [A] ,
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where [I] is an identity matrix and [A] is a diagonal matrix formed from

2
the eigenvalues Q .

The same method of analysis can be applied to the out-of-plane

vibration. This is easily done by replacing a, by B. from equations

(18) to (27), provided that all variables are referred to out-of-plane

motions.

B. Periodic Tube-Rows

When all cylinders are identical and equally spaced, considerable

simplification can be made. In this case

m. • v»2 m m^ m • • • • " "^ " m »

wkn "n ' { 2 8 )

•• "°kk-a. •

'• " a(k-l)k-°c *

As pointed out earlier, for in-plane vibration, the coupling effect can

be neglected except for the two adjacent cylinders. Therefore, equations

(26) can be written

q( 1 ) n - 2 cosuq.n + 5 y + 1 ) n * 0 » (29)

where

and

(A)

°11

°12

= U2n

•°22

"°23

• W 3 n '

" a 3 3 "

* a 3 4 *

and a is the ratio of the displaced mass of fluid to the mass of the

cylinder.

The solution of equation (29) is

u is the solution of equation (30). Since a and a depend on G/R, the
s c
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value of u depends on the frequency ratio ft/u , mass ratio ?> and gap-

radius ratio G/R. In general, y is a complex number; the real part Re(u)

represents the phase difference between displacements at any two consecutive

cylinders, and the imaginary part Im(u) represents the exponential decay

rate of the displacement wave as it propagates from one cylinder to the

next. The values of u for a » 0.5 and G/R - 0.1 are shown in Fig. 7.

The lower and upper bounding frequencies of the propagation band

correspond to u = ir and 0 respectively. From equation (30), those corre-

spond to

a
—
n

a

,1/2

3

[l + aa +2ca ]s c
,1/2

(32)

Between those two frequencies, waves can propagate without attenuation.

Figure 8 shows the propagation region as function of the mass ratio a.
The propagation bandwidth increases with increasing a and decreasing G/R.

This is easily understood that with more dense fluid and small gap,

the coupling becomes significant. Since natural modes are the inter-

ference patterns of propagating waves, all natural frequencies are in

the propagation band.

The propagation constant curves can be used to find the natural

frequencies of a group of periodically spaced cylinders. Consider a

cylinder-row consisting of k elastic cylinders and 2 rigid cylinders at

the two ends. Applying equation (29) to each group of three consecutive

cylinders yields

-2 cosu 1 0

1 -2 cosu 1

1 -2 cosu

-2 cosy

hn

q(k-l)tl

(33)
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From equations (33), the frequency equation is obtained:

cos[ (k+1)IT]sin[ (k+1)u] _ -
smp

The solutions of equation (34) satisfying equation (30) are

u = , . , m = 1, 2, 3, .... k

(34)

(35)

In the propagation band, equation (35) permits k solutions. From equations

(30) and (35), the natural frequencies of a group of periodically spaced

cylinders can be obtained by a simple procedure as follows. For a row

of k cylinders, divide the ordinate over the range 0 to v into k + 1 equal

parts. The projections on the abscissa (fl/u ) of the points of interaction

of the p curve and horizontal lines corresponding to m = 1, 2, .... k will

give the frequencies. This procedure is the same as that of a periodically

supported beam [111. Substituting equation (35) into (33) and solving

for {q} give

*2n

i n(lsin

2nnr

w m = 1, 2, 3, .... (36)

k+i

f

J
For the purpose of illustration, Fig. 9 shows the discrete values of u

and the corresponding natural frequencies of in-plane vibration for a row

of five cylinders with a rigid cylinder at each end. There are three fre-

quencies for each n; figure 9 can be applied to all n.
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C. Numerical Examples

Figures 10 and 11 show the normal modes of two, three, four, and ten cylin-

ders vibrating in a liquid. For a row of k cylinders, corresponding to each

n there are k normal modes in in-plane or out-of-plane vibrations. In

in-plane vibration, the fundamental frequency is associated with the mode

in which every cylinder moves out-of-phase with respect to its two adjacent

cylinders, while the kth frequency is associated with the mode in which

all cylinders vibrate in-phase. On the other hand, in out-of-plane

vibration, the fundamental frequency is corresponding to in-phase mode

and the kth frequency is corresponding to the mode that every cylinder

vibrates out-of-phase with respect to its two adjacent cylinders. It

can be seen from Figs. 10 and 11 that between any two adjacent cylinders of the

group, the total number of phase changes in the nth mode is (k-n) for

in-plane motion and (n-1) for out-of-plane motion.

Figures 12 show the frequencies of a tube-row of five, equally spaced,

identical steel tubes in water as functions of the gap. The tube outside

radius is 1.27 cm (0.5 in.), wall thickness 0.159 cm (1/16 in.), length

1.27 m (50 in.) and is simply-supported at both ends. The fundamental

frequencies of the constituent tube are 41.744 Hz in vacuo and 33.733 Hz

in water, which is given by the dotted lines in Fig. 12. Figures 12 show

that when the tubes are closely spaced, the frequencies are widely spread.

As the gap increases, all frequencies approach that of a single tube in

water. It is also noted that the lowest frequency is associated with the

in-phase mode of out-of-plane motion.

Figure 12 shows the fundamental frequencies of in-plane and out-of-

plane vibrations of a tube-row, consisting of the same tubes presented

in Fig. 12, as functions of the number of tubes. As the number increases, the

fundamental frequencies decrease. This is attributed to the increase in

the self added mass and coupling effect.
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IV. FORCED VIBRATION

The response to an excitation can be calculated from equations (23)

and the appropriate initial conditions. Assuming that the damping matrix

fC] is proportional to ["Kj, equations (23) can be reduced to a set of

k uncoupled (modal) equations by letting

{q} - [P]{r} , (37)

and premultiplying by the transpose [PT], the result being

[PTMP] Cf} + [PTCPJ {f} + [PTKP] {r}'- IPT]{F} . (38)

In equations (38) the square matrices on the left side are diagonal

matrices. Thus each equation reduces to that of a simple oscillator

and has the form

*J« + 2 V V j n + ̂ j n * I W i n " <39>
j *= 1, 2, 3, .... k

n = 1, 2, 3, .... » .

The solution of equation (39) is easily obtained. Finally the cylinder

displacements, and other quantities of interest, can be calculated from

equations (19) and (37).

In equation (39), fl. is the natural frequency of a coupled node

and n. is the corresponding modal damping ratio, n. is related to the

modal damping ratios of uncoupled modes. This can be shown by considering

a special case that all cylinders are identical. Assuming that the

frequency in vacuo of the constituent cylinders is u. , the corresponding

frequency in liquid is to. //I + a (a = mass ratio of fluid to cylinder)

and the modal damping ratio is £. . It can be shown that

r n

/l + a

From equations (38) and (39), it is easily seen that
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Using equations (40) and (41) gives

,„ . (42)
in i iu. / in

\ J"/

Evidently, the modal damping ratio of a coupled mode n. may be smaller

or larger than that of an uncoupled mode g . Since the fundamental

frequency of the coupled modes is always smaller than to. //I + a, the

corresponding damping ratio will be smaller than that of the corresponding

uncoupled mode. Equation (42) also shows that the modal damping ratio

increases as the frequency increases; that is, the higher modes will have

a higher damping ratio.

The steady-state responses of a tube-row consisted of five, equally

spaced, identical tubes have been considered. The tube properties are

the same as those presented in free vibration study. Figures 14 and IS

show the responses of the tubes when tube 1 is subjected to a harmonic

excitation g.sinut, uniformly distributed along the tube and 5. « 0.05.

The magnification factor is defined as the ratio of the displacement ampli-

tude at midspan to that of the deflection of tube 1 td a static load of

the same magnitude. In Fig. 14, the gap-radius ratio is 0.1, the tubes

are strongly ccupled. The response of tube 5 is still large, although it

is far away from tube 1. In Fig. 15, the gap-radius is 1.0. The response

is small for those tubes not directly excited and the response of the

tube 1 is similar to that of a corresponding isolated tube.
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Fig. 14. Dynamic responses of five tubes to a harmonic excitation for

G/R = 0.1.
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Fig. 15. Dynamic responses of five tubes to a harmonic excitation for
G/R = 1.0.
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V. CONCLUSIONS

A rational method of analysis is presented for coupled motions of

a row of cylinders in liquids. The method can be applied to a group of

cylinders vibrating in-plane or out-of-plane, and the cylinders may have

different properties. The method is useful is modeling the response of

a group of cylinders to flow excitations.

Detailed studies have been made on the coupled cylinder/fluid motions.

Several general conclusions can be drawn: (1) The lowest frequency of

the coupled modes is associated with the in-phase mode of out-cf-plane

motion. (2) The fundamental frequency of a group of identical cylinders

decreases with increasing cylinder number. (3) In a group of k identical

cylinders, corresponding to each frequency of the constituent cylinder

in vacuo, there are k frequencies of coupled modes for in-plane or out-

of-plane vibrations. (4) The modal damping ratio of the fundamental coupled

mode of a group of identical cylinders is lower than that of the corresponding

mod* of an isolated cylinder. (5) The coupled frequencies become more

widely spread as the cylinder spacing becomes smaller.

It should be remarked that the added mass is affected by other parameters,

such as vibration frequency, vibration amplitude, and fluid viscosity [12].

However, for small oscillations in practical system components, the potential

flow theory will give results with sufficient accuracy. It should also be

kept in mind thai: the force due to the added mass is not the only force acting

on the cylinders. Other forces, such as drag force, lift force, and fluid

elastic force are also important; these forces can not be obtained based on

the potential flow theory.
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