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ABSTRACT 

MHD stability calculations of high B ̂  a/R tokamak configurations are given 
for three separate classes of equilibria viz. (1) thin skin sharp boundary model, 
(2) quasi-uniform current model, and (3) diffuse profile model.' 
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I. Introduction 

We present the results of three separate calculations, each pertaining to 
the MHD stability of high 8 tokamak configurations. The calculations are dif
ferent in that a different class of equilibria is investigated in each case. 

The first calculation is a study of kink instabilities In a sharp boundary 
thin skin model. A combination of analysis and numerical techniques has enabled 
us to determine the critical 8 and q for stability for configurations with 
arbitrary 8, aspect ratio R/a, and cross sectional shape. 

The second calculation examines the stability of a M a/R, quasi-uniform 
current model against kink modes. Because of the high 6, the equilibrium is 
truly two dimensional. This calculation can be considered to be a high 8 ̂  a/R 
extension of Shafranov's original low B ̂  a2/R2 uniform current model investiga
tion. 

The third calculation examines general diffuse tokamak equilibria in the 
context of the high 8^ a/R tokamak expansion. The stability problem is formu
lated as an expansion in inverse aspect ratio, a/R. It is shown that important 
new terms appear in second order in 6W and thus stability is not trivial in this 
order as it is in the conventional 6 * a2/R2 expansion. 

Each of these calculations will now be discussed separately, with the con
clusions summarized at the end of the corresponding section. 
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II. Thin Skin Model 

The first problem discussed is the stability of a completely general axi-
symmetric toroidal thin skin plasma to kink modes. The objective is to compute 
the critical 6 for stability as a function of aspect ratio, safety factor q, 
and cross-sectional shape. The generality of the results derives from the fact 
that the calculation is performed for arbitrary 3, cross-section and aspect 
ratio. Wa present results for some tokamak configurations currently being con
sidered for large experiments, namely circular, elliptical, and triangular 
shapes. The calculations presented here represent an extension of the previous. 
work of Freidberg and Haas[1,2] who treated the circle and ellipse by means of 
an inverse aspect ratio expansion. 

We consider an equilibrium which consists of a constant pressure plasma 
surrounded by vacuum; in the present work no external wall is considered. This 
equilibrium relationship is written as 

/Bp<e>\
2 fr0p a-BJ/BS) 

\ Bo / Bo " (1+es c o s e ) 2 

where Bp(0) is the poloical field just outside the plasma surface. The angle 
6 is taken from the geometric center of the plasma and 6=0 denotes the toroidal 
radius to the outside plasma surface. B^ and B0 are the toroidal field 
strengths inside and outside the plasma at 6 - IT/2 respectively, p is the 
pressure, g(6) is a function describing the plasma cross section normalized to 
the radius a, and e is the inverse aspect ratio a/R. No ordering is assumed 
for 2uQp/B§ and (1-B|/B|) although there is an operating range for these param
eters which describe a lower and upper bound on the total 3« The lower bound 
requires 1 - B|/B§ > 0 with equality corresponding to poloidal 3_ • 1. The 
upper bound must satisfy 2y0p/B| > (1-B?/B£)/(1-G) 2 with equality corresponding 
to q » «. We complete the equilibrium by expressing the total 3 and safety 
factor q as: 

where B\ is the toroidal field on the vacuum side of the plasma surface, <> 
denotes average value over the plasma surface, p - R + a g(6) cos6, and dt is 
poloidal arc length. 

The stability is analyzed by means of the energy principle.[3] The energy 
integral is written as a sum of plasma, <5W_, surface, <5W. and vacuum, SW , 
contributions. 1.\e method of approach is to expand the normal component of the 
plasma displacement n • £ on the plasma surface r * a g(0) as a Fourier series 
in an angle v. Here'v « v(6) is an arbitrary function chosen for numerical 
convenience. Since the equilibrium also depends on v (through 8) because of 
toroidicity, the Fourier modes are coupled to one another in the stability 
calculation. A lengthy analysis allows 5W to be cast in the form 6W - ICnWnmCm 

where W is a matrix arising from the plasma, surface, and vacuum terms and 
can be expressed in terms of the equilibrium quantities only. The £ are the 
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Fourier amplitudes and are to be determined. Once g is known, it is straight
forward to minimize <SW numerically with respect to the Cn. The value of the 
critical 6 is determined when the absolute minimum of 6W equals zero. The com
putation of the surface contribution to W is straightforward whereas the plasma 
and vacuum contributions depend sensitively on solutions of Laplace's equation 
for the magnetic scalar potential evaluated on the surface. The basic new step 
in the present work is the development of a technique based on a form of Green's 
theorem[4] which enables us to solve Laplace's equation exactly in the plasma 
and vacuum regions on an arbitrary cross-section toroidal surface for arbitrary 
boundary data. This technique makes it possible to formulate the problem in a 
way readily amenable to numerical computation. 

We turn now to the numerical results and begin with the circular case 
given in Fig. 1. Illustrated are marginal stability curves of critical 8 vs 
inverse aspect ratio for S. • 1 and q • «°. Also plotted for comparison are the 
results of Freidberg and Haas[l] (6 » .21 a/R) and of the low 3 conventional 
ordering (8 » a 2/R 2). Note that results obtained by expansion are quantita
tively accurate only for very large aspect ratio, R/a >, 10. The difference 
between the two marginal curves represents the gain in total 3 that can be 
achieved by going from conventional tokamak operation at 8p «* 1, to high 8 
operation bounded by q - ». This difference is quite large for large R/a, but 
becomes small in the interesting experimental range R/a 4 3. We note that 
finite aspect ratio effects significantly degrade the actual critical 3 for 
q •> « from the theoretical scaling which predicts 8 « a/R. Furthermore, finite 
aspect ratio effects greatly reduce the critical B at 6p * 1 from the ordered 
ve.lue of 3 - a2/R2. This is associated with the fact that in the "exact" 
numerical calculation the critical q for stability at 6p » 1 is a rapidly in
creasing function of a/R as opposed to the ordered result which requires q > 1 
independent of a/R. These two effects combine so that for instance in a cir
cular tokamak with R/a - 3, the critical 8 goes from 8 * .047 at 8P • 1 to only 
8 » .056 at q » ». At gp » 1 the value of q required for stability is q * 1.72. 

The effect of elongating the cross section is examined by plotting margi
nal stability diagrams for s, plasma with elliptic cross section of height 2b 
and width 2a. In all cases, for a given R/a, there is an optimum elongation 
for obtaining the maximum critical 8* This elongation is approximately b/a • 
2.2 for q • » and b. a • 2.0 for 3p • 1, and is surprisingly independent of R/a 
in both cases. Illustrated in Fig. 2 are the marginal stability curves for 
the optimum b/a. Also plotted is the high 8 elliptic result of Freidberg and 
Haas[2] (8 " .37 a/R). A comparison with Fig. 1 shows that at high 8 operation, 
q •= », there is a gain in critical 8 of about two for the optimum ellipse over 
the circle, for any R/a. For 6p » 1 the gain is slightly under two for small 
R/a but is seriously degraded for very large R/a. 

The effect of triangulating the cross section is examined by testing the 
plasma surface generated by the equation r2 + Cjr3 cos38 » C2 where Cj and Cz 
are determined from the conditions r m a x • a{l+&), m i n * a(l-A). The surfaces 
are D shaped with the parameter A being a measure of the triangulation. Illu
strated in Fig. 3 are marginal stability curves as a function of A for fixed 
R/a * 3 . Ve see that as the plasma becomes more triangular the critical 8 de
creases, the reason being that the bad curvature is enhanced near the tips of 
the triangle. As a further investigation of D shapes we have considered the 
elongated D shapes planned for doublet II-A. The results, which are not 
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illustrated, are as follows. For a fixed amount of triangularity there is 
again an optimum elongation for obtaining the highest critical 0. This elonga
tion is about 2:1 and for 0 - 1 yields a critical 3 * .09 with q - 2.1. 

The results can be summarized as follows. In general toroidal effects 
have a strong destabilizing effect on kink modes. The source of instability is 
associated with higher 3 values which give rise to unfavorable toroidal curva
ture effects on the outside and favorable ones on the inside. Thus, the kink 
modes take on a ballooning nature and the corresponding critical S's are much 
lower than for the equivalent straight cylinder. For example at R/a » 3 the 
maximum stable 3's are of the order of 5%. 

The theoretical scaling laws, while certainly very useful are only quanti
tatively accurate for quite large aspect ratio, (R/a >. 10). For realistic, R/a, 
the exact critical 0's are reduced considerably from the theoretical scaling 
predictions. 

Elongating the cross section in general can improve the critical 3. In 
all cases tested there is an optimum elongation of about 2:1. For small aspect 
ratio R/a < 3, this gives rise to an increase in critical 3 by a factor of 
slightly less than 2 for any 6 . 

Triangulating the cross section without elongating :Lt appears to be un
favorable, mainly due to concentrated regions of bad curvature t^ar the tips 
of the triangle. 

III. Quasi-Uniform Current Model 

We present results of a study of kink mode instabilities in a 3 * a/R 
tokamak model with a nearly uniform toroidal current distribution. The cal
culations are in some sense an extension of Shafranov's[5] kink mode analysis 
for 3 * (a/R)2. One Important result of Shafranov is the existence of alter
nating regions of stability and instability given by 

m-1 + (a/b) < nq < m (unstable) (3) 

Here n and m are the toroidal and poloidal wavenumbers, q is the safety factor 
evaluated on the plasma surface r • a, and b is the radius of the conducting 
wall. 

The main objective of our calculation is to determine what effect, if any, 
increasing 3 to 3 ̂  a/R has on the regions of stability. 

The 3 * a/R analog to the low 3 uniform current equilibrium has been given 
by Haas.[6] It is a truly two dimensional equilibrium, consisting of a plasma 
with a circular outer flux surface and parabolic pressure profile. The toroi
dal current is nearly uniform and the vacuum field surrounding the plasma has 
a vertical field for equilibrium. 

The stability analysis consists of calculating <5W to second order (i.e., 
6W *v» (a/R)2) and finding the conditions for marginal stability. The calcula
tion is both analytic and numerical. The details are quite leigthy and will 
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be presented elsewhere.[7]. 

Ihe marginal stability results are presented as curves of the critical 
value of 8/fc (a/R)] vs nq with 8 and q defined as 

2"o f .k £o [_d6 
" 1 r 6 2 B 2 . / P q " 2irR J B e (a ,e) 

Here B is the toroidal field at 6 * TT/2 and B.(a,6) is the poloidal field on 
the plasma surface. 

Ihe first case examined was for the conducting wall at infinity. In this 
case we find instability for any n for all 6, a result consistent with that for 
the cylinder (8 *> a 2/R 2). Figure 4 shows the marginal curves for b/a =1.4. 
Taking 8 •*• a2/R2, the intercepts on the nq axis (corresponding to instability) 
agree precisely with those derived from Eq. 3. However, unlike the low 8 cal
culation, the high 8 toroidal model shows that the size of the stable "windows" 
depends on 8 and n. He note the existence of stable regions at very low q. 
For instance if q < .25 then n • 1 and 2 will be stable to kink modes for any 
B *>» a/R. However, it is known from low 8 theory that stability to internal 
kink modes requires q > 1, and so most likely the region q < .25 will be un
interesting in high 8. As in the cylindrical case, for any given q, there will 
always be an n for which the system is unstable. Thus for q * 1.2, n - 1 is 
stable if 8 < .1 a/R while n • 2 is unstable. 

With the wall at b/a -1.2 the stability windows have broadened (see 
Fig. 5). We observe that the stable region in the vicinity of the origin now 
dips down, with a strong tendency to pass through nq * 1 before spreading 
across the diagram. For q - 1.2 then n « 1 is stable if 8 < .24 (a/R) but 
n • 2 is unstable. For q > 1 and 8 > 2.5 a/R both n « 1 and n • 2 are stable. 
This result shows a beneficial effect of high 8 although as before a suffi
ciently high n will always be unstable. 

With b/a - 1.1 the broad stable area sweeps in and the diagram collapses 
to a series of small unstable regions (Fig. 6). For q - 1.2 both n - 1,2 are 
stable for all 8. Finally, for the wall on the plasma case, b/a • 1, the kink 
modes are completely stabilized, which is consistent with cylindrical re
sults [5] and previous toroidal analysis[8,9] bearing in mind that we have only 
retained terms to 0 (az/R2) in 6W. 

Summarizing,we have investigated the effects of high-6 toroidicity on 
kink-modes in a quasi-uniform current model of tokamak. We have obtained 
marginal stability lines and shown their relation to Shafranov's modes for a 
cylinder. The effect of high-8 can be beneficial or not depending on wall 
position and q(a). In general, however, the low-n kinks can be stabilized by 
a judicious choice of q(a), 8 and wall position. In the absence of a wall, 
for any 8 •*» e and q(a), the model is unstable to all n. With the wall on the 
plaama the model is kink stable for any 8 and q within the ordering. 
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IV. Diffuse Model 

We now turn to a completely diffuse high-0 tokamak with plasma extending 
up to the wall. Making use of an orthogonal coordinate system based on the 
magnetic surfaces, viz i|> (flux function), x (poloidal coordinate), <t> (ignotable 
toroidal coordinate), the equilibrium is described by the following quantities: 
P " pOJO, I • I(<I0 = KBJ,, R - R(ip,x) (distance from symmetry axis), J - Jty»x) 
(Jacobian), B • By(iji,x) (poloidal magnetic field). As opposed to the lew-8 
tokamak, the variation of the latter two quantities the short way around the 
torus is of order unity so that the equilibrium is truly two-dimensional. 

In the stability analysis of the high-B (̂  a/R) tokamak we find to lowest 
order in inverse aspect ratio that V*g, •• 0, or tfQ - i 3Y0/3x « 0 where 
X » JR B x ?*, Y • iB^BxSy-ByS^)/BXB

2. Thus, we can introduce a stream function 
•(•tX) such that XQ • i 3«/3x» v 0 * 3$/3i|'. We then obtain to second order the 
following variational principle for the determination of growth rates of insta
bilities: 

w2.fiW(*)/K(*) 

fiW(«) 
I ** 2i< ,,|2 

X I 3X JRBX 3 X 

where 

dX» . 

n Is the toroidal wave number and prime denotes partial differentiation with 
respect to ty. The associated Euler equation is a fourth order partial dif
ferential equation in * which is the best we could hope for in view of the 
structure of the problem. The possibility of instability is clearly associated 
both with the poloidal curvature icp (which is destabilising as long as the 
cross section of the magnetic surface is convex), and the toroidal curvature <t 
which is destabilizing on the outside and stabilizing on the inside of the 
torus. 

The expression for 6W($) contains two new effects as compared to the 
analogous expression for the low-8 (y a2/R2) tokamak: 1) the ballooning term 
p' Kt comes in already in second order, 2) the variation in x of the equilib
rium quantities J, B , and q prevents a straightforward Fourier analysis of 
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azlmuthal modes. Consequently, the standard[5,8,9] proof of the stability to 
second order of tokamak breaks down and a completely new situation arises. 

These same effects also appear in the high-8 tokamak version of the 
Mercler[10] criterion: 

> 0 

where f - /fdx/fdx, <f > - fJ/J, I - f - <f > . Notice that B 2 % eB2 so that 
all three terms are of the same order of magnitude as opposed to the low-B 
tokamak case where off-axis only the shear term survives. The first term 
(shear) and the second term (ballooning) are stabilizing, whereas^the third 
term represents a complicated combination of geodesic curvature (B2 =£ 0) and 
poloidal curvature (<p) whose sign is difficult to estimate. Since it involves 
the difference of two similar terms of the same order, most likely its numeri
cal value for reasonable equilibrium profiles and cross sections will be 
smaller than the value of the two other terms. This does not rule out the pos
sibility of ballooning modes, not covered by Mercier's criterion, which are 
less localized in ty than in x» However, a special case, the quasi uniform 
current model discussed in the previous section, shows that the ballooning 
terms do not necessarily dominate as this model is stable to second order when 
the wall touches the plasma. 

Summarizing, a stability analysis of diffuse axisymmetric toroidal con
figurations, using the high 6 <v a/R expansion leads to the presence of a 
pressure driven ballooning term in the second order term of SW. This term 
appears in fourth order in the conventional 6 *v a2/R2 expansion. If one 
examines the B -̂  a/R ordered form of Mercier's criterion new pressure driven 
terms appear. The most important one is a ballooning term that adds to the 
stability of the shear term. The reason is that the Mercier perturbation 
averages out the destabilizing part of the toroidal curvature and thus does 
not exploit the destabilizing ballooning nature of the high-3 terms. We con
clude that Mercier's criterion probably does not present a serious restriction 
on the stability of high-0 tokamaks. 

REFERENCES 

[1] FREIDBERG, J.P., HAAS, F.A., Phys. Fluids 16 (1973) 1909. 
[2] FREIDBERG, J.P., HAAS, F.A., Phys. Fluids J7 (1974) 440. 
[3] BERNSTEIN, I.B., FRIEHAN, E.A., KRUSK/J*. M.D., KULSRUD, R.M., Froc. R. 

Soc. Lond. A244 (1958) 17. 
[4] This procedure was first suggested to us by J.K. Hayes, R.G. Kellner and 

B.K. Swartz of the Los Alamos Scientific Laboratory. It was then applied 
to a plasma physics problem by B.H. Harder (to be published). 

15] SHAFRANOV, V.D., Sov. Phys.-Tech. Phys. 15 (1970) 175. 

[6] HAAS, F.A., Phys. Fluids 15 (1972) 141. 
[7J FREIDBERG, J.P., HAAS, F.A., to be published. 
[8] WARE, A.A., HAAS, F.A., Phys. Fluids 9. (1966) 956. 



-8- < 

[9] FRIEMAN, E.A., GREENE, J.H., JOHNSON, J.L., WEIMER, K.E., Phys. Fluids 
16 (1973) 1108. 

[10] MERCIER, C., Nucl. Fusion 1 (1960) 47. 



FICTOE CAPTIONS 

Fig. 1. Critical 6 vs inverse aspect ratio for circular cross section for 
the cases q « » and 6. • 1. 

P 

Fig. 2. Critical 6 vs Inverse aspect ratio for the optimized elliptic cross 
section for the cases q • » and 6p *» 1. 

Fig. 3. Critical 6 vs triangularity, A, for fixed aspect ratio R/a •«' 3 
for the cases q « » and Bp " 1. 

Fig. 4. Critical B vs q for b/a • 1.4. The shaded region is unstable. 

Fig. 5. Critical £ vs q for b/a * 1.2. The shaded region is unstable. 

Fig. 6. Critical B vs q for b/a • 1.1. The shaded region is unstable. 
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