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BROOKHAVEN NATIONAL LABORATORY

MEMORANDUM
Date: April 6, 1953

Tos 1. Kaplan

From: J. Chernick

Subject: 4inalysis of the Clean
Bucklings of 1.3 Per

’ ) Cent Enriched Uranium-
Water Lattices.

Introductions

The experimental results on the relaxation lengths of the clean, 0.6"
diemeter, 1.3 per cent U235 enriched uranium-water lattices have been com-
pleted for the 211, 331, and 431l water to fuel volume ratios. A re-deter
mination of the relaxation lengths of the 1.5:1 lattices as a function of
the size of the assembly is presently being carried out. Similar work for
the 1:1 water-uranium hexagonal lattices is awaiting the fabrication of the
appropriate tube sheets.

On the basis of the experimental results obtained to date, we have in-
vestigated some of the questions relating to the accuracy’uith which the
bucklings of these water lattices can be determined.

The stendard method of finding the buckling of thermal reactors in the
past has involved the fitting of radial flux traverses to determine the lat-
eral reflector savings of the assembly. The method has thus far proved im-

practical in view of the emall size of our enriched uraniumwater assemblies.

Experimental values are required of the reflector savings correct to about




U.1 cu as a function of loading, azimuth and distance from the source prlane.
The vairletion with azimuth is expected because of the irregular loading pat~

terns, end radial flux harmonics will exist near the bottom and top of the

assemblies. However, with the recent foil techniques perfected by Kouts and

his group, it may prove feasible to use this method of analysis on some of

our larger assemblies.

In lieu of direct experimental data, the reflector savings and buckling
of the exponential piles have, therefore, been determined by a two pafameter
fit of the relaxation lengths as a function of loading radius. The method of
analysis used for the 0.75" dismeter rods assumed that the reflector saving
did not ﬁary significantly with loading. The experimental data obtained with
the Kidde lattices indicated that this assumption was valid but was not suf-
ficient to settle the point. The data collected to date with the CVR type of
lattice is more complete in this respect and is the basis of the present sta-
tistical analysis. In addition, a theoretical study of the reflector savings
of these lattices as a function of loading has been set up on a two group basis
for solution by means of the Uﬁivac.

A second point of interest is the questlon of the statisticel weight fac-
tors used in the analysis of the experimental data. The convenient least square
method which we have selected preferentially weights the relaxation lengths ob~
tained at the larger loadings. In order to Judge &ny bias thus introduced, two
alternate weighting systems are studied in the present report.

Method of Analysis:

The experimental date required are the relaxation lengths, L, obtained at

each loading. These are listed in Appendix I, and should satisfy the equation
L = [(2.40483/R+2)% - B2 ] '1/2‘ (1)
where R is the effective loading radius of the assembly, A the reflector savings
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and B2 the material .buckling of the lattice. The correction factors and
statistics involved in the determinetion of the relaxation lengthg and their
probable errors are being studied by Kouts for the 2:1 CVR lattices. The re-
gidusls obteined in leastAsquare fites of equation (1) are given in Appendix
I1 to facilitate future comparison with Kouts! work.

If the reflector savinge N is taken as independent of loeding then equa-
t1on (1) involves & two parameter non-linear fit of the data. If )\, Bg? are
approximatione to the best values in the least square sense, a Taylor expan-
sion with B2 = By2 « ABZ, X = 2, + AN, Lo = [(2./;0483/8*&)2 - Boz]°l/ 2, yields

Lo = (L,2/2)(AB%) + [5.78320 L3/(B+2g)3](4N) (2a)
if the higher order terms are neglected, Since equation (2a) is linear it may
be fitted by the usual least square technique as if stands. This method makes
the sum of the squares of the differences between the observed and calculated
velues of L a minimum and hence preferentially weighte the lerger relaxation
lengthee An even strongér welghting of the data from the larger assemblies oo~

curs if we fit not L, but L2 by the above method. The linear formula is then
given by 4

21201 hiand) , Le50042 Lo"
L= L,< = L*(AB%) + (R*2g)3 (ax) . (2p)

Finally, if one divides equetion (2a) through by Ly, one obtains the formula

L-lo Lo? o 5.7832 L?
” == (ABS) —QET}\-.T)-;L(A}\) . (2e)

A least square fit of equation (2¢) gives approximately equal weight to the

percentage errors at each loading. All three formulas are convenient to use

in least square work, and a comparison of the results indicates how much faith
can be placed in the precision estimates derived from the goodnéss of fit of

the data. It is important that the values of 502 and N, selected be reasonably
close to the exact values. Such & set may be obtalned by inverting equation (1)
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and solving for B2 for a few trial values of A between 6.5 and 7.5 cm. The i
value .of N which mekes B2 most nearly independent of the loading radius R is
then used as a first approximation. Residuals obtained from equstion (2) may
be compared with exact values based on equation (1) as a check on the line-
arity of the Taylor expansion. If they disagree, a second run-thrpugh of the
least square work is required with the improved valuee of 2, and Boz. Except
for 3-paremeter fits of the data, we have found that such a repetition of the
numerical work is rérely required. The Gaussian method of elimination of the
least squars equations was used together with check columns to avoid mumerical
errors. Together with the test for linearity, this method provides a practical-
ly complete check on all the caloulations.

The results of the least square fits of A and B? ond their standard errors

are tabulated in Teble I below:

Iable I
Water to Uranium Volume Ratio =
Method (e BRQUrhar?
(2a) 6.673 £ 0.100 504259 £ 04366
(2v) 6.800 ¥ 0,140  49.794 % 0,499
(20) 6.644 & 0,066 50,376 £ 0,265
We Uranium Volume Ratio = 33
Method ~ __a(m) = BRU04ar?)
(2a) 6.659 £ 0.050 61.201 & 0.241
(2b) 6,640 £ 0.059 61.291 & 0.280
(2¢) 6.700 £ 0.048 60.989 ¥ 0.257
o ) = 2t
Method _alem = BQO4a?)
(2a) 7.040 £ 0,070  61.102 £ 0.345
(20) 7.04 ¥ 0.060 61.082 £ 0,315
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It may be seen that the results are not sensitive to the different
methods of weighting the experimental dasta. The relative error of the
buckling is within 1 per cent while the reflector savings is determined
to sbout O.l;l cm on the commén basis that the letter does not change with
loading.

We next consider the case where the reflector sasving is assumed to
vary lineerly with the loading radius. Equation (1) may be written in the
form &2'; 83 Bz]-l/z , 3)

+A+c(R-R)
where ¢ is a third parameter to be determined and R is'some mean loading
radius in the range of the experimental values. I1f Ay, Boz, ¢o are first

roximations and
appro n 2 -1/2
24048 - B2
Ly = +}\o+co(3,.§)' ? ’
then the linear approximation to equation (3) is given by

30 3 3(R~R
L, - Lo 2 As?) « 5.78321 Lo”(AN) | 578321 Lo?(B-R)(4ac)

[Reng*ey (R-R)]B_ [Rero* e (B-E) ] (3e)
in complete analogy with equation (28). An initial value of ¢, = O was as-
sumed, together with previous estimates of A, and Boz. The least square

-values thus obtained were close to the final velues but a second run was

generslly required to improve the linearity in the expansion of equation (3).

The final results sre shown in Table II. |

Table II

Volume Ratio A (em) B2 (104 om™?) c E (cm)
431 7.402 £ 0,775 L6460 £ 4.335 0.0930 ¢ 0.1018 21
3:1 6.303 £ 0.432 63.670 * 3,063 ~0.0455 & 0,0532 19
2:1 T.065 = 0.826 60.941 % 5.399 0.0031 % 0,101 19




The striking changes in the results shown by the above table are the
standard errors of the bucklings and reflector savings. The relative er-
rors run to several per cent. However, it may be seen that the standard

error in the determination of the constant ¢, which measures the increase

| | in the reflector saving per centimeter increase in loading radius, is great~

er than the absolute value of ¢ in every case considered. A4lso the values

of ¢ heve no apparent pattern, ranging from -0.05 cm/cm to 0.09 cm/cm, ’
Clearly the number of cases examined is still too few to draw definite con-
clusions, but it again eppesrs likely that the veriation of the reflector

’g ; savings with losding is sctually quite small.

| Further evidence on this question will be afforded by the values of the
reactor bucklings obtained in critical experiments at WAPD and by compiling
data of the type shown in Tables I end II for the remsining experimental as-
semblies. The results of radial flux traverses could, of course, be compared
directly with the above fitted values of the reflector savings. It is un-
fortunate that such a comparison involves a considerable experimental programs
Finally, the results of the theoretical calculations which are underway may
indicate some of the trends to be expected.

Residuals from the least square fits of the data on the basia.of the two
parameter fit of equation (2a) and the three parameter fit of equation (3a) are
shown in Appendix I1I. The loading radius R is thet of the equivalent cylinder
and 1s obtained from the formula

7R? = NA
~where N is the number of rods and A the area of a unit cell. From the drawings

Kouts finds that:

R = 1.7431 JN 4t1 Lattice
R = 1.5675 {N 311 Lattice
R = 1.3700 JN 211 Lattice
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For 0.6" diameter rods, these values correspond to a gap width (air plus
aluminum) of about 33 mils.
An examination of the residuals given in Appendix Il shows that the

5 improvement in the fitted values of the relaxation lengths,'afforded by a

& 3-parameter fit of the data, is actually quite trivial, and accounts for
the lack of statistical significance in the determination of the constant c.
It may also be noted that the residuals tend to be larger for the larger as-
semblies. The current work of Kouts on the standsrd errors obtained in fit~
ting L for the 2:1 lattices will show whether this trend is reasonable. If
80, it may be preferable in the future to use & least square analysis, such
as (2¢), which does not preferentially weight the larger assemblies. Finally,
the residuals collscted in Appendix II should be uaefui in correlating re-
activity effects associasted with the relative effectiveness of the various

loading patierns, or possible diurnal effects.

§
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Appendix I
Relexation Lengths of 0.6" dia., 1.3 Per Cent Up3s; Lattices

Volume Ratlo

..
a7

211
205
199
193
187
181
175
169
163

157

151
145
139
133
17
121
115
109
103

91

431

L (om)
bdyo 28T

40.515
35.892
34209
31.410
29.109
27.087
25.958
23.8719
23.185
21.796
20.563
19.957
18.910
17.982
17.200

16.500

15.895
15.224
14.529
14.001
13.368

A
211

205
199
193
187
181
175
169
163
151
151
5
139
133
127
12
15
109
103

91
85

331

L (cm)
42496

37.255
34.025
31.127
29.026
26.835
25.072
23.387
22.350
21.382
19.955
18.969
18.041
17.342
16.472
15.644
15.116
144403
14,021
13.418
12.654
12.177

A
265

259
253
7

235

223
217

205
199
193
187
181
175
169
163

157
| 151
L5
139
133

231
L(cm)
40293
37.526
34.066
32.466
30.071
28.340
26.944
25.657
23.924
23.177
22.044
2A.418
20422/
19.685
18.869
18.303
17.208
164844
16.218
15.702
15.301
14;885
14.308




Appen I

Residuals from Least Squares Analysis - Volume HpO:Volume U = 43l

| (2-Paremeter Fit) ( E-Parameter Fit)
A Lopg. Loales  RHess Zealc.  Rea
a7 e 4heT2 =43 4y o 60 -.31
211 40.52 40.02 .50 4000 52
205 35.89 36040 -.5l 3643 -e54
199 34.2 33449 .72 33.54 -67
193 3l.41 31.08 33 31.14 .27
187 29.11 29.02 «09 29.09 .02
181 27.09 21.25  -.16 27.31 -.22
175 25.96 25.68 «28 25.74 022
169 23.88 2429 - 2434 -6
163 23.18 23.03 .15 23.07 11
157 21.80 2,89 -.09 21.92 -.12
‘ 151 20.56 20.8,  -.28 20.86 -.30
15  19.96 19.88 .08 19.88 .08
139 18.91 18.98  -.07 S 18.97 -.06
133 17.98 18.13  -.15 18.12 -1
127 17.20 17434, =4 17.32 -.12
121 16.50 C 16,60 =10 16456 -.06
115  15.90 15.89 .01 15.83 .07
109 15.22 15.21 .01 15.14 .08
103 14e54 14.56 -.02 14448 .06
97 14.00 13.94 06 13.84 .16

91 13.37 13.33 «04 13.22 015




Appendi : II (cont.)

Residuals from Least Squeres Anaslysis - Volume Hp0:iVolume U = 331

(2-Parameter Fit) (3~Parameter Fit)

N Eg_‘gg_; Leale, Res. Lealc. Res.
211 42.50 42.35 .15 42.39 11
205 37.26 37.57 -.31 37.57 -.31
199 34.03 33.98 ‘ .05 33.96 .07
193 31.13 31.12 .01 31.09 .04
187 29.03 28.79 2, 28.76 27
181 26.84, 26.81 .03 26478 .06
175 25.07 25.11 -.04 25.08 -.01
169 23439 23.63 -o2, 23.60 -.21
163 22.35 22,31 04 22.28 .07
157 21.38 21.12 26 2a.11 .27
151 19.96 20.05 -.09 20,04 -.08
L5 18.97 19.07 -.10 19.07 -.10
139 18.04 18.17 -3 18.17 -.13
133 17.34 17.33 .01 17.33 01
1z 16.47 16.54 -.07 16.56 -.09
121 15.64 15.81 -.17 15.82 -.18
115 15.12 15.11 .01 . 15.14 -.02
109 1440 14e45 -.05 14448 -.08
103 14.02 13.82 .20 13.86 16
97 13.42 13.22 «20 13.26 .16
91 12.65 12.64 .01 12.69 =04
85 12.18 12,08 .10 12.13 .05

GPO B22174 - 2 -lo-




Appen I (conte

Residuals from Least Squares Analysis - Volume HoO3Volume U = 2:1

(2~Parameter Fit) (3=-Paremeter Fit)
265 40.29 Z0.59  -.30 20.58 -2
259 37.53 37.13 <40 37.13 40
253 34407 34.36 =29 34.35 -.28
4T 3247 32.04 43 32.03 by
241 30.07 30.06 .01 30.06 .01
235 28.34 28.35  -.01 28.35 -.01
229 26.94, 26.84 .10 26.84 .10
223 25466 25450 .16 25.50 .16
27 R3.92 2,029 =37 24429 ~e37
211 23.18 23.20 -.02 23420 =402
205 22.04 22,20 =.16 22.20 -.16
199 21.42 21.28 14 21.28 1
193 20,22 2002 =20 20442 -e20
187 19.68 19.63 .05 19.63 .05
181 18.87 18.89  =.02 18.89 -.02
175 18.30 18.19 A1 18.19 11
169 17.21 17.53 =.32 17.53 -.32
163 16.84 16.90  =.06 16.90 ~.06
157 16.22 16.31 -.09 16.31 -.09
151 15.70 15.74  =.04 15.74 -.04
145 15,30 15:20 .10 15.20 .10
139 1.88 14.68 «20 14.68 «20

133 14.31 14.18 <13 14.17 14

GPO 822174 - 1




