
lJr{crAs$tilt0

lll¡cLAssliltD

BNL-1578

Subject Caregory : ENGINEERING

UNITED STATES ATOMIC ENERGY COMMISSION

ANALYSIS OF THE CLEAI\I BUCKLINC"S OF
1.3 PER CENT ENRICHED URANIUM-WATER
LATTICES

By
J. Chernick

April 6, 1953

Brookhaven National Laboratory
Upton, New York

Technicol Informotion Service, Ook Ridgc, Tennessee



i
t

i

Date DecJ.aesifled.: Decenber IJ, I9rr.

This report wos prepored oso scienfific occount of Govern-
ment-sponsored work. Neither the United Stotes, nor the Com-
mission, nor ony person octing on beholf of the Commissîon

mokes ony worronty or representotion, express or implied, wïth
respect to the occurocy, completeness, or usefulness of the in-
formotion contqined in this report, or thot lhe use of ony infor-
motion, opporotus, method, or process disclosed in this report
moynot infringe privotelyowned rights. The Commíssìon ossumes

no liobilïty with respect to the use ofror from domoges resultîng
from the use of, ony ínformotion, opporotus, method, or process
disclosed in this report.

This report ha,o been reproduced. d-irectþ f:lom the best
avaÍLabIe copy.

Iesuance of thls docr¡nerrt tloes not cor:stltute autbority
for ci.eclassification of c].aesifiecl na,terlal of the sa¡re or
simil¡,r content and. title by the sam.e authorg.

Printed in USA, Price L> cents. Available from the
Offtee of Technical Servlces, Department of Conrmerce, Ìlash-
ington 2r, D. C.



BNL-1578
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Dato¡ Aprll 6, IgS3'

1o¡ I. [aplan

Fron¡ J. Chernlak

Subjectr Ánalyele of the Clean
Buokllng; of 1.3 Per
Cant Ânricbed Uraa!¡m-' . .lriater Lattlceg.

Introductlon¡

Tho ercperfuentel results on tl¡e relexatlon lengtJre of the c.lean¡ û.6u

dlemetor, 1.3 per cenlu U235, enriched uranfi¡nrwater lattloes have been ooæ

pleted for tt¡e ZtL, )tL, and 4¡1 sate¡ to fr¡€I vo}.une tratlos. A re-dete¡:-

nj.natlon of the re.laxatlon lengtba of the l.Jrl ].attlcee as a function of
the elze of the assenblJr ia presentþ trelng carrled out. S{ñ{lar vo:rk for
the 1¡1 r¡ate¡suraniuin hecagonaL lattlces Ls awaitlrrg the fabrication of tha

approprfate tube gheets.

0n the basis of the oçerlnental recults obtained to date¡ ve have inr
vestlgated sone of the questione relating to the accuracy 1¡lth nhtch the

buck].lngo of, these wate¡ Lattlcee can be deternLned.

the standard nethod of flnrilng tù¡e buckll.ng of tl¡e¡ral reactors fn the

past has lnvolved. tl¡e f,lttlng of radlal f,Lr¡x traversee to deto¡alne the latr
eral refLector savLngs of the asoemb.Ly. The netl¡od has thue far proved f:r
practical in view of the mall eize of our anriched, r¡ranir¡rwator assæblies.

Ilxperlnental valuee are requlred of the reflector savlngs correet to about
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0'l' cn es a firnctlon of loadlng¡ a¡lnuth and dlstance fro¡u the source plane.

The vailatlon r¿itl¡ aálnr¡th io erpected. because of tbe lrregular loading patr
terrra¡ and ra<l{ a1 fhur hartonlc¡ rrlll exist near the botton end top of the
asse¡abIles. Hor¡eveirr vith the rscæt fo1l technJ.ques porfected þ Kouts and

hls group, lt nay prove feasLble to use thig ¡lethod of analyeis on sone of
our larger asa€nb:liee.

In Lleu of dtreot ocperùoental data, the reflector savlngs and. ¡¿ckling
of the e:<ponent!-a1 pÍIee have¡ therefore¡ been d.ete¡¡nÍned by a tr+o paramoter

fit of the relaxatlon lengths as a fr¡r¡ctlon of, loadtng rad.ius. The nethod of
anaþsio uoed for the 0.?5H dlameter rod.s essuned that the reflector savj¡e
d'1d not vary slgnlftcantly rrith loaèing. Tho ocper!.nental data obtained r¡lth
the ißdde lattloEe lndicated that this assumptlon nas valid but uae not suf-
ficÍent to settle tàe poLnt,. The d¿t'a colLected to date wlth the CVR type of
lattLce ls nore conplete ln tÀ1e respect and le the basls of the present ota-

tlstical aualyalo. In addltLon, a theoretieal study of tåe reflector oavinge

of tbege lattlces es a f\nctlon of loed.tng hae bcea oet up on a tr¡o g¡.oup bagls

for eolutton þr norns of the Univacr

å eeeond potnt of interect 1s the questlon of the statlstlcal r.rolght fac*
tors used ln t'Ì¡e anaþala of the e:cperLnental datr. the convenient 1East sguare

meti¡od vhlch r.re havo aelected prefererltl-ally velghts tr¡e relaxation J.engtås oÞ
tained at the larger loadingo. In order to ju{ge any biae thus Lntroduced, tno

alternate netghting aysterno are etudisd i¡ the present report.
Method, of Analvelsl

Tho æcperlnental d¡ts required are tàe relæratlon lengtbo¡ L, obtained at
each loa4lng. these are lfsted 1n AppendJx I¡ and, should eatisfy tlre equatlon

1 . [z.z*04, q/n+x)2 - ur)-V' (1)

shero R la the effectlve loadlng raòius of tt¡e assemb\r, À the ref,lector savlngs

-2-



rnd BA tbe naüorlal.tn¡shü¡g of tbe lattlss. Tbc ôorrcctlon faotor¡ a¡d

statl¡t¿or tnvolved ln thc dete¡¡lnation of tho rclsatton Lmgthr aåd tùroi.r

probablc crrote are beLag studlcd þ Koufu for ttrc 2¡1 OIR lattlccs. lt¡o ro-

cldtrals obtalned ln least ¡quarc fltc of cquatlon (1) are glven ln Appæ"r{x

II to faalLltate futr¡re oouparlooa vlth [outcl york,

If, tbe reflIeotor savlngr Jt le takæ ao lndepandsat of loadJ.ng then eguæ

tlon (1) lnvoLvea a bro parauoter norl.Lnear flt of tåc data. If \, Bo2 arc

approx5.natlong to t'ho best Yaluee la tbe least rquan aense, a Taylor sFürl.

¡ion r¡LtÀ ¡,2. Bo2 +ABZ I. ¡' +Ál¿ 4 -fiz.aaßlþtld2 - Boz)-Vz, É61d,
r-ro . $o3/2)(¿s2) * þ.Ta3x ro371n+rdl]tail (e¡)

ff t'he hlgber ord,e¡ te¡rs are negloctod, Since equau,on (e¡) fø LLnear t't nay

bo fltteô by tåc usual least squaro technlque ae lt etandr. Thia nctÀod n¡kos

the ste of the rguar€t of thE diffe¡encea betïean tbe obserycd and oe.Lcu,tatÉd

valuee of L a m{nf¡ntr and hence profermu.ally uelgbt¡ the lariger relaxatJ.on

lengthr. Â¡ even otronger wclghting of the d¡ta fron the largcr acsæbLl.ec oo'

cu¡s lf ue flt not L, t'ut tZ by tÀe above method. thE l1near fo¡nrla 1r tha
glven by

FtnaLþr .lf o¡e dlvldea equatloa (ea) t'trow¡ br h, one obtalns the fo¡u¡la

L2 - roz. q4qas2) * iffi# (ar) , (ab)

ï* "+(anz¡ * (AT) O (2ô)

a Lcaet square flt of eguatlon (zc) gtvee cpproxirnately equaL wolght to tbo

percentage ornora at each loaèing. AIL tbrae fo¡rtrlac e¡e convenlent to ue¡

ln least square nork¡ and a conparlron of tt¡c resultt lndloatEe hor n¡oh falt&

can be plaoed 1¡ the precJ.clon sstl.natea dorlved fron the goodnees of flt of

the data. It fs l¡portant, tbat, tl¡e vaLues of Bs2 and \ s€loatcd be reasonab\y

closs to the oxaot val.ues. Suoh a ret nay be obtalned by lnverting equatlon (L)
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and 6o1ving for 82 for a fðr trial valuos of )t botneer 6.5 and J.J ern. &" 
.

value.of ]''. vhloh nakee 82 nost nearþ lndependæt of tÀe loaù1n6 radius I ls

then uacd ae a flrgt appror!.nat1on. Resl.&ralg obtalnEd fron cguetton (a) nay

be conpared rrtth e¡cact values basèd on eguatJ.ou (1) ¡e a cheok on the ìln6-

ar5.ty of tho laylor c¡rauolon. If tbøy disagree¡ a second n:rthrougb of the

least equar€ r¡ork lc roquJ.red r¿tth tbe ùnproved valuaa of }o and, Be2. Ercept

for l-paranetsr flts of the data, ve bavo found that guch a repetitf.on of thc

ntrnerlosl vork ls t*ufy requlreð. îbs GauesLan nethod of ell¡únatlon of thc

least gquare eguatlons u¡g ucsd togettrer vlth c¡leok oolums to avoLd nr,¡uorloal

€!Tor9¡ logetber r¡itå thc teet for lf.nearltyr thls netl¡od providee a ¡xaotJ.oal-

ly oonplete oheok on nl] the oaLûulatl.ono.

Tbe rocults of tho leaat rquara flta of À and 82 and their etaüd.Êrd ertrort

are tatuLated ln lable I belou¡

Is$s.t
tlater to Uranlr¡¡¡ Voluno Batlo . Å¡1

À (tn) n2, (lf4 *-¿t

6.67? I 0.100 5o.2n t oû,n

6.900 * 0.1/+0 t*g,1g¡* O.Lfr

6.6t4,1 0,066 50,3?6 t o.%5

llater toJrar¡lr¡n lloh¡ne 8Ftåo - ?¡l

À. (en) n2 (lo:4 c¡¡-?l

6.659 t 0.050 61.201 t o.2$

6.640 t 0.059 ó1.29I t 0.280

6.?00 å 0.048 60.989 * O.2ll

{ntsl to Jrantr¡n YoIrSs B¡tlo - 2¡l

r (as) - ¡2 (lo-/r *-21

?.04o t 0.0.10 ól.Io2 t oð15

?.ot|t 0.060 61.082 t 0.315

-lf

l{¡tlrod

(2a)

(2b)

(zo)

llctàod

(ã)
(zu)

(zc)

UESetl

(2s)

(¿'o)



It nay be eeen that tl¡e results a¡e not sensftive to t'he differeut

netåods of weightlng tùre experlmentel data. the relaülv€, error of the

buckllng ts t*.lt¡ìtn I per eent ',¡hile the refleotor savings is detemined.

to about 0.,1 crn on the cormon basLE that the letter doee not change r,rittr

loadlng.

l,je n€xt consider tlie case r.¡here the reflector savlng is assruaod to

vary llnearly rttr\ ttre }oading radius. Equation (1) nay bo written in t}¡e

fort

{here c le a ttrird pararaeter to bo d.etemined and ñ is sone nean loading
.t

radius 1n tbe rsnge of the a:cperlinental valueg. lf \, Bp'r ce are fi¡et

approxlnations and

hF

tl¡an tù¡e linear appron5-nation to equatlon (l) fs givoa þ

, -l-"ætst-\' - uÃ-tt'
F*l*c(n_n)l J

LLo-$raurt.ffi.ul*.ffi

(¡)

Fm"l"-,{Ju"

(¡a)

ín conplete analory ulttr equatfon (Za). .Àn tnltlal valuo of, oo . 0 was ar
ei.rned, together r.rLth prevlous sst!.aåtes of }.o and Bo2. the lsast sgusne

-valuos thue obtalned were close to the finaL values but a see¡nd run wag

generally roqulred to lnprove t'be lineartty ln ttre ex¡ranalon of equatlon (J).

the final rosulte are ghout ln Tab.Le II.

lable II
¡2 frÉ ea-,ztVolt¡ae- Rau.o

42r

3¿l

2¿L

À (cu)

7 .6aZ t o.77 5

6.303 t o.4)2

7.065 ' 0.826

/þ,160 t 1..335

62.ø7O t 3.063

@.gt¿ t 5.3y)

o.0g?0 t 0.1018

-a.o/+55 t a.0532

0.0031 r 0.1041

F (cuì

21

19

19
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lhe stril'-ing changee in tl¡e resuLts shorm b' tàe et¡ove table a¡e the

standard enrora of tl¡e b'uckllngs and refloctor sarrings. The relatlvs €ttr

rors nm to several per eent. Hóuover, lt nay be eeen that the stand.ard,

erltr in the deterraination of the constant c, which measuros ti¡e increeso

ln the rofleoto¡ eavlng per centimeter lnorease in loaöng rad.lus, is groaÞ

sr tl¡an tho absolute value of c ín oyery cane considered. AIso tf,ro valuag

of c heve no appar€nt pattern, ranging flon -0.0J @an to 0.09 ø/ø..
Clearly tl¡e number of cases oxrrn{ned is stlll too few to drav definlto corr,

cluslons, b-trt 1t agaÍn eppears likely that the variau.on of the reflector
savings wlth loedlng ts actuelly qulte snall.

Furtl¡er evldæce on tÌ¡1s questlon v111 be afforded by the valuog of the

reactor buckllngs obtalned 1n crltioal ocperlments at'¡ÍAPD and þ conp{t{ng

data of the typo ehown in lab1es I and II for the reuainlng ocperJmental as-

oenblieg. lbe results of raètaL f,L¡¡r travE¡seo could.¡ of, course, be conpared

dlrectly ulttr tt¡o above fitted va.Luos of the ref,Leotor savlngs. It is ur
fortunate that sucb a oomparison involves a consid.ersble erperÍmental program.

FlnalJyr tÌ¡e results of the theoretlcal caÌ,cr¡lations wlltch are undertray na¡r

lndlcate sone of the trends to be ocpected.

Resldual.a f¡ou tùie leaet equare flts of the d.ata on the basls of ttre tuo

" pararneter ftt of equatlon (Za) and tL¡e tl¡ree paramoùer f1t of oquatloa (3a) arc

shown ln Lppendix II. The loadtng radLus R ls tù¡et of tho equlvalent cyllnder

and ls obtafned f¡r¡n the fonnula

ZR2 - NA

.shers l{ ls t}¡e number of roda and A fihe area of a unlt cel.l. Fron the drawlngs

Kouts flnds that¡

R . 1.?431 JÎ
R . r.56?j ,[Í'

R . 1.3?00 JH

{,r1 Lattloe

Itl LattJce

2tl Lattlce
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For 0.ótr dianeter roder ti¡eso values correapond to a gap uldth (alr plus

a}¡¡qinì¡n) of ebout JJ nilo.

An exa¡alnatåon of the reelduals given ln Âppend.lx II sho$s that tåo

ir¡provernont ln ttre fitted valuee of the ralaxatLon lengtha, afforded þ a

J-paranetor ftt of the data, Ío actually quite trlviaLr and accounts for

tJ¡e laek of statletlcal øignificance ln the dote¡mlnatlon of the congtant e.

It rnay al.so bs noted that the reeiùrals tend to be larger for the larger ae-

sembLLes. The eurrent uork of Xouts on the standard srrors obtained ln fttt

tlng I for the 2¡1 latticea rrlll shou brhatfrer tÀLe trend le reesonahle. tf
eo¡ it uay be preferable in the future to use a least ðquare analyoia¡ suctr

es (Zc), vhich does not preferentfalþ velght the larger asseüblles. Flnally,

the resfdual¡ collected ln Ilppen.ìlr II ehorrld ¡" ,ru"nt in correlatlng re
actlvlty effectg aseociated rltJr tbo refatlve.effoctiveness of the varlous

loadlng paüteraa¡ or possÍble diu¡nal effects.

f

*
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S¡sÊdfLÃ

Relaxatlon Løgthe of 0.6r dla.¡ J..J Per 0ont U tattlees

Volt¡ne lùatjo 4sl

-g- I (oo)

2J7 l+t+.281

zLL 4A.5\5

2ß5 35.892

L9 3l+'M

]:g, 31./o10

1S7 æ.Læ

l&t Zl.Ogl

r75 25.?58

L6g n.glg
L63 23.L85

Lll 2L.796

151 n.563

u5 L9.9ll

L39 18.910

L33 L7.982

LZî 1?"200

121, 16.500

LL5 L5.895

109 ]-5.2?1

103 U.539

Tl L(.001.

91 L3.368

3¡L

-S- t lcE)
ÐJ t2.tr96

æ5 37,?55

L99 31,.025

t93 1L.Ln

Ifl æ.026

181 26.835

t75 25.s12

t@ 27,391

L63 ?¿2,350

\fl n ð82

151 19.955

Lt5 18.969

13g 18.041.

L33 N.312

Ln t6,4:12

L21 L5,6U

u5 t5.1L6

109 U.tO3

103 1/*.021

gl 13./*18

91 L2.651+

85 L2.]77

2cI

_E_ r (qq)

%j 4¿-83

2t9 37.5%

zfi Zt.a(ß

w 32.1166

?J.L 30.071

?35 2ß.31*0

Zâ 26.9/+r+

223 25.611

2A'r ?ð.924

)J1 23.177

2O5 22.Olrl,

199 ?J,/rL9

I93 æ.224,

Lgl 19.685

181 18.8ó9

L75 t8ú43

L69 L7.zQB

t63 L6.8t¿,,

r57 16.219

151 L5.7O2

1,/ry;5 15.30L

L39 U.885

133 1/*.308
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Appe¡¡dl: LI

ResLdualg f,rou L?aet Squarss AnalJrsLs - fglgg lag_rVol*g II:_å11
t

-4- 
¡{obe. lcalc. Iteg. !oa,lc. Beg.

?JT 11.æ

?1r 4g, jz

2A5 35,89

r99 3t*.L

Lg3 3L.lrL

187 2g.rt

181 Zî.9

L75 25.96

169 23,88

L63 2).L8

Lfi 21.80

151 N.)y6

lt 5 \9.96

L39 18.91

L33 17.98

L4 U,2ß

121 16.50

4lþ.72 -.1r3

l+o.o2 .5o

36.tO -.51

33.19 .72

31.08 ,33

æ.o2 .09

zl .25 -.16

25.@ .8
2J*.8 -.1Å-

?3.O3 .15

?J.89 -.09

n.u -.?ß

19.88 .08

18.98

18.13

L7.31+

16.60

15.89

L5.?J

u.56
].3.91+

L3.37

ttl.@ -.3L

/*0.00 .52

36.113 -.54

33.51+ "67

3L.7J+ .Zl

æ.t9 ,02

n.3I '-.2
25.71+ .22

4r3l+ '.1þ

4.O7 .11

2L.92 -.12

2A.% -.3Q

19.88 .08

r8.n -,0ó

18.12 -.1,{,

L7.32 -.L2

L6,56 -.06

L5.83

r5.14

u.lr8
].3.94

L3.22

.gl

.08

.06

.16

.15

u5

r09

103

97

9L

L5.9o

L5.22

Lt+.54

14.00

T3.37

- rÇl

_.15

-.u
-.I0

.01

.01

-.02

.06

.o4
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AppenilLi-Il :[con!¿I

Resfduals fron Least Squares il-nalyeie - Vohme H20lVoltne y * JtL
(2-Paraneter Flt)
Lqalc. Rgo.
/12.35 .L5

37.57 -:¡1

33.98 ..05

31.L2 .01

(þPararnet€f Flt)
Lobs.li

211

?o¡

L99

L93

rgî

181.

r75

L69

]'.63

LTI

151

u5
L39

L33

LZI

12t

115

109

103

97

9r

85

lr2.50

37.26

3/*.43

31.13

æ.4)

t.84
25.91

23.T)

?2.35

21.38

L9.96

1g.g?

18.04

L7.31',

L6.tr?

7.5.64

L5.L2

u.40

u.o2
L3.t2

L2.65

12.18

?9.79

26.8r

25.JJ

23163

?2.3L

2J.L2

20.05

Lg.vl

r8.1?

L7,3)

L6.51

15.&1

15.11

U.ltj

L3,82

L3.22

L2.64

12.08

.u

.03

-.01r

- .2J+

.04

.2ß

-.09

-.10

-.L3

.01

-.gf
_.17

.01

-.05

.æ

.Ð

.01

.10

lqa1c.
trz.39

37 .fl
33.96

3L.Q9

28.76

?ß.79

25.08

23.6O

22.?8

2}.IT

20.Ol*

19.Crl

r8.ü

u .33

L6's6

I5.82

L5.U

u.18

13.86

L3.%

L2.69.

L2.L3

Ret.
.II ,

-.3L

.07

.ol,

.TI'

.06

-.01

-o21

.vl

.Zl

-.08

-.10

-.13

.01

-.Ø
-.18

-.02

:.08

.16.

.16

-.04

.o5

çPO A22174 - 2 -10-



Appendl: II (cont')

Residuals fron LeaEt Sgueres Analygl¡ - Voh¡¡Âe HZ0¡Voh¡me t o 2¡1

Å hþfo LcLIc. Res: .lcala., Rog.
26j t*0.Ð tro, jg -.30 ¿o:tg- -.ø
259 37 ,53 37.t3 ..ô0 37 .L3 .40

253 3lr.gl 3/r.36 -.æ 3t*.35 -,28

2Jr7 32.17 32,01 ,43 32,A3 .4.4,

zJ"L 3}.gl 30.06 .01 30.06 .01

235 28.34 28.35 -.0Ì 28,35 -.01

2â 26.91 26,81 .I0 26.9t+ .lO

223 25.66 25.50 ,16 25.50 .L6

zr7 23.92 4.æ -,3fi 2/r.n - û7

2]..t 23.L8 þ.2Q -.02 23.29 -.02

n5 22.01* 22.20 -.16 22.20 -.L6

L99 ?J.tA ?J.?ß .U ?)..?ß .1/+

L93 æ,?2 æ.1A, -.20 2O.lA, -.20

1S? 19.68 Lg.63 .05 19.63 .05

181 18.8? 18.8g -.O2 f8.gg -.02

L75 18.30 L8.Lg .IL 19.19 .11

L6g 1?.21 L7,53 -,32 L7.53 -.32

163 l..6,81,, 16.90 -.06 16.g0 ;.06

L57 l:6.?2 l;6.3L -.0g L6.31 -.Og

1¡l 15.70 L5.'l l* - .0/+ 15,71+ - .04.

L15 L5,3O :ói;Ð .ro r5.?S .rO

L39 L,(,.88 14.68 .æ 1,(.68 ,20

L33 U.3L 1u4.18 .L3 1/*.U .U
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