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mACTOR STUDIES IN TWO DIMENSIONS ATJD TWO REGIONS 

I. Summary 

.To gain insight  i n to  the r e l i a b i l i t y  and. rap id i ty  of convergence 

of numerical methods t h a t  must i n  general .be used f o r  reactor  calculations 

i n  two dimensions, a ra ther  simple model is chosen and extensively explored. 

I The model i s  indicated by the following figure,  d i f f e r e n t i a l  equations and 

I . I  I1 

Fissioning Non- 

Fissionixig 



Boundary Conditions: (a) q(0, y) = q(b, y) = q(x, 0) = q(x, c) = 0 

2 
The quantities Dl , D2 and K afe assumed 'known. The values B 

2 
. , 

form.the eigenvalues of the system and one is interested in finding the fundamental 

This system lends itself to analytic solution, and the results obtained 
. . . 9 .  

. . 
here form the basis for comp&ison with the results of various numerical procedurps.: 

I .  

The solution can .be written in the form, . . , 

(1.4) 

with 

(1.5) 

. . . . 
tan e.. + Lx. = 0 

For oimpli-sity it bes haen a,.ssumed t h s t  b = c = 1 . 

11. The Difference Approximation 

For numerical solution one would wish to replace the differential 

system (1.1 2 1.3) with a finite differen6ecscheme. As a first approach the 

following are used: 



These are  second-order approximations t o  the first and second derivatives. By 
2 

t h i s  it i s  meant tha t  the e r ror  terms w i l l  involve h I n  t h i s  note t h i s  w i l l  

be called a crude approximation t o  the in t e r io r  points and a crude approximation 
.,... 

Bo th&. 'normal der:ivative a t  the interface ( crude-crude) . The difference system 

resul t ing from the use.of  these approximationk is as follows: 

With the boundary conditions as given i n  (1.3), ana3ytic solution of 

t h i s  difference -system i s  possible and thk result. can .be written i n  the form, 

t an  ax + L sin(hx) = 0 



with 

= D2 sinh (hy) 

2 [2 - cos(hx) - cos n h] . 
8 = 9 

In using; a difference scheme one has two choices to-improve the 

, . accuracy. F i r s t ,  the s ize  of h can be taken smaller, t ha t  i s  more mesh 

points could be used, o r  one can seek fur ther  improvement by finding a be t t e r  

difference approximation t o  the d i f fe rent ia l  system. A difference scheme with 

fourth order accuracy can be written as follows, 



and a fourth order approximation t o  the normal derivative at  the interface, 

This approximation w i l l  be referred t o  as the refined-refined case. Analytic 

solution i s  again possible and the  resul t  takes the form, 

with 

tan  ax + L sin(hx) 1.:- P hg] , O 

A1 = 4 +  2 cosn  h 2 

D, tanh y ( l  - a )  
.L L = D2 sinh (yh) 

2 2 P h2 
20 + 4~ h + (s2 - 4)(2 cos n h) , 1 

8 - K~ h2 + 4 c o s  n h . I 
B2 = 20 - 4 cos(hx) cos n h - 8 cos(hx) - 8 cos x h 

CI I - 



Since, f o r  numerical solution, the use of the refined approximation 

f o r  the derivative greatly complicates the problem, it was  thought advisable t o  

investigate the poss ib i l i ty  of using a refined approximation fo r  the in ter ior  

points and a crude approximation f o r  the derivative (refined-crude). I n  a 

numerical procedure t h i s  would be -st as easy t o  apply as the crude-crude 

approximation. However, as can be seen from the numericd resul t s  i n  the table  

at the end of t h i s  note, nbthing is  t o  be gained by t h i s  approach. Analytic 

solution of the refined-crude approximation gives as a r e s u l t , .  

with 

t an  ax + L sin(hx) = 0 

. 2  20 - & cos n h  cos(xh) - 8 cosx h 8 cos(xh) 
R G he [cds(xh) + cosn h + 43 9 

1 y = E, C O S ~  
-1 

A ser ies  of calculations were made f o r  each of the  four cases referred 

t o  above. It was seen t h a t  a l l  variations could be observed by varying only one 
2 2 

of the parameters Dl , D2 , K and a . With t h i s  i n  mind Dl , K and a 

2 2 20 + 4 , ~  h + ( K ~  h2 - 8)cos fib 

8 - K~ h2 + 4 cos n h J 



. . -. .. . . 

w e r e  held constant and only D2 ahd the7mesh s ize  (h)  were varied. 

111. Numerical Solution o f . the  Diff.erepce System 

In  general, of course, analytic solution of the d i f f e ren t i a l  or  

approximating difference system is not possible so one must turn t o  a numerical 

procedure for  the solution of the difference system. One such method was coded 

f o r  the  Oracle so tha t  r e l i a b i l i t y  and computing time could be evaluated. 

A crude difference approximation was used. The following difference equations 

are t o  hold i n  the various regions: 

f o r  points i n  the  fissionable region except on boundaries and 

f o r  points i n  the  non-fissionable region except on boundaries, and 

.for points on the 'interface. 

2 2 . , D *  9 . h  
1 '- . 

. + 
Dl + D2 'Pi, j = 0 

2 
For solution the f'undamental eigenvalue ( B  ) of the following system 

i s  required. 



(111~4) 

where, 

A i s  a s q w e  matrix whose order is  the number 

of mesh points t o  be used. 

M i s  a singular diagonal matrix of the same order 

The matrix A i s  not symmetric, t he  assymmetry being due t o  the 
. . 

equation.which holds f o r  points along the int.erface. 

An i t e ra t ive  scheme.'with the steps as indicated i n  the folJowing,was 

used : 

( a )  A vector (O) i s  assumed. 

2 
(b) The vector D(O) = B M i s  computed where a first estimation 

I 

of B: is  m e .  

(1) ( c )  Thesystem A $  + D o  = 0 i s s o l v e d .  

(d)  The vector D. ('I* = M 5 i s  computed. 

( e )  The quantity 

i s  found. 

( f )  A new D ( l )  =:B: D ( ~ ) *  i s  found and the . .  cycle . . f s reentered , , 

. . 
2 

at  (c)  u n t i l  cowergence t o  B i s  complete. 

Solution of the system A @ +  D = 0 i s  the major problem as  far as 

computing time i s  concerned. The method used t o  solve t h i s  system i s  tha t  of 



Richardson as given by ~ o u n ~ ?  It was found that t h i s  method was sat isfactory 

i n  tha t  the  B~ fkom the analytic solution could be duplicated t o  as many as 

8 o r  9 d ig i t s  i n  some 15 minutes of computing time. The computing time was 

appreciably shortened by a proper choice and rearrangement of the relaxation 

I . -  

factors  which are used t o  accelerate convergence i n  Richardson's method. The. 

I - 
overall  convergence time can be improved by 'a proper adjustment of the convergence 

c r i t e r i a  (E:) i n  the system A + D = 0 . The best  approach seems t o  be t o  

I begin with a very l a x  E: , since one usually starts with a f la t  source o r  at 

l e a s t  a rather  poor one, and t o  make. t h i s  progressively more s t r i c t  as 

subsequent passes are made through the major computing loop, As an example it 

w a s  found tha t  the system A $ + D = 0 had t o  be i terated on some 500 times 

I ' -  

f o r  overall  convergence if a s m a l l  r was maintained from the beginning 

I . .  
throughout t o  convergence, while only 300 i te ra t ions  were necessary f o r  a 

I 

i progressively decreasing E Throughout all of these investigations 

approximately 300 mesh points were used. 

IV . Conclusions 

I 
I 
I . A survey of resul t s  i s  given i n  the tables and i n  the  graphs. The 

! tables  speak fo r  themselves as regard ,'to. the  accuracy of the different  methods 
i . -  

I ,  involved. It should be.noted tha t  the refined-crude scheme i s  no be t t e r  and 

sometimes worse than.the crude-crude approximation. Also, one should note tha t  

. while the resul t s  of the crude approximation always are somewhat below those of 

the t rue  solution the resul t s  of the refined case show values s l igh t ly  above the 

t rue  resul t .  This phenomena has been just i f ied by analytic considerations. 

?oung, David, "On Richardson%Method f o r  Solving Linear Systems with 
Positive Definite Matrices", Journal - of Mathematics - and Physics, 32(1953-4) 
pp. 243-255. 



The results would indicate tha t  one would be jus t i f ied  i n  complicating 

the c o m p u t a t i o ~  set-up by using the refined approximation i n  order t o  gain the 

. - advantage..of the  .increased accuracy with much fewer mesh points. 

., - : . .  s , ;  . . 

. . 
I , I .  . 
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t I Exact I I Crude- Crude 

A B2 

-. 5222 
.1311 
-0583 
.&05 
.0328 
.0210 
.0146 
.0107 
0082 
.0065 - .0053 

Refined- Refined 

B2 A B2 

22.4214 
22.3876 
22.3857 
22.3854 
22.3853 
22.3852 
22.3852 
22.3852 
22.3852 
22.3852 
22 3852 

Refined- Crude 

B2 B~ 

+ .0362 . 
.0024 
.0005 
.0002 
.0001 
. 0000 
. 0000 
. 0000 . 0000 . 0000 . 0000 

, 22.8163 
22.4839 
22.4284 
22,4150 
22.4093 
22.4006 
22.3959 
22.3930 
22,3912 
22.3899 
22.3890 

+.43ii 
.og87 
.0432 
.0298 
.0241 
.0154 
.0107 
.0078 
.006o 
.0047 

+ .0038 



' 

1 

- 1 

1 

I 
..1 

C- 

1 

\ I  
1 

1 

- 1  . I  

1 

-12- 

3 7  4 /3 

D2 

1 

1 

2 

I- 
2 

3 

Refined- Crude Exact 

B~ 

29 0 9536 

29.9536 

35 . 3444 

/ 

B2 

3105927 
30 0 3329 
30 1198 
30.0686 
30.0466 
30 0130 
29.9948 
29.9838 
29.9767 
29.9719 
29.9684 

37*3843 
35 08377 
35.5620 
35.4952 
35.4665 
35 4224 
35 3986 
35.3842 
35.3749 
35 ., 3685 
350 3639 

40,4645 
39 0 0053 
38 7313 
38,6644 
38.6355 
38.5912 
38 5671 
38,5526 
38.3432 
38 0 5367 
38.5321 

42.3089 
41,0132 
40,7591 
40,6966 
40.6695 
40 , 6280 
40.6054 
40.5918 
40,5829 
40,5768 
40.5725 

Refined- Refined 
llh 

5 
10 
rg 
18 
20 
25 
30 
35 
40 
45 
50 

-- 

5 
lo 
15 
18 
20 
25 
30 
35 
40 
43 

35 0 3444 

1 38.5124 

B~ 

+1.6391 
0 3793 
.1662 
~ 1 5 0  
.0930 
0 0594 
.0412 
,0302 
.0231 
.0183 

+.0148 

+200399 
04933 
2176 
01508 
.I221 
.0780 
.0542 
0 0398 
00305 
.o241 

+ 0 0195 

+I. 9521 
.4929 
.2189 
.I520 
.1231 
.0788 
.0547 
,0402 
0308 
0243 

+ .0197 

+1,7549 
.4592 
.2051 
.1426 
1155 
.0740 
.0514 
.0378 
.0289 
.0228 

+*0185 

B2 

30.1023 
29 0 9637 
29.9556 
29.9546 
29.9542 
29 0 9538 
29.9537 
29,9536 
29.9536 
29.9536 
29,9536 

35.5555 
35 0 3591 
35.3474 
35.3459 
35.3454 
35.3448 
35.3446 
35 0 3445 
35,3445 
35. 3l1.13 11 
35 0 34-44 

38.7232 
38,3274 
38.5155 
38.5139 
38.5134 
38,5128 
38.5126 
38.5125 
38.5125 
38,5124 
38.5124 

40.7405 
40,5677 
40,5568 
40.5553 
40.5549 
40029+3 
40.5542 
40,5541 
40 5541 
40.5540 
40.5540 

Crude - Crude 

50 
- 

5 

B~ 
-- 

+.I487 
.0101 
.0020 
.o010 
.ooo6 
.0002 
0 0001 
. 0000 . 0000 
0 0000 . 0000 

+.2111 
.0147 
. 0030 
.0015 
.OOlO 
0 ~ ~ ~ 4  
.0002 
o 0001 
o 0001 
.OOOO 
0 0000 

+ .2108 
.O15O 
Q 0031 
.0015 
.oolo 
.0004 
.0002 
.OOO~ 
.0001 
. 0000 . 0000 

+.1865 
0 0137 
.0028 
0013 
.0009 . uu03 
. 0002 
. 0001 
.0001 . 0000 
. 0000 

B2 

2g05489 
29:8591 
29,9121 
29.9249 
29.9304 
29.9387 
29.9433 
29.9460 
29.9478 
29.9490 
29.9499 
- - - -. 

34.4707 
35.1508 
35.2604 
33.2864 
3502975 
35.3145 
35.3237 
3503292 
35.3328 
3303352 
35 0 3370 

-- - -- 

37.0446 
10 
15 
18 
20 
25 
30 
35 
40 
45 
50 

5 
10 
15 
18 
20 
25 
30 
35 
40 
45 
50 

n B~ 

-04047 
0 0945 
.0415 
.0486 
.0232 
.0149 
.0103 
.0076 
.0038 
0046 

-.0037 

-.8737 
0 1936 
.0840 
.0580 
.0469 
.0299 
.0207 
.0152 
.on6 
.0092 - 0 0074 

-1.4678 
38.1811 
38,3681 
38.4127 
38,4518 
38,4610 
38,4968 
38,4863 
38,4924 
38.4966 
38.4996 

38.5709 
40,0963 
40.3538 
40.4155 
40~4420 
40~4825 
40.50hk 
40.5176 
40~5261 
40,5320 
40,5362 

3 

4 

4 

0 3313 
.1443 
.0997 
-0806 
0514 
.0356 
0261 
.0200 
0 0158 -. 0128 

-1.9831 
.4577 
.2002 
1385 
.1120 
.0715 
.0496 
.0364 
.0279 
.0220 
-00178 

I 
38.5124 , 

II 
40.5540 



Refined- Refined 

B2 n B2 

1 

- 1 

42,1216 
41.9773 
41,9678 
41,9666 
41.9662 
41,9657 
41,9655 
41.9655 
41.9654 
41.9654 
41 ., 9654 

44.4618 
44.3945 
44,3892 
44,3884 
44.3882 
44.3879 
44.3878 
44.3878 
44.3878 
44.3878 
44 3878 

Refined- Crude 

B~ B2 D2 

5 

5 

Exact 

B2 

41,9654 

41,9654 

+ .1562 . o l l9  
.0024 . . 0012 
.m08 
o 0003 . 0001 
.0001 . 0000 . 0000 
o 0000 

- 
t.0740 

.0067 

.0014 

.ooo6 

.0004 

.0001 
o 0000 . 0000 . 0000 
. uouo 
. 0000 

43.5205 
42,3848 
42 1536 
42.0964 
42,0716 
42,0335 
42,0127 
42,0002 
41 9920 
41.9864 
41,9824 

45.4856 
44.7062 
44.5323 
44.4886 
44.4696 
44,4403 
44,4243 
44,4146 
44,4084 
44.4040 
44.4009 

+P 5551 
.4194 
.1882 
.1310 
.lo62 
.0681 
0473 

.0348 
,0266 
.0210 

+ . 0 ~ 7 0  

+1.0978 
.318k 

' o  1445 
.loo8 
.0818 
0525 
0365 

.0268 
0170 

.u162 
+ 0131 

1 8 5 4 1 ~ ~ 8 0  
no 43.6074 
15  44.0432 . 
18 44.1489 
20 44.1944 
25 b4.2641 
30 44.3020 
35 44,3247 
40 44.3395 
49 44.34yv( 

9 8 44.3878 50 44,3569 

Crude- Crude 

'1' 1 B2 A B~ 

-2.6698 
.78& 
.3446 
.2389 
.1934 
.1237 
.0858 
.0631 
00483 
.0381 

- 0309 

5 
l o  
1 5  
18 
20 
25 
30 
35 
40 
45 
50 

39.5672 
41.4021 
41,7182 
41,7943 
41.8270 
4 ~ 8 7 7 0  
4lo9o4l 
41,9204 
4f09309 
41,9382 
41,9434 

-2,3982 
.5633 
.2472 
.1311 
.1384 
.0884 
.0613 
.0450 
.0345 
.0272 

- ,0220 
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