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Abstract 

Coupled neutronics and hydrodynamic calculations of hypothetical 
core disruptive accidents of a liquid-metal fast breeder reactor require 
realistic equations of state of the relevant component materials over 
a very large range of temperature and density. This paper describes 
the methods used to construct a general equation of state for sodium 
that will be utilized in tabular form by a complex computer code under 
development at Los Alamos Scientific Laboratory for the assessment of 
reactor safety. The technique considers pressure to be the sum of a 
"cold pressure" determined by the cohesive energy of the solid and a 
thermal term that varies from resembling that in a solid at normal 
density to ideal gas behavior at low density. Since the predicted 
critical point data and vapor pressure as a function of temperature 
are in reasonable agreement with experiment we can have some confidence 
in the general shape of the isotherms; calculated vapor pressures are 
then supplanted by experimental values. Tabular data are presented 
for density from 10"-' to 1.2 times the normal density of the solid 
and for temperature from 300 K to 4000 K. 
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I. Introduction 

Coupled neutronlcs and hydrodynamlc calculations of hypothetical 

core disruptive accidents of a liquid-metal fast breeder reactor (LMFBR) 

require realistic equations of state of the relevant component materials 

over a very large range of temperature and density. The most severe hy

pothetical accidents may elevate the fuel temperature to, say, 10,000 K 

and the coolant to well above its critical value of about 2700 K. Pressure*-

of several tenths of a gigapascal (1 GPa «= 10 bar) may be developed, 

leading to the possibility of shock compression of the materials above 

their normal operating density; under expansion the substances can enter 

the regime where behavior is essentially that of an ideal gas. This paper 

describes the methods used to construct a general equation of state for 

sodium that will be utilized in tabular form by a complex computer code 

under development at Los Alamos Scientific Laboratory for the assessment 

of reactor safety. The thermodynamic properties we derive are pressure 

and internal energy as functions of density and temperature, which is the 

formulation most useful to the code as it is being structured. 

In constructing the tabular data we have used a phenomenological 

approach that yields, for a number of metals, reasonable agreement in 

predicted critical point data and vapor pressure as a function of tem

perature.' The agreement is also fairly good in the case of sodium. It 

is possible therefore to have some confidence in the general shape of the 

pressure isotherms. Calculated vapor pressures are then supplanted by 

experimental values. 

The range of density considered Is from 10 to 1.2 times the nor

mal density of the solid; the temperature range is from 300 K to 4000 K. 

WSltt 
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II. Procedure 

Equations of state for substances under compression usually contain 

an expression for a "cold curve", or pressure as a function of density at 

zero temperature, and to this is added thermal terms arising from lattice 

vibrations and electronic excitation. Use can be made of the concept of 

a cold curve at extended volumes also: if for a given atom the net inter

action with all other atoms in the sample is one of attraction we consider 

the "pressure", or average interactive force per unit area of the atomic 

sphere, to be negative. 

A formula for the cold curve that proves useful in constructing 

equations of state for compressed materials [1] is 

Pc(n) - an
2/3(ne *" - e

 a) , (1) 

where the compression n m p/p , or the ratio of density to the normal 

-1/3 zero-temperature density of the solid, and V = 1 - T\ . The parameters 

a, b , and b are obtained from the experimental bulk modulus and solutions 

of the Thomas-Fermi-Dirac equation (or a suitable modification thereof), 

as discussed in the above reference. The corresponding energy in com

pression along the cold curve is given by 

Ec(n> -"£• r?„(n') ̂  , {2> 

which can be evaluated in terms of the exponential integral. 

A test of Eq. (1) in the compressive region is to compare the cal

culated shock Hugoniot with experimental data. In our notation, the 



i^£^^m^m^!St^'^^^^:y^^W^/.^^a!:^^:'f<i:-JWi^.^ ,~^«w-> t'ur^b**^^^i"«C':*reS'a^ 

Hugoniot pressure, or pressure immediately behind a shock front, is given 

by the expression 

p . c G o c ,,x 
*H 1 - YG(n - D/2 * W 

where the undisturbed state is assumed to be at zero pressure and energy. 

In Eq. (3) the Gruneisen ratio, v , relates thermal pressure Pfl to thermal 

energy E„ at any compression: 

pe " n poVe • <4) 

At normal density the Gruneisen ratio is given by 

ctB 

V ' x) " pT • (5) 

o p 

where a is the volume coefficient of expansion, B is the adiabatic bulk 

modulus and c the heat capacity at constant pressure. 

Substitution of accepted values for the physical properties in Eq. (5) 

leads at normal density to the value y„ m 1.17. [2] Provided the tem-

4 
perature is less than 10 K or so, the Gruneisen ratio can usually be 

treated as a function of volume alone. In calculating the Hugoniot, we 

have assumed a simple dependence on compression that is commonly used in 

shock-wave work: 

V " ) - ^ 
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In Fig. 1 we compare our calculated Hugoniot curve with the smoothed 

experimental data of Rice. [2] The fairly good agreement substantiates 

the general form of Eq. (1). It is then of interest to extend the cold 

curve to T) < 1 (as we have also shown in the figure) and here to require 

that the energy to expand to n * 0, as given by Eo. (2), be equal to the 

known heat of solidification of sodium from the vapor. This condition 

can easily be met, and the continuity of slope at n " 1 retained, by a 

simple adjustment of the parameters b and b . In Fig. 1 we have then 

shown the result of this calculation. The total energy of separation is 

taken as 26.04 kcal/mol. 

The thermal contribution to pressure should approach that of an ideal 

gas of monatomic sodium vapor at low density (although we may in further 

work want to allow for possible ionization), and we therefore attempt to 

describe total pressure in the regime r\ < 1 with the expression 

p(n,D - Pc(n) + RT[TIPO + b(T)n
2 + c(T)n3] , (6) 

where R is the gas constant divided by atomic weight, and b(T) and c(T) 

are determined by joining smoothly to the given isotherm for the solid 

at TI » 1. The thermal energy of the solid at normal density is written as 

Eg - 3RDe(x)T , 

-'-Actually, of course, even at normal solid density the material is more 
properly described as a liquid at sufficiently high temperature. We have 
not differentiated at this density between thermal properties of a solid 
and of a liquid. 
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where x - 6D/T and D (x) is the Debye energy function for the Debye tem

perature £L. We can therefore write for the pressure in a solid 

P(n,T) - p (n) + np Y P 3 R D C-OT , 
c O w e 

(7) 

from which we obtain 

3 < 1 
B + p Y 3RT o ro'o 

8D (x) 

V x > + -tr (8) 

He have denoted the bulk modulus at zero degrees by B and Y is the value 
o o 

of the Gruneisen parameter at ri = 1. In the preser.. calculations we have 

set -jr— = 0 since we know that in some manner y decreases from Y as n 

either decreases or increases from unity. This actually produces a slight 

cusp in our isotherms at normal density, and h a matter for further in

vestigation. 

The second term in the brackets is evaluated from the definitions 

of the Debye function and the Gruneisen parameter as 

*» /n-i 
3V 

e 
x i 

.e - 1 

For matching to the imperfect gas, from Eq. (6) we have 

| £ ) - B + Krfp + 2b(T) + 3c(T)l 
3 n /n-i ° l ° J 

(9) 

For each isotherm, through equating the pressures at r) - 1 as given by 

Eqs. (6) and (7), and the derivatives as given by Eqs. (8) and (9) the 

coefficients b(T) and c(T) are easily evaluated. 
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Pressure isotherms generated by Eq. (6) display a critical point 

below which they possess the familiar Van der Waals form. In order to 

show the general validity of the approach we show 4.a Table I the critical 

temperatures calculated for a few metals and reported earlier [3]. In 

the table we compare our res-alts with those predicted by Young and Alder 

[4] on a hard-sphere/Van de: Waals model,, and with Grosse and coworkers' 

estimates based on extrapolation of various experimental data, as quoted 

in the preceding reference. 

For detailed calculations on sodium we have used the input parameters 

listed in Table II. With this input, using our standard techniques for 

calculating tho cold curve we calculate » critical temperature of 2727 K, 

3 
a pressure of 0.0378 GPa and a density of 0.116 g/cm . These are in fair 

agreement with the best estimates from experimental data [5]. Somewhat 

better agreement in critical pressure and density can be obtained by 

altering the cold curve slightly. In Fig. 2 we compare P (o), computed 

from Eq. (1) with parameters prescribed according to considerations dis

cussed above, with the curve that results from ascribing 3% of the binding 

energy to a longer-range force so that the cold curve has an additional 

3 

term falling off as n. . (The total binding energy is preserved.) In 

this manner we have obtained the values shown in Table IIIk, where we have 

also listed the best experimental estimates as cited above. 

Below the critical temperature a Maxwell equal-area construction, 

carried out numerically for each isotherm, yields the corresponding vapor 

pressure. In Fig. 3 we compare two calculated vapor pressures with the 

experimental or estimated values in a general depiction of typical cal

culated isotherms. 3ver a very wide range of vapor pressure the calculated 
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valuas never depart far from experiment; at 1000 K the calculated value 

Is 7.2 xlO GPa as compared to the experimental, value of 1.8 * 10~ GPa. 

Since the vapor saturation density at 1000 K is calculated to be about 

—5 3 

2 x 10 g/cm , the Maxwell construction has been performed over such a 

range Lhat the shape of the isotherm as given by Eq. (6) has been rather 

severely testedv 

Actually, the experimental vapor pressures, adjusted to terminate 

at our calculated critical point have been entered into our tabular 

equation of statft as finally constructed and presented here. To complete 

the hydrodynamic description we require the specific internal energy; 

thf.s is calculated along each isotherm through integration of the basic 

thermodynamic relation 

' - < * ' © , • ' « ) , 

At the higher temperatures an error in our formulation, and an area 

for improvement, become apparent. The thermal energy, which above the 

critical isotherm is easily seen to be given by 

E0 

J|^ <i - n> + | | f a - n2>] + E e ( n - i ) . 
2 

P 0 
3b 3e 

cannot possibly reduce as T| •+ 0 to the ideal gas value unless jr= or -g=r 

*re negative. From our calculations this can only occur if YG is allowed 

to decrease with increasing temperature. Although this in fact is known 
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to happen, we do not know the relationship; It seems preferable at this 

time to work with a thermodynamlcally consistent equation.of state even 

If there is a known error of this sort. 

The resulting equation of state is given in Table IV. 
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TABLE I 

CRITICAL TEMPERATURE (K) 

Element 

Al 

Ni 

Pt 

Mb 

Calc. 

8480 

9133 

13704 

18966 

Young & 
Alder 

7151 

9576 

12526 

14588 

Exper/Grosse 

8550 

6000 

14650 

17000 



TABLE II 

INPUT PARAMETERS FOR SODIUM EQUATION OF STATE 

Atomic Number Z * 11 

Atomic Weight Z « 22.9898 

3 
I>ensity at Zero Kelvin p <* 1.011 g/cm 

Bulk Modulus B » 7.70 GPa 
o 

Binding Energy E . = 26.04 kcal/mol 

Gruneisen Ratio YG * 1.17 

Debys Temperature 8 = 158 K 



TABLE III 

CALCULATED CRITICAL CONSTANTS AND EXPERIMENTAL ESTIMATES 

Calculated Estimated 

Temperature (K) 2738. 2733. 

Pressure (GPa) 0.0421 0.0413 

Density (g/cm3) 0.136 0.1796 
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Figure Captions 

Fig. 1. Calculated zero-temperature isotherm and shock Hugoniot for sodium. 

Fig. 2. Calculated pressure with- and without long-range force. 

Fig. 3. Calculated pressure isotherms for sodium. 
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Fig. 2. Calculated pressure with- and without long-range force. 
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Fig. 3. Calculated pressure isotherms for sodium. 
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