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ABSTRACT ' 
. - 

A quantum mechanical formslism f o r  t rea t ing  pressure broadening by I 

electron impact8 is  developed and applied. I n  par t icular ,  the large region 
/ 

of hfgh temperatures and low densitiea where electron e f fec t s  a r e  minor i s  

delimited. With diminution of electron temperature and increased density i- . . 
. * ,I 

f f r e t  order corrections t o  the  na tu r a l  l i n e  a r e  found. Here two perturba- 

t i o n s  are dietinguished: 1 )  change' i n  electron scat ter ing on atamic 

transf t ion  and 2)  polarization of the atom. Having developed method8 

f o r  these regions of small electron ef fec ts ,  applicatf  on is made. t o  the 

hydrogen l'ike 2p t o  Is transition'. By inclusion of a second excited . . 

s t a t e ,  namely 28, polarization is  studied. 
. . 

. , 
Some propertiee of matrix elements Involving the form fac tor  which 

a r e  feunfli& i n  scat ter ing theory a r e  etudied i n  de ta i l .  

Finally larger  broadeniw effecte  are coneidered. An experileent, 

suitable' f o r  ver i f ica t ion  of th fe  electron cohlislion bsoadeniw theory i e  

proposed. a 
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Current investigators of hydrogen line'bretodths in e te l l sr  spectra indi- 

cate that  Stark broadening by ions is insufficient to account fo r  the obeerva- 

tioml'*. They auggest that  the di f f icul t ies  may be obviated by taking in to  

account the electron effects.  Another discrepancy i s  the fa i lure  :fa Holts- 

mark theory for  ions t o  predict the W g e  shifts of argon e v c t r a l  l ines 

3 4 found by Kantrowite i n  the study of ehock phenomene. Bmmger atti?ibutee 

the difference to electrons. This correction also inWrest8 workere using 
,.A, ' * . , 

5 epectral ' l ine widths t o  measure plesma charercteri~stice i n  discharge tubes . 
Here the density of charge employed in the H o l t ~ k  th'eory i e  W e n  t o  be 

6 intermediate between the ion density m d  ion plus electron density . 
Reasonable qualitative conclueions about the electron broadening and 

7 shift of spectral l ines can be found f rom a semi-classical model .. I f ,  

for  example, the electron denaity is  low.and the lifetime of the excited , 

radiator is short, then not narrny of the a tow wi l l  be h i t  before they emit. ' 

By a hit we imply a suSficiently close collieion t o  @live a meaelireble change 

t o  the spectral; I-. In  this paper we find the r~iue~for-the;~cro8~$eec~ion.-' 
. - 

of:thia collicaion t o  be eeeentially the deBroglie wave l emth  of the elec- 

tron. Thua high energy electrom, which produce smell effecte, msy be con- 

sidered a8 passing the atom too quickly t o  polarize f t  o r  be scattered by 

. it. 

For a qucmtitatfve account we. w e  a ~uantum mchenical fomlisnn. 

In  particular the large region of h i m  temperatures and low densities' 

where electron effects are minor w i l l  be delimited. W i t h  decreasing:'elec- 

tron tempereture and increasing electron density, f f r e t  order corrections .. 

t o  the natural l ine  are  found. Here .two perturbations are dfatinguished: 

1) change in  the electron energy during; an atomic trerneition (electron 



s' . . ecatterinp;) and 2) . dfatortion of the atomic state-function (polarization) 

by the electrone. This second e f fec t  i e  important only i f  the atomic ex- - ci ted  eta- i s  degenemte.. ~ , v f n g  developed methods for regions of emall 

.. electron effects ,  applicat ion i s  made t o  the hydrogen-like 2p t o  l'e tranei- 
. . ?.l. 

t ion. By Inclusion of the 2s etste,  the effecte  of polarization of the ex- . ;  L',.. ., ' . (  

ci ted  etaee can be etudied. We consider polarieation in the physically fn- 

terestfng ef t ta t ion  of a hydrogen atam i n  e meen electroetet ic  f i e l d  due to 

. , 

, . . . A t  f1r.t we aimplify the angular integral. i n  the matrix element., : .. , . 

? 
8aving the detailpl f o r  later eectiom. Ale0 evoided i n  the e8rly eectione 

' 

are the diwrgiw matrix elemsnts that couple degelrerate et?mic atetee. 

.. In the last eection the theory.16 generalized t o  encompa6s b t d n i w  
. . 

larger than the natural width. ' A novel w e  of helium spectral  l ine  widths 

T! t o  cheek the theory is propoeed. 
. . 



.I 

I I. GEBIUWL CO~IDERATIONS. 

I 
I n  e a r l i e r  work1, an approach t o  the problem of pressure b m a d d n g  was 

- 
developed W41f ch did not require the perturber to  have a c lase ice l  gaW. '29ie ' . 

\ 
p ~ c e e n t  analysis i e  to eome extent complementary to the -1ier csact,~kt~ona 

and leads ' to eimilar formuha. But it is simpler i n  conception and puce6 

the physics of the problem i n  be t t e r  focus.. 

'-, 
, . ELectron broadening can be studied ee an exteneion, of the Boyt and 

I 2 ~ & i s e k o ~ f - ~ i g n e r  treatment f o r  the natural l ine  width . The'natural decay 

. . for, a two state f+om (El > Eo) Is deecrlbed by the growth :?quatioxis 

* f w t  
1 = zr J bre 

and . . 

i ~ b ~ ,  .,. +de - *  - i w t  0 *= 
S , . 

Oatom mdiatio?, IL = El - EO,  and hwr is the energy I - -  

I of the emitted radiation. I n  these equations the matrix elements f o r  
' - I  

. I .  . 

I ' - -  

the atom-radiation intenrc t ion ( J) couple the probability amplitudes fir .', 

the excited a t o m  and dark f i e l d  (d)  w i t h  the ground state  and 8 s i q l e  

photon (bi). For exponential damping (d  = eo Jt), (2)  ylelds the at-1 

I intensf t y  distribution; 

To f nclude a perturber (8) with the atom and the radiation. f f eld, we 
0 

write the Schrodinger equation 

The Hamiltoaian includes terms f o r  unperturbed atom: end radiation f ield ' ,  
- 

(H,($) ); the perturber (He(@); em interactIan between atom and perturber 

- (C(:,S)) ; and f ina l ly  the interaction between atom and radiation (J(5)); 
# I - i% neglects the interaction between perturber and radiation. 



I n  our notrtion aymbola referring t o  tha madlation f i e l d  ara suppressed. 

The wave functions and eigenenergles f o r  the f leld erre contEained i n  the atoraic, 

Since we are' fntereated ' i n  the extreme of ,an undietorted atom, we seek ., 

a solut?,on which i e  an expansion of product fwlctfone dth unperturbed' atomic, . 

. . . .  . !.... . v n  where LA means the sum and/or integral over a l l  e tatee A corresponding t o  

n. Here the atomid. function. -ti ef iea  
, . 

. . 

and the n o m l i e e d  electron function f o r  an electron i n  the coulomb f i e l d  of 

an atom i n  state 9 
. . 

To just i fy the u s e o f  this expaneion we note that the beet flmc- . . ' 

t ion  w i t h  neglect of the exchange property is glmn by the Eartree equations: 
' 



.*:. . ' "  

For high p r t u r b e r  energies ( E : ) ,  #: is to  a good approxbnation a plane wave. 
2 

Then I ( 1 is a constant independent of h 'and y: iss t h e  atomic state i n  e . .. . ' 

uniform chsrge distr ibut ion norrnalised to  the perturber density. 19aw f o r  

low perturber density as a f f r e t  approximation we neglect the shielding' ef - . . ' 

A . . .  
fec t s  of this charge distr ibut ion on \Yn. Thus ve ignore the C matrix e l e -  . :: .. 

. . ... 

ment i n  (8) and our equations take the form of epuationa (6) and(7) .  0ince 

the product bn is not a stationary solution f o r  the. material syst&, , there , n h 
w i l l  be a perturbation contcainlng C. 

. . . 
on substituting ( 5 )  in to  (4)  and using (6) and (7), we; f lnd thst ': 

- 

I n  t h i s  equation we note two addition8 t o  the Wefeskopf-Wigner equal. . . 
. . 

tione. F i r s t  is the exchange - .,. . of energy between electron snd radiation f i e l d  ,.. 

a .  . . .  (: . . 

which enters because of the C- ;and € fa ctors  ; f n  the exponent. The'lfke- : 

. .  , . . 
lihood of these &kt8 deperiis on the integral  f a c t o r  " *' . . 

. . 

The expression f o r  this bte$ral l n  tern of eigenvaluee is obteined'from . .  
, . I  
. . 

( i ) ;  it is written here t o  show fhet -11 energy exchanges are weighted 

strongly. Becondie the dietortion polarization epd quenching of the 

atom which is introduced by the mtrh elements C character is t ic  of the . 
m, n 

collision. 



Theee two effects raay be treated separately i n  our case of low electron 

denfafty end high t e ~ e r a t u r e .  Here modification of the spectre1 l ine  i e  

Thq first correction, which w i l l  be referred . . to  as ecattering, . . .  is.. studied;' 
. . 

w t t h  neglect of the off-diagonal elements. C.- rn,n*.  his agprorinntio~.  bide - forc!. . . 

. . 
atoms which a re  not eaeily polarized. or quenched. Hence, It f e  =lit$ . . .  ..fop.,. : . . , ;.i., . . 

. . 
. ' . .  .... . . . .  

transition8 between two iaolated atomic ley3ls. The correction the&:stslpe : :::::' 
from the atomic traneition t&hg place In  the f ie ld  of the electron. A 

2 : .  . . . . . .  . , $  .:. 
meaeure of the. change in the spectral l ine  t s  given by the scattering, % .  of..' , . T. 

. . .  ' :. v:. . .> ii>i/;!. 
. A  the electron beam w l t h  the change 'tn e t d c  state,  ae m i & ~ t  be expec&.. , . . .: ..,,. 

For. the Lwo s ta te  atom with neklect '. of quenchfrg, ?: : .' ' , ' .,., ..;. 

t .  . ,. .I I . .  , 
We aon'eetablish the fac t  tihat the, exponential decs~r approxirPat%oh, . . .  for. . ::-: . - .  ,:,: 

. . .  . . . .  . . 
. . .  

the i n i t i a l l y  excited atom Is Mependent . . . .  . . _.... of :.. the electron stake. fibin *,...'( the- , ., . : .. . -  . . . .  :: . ,  . 
: ,: . . . . . 

.a . 
second of eguatione' (14) we find an integral fo r  b ( t ) which we subetitute :/ 

xP . . . 'a , . 
into the f i r e t :  . . 

8 

.c. . 

. . 
1 The assertion is  that d = aA, emJt, where a' is a constant. We check by . 

A *  h ' 
seeing i f  it reduces the  differential equation (15) fo r  d t o  an f dentity. 



trPle eum over oecfllator etatee has been replaced by an integral 

wh- the symbols .for the integration 6ver angles of emleeion and the .sum 

over poLarizations are auypreeeed into f , .  Sklce the inteepsl factor, 

out of the integral over wr, prolded it r m i n e  conatant over the spectral 

l ine.  Inteepatbg over x g - (d+Q, ) and then over t : 

2 . . 
w i t h  J = n p  1 ~ / h l  . With thii re8d.t 



-tree field of the corresponding atomic itate. i I -  

I Suppoee the electron is  initially in a single stirtionsry state ( ), , 
q, 1. so'that ah, = bh, Tben Ge .. f ind ,  . f b m  f:14) for the line htensity .' , 

we note tbat the normalieation of %(w) is maintained. (. 1 iiddw = 1 I d w  ), eincc 

. .. . . 
8 . .  

is independent of p and by the closure property 

' 9  L 
F . ,  

I Vhat can we say about the line shape us* epuatione (21.) and (13)1 

Flret we note 'that 

where by normelfzation 

eo that every 



and 

Hence, deepit;e the resonance Mhfch 'occur6 i n  (U) as (kh approacheta € , A  . - 
. . 

. . '.. none of the elements diverge   ow ever, since f'unctions f o r  free electrons . ...::, :. 

, .. . . . 
have conti,nuow elgenenergies, we expect a large weight for components in . 

(21) with emall  e n e m  sMfte. Coneeqwtly we also expect l i t t l e  broad-.. 

functions (u  ) that are independent of fhe afomic ktete. I n  place of, eq. 

(19) we write . . 

. .  -1 cht/h -1 
bl '  xAdh U), e and bo m CChbhuhe - 9. (29) 

where HeuA = tA UA. Equation (20) then ,leads t o  
. . .. . 

- 

- .  . 
s.. . . . 

1 . .  . . . $ .  ,: ..... 
. .: : ... . . . with . .  . 

. . .  

the P a d  ¶ matrfcde are defined by (30) +a' (31).  

Then 

Here b and d are column vectors. On %ntmdueing ths unitary t i m a d & l o ~ n t  

m b i c e e  T and U, defined by d ( t )  = ~ ( t )  d(O), b ( t )  = U ( t )  b(O), Which by - 
(19) and (20) satisfy 1 = @ d b = qU, ve f ind tbat (32) becones 

K '.% 6 
u d  ~ 1 3  



When exponential decay of the in i t i a l l y  excf ted ' e h t e  f s easewd, I :  & - 
equation ( 18) ~ ' e e  the form - -. . 

. . 
i .  

iabr = J ~ ( O ) + U + T ~ ( Q ) ~ '  (i+i ~d ) t  
;. 

,;: . . . (3'4 

For the bmkdened l ine  intensf ty we then have, . . 

. . ,  : " '  . '. . ' " ::.'s. 
. where ! .+I:. ;.,.:: ! 

. I . , ,  

a:;:. 
. .  . .  . .. .... . . , . . :, . , . . . .. . . . . .  , 

-1- . .  . , . . .  

f 0  = d(0).d(Ojt; and b(0) b(0)+ a E . . , . ' (  (36), ' . . . '  I .  , . . . . :  . ' : , .  
!:, ' .  

'* , ... , . .  _ . : . .  . . 

eb unit matrix. . . . .  . 
. . :.. 

. . .  . .., . .. 
- The requirement that b(0) shall be unftary is not an arbitrary one.'. , ' 

. . .. . . 

(eee (19)) and follows from the limiting caee i n  which the interaction 

between atom and electron vsnfehes. Here the unmodified spectral lib 

-om t h i s  it folbowe that. 

efnce fn an iverage over a pndom phase distrfbutf on , a e  crose terms 

b k ( ~ )  \(o) cincel.  he restr ict ion on the ~ , Jo )  .stems from theini-  . 

t f a l  electron n o ~ l f z a t i o n ;  



J 
2 

Since one can construct \dP(0) \ 0 Spy, it i s  required t o  s a t i s f y  (38) t h a t  ;: 
2 . .~, ) $(o)\ . I. 1. This holds f o r  each v' and ~ u s t i f i e s  our contention ,that,,: . . . . . . . .  : , .  . , :  

. . . . . . . .  : :  . . . . . .  .. ( . . . . .  ..i"- 
, ' 3 1, !-%, . . . ......... b(0);  b(0)+ i s  the unit-matrix: c - . z , . ,  . . . , , -  

< ...... . . 
. . .  . . . . . . . . . .  . - ,LC, ..: . , .<, . ; < .' . :.:>: 

We 'now trrinsform , . .:.. . ' ' . '..": . . . . . . . .  
' . :. 

. . . . .  ' 5 .  

. , . . :  . , ....... . . . .  I: ; i i ;J .  . ., ,'!, : . - ,  . .  , .. . . .  :..:. . . . . . . . . . .  . . . . .  . . .  . . . . . . . .  and thereby remove the diagonal elements '&im p and q. 3 ., ' 3  ..,. 
. . . .  .,$>.:', . . .> . . :. . ?. . . .  

. . I . .  I 7 1 . .  .::;,. . . . . .  

FO; plane waves these diagonal ma,trix elements areg independent if,, I::; .: :the. . . .  1: ' .!.:r;:! ::(k 
.... ... :!,:; ,.;> .., .'.;,:i ;* * ;,::,,;:,>:: 

. ., .. , . 
electron s t a t e ,  since 1 uhI2 & e '428 1 ' = 1. Designating such e!&nents . . . .  . 

. . . .  .,, . F . . . .  

I n  computing Ig from (34) and (35) we sha l l  absorb the exponential f a c t o l  . . 

occurring i n  (42) Into e -Idt a s  a l i n e  s h i f t .  1t; mbgnitude i s  the change, , 

i n  e l ec t ros t a t i c  interact ion energy of the atomic s t a t e s  with a uniform 
.... . . . . . .  

charge dis t r ibut ion normalized t o  the f r ee  electron density. (IX - (1)). : ' ; . . . 
. . . . .; .:LC: ... 

With t h i s  transformation IB of (35) %s.:identical with equation (5 . )  . , in . , ._.  . 
; .,,: . . .'. 

Chapter 7 of S. Bloom's disser tat ion.  F i r s t  he notes that If the  perturbs- . . .,: 

.... 
t ion  elements as (C ' ) and (Co,o) h , p a r e  equal, then no brkdening . ' ' .. 

1,l X,p I 

occura. I n  t h i s  case electron scat ter ing by the atom Is the same f o r  the 

two atomic s t a t e s .  Here no change of the electron energy occurs with the 
' 

radiat ive trans1 t ion  and no broadening i s  expected. . To demonstrate this 

r e s u l t  set p( t )  = q( t ) ;  then T = U; f l u  8.; and 
z b G  [j 15 '  



. . 

~ e x t  he shows that .  the normalf &tion 1; ma1 ntained; I. e., , .. , 

is approximately e constant . . over the l ine  e f'repuency . range: aria 'f.fr . .  . . . .. , . 
'I . . :.. , ..:..,. :.: 



. . . . . . ' Ausef'ul proeedye fo r  reducing IB t o  a more tractable form start. by 
.. . ' :.. . , .  

expanding T and U i n  powere of C; e.g. ,  

where 
, <.. 

. . . .  : 

expansion f s more etrongly convergent .for small C; i .e., l i t t l e  . "arat;ter&;:.; . . :.. . 
. . , . . . 5: . . . ." .,' . . 

' .' ' .!: 

 he first term, T = U = 1, correeponda t o  no change i n  the pert.wber, ..,.?;: 
. . 

sta te  and leaves the spectral l i n e  unchanged. Higher order term8 are: 'small ., 

. . 

i f  the intersction induces l i t t l e  change i n  the perturber during the l i f e -  . ' ,  

time of' the excited atom; i.e., i f  
' " 

These higher terms give a correction t o  the spectrs l  l ine  which we evaluate 

to  the second order i n  the elements of C. 

with a - . J  -.,. + id. 
: :". 

3 " Weglectfng terms of order C and higher we find 



- 
,$.,' . . , . 

1 .  3 , .  

t ' . . .. fi:c. . :; . .:; , . . . . . .  ", !;. (u(i)+:(i)) 
+. - a 
. ' I  . .  . . .  
i.. .. . : 4.. . .' 

' . .  
ii+\iP .,... : :& . . ' . : . f  .',,,.:*4,.,>. . . . . .  
p- 1'. 4 

I . .  

, ... . . . . . . .  
:*. . . .  . . . . .  . .  . . >  

.... :' ..... " . . . . .  :.... . . . . .  
.'>; 

,.< ..,, :. 
. . .  : We. now: b:wcializ& where a h .  &tat&&tical mtrix ie df wO&lj~:. .,,:.;., : :; ,mi&+;; ..:"... . . , .  _ -  . . .  . :  . . . . .  . . 
,i,; :. . u ... . . L  . . . : ,, :: . .  , 
-.*, ..: 
?. .. 
7:. . . .  . . . . . . . .  :. .. -..I:, i n  . . .  . . . . .  &race the kon-diagonal elements ( d$iy) . . . .  w i l l  not appear. Thls .kbm&s- ............. : ,;: 
..',.,I 

.:. . . .  . . . .  . . .I;. i:. I:.' . . .  : 
: 

... ponda to  . . cases where the random phases of d+, , dv , e tc . ,  result i n  the mutual;: 
, :: . . 
. .  ; : . . ; ) .  . <.' 

canceling of non-aiagarusl contributions. Random phases i m p 4  s lack :,of ', inter-'. . . .  
.. , . . . . . . .  ..i 

ference patterne or other perloilicities i n  the perturber current. II?iu8 



Prom their defining equation (&), we find for the elements i n  the exgansfon 

The frequeacy~integral of the correction to  the natural line .%' -  ( . j 2 + w 2 .  
is zero.-  .Th.uS;.the line intensity is still normalized. 

. . 
When the mntktx elements are real, 5 haa a aimgler f o k .  1ndeed the 

. . .  C ? 

". ' t 

matrix $lement; . cdns4dered . -  in  the next section are real  ( see 111-(17),,(&) . ' , ,  ..!. ., . 
(28)(29?). Sett* 



equation ( 5 5 )  reduces $6 ~luom'  B equation 8,.,p. 86: 



111. ENALUB!I!XN . - -.. OF ELECTROB BROADEKING POR A TWO 811ATE A'IVM. 
--,--.IF- 

The Redistribution Factor 

The present section, being reetricted to.effects t h t  wise ,w&n the 

atam has but one ,upper .state, is less interesting the point of view 

of practical appfi&tion than its aequels. F& . .  . the 'f eekriktion. excludes 

the poesibi2fty of degeneracy, and therefore the occuz2wnc.e of "linear 

Stark effects." Theaae are numerically larger thsun the resu3te computed . 

here. ' The latter, . however, , are univer-1, - independent of the accident of . 
, '  .. ..: .-. .. . ' .:... 

degeneracy and :theref ore be considered firs t . 
-,. .I 

. .:- , , . . 
, The broadened intensity d1,stribution given by Bloom hae the form 

. 

... . . , 
i r . . . j  

When the statfstical matrix is dwonal, the redistribution ferctor,' 

and depends on the collfslon mpstrix elements between the initial (p) and 
final ( A )  unperturbed electron states. R p), contains two resonance % r n ~ ;  

where 

represents the' perturber energy loss and h u) = El - Eo - )13 =a&aaon. 
The maximum of the first term occurs when 4 md • 

- LJ at 9 - Q , i.e. 
- when the exceas of &~iatiin energy over the atomic energy has a dgn og- 

--. 
poafte to that of the energy lost by the perturber; this combination does 



not c o n e m e  energy. Tke second, however, corresponds t o  conservation, since 

the perturber gain equal8 the radiation loss. A and B depend on the elements 

where 
. I . )  

. . 

. . 
I n  t h e  smmt ion  over the first term in ( 3) hse a resonance + a t  .. .' . . . . .  

t h i s  mane 

. . . . . .  . . . . 
. ,. 

. . . . .  If dmd> d at) the radiation has recefved more energy than the atom 
. . .  . .  : '  . . . .  poaseseed ( i n  its excited s ta te ,  which was ss&med t o  be realized a t  . . 

+ .. . :. - . . . .  
.. 

t = 0). Hence the radiatf on should have drsM energy from the electron. . .jy 
. . .. , 

. L? 

According t o  ; (6)  ' , however, ey. must be 7 .B ), , which means the electron, : :; 

. . .  . . 
. . I;., : . . .  ;.i.  ...: .:. 

, too, has gained energy. . . . . . . .  

Conversely, i f  J ,d c at , the radiation f i e l d  did not receive . . .  ' a l l  ':.,.?, 

... :_. . ... ., ...,. ':'. 
:.I the energy $he.atom had. But tbe electron did not get  the excess e$th@r, . . . . . . . . ~  , ., 

. . .  
. ' I .  

. . , . 

because now $h7 eP according to , (6) :  ,, which means the e lec t ron  loa t  

energy. Therefore t h i s  first t e rn  (3)  represents contributions t o  the l ine  

width which violate- consemt ion  of energy. 

C-cterietically this tenn ts small. ~t resonance (RAP 9 ),.rtth 
. . . . . . . . .  :,.. / 

respect t o  h its coefficient,  (J - f 2  - d ~ A , , + i e  -y2; it would therefore . . 

vanish if  we did not include the energy uncertainty resul t ing from the 

natural l ine  wfdth. 

r.. .. , ,; .. 
CYLL ; . A X  



The second term b s  a "resonance" ( w i t h  respect to the h 8 n t l o n )  a t  . ' : 

Hence 

. . .  . . ,  
. , . . ,  . ., 

' . . !,: . . . .  
If U) rad') U) at, i . e . , i f  the1 radiatibd ~:: i$eld ' I receives more energy than the;;:: .:.:,, 

. . . . , . : !..,.., 
: . . . . . . . . .  .:/_ .... . . '.;., " :;. 

atom can supply, then b y, < ; that ie ,  the electron l o s t  energy:.; . . . . . . . .  The;.:?':::' 
. . 

,:.::I , . ..... . . . . . . .  I . ' .  ;, . . .  

second t e r m  therefore "repreeents the energ'etically proper transfer $ffl . . . . . . . . .  &her&':?:! .... 
. . .  . :: :: . . . .  . . . . . . .  . . 

. , .. . . . . . . . . .  . ' ,,; ',,.;.';., . . . . . . . . .  ... ..... - . from the electron to  the radiation field.; T..... . . . . . . .  . . ! : : ... :.:. I, 

, :i . . c . .  . . . . .  . . .  . . .  . .  ..,: ... 

. .A,.' The greatest term In the 8umwtion over )\ , defined by ; (7:)' has: .- . . t h e -  .: :. ...:... :is'. ':.:,:- ;: 
" 

. . . . :, .!!.', ... .... :! i:. . . . . .' .. 4 ,:',:::;.;:.' . coefficpent . . , . .&  ,::, . . . . .  . . . .  . .  , ,. .,:.' . . (  :. ,. 

. . . .  . . .... .. L i  

v 2 + d 2 )  " ,qh \C(332- f+2d9h$ .  a 'P,Lp 9 k r  . .  . . 
. . .  .: ,.>. ;; ... 

. . . . .  . . , : :. :.: 
...... Interes+@y, it survives even if. / is: neglected. .*_ : .  r .. ',?.' 

. . . .  
. a  . 

, ; .;;:<.. 
', . 

> .>.T!G: : 
. . .  : 'i . . ,:,.;.:: . . . . . . . .  . . :  ;... 

Our ta8k is to  detemine Ig. For simplicity we consider the 2p and 1s ' :  
. . . . . ..:+ . 

etaters ' o f  hydrogen. The perturber deneity (n)  def inee the volume per: : ..: '. ' : .: .:';.. 
. . . . .  . . . . . . : .  

. . .  -1 electron V a n . Using g = ~ / ( 2  R ) ~ ,  the: number of states per unWvol&y::-:::. 
. . . . .  . , ... 

i ,. . '. 
i n  wave'' n-er space, ve replace the sum'over f ~ n s l  s t a t e s  by an in$'&li';:~~~~~;::,,~. 

. . . .  . . . , I 

. . .  . . . . . .:.. . . . .  
i 1 ... ,.( . . ., .., 

gh* J€39h- . , . . 

The integrations over direction ernd magnitude of Sh can be separated, 
d 

I I . . . . .  
. . . . since A and B change slowly with .kA . . 

- 2 
, . 

We note that P and Q are functions of K 2+k< - 2kP kh cos' 9 (see :. - k~ . . 

(17)(27)(30)(32)). Hence we write A = ~ ( k ~  , cos 8) and B = ~ ( k h ,  COB 8 ) .  

Consequently 

8(kh, coa 8) 

"+('J-Q)* 

~ ( k ~ ,  coe e) + 



.The integrand peak. at  d . - + a . The value of A and B a t  these peabs, 

f.e., where thei r  reapactive denomhatore reach a MQnhum, will be cal led 
, .' 

the "resonance" value of k,h . These. occur a t  

. . ', . 4 . . 
where the -.'(+) 6- 18 for A.(B)..  Aovve take ad~antage'bf the slow ' 

. 6 ,, :: . . ,! i! 

variation of A and B w i t h  k h and obtain: 

where 

G ( 2 )  = 

and the  argwnents + ( -) indicate evaluation a t  the resonance value iA,(kk-).; ,: , 

,. . . . . 

which s s t i s f l e s  +a = 0 (3 -(;L = 0). Thie, approximation can not be 

wed i f ,  for  e le ,  the radfatfon gains more energy thss the perturber 

possessed Ini t ia l ly .  For t h i s  case. the conservation resonance, (3 +Q = 0, , 

Is not aatisffed by a positive kh . Similwrly for  the anti-conservetfon 

resonance, the radiation muet be restr icted t o  lose less  than the i n i t i a l  . . 

perturber energy. Thw the present method i s  not valid i n  the far wings 
- 

fi2 2 ,  . . 
LV 

- - of the l ine  where l!l LJ 7 E p  - g . kP. 



We evaluate the integral f n . (9); 
0 

.I . . 
. .- '. ' i  

where . . 

d x  Y.-a g- kh and b = - ?!- k * id . . ,  since F .  P 
. . 
! '  ' 

.,. . . .  
' ! 

. . .. 
I! Ordinarily 7' <( ,; and ye find on expanding in:povera:, of 

. > 

where the criterion of a real and posiklve G mray be used to select the . . tor- 
. . . I  . .  . . ..: . . .. . . . , .  . . .  
'; : . .  . 

. . . . .. 4 

rect value. This wl11 be done later (cf .  eq. 36). . .  . 
. .  . 

. .  . 
i .  7 , .  ,, . . ', ; 

The electrostatic interaction,_ . .  8 . .  

. : . . 

provfded r and j$ repreeent the positions o f  atomlc and perturbing electrons 
7 I 

relative to the nucleua and t,(r) ia the atomic wave function. The qnper- 

tubed electron functions are plane wavee; 



T hen the &dTix & m e n t s  between per turber  s t a t e s  contain the fac tor  

... F'.) ,;, .;;$ $ : 
4~ "7 6 s~ x=dz, , ( 1 4 , ~ ) : .  . .  1:; . . .  s i n  6 d8 6'- e + K 

. . 
. . . .  . .,' 

where = R - r  and K = $A-k 1s the momentum transfer  vector. .%'he inde-- , i  . . 4 Y T  T -w ..: .i .. ' ' ::.: 
. . . .  . '(_I 

:.. ' 

terminate 'Z 16 evaluated by u e i w  the &if ice  of a convergence factor  . ., {;j; 
. . .  . , ,. > .  , 
::.. 

! :*: 
. . . .  . , ., , . , . ,I 

eQZ, which leads t o  ... 
. . . . . . . . . . . .  , .:'.,. 
. . . .  . . . . .  :,,: : .. 

p ; . ' . ' , ' .  ' 
. ; K  . 1  e* s i n  ~ z d z  = ~ i m  - = 

2 2 K .  
g-0 a +K. 

. . , . ... 
\ . . 

Hence . . 

Using t M s . r e e u l t  and neglecting exchange, we f ind  

where 

. . 

represents the usual form factor,  and pn = the probabili ty density of the 
- 

atomic electron l a  o t a t e  n. 
. . . . .  



, . . . .  . 

, . . . ' . The atomic state and the momentum transfer  vector, K+ detmuln'e the 

forrh fac tor  (18). Its value is  independent of the direct ion of 55 i n  the. 
. . 

special  case of a spherically symmetric charge dis t r ibut ion.  Then .the 
. . . 

. polar a x i s  &n be oriented along &$to simplify the evaluation. This _ i s  . _... , . . , '  . . .! :"' 
* 

not always -poaoible. The general caee w i l l  be discussed i n  d e t a i l  i n  sec- .'.( 

. .. ..* 

t ion  VI. Our computations w i l l  be made f o r  the 1s and 2p s t a t e s  of h y d r o -  
. . 

gen. The angular dependence of the 2p s t a t e s  w i l l  not trouble ue, since 
. . 

< .  - i n  the absence of!'&it't&al f le lds  the orientation probabi l i t ies  a r e  eqwl . 
. . 
and we ,pay take t o  a good approximation ( see eect. VI ) 

. . . .. 
, ! .  . . .. 

Although this average can be evaluated with the use of the r ad ia l  func- . , 

-, . L t ion  alone, we include f o r  completeness the individual F 
Z P , ~  

in t h i s  re-  

port . 
The' atomic f+unctf ons are 

.',; , :;. 
t . :  a . ,. 

' ., .. 
. a  . 1 . -i/a cos 0 ; 

4'2~0 4 y- 2 X  p ( 22) 

1 +ti 9-1 = syii. s i n  e e ; pe 

where a i s  the f i r a t  Bohr radius.  To compute the F t s  we f i r e t  consider . the 

f'undeunental I n t e r n 1  



I n  calculating , F ' one encountere 
. 

similarly 

-king, use of theee . . .  .relatione we find 

= 1 ( 1  + x/412; = FlOO,lOO 

and 

. . 
. . .  .... . .  . . . .  .>:: ,. . 

. . . .  : :. .. 
. . (:.. 

:. . : .. j .  i' . >. .... 'I.' . .  :-.. . ;  .... : . . . . .  . . . .  ... 
. . . . . .  ( m j i , , :  . . . , . . . .  .:..;.... .. : 



We a r e  now ready t o  evaluate eq. 8. There a r e  integrals  over the scat ter-  

ing angle 8 of the type 

We can transform f r o m  e t o  the variable x = a'%2 by us- the. re la t ion  

2 2 . . 
IC2 = kh + kp - 2kh kp  COB B. (32) . . : .  

. . .'. 

2 Then dx = 2a khkF s i n  e dB and 
' ;: ..'. 

where 

and 

For hydrogen a = 3l2/me2 and 

2 1 L 0 . -  (h/m) - 1; ('127 - dx. 
kh kt+ v 

X 

~ ~ u a t i o i  8 takes a simple form when d i s  small, 1.e. when the perturber '  

energy changes very l i t t l e  i n  ccxnparison with i t s  i n i t i a l  value. This is  

actual ly  a meaningful approximation, as w i l l  l a t e r  be shown. Here 

and i n  d e w  of eg. (11) . " 



Furtheimori?, when er  elo or expansion i a  used, 

Coneequently near the l i n e  center a l l  terms i n  equation 8 become fnde- . 

pendent of the reeoncance condition. Equation (8)  then reads . . 

. , 
. . 

We now define eymbola and analyze the reeul t .  

n = 1/~ ,  the electron density; v,,, i s  the e l ec tmn  velocity f n  the e t a t e  ., '::, 

and W&the croes section associated with its de Broglie w e  length, 

0;- 
the f'unc t ion  f i e a measure of the relorti ve number of a t o m  h i t  duri  ng the 

.. . . 
l i f e  time of the excited s t a t e .  

The redis t r ibut ion factor., R, ( c f .  eq. 1 )  has the property of decreae- .': 

Lng the intenei ty  within the half  maximum and increaein& it wlthout . Aleo 

it i e  symmetric. A more detai led investigation which allowe d t o  be large 

ehows t h a t  far from the l i n e  center the redis t r ibut ion fac tor  goes , t o  zero 

and a very s l i g h t  s h i f t  t o  the -red l a  introduced. 



For large values of % our result indicates that the intensity at the 
line center can become negative. In this extreme (indeed whenever fSB ) .0.4) 

,tern of higher order in the collision tuetrix elements must be considered. 

i,.: i.. Evaluation of SB 

Since 

F1-F2 - = (i6u3+17u2+21u+18~u4( 3+u 12, ( see ( 27 ) and ( 3'0 ( 39 1, 
X 

2 
where u = l+x, the integral o f  '&F1-8'@) can be tr&sfo~%$d into a linear 

' .  

- 

du combination of integrals. of the . .We e x p d  this ihtegraad;" 
. . 

2 , ( .  ' .  , A,. .. .. . . .i- . ,. '.. , I. 
'.! .: 

. . 
la+2 t m+2 t-m 

= ~ ~ ~ t a o  3 (-1)%( t ) w  +i) ( 3+u).. , 

where 

and (") = 6"r'! 
t. m2-t 

Integrating each term, using 

we find for the indefinite integral 



., 

w i t h  d e  underatan- that  the quantity i n  the curly brace is t o  bb' re- 

placed by log W when t - m  = - 1. The limits, of course, are u I 1 and , 

When term8 with l ike powers of W are collected, 

. . 

C being the cons,taat of integration. This integral between the limits o f -  , .--:+ . $. 

. . . .  . . .  1 1+2 A . . .  
0 and x ,  I.@., between W D end W = - A '  namely SB, i s  plotted as a 

3+x . 
A 2 2  function of the. i n i t i a l  electron energy, ,+ = 2 0 a kp . (Figure 1); 

e /2a 
. . 

... The integrals i n  equation 8, when writ ten , .  . . i n  their exact form (34) &re ;.:, .;.!: .?... ; :.:; 
* .  :...,:,;t .>.. y.: . . . . . .  

seen t o  depend on the f ina l  electron enerepr w e l l .  , !JWs dependence 

enters ae the difference.between k and,k k i n  the l imits of i n t e r n -  

tion; and from figure 1, we see t h a t  they are quite irisenaitive to 
i 

changes i n  k h  of the order of the l ine  width31 N loo6 e.v., 1.e. 

cbangee in the abscissa of t h i s  amount leave the ordinate unchanged,. It 

is th i s  circumstance which just if ies both the r e s o w e  approximtion and 
. . 

the We bq SB in place of an integral v l th  exact l imits  in the region near 
. , , ,  * '  < 

the l ing center. 

Bumerical values fo r  R and Tg typtcal '  of the positive column of an' 
.... 14 3 1 e 1 axc discharge are: n = 10 /an and Ep 3 Z N  2 8.v. (~&5,600%),.  

0 . " 

We t r ea t  a l l  of the electrons as  Sf they had t h i s  energy and take PGY = 2 k. 11.1 .... . ,  

As we have shown,, the inltial direction does not enter in our case. with 

8 the value 2 1  = 6.25 x 10 /set.$-for the chance of spontaneous emiesion 





per unit  time, 

and - 

Curves f o r  fS..= 0.3, 0.5, 0.7 and 1.0 comespondfng. t o  higher electron 
.B - 

densities ar.a...gds included i n  the graph:' . . 
. ," . .' ' , . . -  , 

The dottsh curves, though given by o u r  theory, a re  of course spurZous 

because t e r n  beyond the second order fn  the elements of C are imgortant 

I ' *  
i n  these insternceri. 

It may seem surpriefn@; t h a t  the natural l fne  euffers almost no modifi- . . 

cation u n t i l  fSB reaches a ralue comparable t o  1, a t  which point the . , 

, 
natural l ine  as such. i s  deetmyed rather  suddenly. But tihis is merely 

another sepect of a point previowly made: ,% is a number of order 1; 
-i 

I - 
"* . Now te, the mean time between electron impacts vith the atom, =--7- 

1 I - -  
is - 

, rive 
, end $, the l i f e  time of the excited atomic state, is of order 

ta . Hence f u - . If IP ) 1, the electrons mke 'mny collf  sione during 
te 

I ta, so that a s t a t i c  perturbation theory i s  applicable. The region of f 

under coneideration is  therefore characterized by the paeeerge A.om a.  condi- 

t ion in whlch the t i m e  dependence matters t o  one i n  m c h  a steady-state 

aneblysf s f s adequate. 

The energy dkpendence of f8B i e  eas i ly  obtained, becauek f is propor- 

t ional  to (6p)-1/2 and £$( Cp) has already.been calculated. We find that '  I .  . . 
' 

fSB is  zero at  both low and high energles,becauae SB a.nd f vanish res- 
d; 

pectively a t  the extremes. . ( ~ i g u r e  3).  - 

I 1  1d Figure 4 we delimit the region of snrall electron broadening, 

defined by 1 & & , yg:s.f&, El- f'.' :. .' (@e&:~. -, (13). 

. . 
&&G @ 3 4  



FIGURE 2 







I , ,  

For negligible ef fec ts  . 

The theory developed here holde i n  the region below the curve of - 
. . i t , ; :  ( . ' ,  .I4 . .: .. . . . .  

Figure 4.  Inmediately above it.,our ... theory is not adequate because of the 

neglect of higher powers o f  C . In  Section re comment on case. where . 

broadening can be greater than the natural width. ' Far  above th is .  curve 

( e  .g., at very high demi t i e s  where several electrons i nteract aimultane- 
. . 

ously with the atom) a. s t a t i s t i c a l  .or time-independent type of treatment : . .  4:  

I seems t o  be required. In  an unpubliehed report by H. Wgenau 8nd 

I I " ,  R.  HByerott. it i d  shown that such treatment leads t o  6hiPts and not. t o  



A. Quenchiq 
?, . .. :. : < . 1: - 

The r e s u l t s  of . the . preceding section are not altogether . r8 academic.. 

: Let us comgare them with the effect of quenching by electron c o l l i ~ i o n s .  

For quenching, the in tens i ty  d l s ~ b u t i o n ~  is 
. 

*1 I I -. 

provided J i s  the contribution t o  the decay constant resul t ing f'rom ' ., 

. . 
4 

quenching. / i s  equal t o  half ' the t rans i t ion  probabili ty per unit time ' ', ; 
0 . . . . 

, . ' : ::i. induced by electron Impacts: , . .: 
. . .  

f o r  i n i t i a l  electron veloci ty  v w  . Here QtL i e  the quenching cross eec; 

t ion  f o r  hydrogen, a 
> . 

. . , .  

. . low k i s  f i x e d  by conservation of energy, and . . 
. . 0 1  

, . .  

me form factor is' evaluated cc before 



Furthermore, 

Thls means that &ly 1/3 o f t h e  atom w i l l  be ao 'miented ae to  allow s 
quenching transftion. Therefore one can use F' . . ' .  

100, 210 i n  equation 6 .and ' .  
. .  : -. 

multiply by the factor i /3.  
. . . .  

The integral over x ,  

For 

and 

Under these conditions f is sufficiently lsmaller  than I ,  to permit' the 
q . . 

1 use of an expansion for  I i n  powers of fJ/. We note that I 
9 

and this is i n  a form very similar to  that fo r  IB. A * h i l a r i t y  
. . 

i s  found upon wing equation -4; where 8 = . .dx . ....: . . ,&: ., 
9 . . . .  2 L .  , 

X 

The cornparfaon between quench- and-.broadenfng impact6 can then be p d e , P n  
. . .  

. . . . . /'.. ... terms of El$ and 8 For t h e  case studied, Sg = 2.1 and S = .05. . . .  9' q . . .  . , . . . . . .  
. . . . . .  f \ 



. 
~ & ~ e k $  t o  lala$ refinement and analysis, we give here a qualitative 

, ': ..p , . . 

e s t i m t e  of relat ive magnitude6 of the ,"ut&versal" electron effect  . of 

.., preceding section and S k r k  broadening. The latter resulte f m m   variation^' 
. . 

, . 
. . of the blectr ic f i e ld  a t  the at& produced by the moving ions. Tbe maan : .  ' : 

f ie ld  for  the ;one g i w n  by Holts-k is P = 3. 26en2l3, Where n is the ion , , 

. . ..  . 
. . .  density'. Thie eglits  the degenerate l@rogen n = 2 states imfo three corn- .., 

ponents . The separation of the outer two, bFea, is Ifnear i n  Fo Using . . . , 

. . 

. .  - wei to istfmate the half #id* of w b ~ ~ a d a e d  line, w ffnd 

14 3 for-n  10 /an r Cowe~wntly S t a r k  broadening by ions f e  a t  l a s t  10 tinre8 

. . larger than the electron broadening. 
- .  

A comment on the mas@ dependence of the broadening effect computed In. 

t h i s  eection is in order. The efYect is expected to be smgl1,for heavy ion8 . ,  

eince It arises from elas t ic  scattering collierlone, and the foae are scat- 

tered lees. Thfs $8 indeed borne out by our fonmtlare. 
. . 

BrardePing is progort%onal to fSg u 2nv 5 %. Let the ione have a re- 

- , . . . . duced mais (.Gth respect t o  the m t f a a ;  etum) I. Row v oC M'1/2 fok ions . : 
. . 

of the ~ a m a  energy, cr = T X 2  ~ ~ ( b f  CC lUm1; hence f CC Y 3 * 

. . .. . 
< :;,. - other hand, GB depende on M thmugh the upper lbit of eq. 11-37, and it , ,,. . . . . .  . . .. . 

. - .. .. . - . . 

2 &cremes w i t h  kp . ~t lay its variation w i t h  k t  i s  app~ iorn tn~y .  . '  . . 

- .  
2 .  linear. However ,  kC CC OC M". I n  all,  therefore, % CC .&/& , . .  . . :. 

. . ( 0 < C < 1) .  Frotow are thus lees ef'fective i n  broaden%n& the hydr~en  line8 : .  ,' 

by a factor between 3 x , 1 0 ' ~  Bna 3 r loo8. 
.. . 

. . .. 

We pwcwd to show, however, that protans a t  this density can have indl- 

- s - vidual W i c l e  eifects. Hence they w i l l  produce the Boltsmark-6tark bmaden- 
<. 

- lng discussed above. 



~rftSque of the 'wave approximation' . . 

. .. # . , 
In  the f&egolng sections the perturber function l a  not taken as  a wave . * 

. - 
, packet representing a localized particle. Had we formed packets for  individual :'. 

perturbers, the results  would have been very different, a s  for  instance, 
1: 

. Spitzerts  classical path approximation for  broadening by protons. We now con- . .. . , .' , . 
I ' - a  . .., 

eider c r i t e r ia  'for choosing between wave packete (part icle approximation) 

indivfdml waves (wave approximation). F i r s t  w e  sketch the e s s a t i a l  features of -c 
- 

the two methods. 

- - Proton broadenlw is  generally explained classically (part icle approxlmtion) . 
This approach f s  valid when the perturber packet remaim localized. If further- 

more thls packet maves slowly it polarizes the atom i n  eb manner describably by 

means of an ordfnerry potential. Quantum mechanically t h i s  situation i s  described 

with adiatic functions (stationary functions for  the atom i n  the f i e ld  'of a fixed 
*> 
4 perturber ) as used In the Born..Oppenhelxner theory of molecules. . . 

O u r  treatment of electron broadening does not localize the perturbere. In- 

stead of knowledge of the electron position we know its i n l t i a l  energy or. qimentum 
- 

state (wave approximation). Changes in th i s  nomentun result  from atom-electron 

interaction. There i e  a corresponding.broader&g which was Just considered. The 

effect  depends on the difference of electron scattering by the twd atomic. states. 

Other modificatfone of emftted radiation arising f'rom collision-Induced, non- 
e 

radiative atomic transitions wil l  be diecussed in ensuing sections. 

- Now one .must find a cri terion for  knowing when t b  w e  the classical  treatment 

for  the pert'urber. From scattering considerations we expect the claseical method - 

1 
t o  became applicable where the Born approximation f a i l s ,  i.e., a t  low energies., . .  . . ,.: 

This agrees w i t h  the fa i lure  of our mve mechanical treatment for  low energy protons. 



The larger Boltemark broadening effects occur vh'en the perturber that 

1 . . :  detemlms the atomic distortion can betreated as a localized particle. That 
8 - ~ ,- 
, is, the p c k e t  must diituse l i t t l e  during the lifetime of the atomic state' ' ,  : ' 

. . 
! . . 
I. I: 

- , .  

( 1 Now the r a t e  of diffusion depends on the localization. The -1lest. ' . . :.. ... i -  . . . . ; i . .  -y-g . . .  
, . 1 .;. 

spread occurs durillg a time t i f  the initial packet dimension  AX)*^ !,: . ( . . 
!. ,;.;.;... . . .?. . .. . .  . : .  

1 : Since for  reasonable localization 

where n l a  the. perturber deneity; we r q u i r e  , . ' 

. 
ii ' - '  . . -2/3 .:. - .  . . 2 2 n 

. . . . .  ..: '  AX)*(, ( " ~ 1 ~  Ql/ j /J  ;m S' - . 
100 

. . . . 
. . . .  . . . . .  . . ,. . . .  .<. . : , ' .. . i '  ,. 

, , 

. . . .  Our Intent i h  that f o r  i n d i v l d ~ l l u r t i ~ n  to  be Insured the packet must renhg.a.",:. . 
.:, - .  

F~.!:M$!:;~. - _ , -11 fnrctibn of the vol- per perturber. Thus to use packets ve r e 8 t r i e t : -  .,;.. .',,' 
i .  . . . .  ... , . . . . . .  :.. :... . , . . 
. . .  :.. . . . .  . .  ... 3/2 10-3 . . .... . . . . 

n < Y  . . ( for  electrons of mass m):;.:' :,!. .. a .  . . . .  . . .  
.... . . . . . . . .  . . .  ,.,::;: ,.:,. :.. 

. . 
. ,. cC' (forprotone of  meres^);: . ' . . 

. . .  
' _,'. 

' .  . . ..- or where 
... 

. . .  
. . . . 

I .  . . -  n < 1 0 ~ ~ / ~ ~  ( for  electrons ) 

.? 1 0 l 5 / ~ 3  
. 

( for  protons). 

Perhaps these lneqmll t ies  are a l i t t l e  too severe and should be considered only 

a s  wing qualitative.  hey do manliest the large ,factor [ ( dm) 'I2 .-' 16, 2 
which dif'ferentiates the reglone in which prckete are valid for  electrons and 

I for  protons. This also shows hoar localiaatlon can depend on the atolnic l i f e -  

1 .  time and the perturber density. 

1 Throughout t h i s  paper it is assuned that the densities a re  sufficiently h l @ ~  

- t o  dirrallow treat- the electron perturbers a s  single particles. 



V INCLUSION OF WLARIZATIO~ 

Polarization effects ar ise  when'ke perturber is  able t o  induce a dipole 

moment in  the radiator or to  orient an existing dipole moment. They depend, of 

course, on the apeed md  localizabil i ty of the perturbing ion orelectron. Fixed 

ions give r i s e  t o  the Stark shif'ted lines. As the perturber moves, the atom mey 

or may not have tinre t o  be deformed or t o  reorient i t s e l f .  A measure of this 

fai lure t o  follow the changing f ie ld  is . given . by the probability of non-adiabatic 
................ 

transitions ." For very fas t  collisions', unpolarized, randomly oriented atoms', are 

expected', and electron effects are usually negligible. We seek a criteriori: for:;  . 

the set t ing in  of these polarization effects ae the electron density increases 

and teqperature decreases. 

Here we study polarization effects as a correction to Holtemark broadening. 
. . . .  ... . . .  . ."., ., :,i.;>:, . . , . 

. , ,  

We consider et Stark shifted component of the first QRW l ine  from a hydro&en,:atom .. .. 

in  the mean Holtsmark ion f ield.  ( Fion = 3.26 enion2I3 ) Only three atomic s ta tes  

1 1 are considered: Y+ = P( 2so + P ~ ~ ~ ) ,  j U -  = ~ ( 9 ~ ~ ~  - p-1 and 101~0,~ . The 
excited etates correspond t o  dipoles (3ea) oriented along the z exis of the atom 

which point a t  the ion. Their energies .are displaced by - + 3ea F ion from . , , 

. . . .  '2 1 e .  : . .  Ei . - 6 E . .  5 . . 

., Clearly so long as electrons can not reorient the atom -- i .e. ,  indue6 .." 

, ' . , I  
&reciable transitions between jb+ and -, polarization effects by the electron 

e 1 ~oypl ing b o t h e r  states should be still smnller, because of the 
. . .  

larger energy separations. An exception is the undisplaced s ta tes  which .. 
. . . .  

. . *-l'.... 
will be considered i n  Section V I I I .  

. . . . 
The basic equation for  the expansion coefficients i~ 11-(12): 

. . 



The electron functions s a t i s f y  (II- (7) ) : 

. . f 

. . 
In,,-or- t b  neglect the e f f ec t s  of s c a t b r i n g  broadening we must replace C 

t ' * ,  
. .. - *  

. n,n 
by 'aiflmction which is independent of the  atomic s t a t e ;  i . e .  

Below &ere plane waves a r e  used for  the  d we imply that C E 0 has been used ' in  

equation 2. 'Ad a consequence of , th ig  approximation 

w i t h  the  equation determining d 
P 

One correction f o r  the  electron-atom interact ion is  retained. It.:correer 

ponds, t o  the changes inducedin  the atom by the second sum i n  e q u t i o n  (I) .  The . 

. . 

e f f e c t  pf these wn-radiat ive t rans i t ions  is referrhd t o  as polarization broadening. 

To see how.l t  enters ,  we start w i t h  the growth iquations fo r  the  th ree  s t a t e  atom. 

-i(cU+8Jt/h - j  (cfi$hur )t /h 
ihd . e  

+P =z b J e .  r r p  



where the absolute square of the radiative matrix element is 

and 

;.. . :. . . . . . . . .  

In the approxirimtion of exponential radiative decay these equations . . .  

become: -- 

. .  .>.. . . . . . . . .  

.. ...:..... = - ihy d + ti ) :_ e (:g 1 .>: ..:; ..... < .. +;+P h-,X + , - P A  ,,i;,>. :, i;::.:. : , 
I , . .  . (.). . . . . .  . . . . , , i >.. . '  ! I. 

with 



. . - -- . . . . . . - . - ---- . . . . . _ , - _ .- . _ .  _ _  .. 

.. - 

. . .  . ', 

, . .  43 

.- . according to (8). Here 

, . 

- hw . 5 E+ - Em., +, -. (13 ) 

, . .'." 
I . . . - .: , . . . 

- .. - - ;.. . . . 

To solve theee equatf one we put 
. . 

-f+t -.Y',t 
d = D  e and d . a D  e 
+P +P -P -P 

This reduces the growth equations to: 

. . 
As the . . initial conditions we cqnsider an excited atom in state #+, 

. , 

.no radiation present and the perturbing electron's function to be 



Further all d+x are aoeumed to  remain small compared to d+i during the lifetime 

of the excited s ta te .  That is, polar iz ing transitions which return the atom t o  
I 

the i n i t i a l  sta te  before the atom radiates are unlikely. Then 
1 

I - I  

As a check consider the caBe where alL of the C matrix elements vanish. 

Then the D are constants : Pi = 1 and D-f = 0. &om' (24) I(LJ), as expected, ' ' . 
.. . 

I ' 

contaf ns only. the + component of the 'spectrum and th i s  l ine  b e  the natural 

I breadth. 

1 .  For .sma3l coupliw induced by elements of C, it w i l l  be ahown that  



RLe spectra4 l ine  is  thus broadened ~ciocording.to ..the. uncertainty principle; '* - ' 

. . . . .  f 113 ... iepla=ea by + The reoriented atoms emit in  the oppo~ i t~  . .  .... 

COmpOnent which has the same broadened vidth. 
. . 

To find Y p  we'substitute D-* found iron (23) into (22): 

. . TO take account of the random.orientation of thedirect ion of . . ', 

. . . ,. 

. . , . . .  , . 8 .  

motion of the incident electron with respect to the atom, we average , , '1- , .. 

. . 
! 7 

. I  - over directions of the atomic z axis for  a given k Hence w replace , . 
. - -i 

-? '. $+ . by the spherieaUy spnmetric 

. . , .: . r.. .t; - .  
w i t h  



Then wi%h . .- the w e  of plane waves 

2 . , 

The interaction with the nucleus e I\$\ contributes nothing t o  fp, since 
* - 

, .i; is orthogonal t o  $ - ; i .e . , \ - *+ = 0. The integral (28) over 

. . -  
the atomic coordinates is independent of the direction of K -r which We take 

along the polar axis, as follows: f 

- 
Here we have made use of the follc&ing ear l ier  results .  The integral is  

considered as we sum of three integrals corresponding to the three terms - 

i n  the s q w e  brace (29 ) .  The first is related t o  F1OO,lm a n d i s -  . . 

adapted f r o m  the integral alOO (see 111-(24)). The third is ~ u s t s ~ ~  

(see 111-(30)). The second we evaluate (setting a = 1, l?a2 = x): 



Thus From (28) and (29) ..'::, . ' ; . 

which is  a function . . .  of the momentum transfer .: . 

. . 
. . . . . . 

A .implification 'for evaluation of the sum over . states f i n  (26) is poaeibl.? ,. .,','. 

h2 2 . ., . . 
because of the smal l  cha.nge in the matrix eleznent as € = g kf varies. .. 

. . 

from f i  + hw by h(fp + ++ - f ). The time integral, however, peaks 
+r " - 

i n  this region of E Hence we can factor the integrals wer the e i t u d e  

and direction of kt; i . e . , Rom '(26 ) 

F k*, 
2%~ \T~(C+,-)f t i  l2 s i n  



where(see section 111) 

and 

By inverting the order of integration over % &d kf , replacing kf dkf ! 

m 
by j;.db+,_ tQii) andusil;g ,: . , . .  . . . ,  . . . .  . . . . 

.i 

' , fi, 

the integral factor in (32) becomes 

This leads to the reeult 

with 



. Figure 1 is  a graph o f  Sp as a f'unction " .  . , of the i n i t i a l  electron 
. .  . 

: energy (ei)* --. 

Our (kbit-y)- criterion for  neglecting polariaation is 

Theregion of l o w  electron density and high energy e r e  this occurs is 
1 8 

delimited by the curve i n  Figure 2. !Lbe value f = p x 3.12 x 10 /see 

(see (12)) hae been used to determine the expression for t h i s  'curve; 

1 
To re twn t o  our elsmple a t  6 p v ,  densities of electrons n 2 10 15 

. . 

induce fed reorientations of the fthree s ta te ) rad ia t iw atom and hsnce the 
1 

' polarization effect ,  can be neglected. If ei = ev and n = 1014, then 

: 3'p , ). ;. .. .... . . , mP.1 .013. The inclusion of other atomic s ta tes  ( ~ S P *  2P+1 - 
is carried out Later. 

. , Since the l o w  energy limit to the validi ty of t h i s  t reatmentis  
. . .  

not definite, we have extended both c W e s  t o  zero. Cer ts ln ly  this extreme 
- 

should not be taken seriousw. 







. AEULAR DBPFSDEi?CES IN THE FORM FACTORG. 

I n  the preceding work we have mrde much use of the form factor 

Throughout we simplified these integrals by laking the momentum transfer 

vector & t o  be directed along the z axis of the atom. O f  course, where 

the product of the atomic functions $,* $, is spherically symmetric, ' 

this makes no dWj!erenc&. ~owe'kr ,  since spherical synnnetry is not tbe 

general case, we took admtege of the -dom directions of the incident 

electron t o  average out angular dependences. I n  the next few paragraphs 

we dm0118trste that the orientatton of the atom with reepect to the 

momentum m f e r  'vector f e not c r i t f  ca l  for  -11 Ka. 
' , . .  ,: . . 

We evaluate . . 

. . : . ~ .  
. . 

4 .  

where the s&erscfipt e f (or r )  specifies the direction of the polar axis 

for the wave...Amction;y a0 . The direction of $ i s  the polar ( z ) : ~ B  
, : 

d:ikb ' (3 
o f f & , .  t define the orlentatton of 21 with respect , 

, ' .  

t o  z . temps of these angles we expand . * 

i .. . . '  

.R C O B ' e ? . R 2 g  
! o .  2p 

Ccos Q cos e + s i n @  s in  e c o s  ( b  -i,)I,-... ..: ,. : ;,:'; : . . 
, . 

. . 

, . . , 

We c b '  also expmd. i n  the ~egendre ~ 0 l y n ~ 1 s  
1 



- .  . . _._ .. . . .. - -- - - -  - . . - . - . -.- . - -- - 
7 .7 . :  

.. .. . . .  . .. ' . . 
. . .  . .  . \ ,  . I 

' . -  . 5 3 .  , ,  . . . < 

. .... 
. . ,. % 

i 1 ! 
' I  
, t . . \I 

j '  
r 

, . .  - . . ,." .:.' ,;; ::.: 
i where t 

.. . , 1 
. . 

' I 
. . I . . . .  . 

- .  I 
. . 

. . 
Integretion over 4 reeults fn the vanishlag of all tenne in P 2po,a?o: ;,: 

,. . . . .-,. ) . ', :I:' .:. . 
. . 

conta'ining b - dependent factors. Taie reducea the integral to . . . . .  

.. . 

- 
l.30 . d e ]  . 

+ p 
.. . . 

( 5 ) , ,  . . .  
. . . .  . . . . . .  

. , .  hen ve replace em by. 3 t e  expansion. most of the term contribute no-, . 

I because of the or th~oaa l f ty  of the Legadre .Polynomials. To.proceed we need 

end- 
. . 

where p 5 COB 0 = Pl. 

- .  



a,, 

I n  view of them . 

. . 

Our task is almoet finished. The, M a 1  integrals require ,the use of 

-and a l i t t l e  algebra. The M a 1  intern1 for 4, 

2 where x 5 (KS) . And for 



. . 

48x - 
. . 

I =o' 
I. 
I 

Combfnina these results, we find 

Two obeervetfom csbn now be made. F i r s t ,  it i s  good to check our earlier 

I as found directly f o r  5 along the ( z ' ) p o ~ a r  arris of tihe atom ( 1x1 -( 28) ) . 
Further, if we a-e over madom angles of collisions (i.e. over @ ) the 

term i n  brackets vanishes, and the result is the quantity used in our study 

Procedlxq now rnore rlgoroualy we use the e m  over initial states to 



where the cbexiation Awn our earlier res'ult is  

~ 
- .  ~orres~ondlng to  a there is  a difference added to 88, namely, 

for x" = Tbia correction is l3xn%ted (0 ( A  8 < ) 3 .  

depend- on the value of 9. Its inclueion would not change appc iab ly  

the results of our eimpler.spproach. 

We cern also show that our treatment of quenching f e  rigorow. The 

form a c t o r  is 

. - 
and the tramition probability averaged aver orfentatlone Is proportional to 

- 

- 
. - - C G O  

This is the value used g r e a o u ~ l y  (IV-(7)). at30 
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-1 .!VII.. MATRIX EtEMElVTB WITH SPURIOUS DIWCEl?CES. ' . . , . .  ., - - -  j 
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..". , 

.. . 
. . 

. . Sume quenching col l is ion matrix elements appeu t o  be l , ~ l ~ $  . ;.: .. . 
. . .. i 

' r .  . ,. . , . 9 . 
.:.....,&.pd t o  diverge if the momentum transfer  vector (K)  is zero. In thi8:limit . . 

. . 
i .) .: ' . . '. . .. - 

. . / . _- .. .. . , I  :, , . : . . .... ; . . . : .  .( ..,,. \ .,.. . 4 

. :~~:!; .c.bntradiction ar ises ,  f o r  the integrals are obviously rea l .  We sha l l  
' . 7. ! ,?.:. ? . . 4 

r- ,.',, *; 1. ' . 
,!; , ?;' . . . 
,..,,.:: '. ..... . . . . .. .i .. 

' ' - --,.&e,,. tha t  they do not diverge . i f  Ule collidillg electron charge is 8ietributed , - .>a,,:, ,$'! . >. .. .. ,. .x'i " . . ? 
3 

..'zi."',.:l'. ,'. ' - . : 5 
. ... '< ,: : :4:;oyer:'.a. 'f i n i t e  volume . . ,, . 

.' :, . ;; .. ; . . . . . - I .  
1 

.;: :.: .,,, i.'. , ' ,. 
.: . {  

. .,. 
$.:5 :.: . L 
. : : . ,  . We investigate e matrix element for  the elec t ros ta t ic  interactibn . . . 

I 

. > 
._ .. . : ., . .; :.. . . \ . : 

. .':( . .is '!.,$ii.:'., ,, ,!::. , 1 1 ..., . 
;i,':,,:betveen P f ree  electron end a bound hydrogen-like electron* In  p%rt'{culu : 

1 
4 

. . 
, . . . 
:;.:.:,we: 'ae been mede of the f o m l i b  

9 - 

. . 'The procedure f o r  finding (2), is :- 

:. 'with 
. . .  . ... . g 3 & - 5 .  ( .  :. :- . .., 

v : ,!;>, :::'; , ... , .-.. 

:!?;;;,!pIie' ,.. . indeterminate i n t e r n 1  was evaluated with the use of a c.onverg6nce 
*, i:, : . . '' . ,. .. .! ;. . . .. . . 
r:j:. -:f a;d%or;. i .e . ' we put 
- .  .. . . . .,. 

2 . 4':. 

~ i m  1 +-OLp s i n  K p  d .  - Lim. K 1 = g .  (4) 
' -. 

O . 0: &+ 0- &2+8 



Theform factor,  F 
2p0,2aOY (evalaated i n  atomic uni ts) '  contains 

M re 'r12 cos Q . 
I 

- . . f n performing the 1 n t e g r d  over 8 we can eee that the -f o m  fac tor  is 
. .' 

pme. imaginary, a s  follows. , 'R$king 5 dona; the p o l e  exis of the atom 
-. 

,smd l e t t i n g  p = coe 8,  we have . . 
.* ' 

where # i e  i n  atomic unite.  That i e  
v 

jiK(x-1 
= ,+ 

where x m I?. 
( l+x 

I -- 
Finally, convertf xq~ back froxu atomic ' uni t s  : 

Thie element diverges ee  1/K when # goes t o  zero an8 18 imaginary. 

A look at the ln t eg r r l  (1) f o r  5 r 0 t e l l s  us that the result should be 

r ea l .  We note t h a t  the form-factor s l o w  does not introduce t h i s  d i f -  
- . f icu l ty ,  since it  become^ zero. This suggest. t h a t . t h e  1/lC2 f a c t c r . i n  

- : (2) i e  the cu lp r i t .  . .. 

5% 6062 
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i' 
,: . ,,i! , . . . . . . .  . 'We now view t h i e  matrix element ae the e lec t roe ta t ic  fnt@rection' I ,,:'>,,.. '.' . ., .>: - ' . . . 

:-. . . . . . . .  
:>,;;, ,.. ,y:,::.' , ' . . %  
;:::.:;ea'rgy .,$!-:!: .. : . . . . .  between atomic charge, d ,(&) = e tn ,d+ and 'n electron.  &a.rge I 
I : . ?  .: ....y . . . .  irS.8 ':?., b ' j  ;. ,., , ' .... 
,: ..; ':'..': " . 6 

.. 
. . r$,ydemity d s  - e d@. The integral  (2) : I 

,,;i:t.; .'.!:..: . .:. .;c., . v , , - .  . k 
;;.,:- ,,.; , ,, . -..*:. . ... I . . ', , ,,. :.., . ' , . . , .- 

i.:. 
. . , .>'+. <,.;;, ' . 

'i.:;. . . . 
.' . , , j . : :  ,',..'.: , :, . . . . . . . . . .  x,; t 

. 8 .  . . . .  3.:: .. . . 
I 

. . . .  : . ,  . . . . . . . .  . . . . .  . :" . .  . . .I . (8:) t I 

. . . .  '1. . ' 
. . 

.... : : ' . ,  
_.: ... ,. . . 
. . . . .  i 

. . .  I . '  . :  , ., ' 

.,:: then plays the r o l l  of the potential  at  5 due t o  the charge density. ,. 2 
' .  'I 

i K - R  : distr ibut ion e + 7. It m t i e f  iee Poieeonls equation; 
Z .  i 

). 

. .  , . ,  . .  . . . . ,  . . . . . . . .  . .  . . (I.. , . . ,  . .  In order t o  understand the trouble, we take 5 = 0 .  Think of the " . . .  . . . .  . . ~. . 
.!.' 

. . .': f=ec electron distr ibut ion aa' uniform epherical charge ehelle with t h e i r  

. ... v origin at the nuclew. If R <r, then f o r  the potent ial  a t  P the- chrrge . . . . 

2 : 43ceR BR/V on the ehel l  BPi a t  R can be treated cse if it m e  at the nucleus. 
. . .  

:, This c&responds t o  inner shielding i n  a Eartree atom calculrtion. The 
I ?>, , ' : 

I:. . , d . . .  potent iel  energy of ds a t  r is t 
. , !  .. 

. . . .  . . 
,... ., .. .,? > f -R> rj Wen the p o t e n t i a  of dq, 1. independent of r and hen the pllue,' . , 
>. . . .  :.;,,',?. . .... . , "., <. . . . . .  . . . . . . . .  , ..: I 

: : . 

,&In t o  outer ehfelding, 

+'* r s  2 

. 'The ulgger limit ie introduced aer a meme of terminatintgg the free electron 

:,:. i 
, :: ', '.' 

. . 
The t o t a l  energy is  given by the integral w e r  the atomic ehargle a%: 

- 
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: r,Mth , . .- . ,p< , .' ' , . I 
. . ' .k 

. .  C!.: . . .  .: .. . 
(<::.,>%.. . . . . .  .Jj:!{ ;..?:: . . . . . . .  : .r. ,:.. 
I I. 2' < ., ; t , i , t . . . ,  . _ I . .  ;: . ... 
d?: ' ? , * , .  * . i m  

(r )n,d ,' ';.: &*, "' ... 
1.. ...... 6"'. . . . .  i 11 

.I -, . -..- .:La: ,)..: .;. ,:s.< :':, ,. , 

+.'\<,! ?,..!$ .< :, . , . ! - I ,  .. 
. . ...,I ;>,.:F~ri.n .I'8. m 2pO and n1 r 260, t h l e  vanishes. If n1 r n, it is a very':..:ii: . . . .  . . .  1 : 

" '.' .' >;<' ' ' . . ' .I ': .. . .  .*', a:. . F .  $;: ..,,;7i:, :I,-:: + . - , , 
I, *z 

. . . . 
.1 i \ ~ ~ ; ? ~ ~ ~ f ' c ~  case) i . e . , 

(jj .,: '. . ,, . . . . .  ... . . :  + 8::. ,,;,*c 
, . . . . . .  '< ' . .: . . ' I  .I.; . ,'. . . , . . .,.1': -7- ,? 
2.;. . ' 

. , .  $:+,: ;. .:. . . C ( K . 0 ) -  .! .(13) . . 
. . . . . .  a .  . 1 .: ...he. . . '%,J.? . n,n 7 

<<?: , - -., I..; 

... 
: . ..The. firtat term corresporde t o  the Interaction energy, if t he  atcunic-;.~ . . . . .  1.. 

' 4 ,  

1 '. _ - . . 
;; . . .  charge .i8 t$o&entnted st the origin. 

k s I 

,, ) . n . '- ' . I . ;i.c . . , 
. . I . .  

. 7. 
*. 2, 

..? 
. - .  \ 2- 9 m e 2  a2 

. . ., . 
v = -  v 3 .  (14) ' .  

.., . . . .... . . . .  ...,,:. : . . . . . .  \:I 
. . . .  ... I :i . . .  . . . .  . - 

. , :.;. oec~nd t e rn  is a correction becauae of the d i ~ t r l b u t i o n  of the . ' 
, :. 

-1 
' .  stamic charge. It is t h i s  eecond part  thrt variee from state t o  a ta te  

I 1  
an8 gives a re la t ive  ahif't t o  the energy levelm. . . . . .  

I .  

- 
T& evaluation of (13) can be made a l i t t l e  more formal. ' Ueing the 

: r, ( r  I ) is the larger  (amller ) of R and r, and integrating 

'over the iag\itu apace of with i; aa the polar u i e ;  
. .  

, . 
. " ,. ' 1  

.' . ,. . * 
, . 

(17) 

. . 

S . (18) 
':'" ' $,.. , , . ! *:< 



4 .  
i : A  

We n w  w p t  t o  use the finite cut off, R, t o  modify the resul t  (2) 
' *  

I 
. . . . 

t 
! 1 

I for qr 0. I n  th ie  ~ b r i v a t i o n  there'wae rpn indeterminete integral  (4) I r" s i n  Kp dp , 

yhich f o r  f in i tq . '?  -amall enough K is known. A t  large value@ P.g R, 
4: .; , +, , 

h . .  . 
- ,  - which goee td$y U; amme XR < < 1 and then . I . . ,  i, 

. . 
. ' which agrees with (13) with neglect of the aecond term, (the correction . . 

J 
. , 

. :  

f o r  the d ia t r ibuted  charge). Evidently we have made an  approxinrrticn i n  . . 
,-- i 

the traneforme%ion from R t o g  (see equation 3), by which t h i s  term is 
-r I : .  . . . , ( .  .4 ' 

loe t .  Thie ' m e  done by inexact treatraent of the upper limit of integration, , 

which depnde on 'the angle 0 rR. ' If done c o m c t l y  

. . 
provided &*(!-:) << 1. 

. . 

-Thus the problem of the divergence 86 6 4 0 can be avoiaed by'- 

introdtact ion of 8 plarup. cui OH ft* . 



In  section V an at-t was made t o  t r e a t  the mall b r d e n i n g  &.$ *%:,d 

, ~sult ing from polarization f o r  a three s t a t e  atom. The motrix elements I 

were chosen deliberately t o  avoid the divergence6 areocfeted with thk near 

. .aegenerate levelc which were diecuseed i n  sect  ion V I I  . How we .re   re pared 
* .  

t o  study c o ~ i s i o n s  which couple the i n i t i a l  utate $+ t o  a l l  atogic'  otates.  
f L ' .  

. . . . , :. Excitation t o  higher principal quantum numbers is  not e n e r g e t i ~ y  . . .  . .  . . 

: possible fort low electron energies 6uch that conaidered i n  our e&aple . : . .. . ,. ,.. . .. ' .  2 '  . . 
' ..,,, , .. . . . . 
- , , . 1 e -1. For these transition8 the electron must supply a ndxi$nm 
:i,:-.:. - 1 ZST 2a 2 ...> "'l ." . , . .. . I  , I 

... ::,'..,.,&':: about (r  - .-) 
5. . .  :.. \ . .  . . .!.: . . 

2.z Even w h e r e  they w p o s ~ i b l e ,  they iholild iikfo8uce 

no new features.  On the other hand quench1 ng--traruitione t o  the ground 

. B * ~ ~ ~ - - o c c w .  As seen i n  a c c t i o n ' ~ ~ ,  the divergence poses no pmblcih fo r  

them; the large ~mmt of energy given t o  the electron, keep8 the  minimum 

, '  momentum tranefer far e n o w  from zero t o  avoid t h i s  d i f f icul ty .  The 

re8ulting contribution t o  polarization bradening is 

*06' i.036 + 15 r .15) - 2.6 r *-T 2 (1) 

. provided n = ld4 and 6 = & & . Thie should be compared with iix? 

The si tuat ion i e  not 80 e i q l e  f o r  near degenerate l eve lo .  Here the 

,, -mfnimum momentum t r a m f e r  approaches zero and we enter  the regfori 'oP;'% . . .  

, apurioue divergences. We w e t  t h i s  problem when considering the two  

I n  0-r t o  treat c o l l i ~ i o n s  which couple the polprized a ta te  ++ t o  

these state6 we define these etatee i n  terms of functiOn8 with a Polar 

axle z d o n g  the direction of the mumenturn t ransfer  vector 6, as followr, 



The anglee @ and determine the direction of a with respect t o  e 9  .' Thus 
. :. , . . 

. ,. : . .>  .., : ..: . . Z '  1 e l  : . 
" ) and 9'' there we four s t a t e s  f o r  the:: : . k i t h  9-+ = - ( v2s0 + 9 2p0 

. ., . G - 
. . ..: ' . . 

. . 
a .. - .  . .'. . . .  $rincid&l . quantum number n = 2, which are normalized and orthogonal. mey 

. . . .  ... . . : . . . .  . . .  
, .heme t o  describe t h i s  level  completely. We revrite 6irnilar expan8ions 

Fi rs t ,  consider the form factor: 

. . . . .  . , with 

. . . . ' .  ( 0 9 % )  = - sin @ (O) a - - s in  "3i~(x-;l T.'....". 
. .  

, F2p+1, 260 '2p0,2a0 E fi ( 1 + ~ )  . '  :.. .!. : 

. . ." . '. . .> ' (C,'4) = - .- 1 (0) , i (O) + - (1-0s @)din Q F .... .... . ?  . .  
<.# ,. , : ' *2p+l,2p0 s i n  Q ces o F ~ ~ ,  2p0 . t .  . . .  ...+'.' : . 'E fi : . :L.'a 2p+l,2p+l :: 

.,. . . .  '. . i 
. . .  . . 

. .  . . .  # .  . . . . '.. 
(0) I . . .  1 . . . ,, 

+ - (coe @ - 1)e in  @ F2p-1,2p-l . -. I . < 
_:.. - ) . . 2E ' .. . . - . , .  . .  ... 

. . I ,  

. .' . .  ' {  
' * ; . ,.': ,'. ..-.* . '> .. , . . . i'.. ,:;. ,' . a 

8 , '  . . . . .  1 I 
.- ,., .. -A- s i n  8 cos !. . . . . , . j  . , 

= - - s i n  0 COB 0 
. . . .  .. ' *- I 

. . . . . . 

1 . . 

I-. 
6x s i n  O cos Q ,-- . Y2 ( l+x  



. . . ., . I .  . .  . . 
.,'.:%= ,. . n o t e  that if Q m 0 this form factor mnlshe6. This tells us that?: 

. . . . .  

I : ,,colllefone in which the momentum traaefer ie along the polar e '  ax le  can 
. . . . . . .  . . 
. ? , . .  

. . . . . .  . . . .-, , . . . .  . .,* . . . . ...:'&t ........ ewe the . from 9 : ' . . :  .!. . . 
y; . . . . . . . .  . . .  . . . . . . .  i 

:I;( . . . . .  - .  ~ 

"The treneition probability is proportional to the abaolute eq*e of 2. . .............. h _ . . . . . .  .., . . :,.., ,.. . .,: . . . .  . . 
. .i . . ., .. - . . . . .  . . .  .;. 7 : ' ;  .:: . 

:::. . ,the: ' f o m  factor averaged over collieion or ientrat f one : . .:.' 
. . .  . . . . . , .  

' a  I .  , 

. . .  . . . . .  . . 

' . .  where F(O) indicate. that 0 m 0 and & i~ along the polar axis of the . . , . . . ...... ,I..'2. . .  
. . . . 

atbm. h before we con write 

with 

(8,) 
+, 2p+l x X . . 

0 

The false divergence of (sp) at small x appeeu in this term. 
2g0,2eO 

The mqpiitude of . - 
4 

'? - . .  i a  limited by the! requirement of energy come~tion. By the artlfect : .: . 
::. . 

:.: of P ~tatic ion field we bavc removed the atomicdegeneracy and X doia 
. . .  .. 

. . .  
vanish. Huwever, to avoid the regton of muall x where (12) bed&# 

invalid, we must restrict 



,y. ,: , : 
I. . I ..... 

In. tha t  cqle the integral  - 

3' . .d .:i 
':",::it . . . .  ...... 
{,-.; :> a, 3 ,  . ! V h  ., ,$>.<+ 
a!,: . ,., -,,, 

1 - coe KR . 
v ,.<.i.: , 

I 

:;\ :.:,'':... 
,fi:;. : K 

b e  averaged over a e i c i e n t  
....I.. ). : 
.>) '.." . . .(. *: .. 

.,::!,,:.;,the . i n t t & T  i: 5 , when pa2 m %. 
.;. v ,. . A 

'. '"'pi8 .is' the value obtained e a r l i e r  with - .  . . .  

. (15) 
, . 

+A > 
in  R t o  eliminate cos KR so '.that 

r 4 . . . . . . .  
<:, 

a convergence factor  (VII-(&)). 
. . 

I I .  

A Bow large m e t  the energy asparation O E  of the atomic levels  be 
, . 

h 
r.: t o  m t i ~ f y  (lk)? To answer th ie  question R muet be defined. For * 

. . .:. . '  . . 
' A -1/3 -.:.?: def infteness we W e  N n 

I* . --. a quantity which muat be revised t o  

+ , .  . eui t  the physical eituatlon. The resul t s  w i l l  be found insensitive ', ' , . 
'7. 

t o  t h i s  choice. Thua 

- . '  .and for (14) 
.... ......... 

I What ion deneity produces a H o l t t ~ ~ k  field sufficiently a t r o w  t o  

I 
:.:< . ,lil I. 

cs:"'elatlsf y th ie  inequali t y t  .-'. - 
, . . , 14 1 e2 I For n rz 10 Bnd E l  = w (=)P 

I ?:' and thus 

. - 
Jf we oleo r e e t r i c t  niop n, then 



. % 

. . 

. .  86th of these.- higher deneities than we are coneidering, 
i 

Before going -her let UB point out that the appropriate in- 

equality ia,  i n  tact,  satiefied for quenching. B e n  AE >) € .nB 
a: 

- 3 -  

:$. . - T ~ U B  it become nece8em-y to  consider the region of e@.l x m& 
* I,.., . . 

. < < 

2 a 
.:: If we neglect  the  r N a contribution as being emall campared t o  ,R, 

R 2  .... 
. bo that 7 has lakin the place oCii, . Thie change prevent. the , > 

.' divergence. We nar have a better appreciation of the matrix eXemen*: -- 
. ,  at least a% the extremes of x. Ae long se x << 1 the m t r i x  element'. 

: . .  b e  a e-le form; vie. . . . .  



Followir& the conefde~t lom of section VII it can be shown that 

\*  i s  bounded in the uncertain region. Consider (VII - (19)) 

2 In elretch I the curves tor ( c (  are extrepoUted Into the regidn . . .  
. . . . . . . .  

of unceirtsinty. To avoid a d e a f l e d  treatment of this intermediate 
. . . : . . . . . .  . . .  

' region'vc use the extrapolated c - m a  to their intereection. This 

r '  interrjeotion 2 oeaurs where 



68. 

The main uncertainty Introduce& i n  th ie  nmber arises f'rom the I 

1 ' .  I 
.. . I, . . , . 

. . . .. . . .. ;,:- manner i n  which we obtained g. 1f re require ; >) a2n2I3 130 a. t o  1 

'. stop the rapid rise at the region of uncertainty, then them i e  a 
, - .  

- &crease t n  yp. However, an Increase i n  by a factor  100 decreases -.. - , ,  - .  

, :: .... :,;:,(..y .) 
, . . ! .  . P  
.. .- +,@+I by only . . 

... . .::y f .. , . *  
, ..i,'.. . 

Thie leame the order of magnitude of the effect uncheanged. In the 
, .. l : . ..:. ' , l . ..,. . , h 2 . . . . ,  . :,: - R 

3, 3. .  . - ' :.$:::other ,Mrection f cannot be pushed far, aiace x (b )  2 has been used ...* .... . 
. ,  . 

R" .' . I  

;. .: -@5)  an8 the logaritbmlc divergence 'is l imited by &) ~ 1 .  AoP.ereP, ':. ::> 
. - 

. .  . -1/3 
':' . r $my . . . . .  be larger than n . An increase of iZ by fpctor 100,decrouel) , 

* ,  - ..,y 
i.. . >. - .. .t;;;, .- . .> 3:. , ..:. . '+*< 

, $ .  , &,.by 40'4. but i inremes  ;J; by 'ohp .8. 
-. . ' 

We c@nchde. tha t  cougliw between 3; pod q2p+l, $ 1 ~ 6  r i s e  t o  a 
' . : - .  

: , . polarj l e t  ion eff'ect about 100 t imee as luge as the other mtatea . This 
' L i t . .  . 
, .  ' 

I .  

, ., 
'i. Is bec&.ee the couplillg involves the matrix elemente between rad . w: . . 

However, the effec t  certainly does not diverge. i :  

' .  :-+ 280 ' ., .. . 
. .. . . .. . 
i . . .  _ . . 

I' . , . . ..- ,, . - 
: _ -  ..,,:.>!: , ;  p summery we compare the several e f fec ts  fo r  the hydroelen -' ' : 
. . . . . . .  ,. .. . . . . .  . . .. . . 8 14 2 

1. e 
.!: . .._~p.'- . - .  is t r a m i t i o n .  using + = 3.12 x 10 see'', n = 10 , c s: (=) : .., " 1  

-JB :: . I111 . - (a)] scattering or universal broadening . T = .IS,' . . 
.. . 

c / Q  , .. . 
C t 

. +:. C IV - (7)] quenching (2p0 4 160) . . . . . . . J =  .m3, 
YP 

\.: 'PII~ - (n)]  poZarization (2p0 -P 260) . . . . . . 1.3, . .,. 
L. .. .", 
:? ,:, . . Z t a r k  . ao; ;, . ..'. 
. I - B - (8)) Stark (ion) . . . . . . . . . . . , .. _ ' >"" 3' . ... 
a*.. x; . . . .:,: ;' :;;.; .. . 

C P. . .. 
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' IX. ' SPECTRBL L I E  SHrn. .  

r 
I 

The spectral Line s h i f t  f o r  the two a ta le  i t o m  is given by .... <. . ':. . ....' !$ .. 
. :. . . :. . ::-,,i . "" 

! .  : , :;.: . ' :  
. . .  . . 

(m1 - (13)) . . ' . . , . ' . .  ' . i  . .  . - .  
. , 

.- . 
. . I 

I - ' .  where we coneider the hyrfrogen 2p -c 1s tranelfAon .end uee 
1 

$ 

2 ..- : 2 2 = 5 + 1 - se(n +I)] a . .. . 
., ( ) n 6 ; a ~  

. . 

. .  . . . . . . . .".. , f; . . . .. 
'd&ees with the r e ~ i u l t  obtained from our e a r l i e r  form factore 

.. . 1 .  I (section IIP 

8 1n units of the ilatursl width 1 - 3.1 x 10 /sec., anci with n - 10 14 

a eh i f t  t o  the red, . . 

Thler s h i f t  me suppreeeed i n  o'ur earlier work when the exponent i n  

the factor  exp ( I  [ c ~ , ~ ( x - O )  - C2J2(~10)] t/h) was absorbed in to  e x p ( i 4 t ) .  

I In the graph are illue-ted the natural, broedened and ehif tea l ines .  

- Before leavixg t h i ~  matter we note that the ehff t  here computed 16 

qui te neglPgibXe In  compg~iiron with the large Holtemark-8tark ehif te  - 

I reeultt- from the uqe of localieed wave gackete. The eh l f t  obtaim8 here 

I corregsgonds t o  the difference i n  interaction energy of the atomic e ta te  

charge c l o a  .with 8 mif o m  e p c e  dietribution of '  the free electron 
I, 

chap@. The u e  of Coulomb functione, which fncreeree the f rea 'e lec t ron  1, ; - concentmation near the n u c l a e  change the inner e h f e l d f ~ ,  shoultl not ' 

- produce any magor chmge i n  %he .si tuation. On the o,ther ha&, the in ter -  

action with localized packeta i e  expected t o  give different  m~ul te .  





X. E V A R Y  DERIVATI~ OF B R O W N G  FOR A TWO STATE ATE. 
, 

Once the work of the preceding section$ i e  completed, it i e  illm- 

.:. larating t o  obtain the eame reeulte by a more direct  though not ae , . . 
, . . , 

- . , 

1.' .. , .coneciestioue a procedure. Agafn we coneider the two' s t a te  atom m B , .  
.., . '  .,, -.>:; 

: .. 

-.1 on6 electron per volume V. A t  t a 0 the atom i e  excited and fernain8 
. . .  . . . . . . 

-. .. - -excited un t i l  t N l/f . During t h i s  interval electron transiticnu.&? 

. ''" induced destroylqg the i n i t i a l l y  excited state ( i . e  , s ta te  of combined 

electronstom system). Thie has the effect  of decreasing the lifetime 
- . . 

' 

of the i n i t i a l  etete and increaafw its energy uncertainty. We write < 
. . 

. 

- :: at once fram the ssme argument. es w e d  i n  the di~cueeion of p o ~ i k e t i o n  :, , . . 
. . 

.. effecte: 

. 
prwided r/B(?< J ) ie one-half of the chance that  the electron p-turn 

numbers change kr uni t  time. The normalization factor N .dJoste 1; so 
:? i. . I. . . 

. that each atom s t i l l  emit8 om; photon. 
. .a. 

re 

To demon6trarte t h i s  we consfder.the factor i n  the expaneion c'bef- 

. . f ic ient  i n  which charges are i d u c e i  by the collisicm perturbation, P. 
- , 

.. . . 
i ~ f  m d i w i f e  -iRift + -1 terms with factors dk'.<< .di. (2) 

. . 
(. ..; . , . * . , 

. . . .... 

..'..,, Frm theee eguatioae we. can ehaw exgoneatid decay: . . - 
, . /  . . . .  



. . . , 
I ,  Bow we t r ea t  the perturbation ua a sudden brief change fn the ; . . 

. _ I  . - ' . . . : . ,. t;. . . . .  - ..E' . , . .  
. . 

: ?  . , ~ l t o n i a n  for the free electron. Distortion of the otm 1. neglected. . , 
.... - 

? - .. : : . . . .  . * .  ... ... . . . . . .  . , I 

' . ,. <' .? .. Befbre the a t d  .ib excited an8 after emission the ~.ni l tonie.n '  im Iie"+ ClSl. 
. . .  . . .  

: - i  - .  . ... , , .  ever, while the atom it3 exoited, th ie  become8 He + C2,2. ,: , .  The pertur- 
. . 3. . . '. . . 1 , . - ' .( . Wtion which modifiee the i n i t i a l  stationary e b t e  of the free electron 

! - is P = Cu - C22 . One Wt not be certain of  hi^ choice without a more 
... 

' ' k  I .: . , 
': . : :d&tkiled . stu ly  a8 given above. 
: .I < ' .!, 

- 
. . ,.,: 

- .  , Then, wing a plane wave approximation sod replacing the sum o$=r . 
., . . . . .  1 : . 

iia eta tee by integral, w find 

B L 1  :: where ' f = 2nviX (-? 
. . 

mi 9 ' 

. . { g: ",?, 

A. lolyi as << 1 ve can expand 
.. , . , .- ?- 1 

. ., ' 

- , . 
. . 

. . . .  ".., . 
"": . . .nd 

i. found t o  be 1 + i g / j  by =quirillg 



,' 
'JWs this eometmat more direct approach leads t o  our earlier $a; 



Xl. LARGE BROADrnIEJC AND ~~L VERIPICA'I'IOM 
- .  

The previous arguments can be extended to instances of larger broadening. .. '..: 
. . . . 

It will be found that the line width may be expressed as the s m  of the natural 

(-/ ) ecatter- ( j g )  and polarization ( f p )  wldths even when f B  and J are. ' : ,.: '  , 
, . 

5. 
greater thaxi'..$ 6 ,  We now turn ,to this generalization: .- -1' 

..>- . < 

A. large fp, ,. . . . . .  . . .  

. . . . , . 

The changing field of the electron st the a t o m  can induce transitions,be-:: : . : , .. .' , . 
. . . . .  

. . .  
tween the atomic levels. This shortene the lf f etime of the state and broadens . . :.: , ., 

. . . . . . . . . . .  . . . . .  
. . 

the level according to the uncertainty principle. Although the atom may tie , . re-"'-:": . . . . . . .  
, . .  e .  

, . 
turned to this level by a second collision, this should not extend the lifetime."' 

. . . .-; .. 'Y ..... .; .,,.;.,;. 
Rather the return can be thought of ae the etart o f  a new life. 

. > ... 
Let us see how this follows from our equations for polarization (V-(18):; 

., . . . 

In the earlier treatment, (Sec. T I ,  811 terms on the' right of the eecond ' 

equation (2) were ,neglected in campariaon w i t h  the initial state which had;.'the : ' . . ,  

. . .  
large probability amplitude. Here we retaln all terms. An ar-nt concerniw . . . . . , 

the re,ndom phase aenociated w l t h  each D + A ,  is used to eliminate all but one. . I 

Integratfag the second equation (2) and substituting into the firat (,l) ' _ $  . . .  ... 

we ffnd 
t 

... . 1 (% I+ %(d++Qi* )(% -t') 
(c,, 1 cl~. e . . .  .: . + A  = L p Z h l  ( c + - ) ~ ~  kL.' , .  : . I j  + X '  



. . 
. . ... . 

I - 
... : , . . %  

i.. /. . . . , . . 
i ( Since the electrons come from different sources, the D + h ,  have factors , '. '. . . 

: , . . . . . . .'.. . . 
! . . 

exp(,ijd A,, ) containing unrelated arbitrary phases jd , . An average over these . , . , 

: I. 

phases leads t o  the cancelation of a l l  terms on the r ight  of (3)  except that' 9 

' w l t h  D+h . For consider the ps lgl le l  example: I . ' , .  . . .  

assumed true when aieraged over jd aad '4' . Multiplying first by ewid and. 

then averaging 

.. . ... 
.j:;j 

since the average.sexp \i(jd1-jd)] vanishes. 

f . " '  . . Consequently, following the ssrme procedure as in sect. V: 
.. 

.::. -- , ., . : t. 
' . ' ,  :,. 

. . . =;-,"2nvkr~ P D + A  = - 7 '  D 
I P + A  _. .. 
a I. 

. '. I - .  * .  . . 
i 

. This resul t  is not restr icted to  small compared to  f . !; . . 
I 

r 

B. Large j g .  . . 
, . .  .'. . .. ' :. , . . ' ' ' f  

The arguments just used for  large ' J P can be applied t o  the cml&enw . . ,  ::: ... 
. .  : 

: .:. . . 
derivati,on, of scattering broadening (sect.  i). Thia leads t o  the same:res.ul%--..;:!.,; . . , . . . 

! : . . , <: ,, ,;,> 

YB i s  *notres t r ic ted t o  be small compared t o  1 . A similar ~ o n c l u s i o n ~ ' ~ ~  . . .  , ;.-:, . 
. . 

. . . . .  ;,I' .. " I 

bably can be reached ueing the  general expression for  5 ( 11-(21)) ::'"' !. ' . : . 
!..: . .... . 

2 . . 

\pp;d~ '  I .. . . 
. ,  . 

0 . .  

I ~ ( ' L ) )  a p / h I 2  xp 2 . :.. (7) . ' , . . '$ .  

y 2  + (a + QXP) 
. .  . . . . . ' ., , 



A treatment of this problem is  given by Rudkjobing * ; Since the -ri-. 

mentally interesting case ha6 large because of m a r  degenerate levels,  

we do not concern ourselves further  w i t h  VB i n  this eection. 

C. .ESrperlxnental Verification. 

Knowledge '., of electron or  ion densities and temperatures is not eaai ly 

obbined. ~ o n a e ~ u e n t ~ ~ ,  an experiment which i s  independent of these pars- 

meters ie deelred. The comparison of different l i n e  vidthe t n  a spectrum .:. . 
. , .  

of radiators i n  the asme plasma, where all the atoms emit i n  a given though . '::. 

perhaps uncertain temperature and density, bas t h i s  property. 

3 Interesting case presented by the re la t ive  widths of the n% -P 2 P l ines .  i n  

the h e l i  spectrum. For example, we w i l l  show that the width r a t i o  f o r  

l ines  from the principal quantum levels n = 4 and n = 3 is  4150 f o r  Bolts-: 
. . 

w k  ion broadening while it is  only 10 f o r  electron col l is ion broadeniw. 

This difference stems from the fortuitous f a c t  tha t  there is no 9% level. 

For the higher principal quantum numbers the F level  is the nesrest 

neighbor of the D level  and leads t o  much Larger Stark s h i f t s  am3 Boltanark 

broadening than occurs for  n = 3. On the other hand, the col l is ion width , . 

rece%ving a contribution from the more dis tant  P level,  which i s  c o ~ b l e  

t o  that from F, remains relat ively unc-ed with n. 

The energyseparations of in te res t  are given i n  Table 1. 

Table 1. Energy 6eperrations. 



. . . .  .,. .. . 
. . ._,_ .' 

3 
. . '  

. . -  
: .r ; 

where the energy levels  are  determined using [ B-p. 4.211 . . . . 

.)? 

and approximate quantum defects S  l able 2) for orthohelium. A c e  ' ," . '  . .. n!i 
1 :  ! : 

. <  . 

. , 

the, table.  'h Bethe ' s flandbuch article.  . [ B . - ~ .  347 ] is incomplete, we$ have '. ' ,  ;.' 
. . 

extrapolated f'rm the nearest values to fill out Table 2. The vrrluee ndt i n  

Bethels table are indicated by an asterisk. 
t 

b 

ir 

The matrix elements which enter both Stark-shift broadening and 
? 

C O ~ ~ ~ S ~ O I I  broadening W'Z In w e  consider [ i(-pt&ol' ;:'" 
a h , n e  Elmt ' . , . . : .  . 

. . . .:. 

for ,k = 3 and 2 (Table 3) .  We aee that for  n = 1 = 3 this vanishee. ':' 

. . ,  . .  . : . ' .  . . . . .  . . :  . .  . . . . .  



1. E s t b a t e  of Holtmark Broaden* (Stark shift). 

For a uniform electric field (F) the component with the value (for the 

angular mornenturn progectfon quantum number) m = 0 has the largest energy 

Bhifi. - Because the levels of helf urn a m  non-degenerate one obtains f n wekk 

fields the quadratic Stsrk a h i f t  \B-~. 4211 for the D levels with m = 0: 

With %he values in Tables 1 and 3 we f fnd these shifts  able 4) ; . .. 
. . . . . .  

. . 
v,  . 

{: 

.. 
,. 

!!,: 

I... 
z 
8 .  . 
. 3  

- 

. ~* , , .  
.,.. : .::.,, . ,,: ::.:<::;:;;:, . . . . .  . . . .  . . . . . .  . . . . ;, ,...:l. 

. . 
.. 

I .  
. .,: -. . !: . . . . . .  The v6ry ?mall s h i n  for n = 3 is a result 'of the absence of a 3% leveL. .... 

. . . . . . . .  

.... 
, 

2 )  .~ .. . .., /. . . . . . . . . . .  IIDO .'!: . ,  . . .  
a , . . . .  . . 

. . 
I' (:. .n .,:. 

. . . . . . . .  

. . .  

+e . j e  id 
. . . . . . . . 

I ' .  
4. : . . 

, .  - 5.6 103 
. ! 

. . . . .  

3 

+ 5.00 106 

5 

. ,  . . 
. . .  ,?!,. . . ?::; + 2 ; 1 2 i  . . . .  10 ..; 

. . . . . . . . .  -".' ;:; 
. . . .  . . ,  . 

. . . . . . . . . . . . . . . .  
,i. .: 

. . . . .  .. :: . .  . . . . . . . . . . . .  . ., . . 
.;; ;. .; :6;,:.. .,,: j,: !;(: 
......:..... . .  

. . 
# .  ..: 

. . . . . .  .:;::.., 
't. .,,: . . , .:<,, 
: :;. .. , , 



To estimate the width we follow Holtamark and take 

end for the f on broadening width (Table 5 )  

Table 5.  Ion bwdenioa wldth and width ratios 

15 for n = 1 0 .  . 

2. Collisfon Broade-. ' . 

Tbe coll is ion matrix elements can be written as (111-(17)) 

provided plane waves are used for the free electron f'unctions. The elements 

"nso .nvpo diverge as KO' and give particularly large polarization broadening 

(sect.  VIII). To generalize this observation we develop an approximate form 

for the C elements. 

The momentum traasfer vector K _  w i l l  be oriented along the polar axin o f ,  - ,  

the atom. It was seen (sect.  VI) that I C 1 t h  this orientation did pot - 

M e r  greatly from an average of \ C  l2 over the orientation of the incfident . 
, : .. , . )..;..---- . " 

plane wave. In fact the difference vanished as -C K ' ~ ~ @ $ ~ z ~ F o .  .. "-! ..!, ... , .  , .  . . .  



When K is small the exponentid factor of t h e  inteepand of P is  e-ded: 
t 

a. 
In th i s  way an expansion in  increasing powers of K start ing with ICw2 is  6b- 

a tained. The leading term in  survives in  the diagonal elements. These 

entered in  scattering and again in  the element C (sections I11 and V ) .  
+ r w  

However, here these t e r m  canceled each other. 

The elements 

where the leading &rm diverges a t  s m J l  l$ interest  us most. The ' divergence 

does not actually occur because of the f i n i t e  distance from which an electron 

can perturb the atom. S t i l l  these elements give the Jsrgest contributions.to 

broadening. (section ~1119,. .. . ' 

The divergence at small K makes the expansion (14) useful. Because of 

thia divergence an integral as: S = 1 ( E 7 h receives i t a  major contribution 

f'rom the region of 8'- IS. Hence, while (14) is- incorrect at larger K, its 

use does not cause much error in  S. 

We conclude that .to a good approximation the electron broadening of 

3 n D is given by (VIII) 

for  



where 

. I\ r r 4ei/(e2/2a), 

n = electron density, 

gi = f n i t i a l  energy of the free electron, 

vi = inl ' t ial velocity of the free electron, 

Thus electron collieion broadening depends on the same matrix elements 

.as the Stark shift. However, it does not depend so strongly on the associated . . 

energy separations. Consequently the vaniehing of z2 only changes (%)3D by ' . ,  , 3 3 
about a factor 1/2. 

Use of (16) requires knowledge of ii and the plasma radius. In order 
. . . . .  . . . . . .  _:.,. 

to  avoid the uncertain detai ls  of these quantities, we find (fp)np for two . ' :  . ' ,  ,,::;!! 
- 

extremes : x = o and it = a 2  n2I3.  he l a t t e r  places an upper l i m i t  on 
. . . . . .  

ii:(7'P)nD 8 s :  $ vanishee. !he former ii independent of the plasma cut o f f ;  
. . 

. . 

In Table 6 are the values of j;lre corresponding to  the energy separations, 

i n  Table 1. 
,.(,:. ... ..:: . . . . . .  . .>,,.: ..... ,.:\. . . . . . .  . . . . , .;v,;. <., . . 1. 

. . 2 
' . 

1 e Table 6. fo rE i  = 



In Table 7 are values and their  successive rat ios.  Coqparison 

w i t h  the ion effect  f a  fac i l i ta ted  by reproducing the ra t io  values f lmm 
. . 

Table 5. . . .  

2 15 1 e Table 7. (YP)* and ra t ios  for  n = 10 and Ci = - - . 
. . 25 2a 

- 
x = 0 (no plasm cut o f f )  

Contribution, to  (7'p)on from (G)nD ('~)n+l D 
(Yion)n+l n P=P (secw1) P=F (sec'l) sum (secol) 3 

( 7"o*)n,D 

3 3.6m010 0 3. 60xlo10 10.5 149 

4 1 . ~ 0 ~  1.8gx# , 3 . 8 0 x l 0 ~  3 5 6. 0 

5 6 . ~ 0 ~  7. 23xI.0" 1. 32x1012 2.5 4.2 

6 1.46xl.0~ 1.87xl0* 3.34~10'~ 

It is seen that at  the density n d 1015 the ke of  the plasma cut o f f  

. . .  . . . . . ". . . .  '. . ::: :.., . . :. 

i . (E :d s2nei3 ). does not alter the result, appreciably. 

0 

Unlike hydrogen, where there is  a hree linear Sta.rk.effect, i n  helium 
' 

1 :  ; 6 

a 
the electron broadening is la rger  than ion broadeniw. Another manteqle t o  

:.. ' 

. . . ,, : 
. . . . :: . . .. 
i: . . . .  
' .. . 

. 

, 

the use of helium is the possible appearance of the forbidden transitions . . , 

. . 2'~;1,~.,; 5:. 
.. .. , 
. , 

. . . 
10.0 . . 

3.4 

2.4 

. .. 

+ , . 

, . . .  
. . 

. . 

- 

- 

, '  (J.)nD 
. . :  

, sum (secal) 

3.60 x 10" . 

3.60 x lou 

1.21 x loL2 

2.93 x 1012 

. 

' n  

3 

. .  4 

5 

6 

contribution t o  (yp)nD frOm . ' 

' 4 = P (set-l) 

3.60 x lolo 

1.90 x loU 

6.00 x lou 

1.46 x 1 0 ~  

"1 a - ~ ,  ( s ec  ) 

0'- 

1.70 x lou 
ll 6.06 x l o  

1.47 x lou 



a3.! ,. ). I 

.. . .  . . . 
. ., .: , 

3 3 4 F i 2% and 4 P -, z3p. Since the '.unifoim f i e ld  intensity for  thei r  

appearance is known L~0p.42'7: , this may serve as an indicator of the ion , . 

density. 

Although the results  are contained in  Table 7,, we point out that the 

ion broadening ra t io  for '  l ines from 3D and 4 D  $8 150 while the correspondixg 

electron broadening ra t io  is 10. The difference should be easily observed. 

We have kept ion and electron effects separate although they of course 

occur simultaneously. Xn oui exapple the eum of electron and ion broadening' 
' a  t 

is approximately the 8- as & electron effect  alone. 

It i s  l ikely that our calculation overestimates fp. The electrons 

have been a s s m d  monoenergetic and represented by plane waves. Actually 

, ,  the electrons are distributed i n  energy and our calculation is poor for  the 

slower ones (failure of the Born approximation). I f  the very slow electrons 

' * *  
produce ion-like (Stark) effects,  then we may expect that the electron density 

.U, 

.* 
,a to be used i n  is  less than the actual density. This diminution of our 

f .. calculated Jp msy'aean that electron effects are less  importantthan ion 

effects for  the l ines nd -c 2p (n > 3). Hence these l inee  would have contours 

p red ic ta le  from Stark sh i f t s  and the appe'arance of forbidden l ines 
. * 

(as 4p + a,). On the other hand .3d .- 2p can s t i l l  have the anomalous . 
. . 

-1 
electron broadening shape; i .e., the Lorentz shape ( [ ( J + ~ ~ ) ~ ,  + d 1 ) . 
Also this l ine  should be broader than expected on comparison with the other 

r 

members of the e e ~ i e s  when only ion effects are considered. The ions present 

should, however, introduce al ight  shift and asymmetry toward the violet.  
f 

Thus electron effects as treated in this report may find a..frairly shiple. . . ..' 
- .  

experimental verification. 
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