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ABSTRACT

Observations at the ISR on the beam-beam interaction of

two ccasting proton beams give clear evidence of non-linear

resonance excitation. The two main features are: (1) the

observation of odd-ordered resonances excited by small verti-

cal orbit misalignments at the collision points; and (2) the

strong dependence of the loss rate on the position of the

physical aperture boundary. Although there is a hint of the

8th order resonance, the strongest effects are seen in the

regionsof a stack corresponding to the odd-ordered resonances,

in particular the 5th and the 7th. To describe these obser-

vations, a theory of beam-beam resonances is proposed, one

which takes proper account of their peculiar nature. The basic

mechanism for beam growth and loss is the familiar lock-in

process. Loss rates are estimated as a function of the magni-

tude of the misalignments and the distance of the physical

aperture boundary. The theory of lock-in requires a time var-

iation of tune. In a coasting beam, there is no obvious per-

iodic modulation, such as is caused by synchrotron motion in

a bunched beam. Scattering processes do however produce such

a modulation. In particular, intrabeam scattering causes a

momentum diffusion, which, via the machine chromaticity, in-

duces a drifting tune. Particles lock-in, drift through the

resonance and are transported to the aperture limit. In addition

to tune drift, the diffusion process also provides a feeding

mechanism whereby particles are fed into the resonance tune range

and from there are channelled to the aperture boundary as their

betatron amplitude grows. The results obtained here are in

general agreement with ISR observations. Some extrapolations

to future p-p machines are given.
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IASTERI. INTRODUCTION

Observations at the ISR on the beam-beam interaction of two coasting

proton beams give clear evidence of the excitation of non-linear resonances. "

The two main features are: (1) the observation of odd-ordered resonances

excited by small orbit misalignments at the collision points; and (2) the

strong dependence of the loss rate on the position of the physical aperture

boundary. Although there is a hint of the 8th order resonance, the strongest

effects are seen in the odd-ordered resonances, in particular the 5th and the

7th.

It has become apparent that resonant beam loss at the ISR is mediated

by some feeding process. It has been pointed out that scattering processes

can induce momentum diffusion and through the chromaticity tune drift.

In this way particles are fed into the resonant tune range. Momentum diffusion

arising from intrabeam scattering is the dominant of such scattering processes

in the XSR.

However, high-order non-linear resonances are stable in a system with

static tune. In a coasting proton beam, where there is no periodic tune

modulation, such as is caused by the synchrotron motion in a bunched beam,

one might expect that in the presence of sufficient non-linear detuning,

the resonances would be quite harmless, producing only a slight betatron

amplitude modulation. Bringing the particles into resonance is not enough.

Thus, it has been suggested that in addition to feeding the resonance, the

combination of tune diffusion and resonant streaming can produce amplitude

growth sufficient to reach the physical aperture boundary. '

One approach to this problem, used in References 7 and 8, is to include

the effect of the resonance as streaming terms in a diffusion equation for

the tune drift. The main drawback with this method is that it is difficult

to solve the equation using the proper resonance characteristics. Drastic

approximations must be made. For example, the betatron amplitude dependence

of the resonant width is neglected in Ref. (7). In Ref. (8), an approximate

linear dependence is assumed. To the extent that the real effect depends on

the details of the resonance characteristics, specifically the amplitude

dependence of both the resonance width and the non-linear detuning, this

approach could give distorted results.
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Our approach is in direct contrast. Rather than superimpose the

resonance as a streaming term in the diffusion equation, we treat the

diffusion as a mechanism for tune variation and we then determine the

influence of this tune variation on the behavior of a beam near resonance.

In this way the amplitude dependence of the resonant width and non-linear

detuning can be properly included. As we will see, this amplitude depen-

dence is a critical factor in the theory we propose to explain the ISR

observations.

The key postulate of our analysis is that the mechanism by which the

beam-beam resonances influence the betatron amplitude of a particle is

lock-in. Thus, a particle passing through resonance either will be trapped

in the passing island thereby changing its amplitude or it will remain

essentially unaffected. This is not entirely correct for two reasons:

In the first place, even if the islands pass by rapidly, there may be a

residual effect. We presume "trapping" to be the dominant source of amplitude

growth and we will simply neglect the influence of "fast crossing."

Secondly, there is obviously no sharp boundary for the island speed which

can give us a well-defined trap/no-trap criterion. The boundary is undoubtedly

fuzzy. This being the case, results and conclusions sensitive to the precise

boundary location must be interpreted with this limitation in mind. However,

it is not our purpose here to provide accurate loss rates, but only order-of-

magnitude estimates. Furthermore, it is our primary aim here to show qualita-

tively how the special features of beam-beam resonances manifest themselves in

beam growth and beam loss. To achieve these ends, our assumption of a sharp

lock-in boundary seems reasonable.

The particle loss mechanism we propose for coasting proton beams is the

migration in betatron amplitude of particles trapped in islands whose motion

is governed by the tune drifting in a random walk. In addition to the manifest

properties of the drifting tune, a knowledge of the rate of tune variation for

particles in their many different paths is also required. For it is this rate

of tune change which determines whether or not a given particle will be trapped

in an island drifting by or whether it will be bypassed by the island or whether

it will be dropped by an island which has become leaky, this occurring if the

tune change rate increases sufficiently. Let us consider the quantity

0v , which is the rms tune drift in one particle revolution. The question
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is whether this quantity gives information about the rate of tune variation

along the multitude of paths as the diffusion process proceeds. We claim

that it does in the following sense: Let D • the diffusion coefficient
2 rev

in units of (tune) per revolution. Xn terms of the usual diffusion
2

coefficient, D in units (momentum drift) /second, we have

Drev V

where § is the absolute chromaticity,

S«P|* . (1-2)

and T is the revolution period of the machine; and thus, the rms tune
(91drift rate over r revolution is simply* '

If r « 1, then we have,

Hev * ̂ 2 ' Vz? Vrev

Now, we must emphasi.se that the number of momentum scatterings per revolution

is a very large number, which implies two things: first, that the step size

In the tune random walk is much smaller than 6« and second, that the sum

of the momentum changes in absolute value is much larger than the rms momentum

drift (corresponding in tune to *«_»„)• Thus, although the instantaneous

momentum of any given particle changes many times during a revolution, they

tend to cancel and we end up with a much smaller drift. In terms of tune, these

momentum steps are equivalent to small quadrupoles tending to cancel each

other. The tune is by definition a vector sum of these quadrupoles over a

revolution and thus the tune shift is represented, not by the quadrupole

fluctuations within the revolution period, but rather by the sum , or the tune

drift. In other words the distribution in 6W after 1 revolution (many steps),

is a good representation of the distribution of tune speeds. As representative

of this distribution, we can choose the rma value, 6y , and use this as the

.rate of tune variation during any particle diffusion path. Actually, we can
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expect that for any particle path, there is a 95% probability that the

tune speed will not be larger than twice this value. Averaging over more

than 1 revolution (r>l) would result in a smaller mean tune speed.

In section 2, we review the trapping theory* 'for beam-beam resonances, '

emphasizing the distinctive amplitude dependence of both the non-linear de-

tuning and the resonant widths. We use an approximate "head-on" model to

simulate the beam-beam interaction. He discuss the difference between odd-ordered

and even-ordered beam-beam resonances. We show how lock-in and particle trans-

port can occur as a consequence of the drifting (diffusing) tune in colliding,

coasting proton beams. In section 3, we combine the beam-beam resonance theory

with tune diffusion to construct a model for beam growth and loss. We relate
(12^the diffusion coefficient to the parameters for intrabeam scattering.

Using a random walk model in the presence of an absorbing barrier, 'we estimate

the loss rate to the physical aperture boundary due to an odd-order beam-beam

resonance and discuss the closed orbit misalignment tolerance at the collision

points. We then show qualitatively how beam halos can form. Applying our

model to the ISR, we find our results in general agreement with ISR obser-

vations. " Finally, we make some extrapolations to future p-p colliding
n.3i

beam machines.

II. TRAPPING THEORY FOR BEAM-BE/M RESONANCES

Invariant for Beam-Beam Resonances

The resonant invariant for a beam-beam resonance of order p can in general

be written*11*

where y * ,3- m/p (2.2)

is the deviation of the tune, Vt from the resonance,

p is the order of the resonance,

m is the azimuthal harmonic exciting the resonance,

M is the number of collisions in the ring,

§ is the beam-beam strength of each collision (assumed identical),

eg is the squared amplitude in units of rms squared amplitude, I ,
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a ' I/I.rras , (2.3)

with

* , (2.4)

3 is value of the P function 'at the collision point,

b » / 2 < j * , (2.5)

int,a is the rms beam size at the crossing point, and ¥ is a phase

canonically conjugate to the squared amplitude,

The quantities \2 and P are the effective resonant excitation terms for

odd and even ordered resonances, respectively:

rE • H if (H

where (4^J, is the deviation of the strength of the -C intersection from
>5 /t5

the mean strength,
6, is the azimuth of the I intersection from some arbitrary reference,

and a, is the deviation of the closed orbit of the weak beam with respect

to the strong beam center in units of rms beam size at the collision point,

4 ^ ' (2<8)

a

He have assumed that the beams cross at an angle a and the resonance is in

the non-crossing plane. This situation corresponds approximately to head-on

collisions with the effective size in the crossing dimension much greater

than the beau size in the non-crossing one. Thus, the strength parameter,

g, is given by

2 r p p *
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where I is the current in the coasting beam,

\ is the energy in proton mass units,

and r is the classical proton radius. Also, the beam-beam resonance

functions are,

U(or) - 2 [e'a/2 [(1 + <*) I Q fo/2) + orZ1(or/2>] - lj , (2.10)

2 e'a/2 P ' n
V (a) = -4 (-1)' — I (l-for)I ,-(0-/2) + »I /o (o-/2) I , (2.11)
P _' 1 L P'^ P'& J

P -1
and

Vm(a) • (-1) /2 I dx 7—{<1"r)I-j.i(3£)"(l+r)I-1 i Ml t (2.12)
P JO /X L P PTJ. p p—1 I

where we have taken U, V , V -• o as a-*o.

Note that V (<y) # 0 only if p is even,

and V (a) 4 0 only if p is odd.

In other words, closed orbit deviations excite odd-ordered resonances, while

deviations in the strength of the interactions excite even-ordered resonances.

Note also that Ufa) ^ a a s j - o , This term corresponds to the linear tune

shift from the beam-beam interaction. The L'essel functions and their

derivatives are defined by

In(x) - £ j£ e
K cos9cos n 9 <W, (2.13)

and

\ fa+l00 + Vl^)* n- l ' <2#14)
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Criteria for Trapping

The mechanism we propose for how beam-beam resonances can change

particle amplitudes is the lock-in process. ' 'There are 3 particle

parameters which determine the effect of the resonance:

{5, the tune with respect to the resonant tune,

Oij , the rate of tune variation,

and a, the particle amplitude (i.e., betatron amplitude squared).

The value of y determines the amplitude of the lock-in islands, a-. Particles
r

are influenced by the resonance only when their amplitudes are in the vicinity

of the islands, i.e.,
(2.15)

As has been previously pointed out [See for example Ref.(ll)"], the detuning

function U(Q>) is much larger than the resonance functions V (a) and V (or).

In this case the islands extend only over a small amplitude range and their

position in amplitude,a_, is determined almost entirely by the detuning

function. In fact, the island position is obtained from the solution of

the equation,

J* + U'(Qf) * 0 , (2.16)

where U'(a) is the derivative of U and is given by

"a/2fU'(a) * e"a/2fl (a/2) + I.(ff/2)1 . (2.17)
L. O 1 J

Note that we can without ambiguity use the symbol a to correspond to both

island position and particle amplitude, as long as we remember that only

particles at the island position are to be considered. That is, (2.15) is

implicitly assumed. However, even if at some instant a particle has amplitude
a and tune " approximately satisfying (2.16), lock-in or trapping need not

necessarily follow. In other words, the condition (2.16) is not necessarily

maintained at later times. In order for trapping to result, the resonant

amplitude must be changing at least as fast as the passing islands. This

leads to a trapping criterion, 'which can be stated as an upper limit on

the rate of tune variation: for even-ordered resonances, we have
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(2.18)

while for odd ordered resonances,

-rr."'
where we have written

(2.20)

and Rp(a) = 2Trp|Vp(Q() U"(Q.)| . (2.21)

Note that the tune rate criterion is amplitude dependent. For example,

given 6V at different times, the boundary inplied in (2.18) or (2.19)

might at a particular value of a be crossed, thus changing a "capture"

condition into a "drop" conditon or vica versa. The quantity U" can be

obtained from U* by differentiation, giving

£ " / 2 . (2.22)

The resonance functions are universal in the sense that they are

strength independent and functions of amplitude only. We plot in Fig. 1

the function

D =-U7 , , (2.23)

and the functions R and R" in Figs. 2 and 3 respectively for various

resonances. Instead of the squared amplitude, a, we use for the independent

variable a, the displacement in units of rms displacement. It is related

to a by

CT = (2.24)
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The function D(CT) determines the range over which trapped particles can

be transported. If y^ and y, are initial and final tunes respectively,

and if a^ corresponds to the amplitude of a particle trapped at ",., then

the amplitude to which this particle can be transported, a., can be found

from

D(af) - D(?i) =
 V* g

 Vf . (2.25)

This gives the limits of the transport for a given tune shift. For a

particle to actually move with the islands, the rate criterion must be

satisfied. Namely, for an even-ordered resonance,

"V^E VCT> <2.26)

must be satisfied for all a along the path from a- to of; while for an

odd-ordered resonance

5>rev * M V r o %<<*> (2.27)

must be satisfied.

Trapping Prabability

If we take account of the distribution of particles in the amplitude, a,

we can estimate the fraction of particles that lock-in to the resonance as the

islands pass through the beam. Consider an odd-ordered resonance. At any

instant particles in a certain restricted amplitude range can lock-in. This

range is simply the amplitude extent of the islands; or put another way, it

is the maximum amplitude modulation for trapped particles. At a given

amplitude a, we have for the range, '

ot - a ± 2V*o|jjjr| . (2.28)

If we assume a Gaussian distribution in transverse particle displacement,

then the fraction of total particles contained within this amplitude range

is given by

PT = e"*—e""* . (2.29)
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If the particles at this value of a satisfy the trapping criterion (2.27),

then this number represents the fraction of particles that can be instantaneously

trapped. Actually it is a small overestimate, since the islands do not

occupy the entire ring between a_ and a . Actually, we are not so much

interested in the instantaneous trapping, but rather in the cumulative effect

after the islands pass through some amplitude range, perhaps a few rms ampli-

tudes. This is clearly a complex process with particles entering and leaving

the islands (at the unstable fixed point which are always non-adiabatic

regions and therefore potential leaky regions) as the islands move through

the beam. However, the dynamical system is Hamiltonian and must satisfy

Liouville's well known theorem, stating that the local phase space density does

not change. Thus we might expect that over a small area of phase space, as

for example the island ring, the average density, as distinct from the Local

density, will not vary too much. It follows that we might estimate the number

of trapped particles by some typical value of the "instantaneous trapped fraction."

That is, an estimate of the trapping probability could be some typical value

of P in the region of a where trapping can occur. We plot in Fig. 4 P as

a function of a for various o€ .-ordered beam-beam resonances of various

strengths. Notice the slow maximum. As the islands pass through this region

of u the ring is increasing in size but the phase area which can be added to

the islands has a lower density. It is not likely that the fraction P_ will

increase significantly from this maximum value. It could of course be some-

what higher if just the right exchange takes place before the maximum. We

disregard this possibility and take as an approximate trapping probability

the maximum value of the instantaneous trapping fraction in the region of a

where lock-in can occur, i.e., where (2.27) is satisfied. Such an approach

to a quantitative estimate of trapping has been successfully applied to the

case of conventional resonances in Ref. (10). Thus, we take for the trapping

probability,

PT = P T ( Q ^ I max. value of (2.29) in trapping region. (2.30)

Uncorrelated Errors

If there are variations in the M collision strengths and if we assume

them to be uncorrelated, we can relate r to the rms value of the error.

Consider, for example, the closed orbit errors at the intersections, ?t ,
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to be uncorrelated. Then, (2.7) for r becomes

1 ./" 2

•£=0

If we define the rms deviation < a >_

M-l

=M L al

then

(2.32)
rms

We measure the strength of odd-ordered re "mances, which are excited by

these closed orbit deviations, by the rms value. The trapping probability,

PT, which is a function of the resonant strength, shown in Fig. 4, is

plotted against the amplitude for various values of < <j >

III. BEAM-BEAM EFFECT IN COASTING PROTON BEAMS

The Diffusion of Tune from Intrabeam Scattering

The multiple scattering of protons in a beam due to Coulomb forces,
12that is, intrabeam scattering, causes a diffusion in longitudinal momentum.

The diffusion coefficient in the lab frame of reference is derived in Ref. 12

and can be written

where 6p is the rms momentum spread,

p is the longitudinal momentum,

p is the average particle density,

3 is the velocity in units of c,

Y is the energy in proton mass units,
-18r is the classical proton radius (= 1.54 x 10 m),

m is the rms dispersion in the betatron angle.
~rms
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The quantities 6p , p and n are to be evaluated in the lab frame of
ITutS

reference. The definitions of n, m and f(x ) are:
w ^rms o

p = N/V , (3.2)

where N is the number of particles in the volume V,

V = Cdh , (3.3)

C = 2nR is the circumference,

d is the total beam width,

V4e p + U &)xKx \ ) , (3.4)
P P/

h is the total beam height,

with 3 , 0 the average horizontal and vertical P-function values,x y

Px = R/Ux , 3 = R/y , (3.6)

e , e the 95% horizontal and vertical emittances (Area = TTS), y , y thex y A y
horizontal and vertical tunes;

(3.7)

(3.8)

£ ( f (3.9)
Trms

and

where

9
rms

f(xQ)

/e
» % V Q 2 '

X

0

Sy

e - « .

.1/3

- ^ d x ,
xo
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The number of particles N is related to the current I by

The function f can be estimated from a graph given in Ref. 12, which we

sketch in Fig. 5.

By way of the chromaticity, £ , defined as tune change per unit

fractional momentum change, momentum is related to betatron tune. The

distributions can be connected through the relation

' <3'n)

Thus, the diffusion coefficient for tune

\ • 4 D
P

As already stated in section 1, the rms tune spread in 1 revolution is

given by

Further, we have argued that this quantity, 6y , can be interpreted as

the mean rate of tune variation. This means that at any given instant,

we expect about 95% of the particles to have a tune speed less than twice

this value. Of course, a small amount will have a faster speed; on the

other hand, many will have a speed significantly slower than the mean.

Recall that we have presumed that the number of collisions per

revolution, N , is large. This is true for the cases of interest here.

An expression for N can be obtained with the help of Ref. 12:

"rev " ̂  C {tl*ifn «rms
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Random Walk with an Absorbing Barrier

We conceive of particles being fed into the resonance by a random

walk in tune via intrabeam scattering, transferred to the aperture (in

betatron amplitude) by the resonance and thereby lost. The simple random

walk in tune must be modified since not all particles crossing the resonance

will be trapped and transported to larger amplitudes. The two restrictions

are Chose already mentioned, namely the rate of tune variation must be such

as to satisfy the trapping criterion and secondly, the amount of particles

trapped must be consistent with the preservation of local particle density

in betatron phase space. In fact, we have defined P , see Eq. (2.30), with

exactly these two constraints in mind. If we assume that the two processes,

trapping and random walk are independent, we can estimate the loss rate

by simply multiplying the loss rate due to diffusion by P .

Thus, the loss rate for a set of particles at tune u in a range dp

at time T is given byv '

A , l

d T d u 2T(nDyT)
1/2

where •; is the tune corresponding to the absorbing barrier for a particle

A
trapped,

D is the tune diffusion coefficient, related to the intrabeam scattering

parameters throug?: (3.i2) and (3.1),

N is the total number of particles in the beam, and -(.-,) is Che tune

density.

For a uniform density beam in tune,

with ^ the total beam tune spread.

Notice Chat (3.IS) for the loss rate depends only on the distance of

v from the tune aperture •;.. Now, to obtain Che total loss rate, it is not

sufficient simply to integrate over •:, since in order to be trapped, particles

must pass through the resonant tune, <j . Let us assume therefore cluit the

resonant tune lies within the beam, meaning

(3.1?)
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where v and v_ are tha upper and lower edges of the beam in tune, with

A = u + " vm • (3.18)

Since the loss rate depends only on the distance to the tune aperture, then

we can accomodate the case where u lies between v and „, at T * 0 by

reflecting the distribution around ,,_, thus forcing the particles to travel

the increased distance to uR and then to y . Thus, with vA>vR>
 w e can

integrate (3.15) over 1? with the replacements

"A " " " "A " 1J ̂  "• s u s "R '

and p A - t> -» i>A - 2 U R + V if u R
 s i> s u +

In the case that the distance from the resonance to the aperture,

6 - yA - vR , (3.19)

is much smaller than the distance from resonance to either beam edge

y or u_, the loas rate, g, is approximately given by

~ vnT

This function has a slow variation with T and a broad maximum at

T - &2/2D . (3.21)

An estimate of the lots r*t«. Independent of T, can therefore be taken to

be the value «t the tR*xitnum

0
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Orbit Misalignment Tolerance at Collision Points

For small islands and odd-ordered resonances, we can approximate

PT, using (2.28), (2.29) and (2.32), by

(3.23)

where the resonance functions are to be evaluated at a , the maximum of

PT in the trapping amplitude region. Thus, we expect PT to be approximately

proportional to the square root of the rms orbit error - i.e.

PT " p

We can estimate C for the different order resonances from Fig. 4.
P

To obtain an upper limit for <a> , we set an upper limit for the

loss rate, n . Thus, from (3.22), we have for an odd resonance of order p,nisx

ft A6

< f V ' <3'25>

Beam Halos

T-or a freshly scraped beam, we can see qualitatively how halos can

form. The theoretical basis is the presence of a trapping boundary. Since

particles can have y rates which are slow, they can be trapped at very small

amplitudes. Note however that the mean rate is given by 6y . Thus

some particles will have small rates at small amplitudes, be trapped and

transported to larger amplitudes, then cross the trapping boundary and be dropped

from the islands, thereby forming a halo. It can be seen from Fig. 3 that

the higher the order of the resonance, the slower the halo will develop.

This is because in order to follow a path of the type we have indicated,

the rate would have to be relatively slower at small amplitudes the higher

the resonance order. Thus, particles would take longer to reach the halo

region and we could expect that the mean time for halo formation should

be roughly proportional to this time.
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Application to the ISR

With the ISR parameters, V • 26, R « 150 m, I = 15 A (H = 2.94 x 10 ) ,

v = 8.6, e * 1.5 x 10" rad-m, e - 0.75 X 10* rad-m, fip/p • 0.025, and
x ™ -11

g . « 1.6, we obtain from (3.12) and Fig. 5, D - 5.54 X 10 /sec. Using=cn _g u
(3.13), we thus have 6y * 1.866 x 10 . Note that the number of collisions

per revolution can be computed from (3.14), showing that N is indeed a

large number. The ISR collision parameters, 0 * 14 m, a = 1.62 mm, and

<z = 258.1 mrad lead to a beam-beam strength [from (2.9)], 5 - 3.94 x 10"

per interaction. Since there are 8 collision points at the ISR, M=8, and

the trapping region, from (2.27) for odd-ordered resonances, can be written

L (a) * Z^LXJLO"3 f (3 26)
p °rms

where we have used (2.32) relating ro and <cr>rm • (Recall that even-ordered

resonances are excited by asymmetries in the interaction strength (j at the

M collision points. Since, from the symmetry of the ring design, this strength

asymmetry should be small, then, we expect the even-ordered resonances to be

only weakly excited. Observations at the ISR indicate only weak even-ordered

resonances; and this simply reflects that the strength asymmetry is indeed

small.)

Let us consider (3.26) in relation to Fig. 3. For «?> " 1, from
rms

Fig. 3(b), we can see that the trapping region starts at c * 0.85, 1.75,
2.50 and 3.70 for 5th, 7th, 9th and 11th order resonances respectively.

-4
From Fig. 4, we can obtain P_ : ?_ * 0.20, 0.056, 0.014 and 9 x 10 for
p = 5, 7, 9 and 11 respectively. Note that in the case of 9th and 11th

order resonances, the trapping probabilities do not occur at the peak of

the trapping function. In order to evaluate the loss rate, we must determine

the tune aperture distance from the resonance, 6. Using (2.25) with Fig. 1

and taking the aperture at a **7, we obtain 6 » M£(.6S, .50, .35 and .2) •

(2.1,1.6, 1.1, and 0.6)x 10 for p » 5, 7, 9 and il respectively. Loss

rates can now be obtained from (3.22) : N/N - - (7.9, 2.9, 1.1, and 0.1)

X 10" /min for 5th, 7th, 9th and 11th order resonances, where the total

beam tune spread is A * 0.04.

It must be remembered that this loss rate is induced by particles in a

selective betatron amplitude range depending on which resonance is excited.
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For example, the loss rate due to the 5th order resonance involves particles

with a <: 0.85, i.e. near the beam center, while, for the 11th order resonance,

only particles with o > 3.7 are instantaneously affected. Thus, the higher

order resonances are not as harmful because they depend on a superimposed

feeding mechanism to refill the amplitude region depleted by the resonance. The

loss rate over a long time will therefore be determined primarily by the

feeding process, a part of which could be the halo formation mechanism

previously mentioned.

As the excitation strength, i.e. <<j> , is reduced, the loss rate
•Tins

diminishes. Actually it is a complicated function of the strength. The

trapping probability, as previously shown and verified in Fig. 4, decreases
with <a> and so the loss rate tends to decrease similarly. However, therms
trapping region threshold increases as <a> , meaning that 6 increases,

IT III S

causing an increase in the loss rate. This tendency to increase the loss

rate is only superficial since the betatron amplitude threshold has increased

and fewer particles are vulnerable. Thus, as <u> diminishes, the dependence
rms

on some halo formation mechanism becomes stronger.

An interesting aspect of beam-beam resonances is the existence of a

threshold strength. This arises because of the maximum in the function

R_(o) as seen in Fig. 3(a). If <cr>rms
 is sufficiently small, the trapping

region will thus shrink to zero, leading therefore to a tolerance on <<j>

From (3.26) and Fig. 3(a) we can see that this tolerance is given by

nax

Since [R " ^ » TO.22, 0.09, 0.04, 0.02 and 0.011 for p • 5, 7, 9, 11 and 13

respectively, we obtain

rms

.03, p - 5

.08, p « 7

.19, p - 9

.38, p - 11

.75, p « 13

(3.28)
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Thus, for the Sth order resonance, with <?* • 1.62 mm, the tolerance on

the vertical rms orbit alignment for the crossing beams is (aE0) < 0.05 mm.

For the 7th order resonance, (aE0) < 0.13 mm.

Application to the ISABELLE Design

Typical parameters for a future p-p colliding beam device can be found in

Ref. (13). Taking the ISABELLE design parameters, y = 214 (200 GeV),

R = 428.1 m, 1 • 10A (N » 5.6 x 10 1 4 protons), v - 20.4, e = G • 5.85 x 10"8

AD -3 " ^
rad.m, ̂  = 3 x 10 , and fch » 6 (i.e. A * f _ A p/p = .018), we obtain
from (3.12) and Fig. 5, D - 12.25 x 10"11sec , and from (3.13), bv

-8 v * *

4.69 x 10 . The ISA collision parameters 0 * 2.2 m, a = 0.18 mm, and

a>c • 2.34 mrad lead to a beam-beam strength [from (2.9)], § • 5 x 10 per

interaction. For 4 collision points (M - 4), we obtain a trapping region

for odd-ordered resonances [using (2.27) and (2.32)],

We see from Fig. 3(b) that if <(7>_><> "* 1, the trapping region for the 5th
inns

order resonance begins a t e * 0.4 and for p • 7, the start is c • 0.95.

Even for the 13th order resonance, the trapping region starts at a a value

as low as c " 2.75. The significance of this is that achieving the condition

on<0> that would reduce the trapping region to zero, that is,
inns

implies an extremely low tolerance on <o>rma- *or P • 5, it means, fogg)

£ 2.7 x 10 mm! For the 13th order resonance, ( a E Q ) r m s
 s 0.006 mm, still very

small. However, let us estimate the loss rates for <a> • 1, which COrreS-
riRS

ponds to an rms orbit error, *<ym> • 0.18 am. From Fig. 4, we deduce
isy rms

PT * (0.20, 0.056, 0.017, 0.0052 and 0.0016) for 5th, 7th, 9th, 11th and 13th

order resonances respectively. Using (2.2S) with Fig. 1 and Fig. 3(b) and
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taking the aperture at a = 10 (the results are insensitive to the aperture

value of CT when it is this large), we have 6 = MF(.75, .7, »6, .5 and .4)

or 6 = (.015,.014, .012, .010, and .008) for p = 5, 7, 9, 11 and 13. Thus,

with £ = 0.018, we obtain N/N = -(5.4, 1.6, 0.58, 0,21 and 0.08) x 10"6/min.

for 5th, 7th, 9th, 11th and 13th order resonances, respectively.

Conclusions

We have presented a theory describing the effects of beam-beam resonances

induced by the collisions of coasting proton beams. Our results, concerning

the nature of the resonances, the magnitude of the orbit misalignments required

to excite them, and the magnitude of the loss rates all agree reasonably well

with observations at the ISR. Computations using the ISA6ELLE design para-

meters indicate that very fine orbit control at the collision points will

be required, i.e. ^r,,^-^. < 0.1 mm at least, and that careful working lineiSvj rms
control to avoid high order resonances (perhaps as high as the 11th order)

will be needed to keep the loss rate below 10 /min.
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FIGURE CAPTIONS

Fig. 1: Detuning function, D(a). a is the displacement from the strong

beam center in units of the strong beam rms size.

Fig. 2: Resonance Functions R (CT) for even-ordered resonances.

Fig. 3: Resonance Functions R (a) for odd-ordered resonances, (a) Behavior

to a = 10. (b) Small a behavior.

Fig. 4: Trapping Probability Function P»(a).

Fig. 5: Form Factor in Momentum Diffusion Coefficient for Intrabeam

Scattering.
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1. INTRODUCTION

Observations at Che ISR on the beam-htam interaction of two coasting

proton beams give clear evidence of the excitation of non-linear resonances.

The two main features are; (1) the observation of odd-ordered resonances

excited by small orbit misalignments at the collision points; and (2) the

strong dependence of the loss rate on the position of the physical aperture

boundary. Although the^e is a hint of the 8th order resonance, the strongest

effects are seen in the odd-ordered resonances, in particular the 5th and the

7th.

It has become apparent that resonant beam loss at the ISR is mediated

by some feeding process. It has been pointed out that scattering processes

can induce momentum diffusion and through the chromaticity tune drift. '

In this way particles are fed into the resonant tune range. Momentum diffusion

arising from intrabeam scattering is the dominant of such scattering processes

in the ISR.

However, high-order non-linear resonances are stable in a system with

static tune. ' In a coasting proton beam, where there is no periodic tune

modulation, such as is caused by the synchrotron motion in a bunched beam,

one might expect that in the presence of sufficient non-linear detuning,

the resonances would be quite harmless, producing only a slight betatron

amplitude modulation. Bringing the particles into resonance is not enough.

Thus, it has been suggested that in addition to feeding the resonance, the

combination of tune diffusion and resonant streaming can produce amplitude

growth sufficient to reach the physical aperture boundary/ ' '

One approach to this problem, used in References 7 and 8, is to include

the effect of the resonance as streaming terms in a diffusion equation for

the tune drift. The main drawback with this method is that it is difficult

to solve the equation using the proper resonance characteristics. Drastic

approximations must be made. For example, the betatron amplitude dependence

of the resonant width is neglected in Ref. (7). In Ref. (8), an approximate

linear dependence is assumed. To the extent that the real effect depends on

the details of the resonance characteristics, specifically the amplitude

dependence of both the resonance width and the non-linear detuning, this

approach could give distorted results.
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Our approach Is in direct contrast. Rather than superimpose the

resonance as a streaming term in the diffusion equation, we treat the

diffusion as a mechanism for tune variation and we then determine the

influence of this tune variation on the behavior of a beam near resonance.

In this way the amplitude dependence of the resonant width and non-linear

detuning can be properly included. As we will see, this amplitude depen-

dence is a critical factor in the theory we propose to explain the ISR

observations.

The key postulate of our analysis is that the mechanism by which the

beam-beam resonances influence the betatron amplitude of a particle is

lock-in. Thus, a particle passing through resonance either will be trapped

in the passing island thereby changing its amplitude or it will remain

essentially unaffected. This is not entirely correct for two reasons:

In the first place, even if the islands pass by rapidly, there may be a

residual effect. He presume "trapping" to be the dominant source of amplitude

growth and we will simply neglect the influence of "fast crossing."* '

Secondly, there is obviously no sharp boundary for the island speed which

can give us a well-defined trap/no-trap criterion. The boundary is undoubtedly

fuzzy. This being the case, results and conclusions sensitive to the precise

boundary location must be interpreted with this limitation in mind. However,

it is not our purpose here to provide accurate loss rates, but only order-of-

magnitude estimates. Furthermore, it is our primary aim here to show qualita-

tively how the special features of beam-beam resonances manifest themselves in

beam growth and beam loss. To achieve these ends, our assumption of a sharp

lock-in boundary seems reasonable.

The particle loss mechanism we propose for coasting proton beams is the

migration in betatron amplitude of particles trapped in islands whose motion

is governed by the tune drifting in a random walk. In addition to the manifest

properties of the drifting tune, a knowledge of the rate of tune variation for

particles in their many different paths is also required. For it is this rate

of tune change which determines whether or not a given particle will be trapped

in an island drifting by or whether it will be bypassed by the island or whether

it will be dropped by an island which has become leaky, this occurring if the

tune change rate increases sufficiently. Let us consider the quantity

6U , which is the rms tune drift in one particle revolution. The question
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is whether this quantity gives information about the rate of tune variation

along the multitude of paths as the diffusion process proceeds. We claim

that it does in the following sense: Let D * the diffusion coefficient

in units of (tune) per revolution. In terms of the usual diffusion

coefficient, D in units (momentum drift) /second, we have

Drev " 5Vrev <la>

where 5 is the ataolute chromaticity,

I - P & . d.2)

and T is the revolution period of the machine; and thus, the rms tune
rev (91

drift rate over r revolution is simplyv '

If r - 1, then we have,

Now, we must emphasize that the number of momentum scatterings per revolution

is a very large number, which implies two things: first, that the step size

in the tune random walk is much smaller than bv and second, that the sum

of the momentum changes in absolute value is much larger than the rms momentum

drift (corresponding in tune to 6V ) . Thus, although the instantaneous

momentum of any given particle changes many times during a revolution, they

tend to cancel and we end up with a much smaller drift. In terms of tune, these

momentum steps are equivalent to small quadrupoles tending to cancel each

other. The tune is by definition a vector sum of these quadrupoles over a

revolution and thus the tune shift is represented, not by the quadrupole

fluctuations within the revolution period, but rather by the sum , or the tune

drift. In other words the distribution in 6v after 1 revolution (many steps),

is a good representation of the distribution of tune speeds. As representative

of this distribution, we can choose the rms value, 6y , and use this as the

rate of tune variation during any particle diffusion path. Actually, we can
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expect that for any particle path, there is a 95% probability that the

tune speed will not be larger than twice this value. Averaging over more

than 1 revolution (r>l) would result in a smaller mean tune speed.

In section 2, we review the trapping theory^ *for beam-beam resonances,

emphasizing the distinctive amplitude dependence of both the non-linear de-

tuning and the resonant widths. We use an approximate "head-on" model * to

simulate the beam-beam interaction. We discuss the difference between odd-ordered

and even-ordered beam-beam resonances. We show how lock-in and particle trans-

port can occur as a consequence of the drifting (diffusing) tune in colliding,

coasting proton beams. In section 3, we combine the beam-beam resonance theory

with tune diffusion to construct a model for beam growth and loss. We relate

the diffusion coefficient to the parameters for intrabeam scattering.
(9)Using a random walk model in the presence of an absorbing barrier, we estimate

the loss rate to the physical aperture boundary due to an odd-order beam-beam

resonance and discuss the closed orbit misalignment tolerance at the collision

points. We then show qualitatively how beam halos can form. Applying our

model to the ISR, we find our results in general agreement with ISR obser-

Finai
(13)

vations. " Finally, we make some extrapolations to future p-p colliding

beam machines.

II. TRAPPING THEORY FOR BEAM-BEAM RESONANCES

Invariant for Beam-Seam Resonances

The resonant invariant for a beam-beam resonance of order p can in general

be written* '

h a + u(a) + [ IEVP(<*)+

where £ = „- m/p (2.2)

is the deviation of the tune, v, from the resonance,

p is the order of the resonance,

m is the azimuthal harmonic exciting the resonance,

M is the number of collisions in the ring,

g is the beam-beam strength of each collision (assumed identical),

a is the squared amplitude in units of rms squared amplitude, I ,
LTlllS
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a " I/Irms , (2.3)

with

b 2/ P* . (2.4)

P is value of the P functionv 'at the collision point,

b = / 2 C T * , (2.5)

a is the rms beam size at the crossing point, and ¥ is a phase

canonically conjugate to the squared amplitude, a.

The quantities 171 and P are the effective resonant excitation terms for
'E ' O

odd and even ordered resonances, respectively:

-C-o
a if t

where (-̂ )» is the deviation of the strength of the I intersection from

the mean strength,

0P is the azimuth of the I intersection from some arbitrary reference,

and 0/ is the deviation of the closed orbit of the weak beam with respect

to the strong beam center in units of rms beam size at the collision point,

We have assumed that the beams cross at an angle a and the resonance is in

the non-crossing plane. This situation corresponds approximately to head-on

collisions with the effective size in the crossing dimension much greater

than the beam size in the non-crossing one. Thus, the strength parameter,

g, is given by

(2.9)
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where I is the current in the coasting beam,

Y is the energy in proton mass units,

and r is the classical proton radius. Also, the beam-beam resonance

functions are,

- 2 {e"a/2 [(1 + Q-) Io fa/2) + oIjfa/2)] - lj , (2.10)

2 e~a/2 r n

Vp(a) = -U (-ir S_ r<n«)ip/2(a/2) + cyIp/2 (a/2)J , (2.11)

and

^ <"12 e"x r i i

(-D2 /2JO ^^-{(l-^I^W-d^I^x)] , (2.12)

where we have taken U, V , V -• o as or-«o.

Note that V fa) # 0 only if p is even,

and 9 (a) # 0 only if p is odd.

In other words, closed orbit deviations excite odd-ordered resonances, while

deviations in the strength of the interactions excite even-ordered resonances.

Note also that Ufa) S J « a s » - « o . This term corresponds to the linear tune

shift from the beam-beam interaction. The Bessel functions and their

derivatives are defined by

I (x) - i I* e x COs9cos n 9 d9, (2.13)
n TT jo

and

Xn <x) " 2 ( V l 0 0 + V l 0 0 ) ' n- l ' (2<14)
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Criteria for Trapping

The mechanism we propose for how beam-beam resonances can change

particle amplitudes is the lock-in process. ' 'There are 3 particle

parameters which determine the effect of the resonance:

u, the tune with respect to the resonant tune,

6u , the rate of tune variation,

and a, the particle amplitude (i.e., betatron amplitude squared).

The value of " determines the amplitude of the lock-in islands, <?_. Particles

are influenced by the resonance only when their amplitudes are in the vicinity

of the islands, i.e.,

(2.15)

As has been previously pointed out [See for example Ref.(ll)"), the detuning

function Ufo) is much larger than the resonance functions V (a) and V (a).

In this case the islands extend only over a small amplitude range and their

position in amplitude,a-,, is determined almost entirely by the detuning

function. In fact, the island position is obtained from the solution of

the equation,

M£ + U » « 0 , (2.16)

where U'(a) is the derivative of U and is given by

U'(a) * e~a/2h0(a/2) + 1 ^ / 2 ) ] . (2.17)

Note that we can without ambiguity use the symbol a to correspond to both

island position and particle amplitude, as long as we remember that only

particles at the island position are to be considered. That is, (2.15) is

implicitly assumed. However, even if at some instant a particle has amplitude

<* and tune " approximately satisfying (2.16), lock-in or trapping need not

necessarily follow. In other words, the condition (2.16) is not necessarily

maintained at later times. In order for trapping to result, the resonant

amplitude must be changing at least as fast as the passing islands. This

leads to a trapping criterion, 'which can be stated as an upper limit on

the rate of tune variation: for even-ordered resonances, we have
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1 Rp(a) , (2.18)

while for odd ordered resonances,

(2.19)

where we have written

Rp(<*) - 2TTP|Vp(a) u"(a)| , (2.20)

and Rp(a) = 2np|Vp(a) U"fo)J . (2.21)

Note that the tune rate criterion is amplitude dependent. For example,

given Oy at different times, the boundary implied in (2.18) or (2.19)

might at a particular value of a be crossed, thus changing a "capture"

condition into a "drop" conditon or vica versa. The quantity u" can be

obtained from U' by differentiation, giving

U*(a) =* - - e'a/2 1.(0̂ /2) . (2.22)
Of 1

The resonance functions are universal in the sense that they are

strength independent and functions of amplitude only. We plot in Fig. 1

the function

D =-u' , (2.23)

and the functions R and fi in Figs. 2 and 3 respectively for various

resonances. Instead of the squared amplitude, a, we use for the independent

variable cr, the displacement in units of rms displacement. It is related

to a by

(2.24)
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The function D(CT) determines the range over which trapped particles can

be transported. If u. and i~. are initial and final tunes respectively,

and if a. corresponds to the amplitude of a particle trapped at ",., then

the amplitude to which this particle can be transported, <?., can be found

from

= ^ f . (2.25)

This gives the limits of the transport for a given tune shift. For a

particle to actually move with the islands, the rate criterion must be

satisfied. Namely, for an even-ordered resonance,

6 U r e v * M
2g 2r E Rp(a) (2.26)

must be satisfied for all a along the path from a- to <j-; while for an

odd-ordered resonance

M 2? 2r o Rp(a) (2.27)

must be satisfied.

Trapping Prabability

If we take account of the distribution of particles in the amplitude, a,

we can estimate the fraction of particles that lock-in to the resonance as the

islands pass through the beam. Consider an odd-ordered resonance. At any

instant particles in a certain restricted amplitude range can lock-in. This

range is simply the amplitude extent of the islands; or put another way, it

is the maximum amplitude modulation for trapped particles. At a given

amplitude a, we have for the range, '

a* - or ± 2Vro|jj£| . (2.28)

If we assume a Gaussian distribution in transverse particle displacement,

then the fraction of total particles contained within this amplitude range

is given by

PT * e — e + . (2.29)
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If the particles at this value of a satisfy the trapping criterion (2.27),

then this number represents the fraction of particles that can be instantaneously

trapped. Actually it is a small overestimate, since the islands do not

occupy the entire ring between a_ and a . Actually, we are not so much

interested in the instantaneous trapping, but rather in the cumulative effect

after the islands pass through some amplitude range, perhaps a few rms ampli-

tudes. This is clearly a complex process with particles entering and leaving

the islands (at the unstable fixed point which are always non-adiabatic

regions and therefore potential leaky regions) as the islands move through

the beam. However, the dynamical system is Hamiltonian and must satisfy

Liouville's well known theorem, stating that the local phase space density does

not change. Thus we might expect that over a small area of phase space, as

for example the island ring, the average density, as distinct from the local

density, will not vary too much. It follows that we might est ate the number

of trapped particles by some typical value of the "instantaneous trapped fraction."

That is, an estimate of the trapping probability could be some typical value

of P in the region of a where trapping can occur. We plot in Fig. 4 P as

a function of <j for various odd-ordered beam-beam resonances of various

strengths. Notice the slow maximum. As the islands pass through this region

of (7 the ring is increasing in size but the phase area which can be added to

the islands has a lower density. It is not likely that the fraction ?„ will

increase significantly from this maximum value. It could of course be some-

what higher if just the right exchange takes place before the maximum. We

disregard this possibility and take as an approximate trapping probability

the maximum value of the instantaneous trapping fraction in the region of c?

where lock-in can occur, i.e., where (2.27) is satisfied. Such an approach

to a quantitative estimate of trapping has been successfully applied to the

case of conventional resonances in Ref. (10). Thus, we take for the trapping

probability,

PT = PTfo)l max. value of (2.29) in trapping region. (2.30)

Uncorrelated Errors

If there are variations in the M collision strengths and if we assume

them to be uncorrelated, we can relate f to the rms value of the error.

Consider, for example, the closed orbit errors at the intersections, ?, ,
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to be uncorrclated. Then, (2.7) for f becomes

l A
If we define the rms deviation < o > r m s by

M-l

then

We measure the strength of odd-ordered resonances, which are excited by

these closed orbic deviations, by the rms value. The trapping probability,

P_, which is a function of the resonant strength, shown in Fig. 4, is

plotted against the amplitude for various values of < a >
inns

III. BEAM-BEAM EFFECT IN COASTING PROTON BEAMS

The Diffusion of Tune from Intrabearo Scattering

The multiple scattering of protons in a beam due to Coulomb forces,
12

that is, intrabeam scattering, causes a diffusion in longitudinal momentum.

The diffusion coefficient in the lab frame of reference ie derived in Ref. 12

and can be written

o.o

where 6p is the rms momentum spread,

p is the longitudinal momentum,

p is the average particle density,

3 is the velocity in units of c,

Y is the energy in proton mass units,
••18r is the classical proton radius (= 1.54 x 10 m),

cp is the rms dispersion in the betatron angle.
"rms
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The quantities 6p , p and p are to be evaluated in the lab frame of

reference. The definitions of p, cp and f(x) are:

p = N/V , (3.2)

where N is the number of particles in the volume V,

V = Cdh , (3.3)

C * 2rrR is the circumference,

d is the total beam width,

2
f (xp * ) , (3.4)

h is the total beam height,

with |3 , & the average horizontal and vertical ^-function values,x y

e , e the 95% horizontal and vertical emittances (Area » ne). IJ > y thex y ** y
horizontal and vertical tunes;

(3.6)

and

where

2ixo " T

£ e'x ln fdx ' (3<8)

o o
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The number of particles N is related to the current I by

_ e N c B
1 " C

The function f can be estimated from a graph given in Ref. 12, which we

sketch in Fig. 5.

By way of the chromaticity, § h> defined as tune change per unit

fractional momentum change, momentum is related to betatron tune. The

distributions can be connected through the relation

(3.10)

urms

Thus, the diffusion coefficient for tune

(3.11)

(3.12)

As already stated in section 1, the rms tune spread in 1 revolution is

given by

rev

Further, we have argued that this quantity, 6 u » can be interpreted as

the mean rate of tune variation. This means that at any given instant,

we expect about 95% of the particles to have a tune speed less than twice

this value. Of course, a small amount will have a faster speed; on the

other hand, many will have a speed significantly slower than the mean.

Recall that we have presumed that the number of collisions per

revolution, N , is large. This is true for the cases of interest here.

An expression for N can be obtained with the help of Ref. 12:

NrNrev
1/3

(3.13)

rms
(3.14)
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Random Walk with an Absorbing Barrier

We conceive of particles being fed into the resonance by a random

walk in tune via intrabeam scattering, transferred to the aperture (in

betatron amplitude) by the resonance and. thereby lost. The simple random

walk in tune must be modified since not all particles crossing the resonance

will be trapped and transported to larger amplitudes. The two restrictions

are those already mentioned, namely the rate of tune variation must be such

as to satisfy the trapping criterion and secondly, the amount of particles

trapped must be consistent with the preservation of local particle density

in betatron phase space. In fact, we have defined P,_, see Eq. (2.30), with

exactly these two constraints in mind. If we assume that the two processes,

trapping and random walk are independent, we can estimate the loss rate

by simply multiplying the loss rate due to diffusion by P .

Thus, the loss rate for a set of particles at tune y in a range dv

at time T is given byv '

e A
2T(TTD T)

where -,. is the tune corresponding to the absorbing barrier for a particle
A

trapped,

D is the tune diffusion coefficient, related to the intrabeam scattering

parameters through (3.12) and (3.1),

N is the total number of particles in the beam, and p(u) is the tune

density.

For a uniform density beam in tune,

P = N/A , (3.16)

with £ the total beam tune spread.

Notice that (3.15) for the loss rate depends only on the distance of

v from the tune aperture v . Now, to obtain the total loss rate, it is not
A

sufficient simply to integrate over v, since in order to be trapped, particles

must pass through the resonant tune, uD. Let us assume therefore that the

resonant tune lies within the beam, meaning
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where v+ and „_ are the upper and lower edges of the beam in tune, with

A - u + - is. • (3.18)

Since the loss rate depends only on the distance to the tune aperture, then

we can accomodate the case where y lies between VR and v. at T • 0 by

reflecting the distribution around ,w, thus forcing the particles to travel

the increased distance to u_ and then to v. Thus, with D.>U-, we can

integrate (3.IS) over y with the replacements

VA " w "* UA " v if u- ^ v S UR '

and U A " u "* UA " ^UR + u "̂̂  UR £ v £ u+ *

In the case that the distance from the resonance to the aperture,

5 - v& - vR , (3.19)

is much smaller than the distance from resonance to either beam edge

w or B_, the loss rate, JJ, is approximately given by

A VnT

This function has a slow variation with T and a broad maximum at

T = 62/2D . (3.21)
15

An estimate of the loss rate, independent of T, can therefore be taken to

be the value at the maximum

P_ D T

f 0.22)



-18- CRISP 75-2

Orbit Misalignment Tolerance at collision Points

For small islands ar.Ji odd-ordered resonances, we can approximate

PT, using (2.28), (2.29) and (2.32), by

where the resonance functions ave to be evaluated at a , the maximum of

P_, in the trapping amplitude region. Thus, we expect P_ to be approximately

proportional to the square root of the rms orbit error - i.e.

PT ' V

We can estimate C for the different order resonances from Fig. 4.

To obtain an upper limit for <o> , we set an upper limit for the

loss rate, n . Thus, from (3.22), we have for an odd resonance of order p,max

A6

Beam Halos

For a freshly scraped beam, we can see qualitatively how halos can

form. The theoretical basis is the presence of a trapping boundary. Since

particles can have ij rates which are slow, they can be trapped at very small

amplitudes. Note however that the mean rate is given by 6v> . Thus

some particles will have small rates at small amplitudes, be trapped and

transported to larger amplitudes, then cross the trapping boundary and be dropped

from the islands, thereby forming a halo. It can be seen from Fig. 3 that

the higher the order of the resonance, the slower the halo will develop.

This is because in order to follow a path of the type we have indicated,

the rate would have to be relatively slower at small amplitudes the higher

the resonance order. Thus, particles would take longer to reach the halo

region and we could expect that the mean time for halo formation should

be roughly proportional to this time.
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Application to the ISR

With the ISR parameters, V • 26, R » 150 m, I = 15 A (N = 2.94 X 10 1 4),

v = 8.6, e = 1.5 x 10 rad-m, « = 0.75 X 10" rad-m, ap/p = 0.025, and
x ' -11

§ . = 1.6, we obtain from (3.12) and Fig. 5, D = 5.54 X 10 /sec. Using

(3.13), we thus have 6y = 1.866 X 10* . Note that the number of collisions

per revolution can be computed from (3.14), showing that N is indeed a
rev

large number. The ISR collision parameters, 3 = 14 m, CT = 1.62 mm, and

a = 258.1 mrad lead to a beam-beam strength [from (2.9)], § = 3.94 x 10"

per interaction. Since there are 8 collision points at the ISR, M=8, and

the trapping region, from (2.27) for odd-ordered resonances, can be written

(3.26)
rms

where we have used (2.32) relating r and <<j> m . (Recall that even-ordered
o finsresonances are excited by asymmetries in the interaction strength § at the

M collision points. Since, from the symmetry of the ring design, this strength

asymmetry should be small, then, we expect the even-ordered resonances to be

only weakly excited. Observations at the ISR indicate only weak even-ordered

resonances; and this simply reflects that the strength asymmetry is indeed

small.)

Let us consider (3.26) in relation to Fig. 3. For <<j> * 1, from
rms

Fig. 3(b), we can see that the trapping region starts at CT = 0.85, 1.75,
2.50 and 3.70 for 5th, 7th, 9th and 11th order resonances respectively.

-4
From Fig. 4, we can obtain PT : PT = 0.20, 0.056, 0.014 and 9 x 10 for
p = 5, 7, 9 and 11 respectively. Note that in the case of 9th and 11th

order resonances, the trapping probabilities do not occur at the peak of

the trapping function. In order to evaluate the loss rate, we must determine

the tune aperture distance from the resonance, 6. Using (2.25) with Fig. 1

and taking the aperture at <j » 7, we obtain 6 = M|(.65, .50, .35 and .2) -

(2.1,1.6, 1.1, and 0.6)x 10 for p = 5, 7, 9 and 11 respectively. Loss

rates can now be obtained from (3.22) : N/N = - (7.9, 2.9, 1.1, and 0.1)

X lo" /min for 5th, 7th, 9th and 11th order resonances, where the total

beam tune spread is A * 0.04.

It must be remembered that this loss rate is induced by particles in a

selective betatron amplitude range depending on which resonance is excited.
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For example, the loss rate due to the 5th order resonance involves particles

with a £ 0.85, i.e. near the beam center, while, for the 11th order resonance,

only particles with a > 3.7 are instantaneously affected. Thus, the higher

order resonances are not as harmful because they depend on a superimposed

feeding mechanism to refill the amplitude region depleted by the resonance. The

loss rate over a long time will therefore be determined primarily by the

feeding process, a part of which could be the halo formation mechanism

previously mentioned.

As the excitation strength, i.e. <a> , is reduced, the loss rate

diminishes. Actually it is a complicated function of the strength. The

trapping probability, as previously shown and verified in Fig. 4, decreases

with <CT> and so the loss rate tends to decrease similarly. However, the
3TI3S

trapping region threshold increases as <a> , meaning that 6 increases,
rms

causing an increase in the loss rate. This tendency to increase the loss

rate is only superficial since the betatron amplitude threshold has increased

and fewer particles are vulnerable

on some halo formation mechanism becomes stronger

Thus, as <0 >
r__ diminishes, the dependence

An interesting aspect of beam-beam resonances is the existence of a

threshold strength. This arises because of the maximum in the function

i s sufficiently small, the trappingR (u) as seen in Fig. 3(a). If

region will thus shrink to zero, leading therefore to a tolerance on <a>

From (3.26) and Fig. 3(a) we can see that this tolerance is given by
rms

<a> <rms
7.51 X 10 (3.27)

Since rR 1 = TO.22, 0.09, 0.04, 0.02 and 0.011 for p = 5, 7, 9, 11 and 13
- p 'max

respectively, we obtain

< <

.03, p = 5

.08, p = 7
•19, P - 9
.38, p = 11
.75, p = 13

(3.28)
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Thus, for the 5th order resonance, with a* * 1.62 ram, the tolerance on

the vertical rms orbit alignment for the crossing beams is (a—.)- < 0.05 mm.
JCAJ Tins '***

For the 7th order resonance, (aw*) £ 0.13 ran.

Application to the ISABELLE Design

Typical parameters for a future p-p colliding beam device can be found in

Ref. (13). Taking the ISABELLE design parameters, y - 214 (200 GeV),

R = 428.1 m, I * 10A (N = 5.6 x 10 1 4 protons), y » 20.4, e = e = 5.85 x 10"8

rad.m, « = 3 x 10 , and § c h • 6 (i.e. & * § h A P/p = .018), we obtain

from (3.12) and Fig. 5, D » 12.25 x 10"Usec , and from (3.13), 6» „ =
•8 B it 1t rev

4.69 x 10 . The ISA collision parameters 9 » 2.2 m, a = 0.18 mm, and
_3

a * 2.34 mrad lead to a beam-beam strength [from (2.9)], § * 5 x 10 per
interaction. For 4 collision points (M * 4), we obtain a trapping region

for odd-ordered resonances [using (2.27) and (2.32)],

rms

We see from Fig. 3<b) that if <a>xms " l i the trapping region for the 5th

order resonance begins at a"* 0.4 and for p • 7, the start is a * 0.95.

Even for the 13th order resonance, the trapping region starts at a a value

as low as a " 2.75. The significance of this is that achieving the condition

that would reduce the trapping region to zero, that is,rms

3'32 X I0"4 , (3.30)

implies an extremely low tolerance on <o> • For p » 5, it means, (crrA)_mo* inns LA< rnis
s 2.7 x 10 mm! For the 13th order resonance, (aE0)_ .

 £ 0.006 ran, still very

small. However, let us estimate the loss rates for <a> * 1, which corres-
rms

ponds to an rms orbit error, •%„„>„ " 0.18 mm. From Fig. 4, we deduce
xH( rniB

PT - (0.20, 0.056, 0.017, 0.0052 and 0.0016) for 5th, 7th, 9th, 11th and 13th

order resonances respectively. Using (2.25) with Fig. 1 and Fig. 3(b) and
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taking the aperture at a = 10 (the results are insensitive to the aperture

value of a when it is this large), we have 6 = MP(.75, .7, .6, .5 and .4)

or 6 = (.015,.014, .012, .010, and .008) for p = 5, 7, 9, 11 and 13. Thus,

with A = 0.018, we obtain N/N = -(5.4, 1.6, 0.58, 0.21 and 0.08) x 10"6/min.

for 5th, 7th, 9th, 11th and 13th order resonances, respectively.

Conclusions

He have presented a theory describing the effects of beam-beam resonances

induced by the collisions of coasting proton beams. Our results, concerning

the nature of the resonances, the magnitude of the orbit misalignments required

to excite them, and the magnitude of the loss rates all agree reasonably well

with observations at the ISR. Computations using the ISABELLE design para-

meters indicate that very fine orbit control at the collision points will

be required, i.e. <&„,.> < 0.1 mm at least, and that careful working lineLy ntis
control to avoid high order resonances (perhaps as high as the 11th order)

will be needed to keep the loss rate below 10* /min.
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FIGURE CAPTIONS

Fig. 1: Detuning function, D(<j)• a is the displacement from the strong

beam center in units of the strong beam rms size.

Fig. 2: Resonance Functions R (CT) for even-ordered resonances.

Fig. 3: Resonance Functions R (a) f « odd-ordered resonances, (a) Behavior

to a = 10. (b) Small 0 behavior.

Fig. 4: Trapping Probability Function P_,(a)»

Fig. 5: Form Factor in Momentum Diffusion Coefficient for Intrabeam

Scattering.
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