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Abstract

Approximate solutions are given for the inelastic

and creep buckling loads of circular cylinders under

axial compression, bending, and torsion. Interaction

equations are also given for various combinations of

these loads. The inelastic solutions are based on small

deformation theory, deformation-type stress-strain laws,

stress and strain intensities defined by the octahedral-

shear law, and the no-strain reversal model of buckling.

The creep buckling solutions are obtained using isochronous

stress-strain curves to approximate time dependent behavior•

Based on the Rabotnov-Shesterikov stability criterion for

the buckling of perfect shells, the method essentially re-

places the time dependent problem with an equivalent time

independent problem which is readily solvable. The sim-

plicity of the solutions makes them well-suited for use in

preliminary design analysis.



INELASTIC AND CREEP BUCKLING OF CIRCULAR CYLINDERS DUE

TO AXIAL COMPRESSION, BENDING, AND TWISTING

INTRODUCTION

Equations for the elastic buckling of circular cylinders

under axial compression, bending, and twisting are well known

and can be found in standard texts such as [1] and [2). How-

ever, for small ratios of radius-to-thickness, buckling occurs

at stresses beyond the elastic range and is highly dependent

upon the actual shape of the stress-strain curve. In recent

years, many different theories have been proposed for inelastic

(time"independent) buckling based on a wide variety of assump-

tions as to stress-strain law, plasticity law, and buckling

model. Discussions of these theories and the assumptions

involved can be found in References {3}, [4], [5], and [6]. At

higher temperatures, buckling may occur at stresses below the

inelastic critical stresses due to the creep {time-dependent)

behavior of the material. Little work has been done on buckling

in this range and there are few expressions available for calcu-

lating the critical loads. Computer programs are currently being

developed to calculate creep buckling loads but there are few

experimental results available to verify the assumptions and

qualify the results.

The purpose of this note is to present approximate solutions

for the inelastic and creep buckling loads of circular cylinders

under axial compression, bending, and torsion. Interaction equa-

tions are also given for various combinations of loads. The

effect of internal pressure is included, although it is assumed

to be small relative to the collapse pressure. The inelastic
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solutions are based on small deformation theory, deformation-

type stress-strain laws, stress and strain intensities defined

by the octahedral-shear law, and the no-strain reversal model

of buckling. The effect of compressibility is included in a

semi-empirical way. Although there may be theoretical objections

to some of these assumptions, they seem to be justified by a

substantial amount of consistent, experimental data. The creep

buckling solutions are obtained using isochronous stress-strain

curves to include time-dependent behavior of the material. Based

on the Rabotnov-Shesterikov stability criterion for the buckling

of perfect shells, the method essentially replaces the time-

dependent problem with an equivalent time-independent problem.

Although a shortcut method, it makes the solution of creep buck-

ling problems practical without use of a computer, and results have

been found to be in remarkably good agreement with tests on columns

and flat plates in axial compression, and circular cylinders under

external pressure.

For most of the conditions considered here, buckling is

localized in the form of wrinkles with no gross deformation of

the shell. For the one case where gross deformation may occur - -

the Euler column buckling mode - - an approximate method is given

for calculating the deformation of the shell as a function of

initial deformation and applied load.

The results presented here are Applicable only for low ratio*

of radius-to-thickness - - say less than 50 - - where buckling

occurs beyond the elastic range. The actual mode of buckling for

a given loading condition varies with the ratio of length-to-

radius. The cylinders considered here fall into the

intermediate to long range with the ratio of length-to-radius

greater than about B.
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INELASTIC BUCKLING

- Consider a circular cylinder, Fig. 1, which may be loaded

by an axial compressive force P, a bending moment M about the

axis 8 * O,TT, a torque T, and an internal hydrostatic pressure p.

The geometry is described by the mean radius r, the wall thick-

ness t, and the length £. It is assumed that the thickness of

the shell is sufficiently small <r/t > 10) that the stresses in

the wall can be approximated by

•«--SK-^t slne + ft

Tx6 * 2irr*t (1)

The resulting stress intensity is defined by

° i " *°xa + oe* "" axa8 + 3TX8^ W

For inelastic buckling the relation between the stress

intensity o* and the strain intensity e., which includes both

elastic and inelastic components, is assumed to be that which is

obtained from a uniaxial tensile test at the appropriate tempera-

ture. It is assumed that <j. increases monotonically with e^.

1. Axial Compression (P j* 0; M, T = 0)

For a hollow cylinder loaded axially there are two possible

buckling modes. One is the well known Euler column buckling mode

illustrated in Fig. 2(a) and the other assumes a mora localized

deformation pattern that may be axisyrunetric in the form of a

bellows, as illustrated in Fig. 2{b), or asymmetric in the classi-

cal diamond pattern. The diamond pattern is associated with the
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elastic buckling of very thin shells (r/t > 100), whereas the

axisymmetric pattern is associated with inelastic buckling. For

the range of r/t ratios considered here (r/t < 50), localized

buckling will generally occur only in the axisymmetric mode.

Whether buckling occurs in the column mode, Fig. 2(a), or the

axisymmetric mode, Fig. 2(b), depends on the length of the cylin-

der in comparison to the radius and thickness. Since it is not

possible to determine a priori in which mode the cylinder will

buckle, it is necessary to calculate the critical loads for both

modes and assume the lowest value,

a. Column Buckling

The stress at which column buckling occurs is obtained from

the well known Euler column buckling formula with the modulus

modified to account for inelastic material behavior. Both the

reduced modulus Er and the tangent modulus Efc have been used;

however, according to Shanley [7], using the no-strain reversal

model, the tangent modulus is more appropriate. Experimental

results seem to bear this out.

For a perfectly straight cylinder, the critical axial stress,

i.e. the stress at which equilibrium exists in a deformed shape

such as Fig. 2(a), is taken to be

<°x>cr "

where Cp « 1 for simply supported ends

« 4 for clamped endtt
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b. Axisymmetric Buckling

For the case of elastic buckling of very thin shells in the

diamond pattern, it has been found that buckling loads predicted

using small deflection theory are considerably higher than those

actually observed experimentally. Both large deflection theory

and initial imperfections have been introduced to explain this

discrepancy. However, for inelastic buckling in the axisymmetric

mode, small initial imperfections appear to be less important, and

buckling loads predicted using small deflection theory seem to be

consistent with those obtained experimentally [3]« This may

result, at least in part, from use of the deformation theory of

plasticity. A solution for the critical axial stress based on

small deflection theory which t&kes account of material compressi-

bility can be found in Ref. [8]. A simplified form of this solu-

tion, given in Ref. [3], is

where E. »

V " *-Ps-v)gS

E is the elastic modulus

v is Poisson's ratio

Since this solution gives essentially the same numerical results

as the more complicated expression obtained in [8], it is preferred

for computation.
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For pure axial compression, the stress intensity is simply
<7i=C7x=P/2irrt. Since Et and E s depend on the stress intensity, the
solution of equations (3) and (4) is an iterative process which can
be carried out in the following manner:

(1) Assume an axial load P.
(2) Calculate the stress intensity o^.
(3) Obtain E t and E s at c^ on the o^-e^ curve for the

material at the appropriate temperature.
{4) Calculate ( o x ) c r from (3) or (4).

(5) Compare ( o x ) c r to o x = P/2irrt assumed in step 1.

If they do not agree, go back to step 1.
(6) Continue iterating until ( o x ) c r calculated equals

o x « P/2irrt assumed. Then the axial load P is the
axial load P c r that causes buckling.

Working directly from a o^-ei plot, this calculation can be per-
formed readily by hand, and with a little practice convergence can
be attained generally within 2 or 3 iterations.

Internal pressurization of the cylinder does not seem to have
a significant effect on the axial buckling load P c r except as it
affects the stress intensity a^ and thus E and E t. Using small
deflection theory, Fliigge [9] found no increase in the elastic
buckling load as a result of pressurization. Large deflection
theory would predict an increase in the elastic axial buckling
load due to pressurization but experimental results [4] do not
confirm that it is significant. It is therefore proposed that
the critical axial loads of internally pressurized cylinders be
calculated from (3) and (4) with the stress intensity (2) defined by
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2. Bending (M ? 0; P,T = 0)

The local buckling mode of a cylinder in bending is similar
to that of a cylinder in axial compression with circumferential
wrinkles occurring on the compression side of the cylinder as
shown in Fig. 3. In bending, however, the strain varies across

the cross section from tension to compression so the buckling
load is increased by a "strain" gradient factor. Introduction
of this "strain" gradient factor permits calculation of the
bending-buckling stress from the axial-compressive-buckling
stress of a corresponding cylinder. For elastic buckling„ the
"strain" gradient factor is generally taken to be 1.3.

For buckling due to bending in the inelastic range, there
are two additional effects:

(1) The nonlinear distribution of stress tends to reduce
the buckling load by a "stress" gradient factor.

(2) The local wall stiffness is reduced by a plasticity
reduction factor.

The buckling of a cylinder in bending is obviously a very complicated
process. However, comparing the phenomenon to axial buckling in
the axisymmetric mode, we might approximate the solution by using
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the plasticity reduction factor for compressive buckling and modi-

fying expression (4) to account for the gradient effects across the

cross section. The expression for the critical maximum bending

stress in the extreme fibre is thus taken to be

\ f EtEs ] % t
jcr S! CM [ad-y14) J " rx maxjcr

where 1.0 < CM < 1.3, and CM is a factor which depends on the area

of the cross section in the inelastic range at the point of buck-

ling. There seems to be little basis for the selection of C^

except by test. However, on the basis of results obtained in [4],

a representative value for this approximation would be CM = 1.2.

The solution of (6) is again iterative and performed in the

manner described for compressive buckling. The stress intensity

is Cj. =(o x) m a x = M/irr
2t.. Internal pressure is treated in the same

manner as for compressive buckling with the stress intensity given

by

3. Torsion (T ft 0; P,M » 0)

For cylinders in pure torsion, the buckling mode depends on

the length characteristic. Cylinders in the range considered

here, i/r > 10(t/r)\ fall into two categories: intermediate-

length cylinders characterized by deformation in less than two

circumferential buckles, and long cylinders characterized by

deformation in two or more circumferential buckles. For inter-

mediate-length cylinders boundary conditions affect the solution,

whereas for long cylinders the critical stress is independent of

the boundary conditions.

For very short cylinders, Ref. [10], and for very long

cylinders, Ref. [3], Gerard has shown that the secant modulus

is the appropriate plasticity-reduction modulus for buckling in
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the inelastic range. Although the plasticity reduction factor
has not been derived for intermediate-length cylinders, it seems
reasonable to assume it is the same as that obtained for the extreme
cases of short and long cylinders.

Experimental results for elastic buckling generally confirm
the theoretical results for elastic buckling due to twisting, with
buckling loads slightly below (on the order of 15%) the predicted
loads. However, there is some question as to when buckling actually
occurs since most of the results were obtained visually and there is
considerable scatter in the data. Initial imperfections do not seem
to affect the buckling loads significantly.

I t \ i.
I < F

P critical stress given in [4] and modified by [5] is

or - «. ̂ 7 5 ID * (r) <8>

where Op «= .77 for clamped edges

= .70 for simply supported edges

For long cylinders in the range — > 3(^1

* 3/2

I)
The solution of (8) and (9) are again iterative and performed

in the manner described for compressive buckling. The stress in-
tensity is 0£ = -̂ [3* = ypV2ftT t

The effect of internal pressure is to reduce the torsional load

at which buckling occurs. The interaction equation given in [4] is

+ P — = 1 (10)
Per
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where T is the shear stress due to T

p is the internal pressure

p c r is the external hydrostatic

pressure required for buckling.

The external hydrostatic pressure at which buckling occurs for

long cylinders is derived in Ref. [11]. The critical hoop stress

at which buckling occurs is given by . -

2

(
where n « 1

In addition to the interaction effect (10), the internal

pressure also affects the stress intensity (2) at which the

material moduli, E^ and Es, are evaluated. The stress intensity

for torsion and internal pressure is given by

For relatively low pressure systems, such as liquid sodium

piping systems, p will be much less than p c r so that p/pcr can

be neglected and the only effect of p is to modify a. as in (12).

4. Interaction Between Compression, Bending, and Torsion

The buckling of cylinders under combined loads has been in-

vestigated both theoretically and experimentally; however, most

of the investigations have been carried out for buckling in the

elastic range. The resulting expressions, described in [4], are

semi-empirical but generally supported by experimental results.

Since the buckling pattern is similar for compression and

bending, a linear interaction relation is expected and has in fact

been found experimentally. Thus, for compression and bending

c r
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where op is the axial compressive stress due to a load P and aM

is the maximum bending stress in the extreme fibre due to bending
moment M.

For the combination of axial compression and torsion, theo-
retical analyses have been limited to linear theory. The inter-
action equation given in [4] is

4

Op
— • -t- i

Tcr

For a combination of bending and torsion, a variety of ex-
pressions have been derived. However, the relation that seems to
give the best overall agreement with test results is

3/2
/ * i

1 (15)
cr

An interaction curve for the effect of all three loads com-
bined has not yet been rigorously derived. Furthermore, there is

However, due to the linearity between compres-
sion and bending (13), and the nature of relations (14) and (15),
a relationship that has been proposed for the interaction of all
three loads is

aP . aM

CREEP BUCKLING

1. Theory

The essential difference between inelastic and creep buckling
is that inelastic buckling occurs with increasing load independent
of time, whereas creep buckling occurs at a constant load
applied for a sufficient period of time. Creep buckling occurs
at loads below the elastic or inelastic buckling load as a result
of a decrease in cross sectional rigidity resulting either from
thermal or irradiation induced creep.
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Many theories have been developed for the creep buckling of

thin-walled tubes in recent years. But most of the theories are

complicated and require a computer solution. In general, compari-

sons between theory and tests have been insufficient to instill

any great confidence in the theories. This is because the theories

are based on numerous assumptions, precise creep buckling tests are

difficult to perform, and the appropriate creep properties are

generally unknown. When creep buckling tests are run, even under

the most rigidly controlled conditions, there is a wide scatter in

results. This suggests that any theoretical results obtained should

be looked upon critically and should be considered rough estimates

at best.

The creep buckling theory used here is based on a theory

developed by Gerard [12] and verified experimentally for flat

plates in [13]. Using the Rabotnov-Shesterikov stability criterion

for the buckling of perfect shells, Gerard shows that the strain-

rate dependent tangent and secant moduli for a fixed stress state

in the creep buckling problem are directly analogous to the tan-

gent and secant moduli associated with the increasing stress in

the inelastic buckling problem. Thus, for initially perfect shells,

the inelastic buckling loads may be used directly for creep buckling

if the tangent and secant moduli are defined as strain-rate depen-

dent, i.e., are found from, the appropriate constant-strain-rate

stress-strain relations. The procedure is iterative since the

strain-rate at collapse must be determined, and a complete set of

constant-strain-rate stress-strain curves is required for each tem-

perature of interest.

A simplified theory of creep buckling is described in Ref.

[11]. The constant-strain-rate stress-strain curves are replaced

by isochronous stress-strain curves which can be obtained directly

from standard creep tests run at constant stress. Thus, the equa-

tions for inelastic buckling are applied directly using the appro-

priate isochronous curve treating it as though it were a short-
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time uniaxial stress-strain curve. Although the tangent modulus

at a point on the isochronous curve is somewhat larger than on the

intersecting constant-strain-rate curve, as shown in Fig. 4, the

resulting predictions do not seem to be greatly affected.

In cases where the isochronous approach to creep buckling

has been compared with experimental results, it has been found

to be in remarkably good agreement. These include the buckling

of columns and the collapse of hollow tubes due to external

pressure. In a recent paper by Howl and Moore [14] excellent

agreement was obtained between tests on externally pressurized

stainless steel tubes and a theory using the isochronous approach

in conjunction with the reduced modulus theory of Ref. [2] for in-

elastic buckling. A comparison between the theoretical and experi-

mental results obtained by Howl and Moore is shown in Fig. 5. Also

shown in Fig. 5 are results obtained by a computer program, GAPL-3

[15]o which uses an incremental theory of plasticity in conjunc-

tion with the isochronous stress-strain curves to include the

effect of creep. Gerard [16] found excellent agreement between

results using an isochronous curve and test results for the buck-

ling of axially loaded columns. Interestingly enough, the test

data were in better agreement with results using the isochronous

stress-strain curve than the theoretically more exact constant-

strain-rate stress-strain curves.

2. Definition of Creep Buckling

The definition of the creep buckling point for the theory

described here is somewhat different than for elastic and inelastic

buckling. The critical stress for elastic and inelastic buckling

is the stress at which catastrophic (large deformation) collapse

occurs as shown for axially loaded columns, plates, and cylinders
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in Fig. 6. Initial imperfections are magnified as the load

approaches the critical load so that the deflections at the

critical load are very large, even using large deformation theory.

Using the theory described here for creep buckling, however,

the critical buckling time is the time at which the perfect shell

starts to deform. For greater times the shell continues to deform

until the deformation becomes catastrophic (large). This is shown

in Fig. 7. For the perfect shell, deformation is initiated at t

and buckling will not occur until some time significantly greater

than tcr. Small initial imperfections are magnified with time at

constant load, but may still be small at t . Thus, the critical

loads calculated for creep buckling are the loads associated with

initiation of buckling, and even with modest initial imperfections

you would not expect to observe large deflections at the calculated

creep buckling loads. Calculations for cylindrical tubes under

external pressure underestimate the measured time to collapse for

initial ovalities even up to about 2%, where ovality is defined as

the ratio (max. di ante tor -min. diameter) /mean diameter.

3. Creep Buckling Loads

The expressions for creep buckling due to axial compression,

bending, and torsion are given by (3), (4), (6), (8), and (9),

where the secant and tangent moduli are obtained from the isochro-

nous (constant-time) stress-strain curve at the appropriate time

and temperature, rather than from the inelastic stress-strain curve.

Thus, the time-dependent creep problem is essentially replaced with

a time-independent problem which can be solved iteratively in the

manner previously described. The interaction equations for com-

binations of loads are given by (13), (14), (15), and (16). Working

directly from an isochronous stress-strain curve for a particular

material at the desired temperature, the prediction of creep
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buckling loads is no more difficult than the prediction of

inelastic buckling loads.

4. Creep Deformation

For most of the loading conditions considered here, buck-

ling is localized in the form of wrinkles with no gross deformation

of the cylinder. However, for the Euler column buckling mode,

initial deflections may be amplified with time so that gross deflec-

tion of the cylinder occurs and it is difficult to determine the

actual buckling point. The usual method of determining the column

buckling load from test data is by use of the well known Southwell

plot.

In order to predict a priori the time-dependent lateral

deflection of an axially compressed cylinder in the Euler column

mode it seems reasonable to extend the method given in Section 1.6

of Ref. [6] for the inelastic case. Let 6 be the amplitude of

initial lateral deflection. The amplitude of total deflection

6 due to 5 and P is then given by

for P < Pcr (17)

where P is the axial load and Pc£. is the axial buckling load calcu-

lated from equation (3) with E determined using the appropriate

isochronous stress-strain curve.

SUMMARY

The solutions presented here are admittedly very approximate,

however experimental results to date indicate they are generally

conservative, i.e. predicted buckling loads are lower than observed
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buckling loads, They are simple to evaluate and make solution of

inelastic and creep buckling problems practical without use of

the digital computer. The same expressions are used for calculat-

ing both inelastic and creep buckling loads, with the secant and

tangent moduli defined for the inelastic case on the inelastic

(short-time) o.-e. curve and for the creep case on the isochronous
ai~ci c u r v e ^ o r t n e appropriate load time. The iterative proce-

dure described for axial compression is used for both inelastic

and creep buckling solutions.

The value of these results lies more in their utility for

preliminary or scoping analysis than for final detailed analysis.

They should be useful in locating critical regions where more

detailed analysis may be required.
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Figure 1

Cylinder Geometry and Loads
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Figure 2- -

Buckling Modes in Axial Compression



Figure 3

Buckling Mode in Bending

Figure 4

Comparison of Isochronous and Constant-
Strain-Rate Stress-Strain Curves
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Elastic and Inelastic Buckling
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Creep Buckling


