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ABSTRACT 

RBU is a digital computer program for the detailed calculation of the neutron, 

reactivity^ and isotoplc history of a reactor In which relatively exact models 

of the geometry and physical processes are included to permit reliable predictions 

of fuel costs and reactor performance, The program uses the monte carlo method 

to obtain the fine structure of the neutron flux in three space dimensions and 

energy. Using this fine structure__ cross sections are averaged over space and 

energy to obtain t̂ e neutronic properties for equivalent homogeneous one-dimen

sional regions of space and ranges of energy. These are used in diffusion calc'u-

latlons to obtain the macroscopic flux distribution throughout the reactor. The 

consumption and production of isotopes is computed for a time step by the solution 

of sets of partial differential equations involving both the macroscopic and 

microscopic fluxes. With the new concentrations, diffusion calculations are per

formed again to obtain macroscopic fluxes for the next time step. At variable 

intervals monte carlo calculations are again performed to determine the changes 

in microscopic flux distributions. The cycle is repeated until conditions on 

the reactivity or other properties dictate the end of the calculation. 

Programmed control rod manipulation or fuel transfers may be included in 

the calculation. 

The monte carlo, diffusion^ or burnup portions of the program may be used 

separately, on the IBM 704 as well as on the IBM 70? for which the complete pro

gram is written. 

The unresolved resonance range is treated by random selection of resonance 

parameters from appropriate distributions using the Doppler broadened single 

level Breit-Wigner formula. Resolved resonances are Treated similarly with the 

exception that specific values of the resonance parameters are used. The effects 

of molecular binding and thermal motion of the nuclei on near-thermal scattering 

are treated by a simple model capable of incorporating the pertinent physical 

theory and data. 
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I. INTRODUCTION 

The purpose of this report is to describe a method of predicting the 

reactivity and the distribution of isotopes in a nuclear power reactor as 

functions of its operating history. 

The problem has, of course, been frequently approached using approxima" 

tlons of varying complexity, the accuracy and applicability of which are to 

some extent uncertain. In the method presented in this report^ an attempt ts 

made to eliminate most of the uncertain approximations in order to increase 

the range of applicability of the calculations. A digital computer progranî  

RBU, using this method is being developed for the IBM 709 by the American-

Standard Atomic Energy Division under contract with the Hanford Laboratories. 

In this report a statement of the problem will be given, first| secondi 

the concepts of microscopic and macroscopic flux are mathematically describedi 

third, the method of approach is outlined; fourth, various sections are 

presented which describe the monte carlo portion of the code, the diffusion 

calculation^ the burnup calculation, and the preparation of the various eon-

stants and cross sections needed in the program^ 
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II, STATEMNT OF THE PROBLEM 

Essentially the problem is one of determining the spatial and energy 

distribution of the neutron flux; the reactivity at a given time may be 

computed from the integrals over volume and energy of the products of various 

nuclear constants with the flux and from the integral over the outer surface 

of the reaetoi of the normal component of the flux. Similarly, the rate at 

which the various isotopes are consumed and produced at each point in the 

reactor may be computed from the integral over energy of the product of 

neutron flux and the cross sections for the relevant processes and from the 

decay constants for those nuclides which are radioactive^ The determination 

of the neutron flux is complicated by the rapid variation of some cross 

sections with energy and of some concentrations with position In the reactor. 

Because of this extreme fluctuation, a very fine coordinate spacing is required 

for a reliable solution until sufficient experience has been acquired to 

permit generally valid approximations to be made. For this reason and because 

of the complex geometry involved in some fuel elements and control systems 

of interest, the monte carlo method is used in RBU for some of the neutron 

flux calculations. The program then uses the monte carlo results to obtain 

constants with which most of the flux determinations can be made by simpler 

methods« 
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Ill, MICROSCOPIC AND MACROSCOPIC FLUXES 

In the following section the theoretical basis for the process of aver

aging over heterogeneities and of forming a one-space dimensional model for 

a three dimensional system is briefly discussed. 

The neutron transport equation 

+ y dv' [^ Vf (r,v') Zf(r,v')^j(v) 

expreses the rate at which the density of neutrons increases at each point in 

phase space In terms of the neutron flux density, its gradient and the 

various nuclear cross sections. If the region between (r,v,n) and (r+^,v+Av,ft) 

is denoted as cell 1, Equation (1) may be integrated over the cell as follows: 

dvdr — -— = - / dvdr — v • v * ' *•' etc. (2) 
.̂ V dt _y. V ^ 

The integrals may be replaced by the products of the volume of a cell and the 

average value of the function in the cell. The index 1 can be replaced by 

coarse variables, 1, V, which are essentially Identical to r and v except that 

they imply a macroscopic point of view. Finally, one obtains an equation 

identical to (1) In appearance» 

+ / dV' 1^ v^ (l,V') E^(R,V')X^(V) 

^ h 'in ^̂ -'̂ '̂  ̂ in̂ '̂ -'̂ '"̂ ^̂  + Zg(R,¥',V'.V) *(R,V') (3) 

in which the use of the variables R and V as arguments of a function implies 

that It is a local average. 
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Equation (3) is considerably simpler than (1) for two reasons. First, 

the cross sections vary slowly with position in the reactor and with energy 

and may be treated as constants over relatively large regions. Secondly, the 

fluxes vary slowly with position so that It is often satisfactory to replace 

(3) by the diffusion theory approximation to it. 

The local averages used in Equation (3) are defined according to their 

use in (1) 

«t(B V) = / dv /^ dr(t»(r,v)/A 
/AV 

^(iv) = [/ dv / drẑ rr.v) H'r/v)] / H^V) A (4) 
'Av 

et cetera 

where A represents the four dimensional cell volume. 

For a generally cylindrical system^ (3) may be integrated over two of the 

cylindrical coordinates 6 and Z, so that an equation involving only one 

variablej R̂  the distance from the cylindrical axis is obtained: 

+ /dV' ~ //v^(R,9,Z,V'l Ej(R,9,Z,V)Xj(¥)RdedZ 

¥)RdedZ 

.¥'-*V)RdedZ 

- / / Zg(R,0,Z,V',V'"V) <|)(R,e,Z,V') 

i V-Z /•(R,,0,H,V)Rd0 + / <l>(R,e,-H,V)Rde (5) 

A A 
where R and Z are appropriate unit vectors^ 
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The last term accounts for the leakage at the ends, Z = + H of the reactor; 

actually H may be a function of E without affecting the validity of (5). 

The appearance of Equation (5) may be simplified by replacing the integrals 

over 6 and Z by quantities which have been averaged over these variables. 

Averaged quanttties are indicated by underlining. On dividing by 4rtMH, one 

obtains, 

+ / df' L ^ Vf (R,V) Ej(R,¥') 1Ĉ (V) 

+ i%n<^^^'>£in(^^^'"^> 

+ £s(R,V',¥'.¥) i(R,¥') - L(R,V) (6) 

where 

i(R,¥) s ̂  / dZ / d§ <|.(l,e,Z,¥) 

E^(R,¥) s /dft 4 ^ / dZ / d0 Ŝ (R,9,Z,¥) •(R,e,Z,f) / Mi(R,¥) 

(7) L(R,¥) = ̂  I ¥»^ /HR,e,H,f)de - / *(R,e,-H,¥)d§J 

et cetera 

There is a minor approximation implied in (5) in that the flux used as a 

weighting function n«st be averaged over all directions of motion of the 

neutron in the calculation of S ^ but this approximation should not Introduce 

appreciable errors» 

Equation (6) and (7) show how a three space dimensional cylindrical reactor 

may be studied in terms of a one-space dimensional neutron transport equation 

if the behavior of the neutron flux as a function of the ofiher spatial quantities 
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is known from other considerations. The usual one dimensional diffusion 

approximation may be obtained from Equation (6). As a result of the 

averaging carried out In (3) and (4), this approximation is broadly valid 

because of the slowly varying nature of the functions involved« 



I¥. GENERAL OUTLINE OF THE EBU METHOD 

In IBU the calculation of the neutron flux is performed in two ways. 

Dependaice on 6 and Z and the rapid variation of neutron flux within small 

ranges of energy and small volumes -- microscopic variations -- are computed 

by the monte carlo met.̂ ôd. The gross dependence of flux on energy and radial 

distance from the cylindrical axis is computed using diffusion theory; the 

associated fluxes, regions., and groups are called macroscopic. The cross 

sections for macroscopic calculations are obtained in a manner similar to 

that outlined above by using the microscopic fluxes as weighting functions. 

Diffusion coefficients are obtained from the monte carlo results as the ratio 

of the net current leaving a macroscopic region to the normal gradient of the 

neutron flux at the surface bounding that region^ Using this definition of 

the diffusion coefficient Instead of the standard one involving the transport 

mean free pattn makes the integral of the diffusion equation over a region agree 

identically with the Integral of the transport equation over the same region, 

and thus extends the validity of the diffusion approximation. The monte carlo 

calculations may be performed separately on isolated portions of the reactor, 

each containing a number of microscopic regions; such a portion is called a 

monte carlo system. The relationship between separate monte carlo systems 

is established by Imposing as a boundary condition the requirement that the 

ratio between the emergent and incident neutron currents at the surfaces bound

ing the monte carlo systems agree with values tabulated for each macroscopic 

energy group. These ratios, called albedoes in this report (although they may 

be greater than unity!, are determined from the macroscopic fluxes. The 

relationship between separate monte carlo systems is further established by 

using the macroscopic fluxes as normalizing functions for the fluxes in the 

microscopic regions represented.. 

The program may be Instructed to modify the contents of a sequence of 

specified microscopic regions sequentially so that the reactor remains just 

critical as determined by a diffusion calculation. In this case the program 

iterates between the adjustment routine and the diffusion calculation until 

criticality is achieved. When a satisfactory diffusion calculation has been 

completed, the program prepares to determine the change in isotoplc concentra

tions in some microscopic regions resulting from the exposure in the time 
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steps which have taken place since the last burnup calculation on those regions. 

This involves the solution of a set of partial differential equations for iso

tope accretion and depletion. Not all microscopic regions are "burned up" 

after each time step. The number of time steps -- that Is^ diffusion calculations 

between bumups is determined for each material by comparing the difference 

between two estimates of the concentrations with an upper and lower error 

tolerance limit, Tfie program will thus adjust the time steps represented by 

burnup calculations for each material and_, occasionally, will also adjust the 

time intervals represented by the diffusion calculations. 

When the Isotoplc concentrations in a region and, consequently, the micro

scopic fluxes have changed sufficiently to appreciably alter the effective 

average cross sections it is desirable to repeat the monte carlo calculations 

to obtain new microscopic fluxes. The number of diffusion time steps between 

monte carlo calculations is specified by a number given as input for each 

monte carlo system. 

The program continues cyclically - - consuming and accumulating isotopes, 

computing fluxes by diffusion theory to use in the isotope accretion and deple

tion calculation and re-evaluating the microscopic fluxes to use as weighting 

functions for the diffusion equations -- until an indication is reached that 

the calculation should be stopped. This indication is that either the maxi

mum possible adjustments have been made in the compositions of all the micro

scopic regions in the sequence of control regions, or that the time variable 

has reached a predetermined value. 

The general outline just described is shown as a flow chart in Figure 1. 

In addition to the programming described in Figure 1, there are two 

auxiliary codes; a cross section averaging routine which produces data for 

the isotopes required from a basic cross section library; and an editing 

routine which collects selected output information and prepares it for off-line 

printing. 
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0¥ER-ALL FLOW CHART OF RBU 

ipfers to qmantieiefl described Sta Page 19 9 . 



¥. THE MONTE CARLO PORTION OF RBU 

The RBU monte carlo is essentially similar to a previous monte carlo pro

gram, GlCa Modifications have been introduced in order to improve the speed 

and versatility of the program and to extend the treatment of such phenomena as 

resonances, neutron thermalization and anisotropic scattering. 

A. GEOMETRY 

The geometric description of a monte carlo system is made by first 

specifying the parameters of the set of B surfaces bounding the regions 

in the system, A surface is Identified by the index b. The surfaces 

which the program recognizes are of the form 

A(x-x )^ + B(y-y }^ + CCz-z )^ - K = 0 (8) 

In order to increase computing speed, certain special cases of (8) 

are specifically provided fox. These are 

Cx-x^)^ + iy-Yj^ - K = 0 (9) 

X - K = 0 (10) 

y ^ K = 0 (11) 

z • K = 0 (12) 

Surfaces are specifically assigned one of the forms (8), (9), (10), 

(11), or (12) by associated vd.th them a value of an index D, of 0, 1, 

2_, 3, or 4 respectively, 

A microscopic region of space, h^ is defined by listing the Indices 

(values of b) for the surfaces bounding it.. For each of these surfaces 

it is also necessary to specify whether an index g has the value plus 
^h 

or minus one. A surface b, of region h has a positive value of g. if 
h 

the boundary function r. is negative for values of the coordinates x^ y, 

and z within region b with respect to boundary b,. The term g. is nega-
^h 

tive if r is positive for values of x̂ , y, and z Inside region h with 

respect to b„ 
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The boundaiy function is defined by uue of the following equations 

depending on the value of D. 

™" Afx-x )^ + B(y-y )^ + C(z-z )^ - K 
o ' ^O O' 

(X .f + (j^yf 

y - K 

X - K 

or 

z - K 

K 

(13) 

Additional quantities associated with a region are an index m, , 

specifying the material contained in region h; a value of I, , the Importance 

of region ĥ , k, ̂, the macroscopic region within which h is contained; B, , 

the total number of bounding surfaces used to describe h; J., . which 

indicates whether or not boundary b of region h is part of the top or 

bottom surface of the reactor and^ therefore^ whether or not leakage from 

region h through boundary b contributes to the perpendicular leakage to be 

used for region k. in the diffusion calculation; and q, ^ qJ ^ indices of 
h ^h 

the microscopic regions (in order of likelihood) which a neutron leaving 

region h through boundary b will probably enter. 

Region b belongs to a set^ f, , of microscopic regions. The neutron 

fluxes computed In the monte carlo are listed as the fluxes, <̂ .̂  in group 1, 

region set f. 

DESCRIPTIOM OF Â M̂ATERIAL 

As mentioned above,the description of a region, h, includes an index, 

m, , which determines which of the M mixtures of isotopes is contained in 

region b. The information about a material required by the monte carlo 

portion of RBU Is collected and computed from a basic detailed library 

of isotoplc proper ties J, and from the input by two portions of the prograin_, 

the Cross Section Averaging Routine and the Pre-Monte Carlo, These portions 

of the program^ described in later sections of this report, assemble the 

_ 11 _ 



nuclear data for each material and each microscopic energy group^ 1. 

In brief these data consist of mean free paths^ X . ̂  emission probabili

ties for the pertinent collision types, P ; atomic weights of the 

scatterers, A . ; prescriptions for the Inelastic scattering spectra; 

probability distributions for velocity increments for near thermal 

scattering; parameters for the resonances for those scatterers in the 

material which have them; and finally coefficients for anisotropic 

scattering. 

GEIERAL OUTLINE OF THE MONTE CARLO PORTIOH 

Particles - that is, the position, velocity^ and time coordinates 

of particles - are followed for an interval of time from 0 to T or until 

they are terminated before T by capture or by escape from the system. 

The determination of variables, such as distance between collisions and 

directions and velocities after collision is made by random selection 

from the relevant probability distributions. At each collision^ analytic 

calculations are made of the values of certain averages for a universe 

of neutrons with the coordinates with which particles emerge from the 

collision. These averages are the first flight contributions for the 

monte carlo time interval of such quantities of interest as the neutron 

flux in each microscopic group, i, and region set, f, and the currents 

and normal gradients of the currents at the boundaries of macroscopic 

regions In each macroscopic group. Thus, the monte carlo method is used 

to establish a collision distribution from which the quantities of interest 

are computed analytically. lo each microscopic gioup and region an 

importance is assigned by the input; the number of neutrons represented 

by a particle in region b and group 1 Is r-^—, the reciprocal of the 
^ i \ 

product of the importances of the group and region In which It Is, Since 

neutrons are conserved when particles cross from one group or region to 

another, the effect of this is to make the intensity \d.th which a group 

and region is studied a function of its importance as well as of the 

actual neutron population. 
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The particles to be studied are obtained initially from a tape con

taining those which reached census time^ T̂  in the previous monte carlo 

time step for this system For the first time step̂ . of course, they must 

be obtained elsewhere; they may either be particles saved from previous 

calculations or particles generated by a special generator routine. 

A period of time between 0 and T ^ during which the particles are 

followed without recording their history^ is Inserted In order to permit 

the population to come into equilibrium with the configuration of the 

system. In order to accelerate this process, the number of particles in 

each region and group actually used is modified from that on the tape of 

initial particles according to the variation in flux between previous 

monte carlo calculations of this system 

D SAMPLING FjROM̂ T̂NITTAL NEUTRON TAPE 

On reading a particle from the initial neutron (I„¥^) tapê , the 

program first checks to be sure that the region h indicated by its 

coordinates is actually the region in which the particle is located. 

The conditic-i that a particle be in zone h is that, for all boundaries, 

b^ of h 
n 

g^ • r^ (x,v,z) < 0 (14) 
h h 

The method used to determine whether or not a set of coordinates lies 

within a region imposes a limitation on the possible region shapes. 

Generally speaking this is that no two boundaries of a region may meet 

in such a way as to produce a concavity This does not affect the 

generality of the geometry since a set of regions may have any shape. 

If the particle is not in zone h^ the program tests all other regions to 

determine which region it is in 

The procedure of checking to be sure that a particle read from the 

1 ¥ tape is actually in the indicated zone is inserted in order to make 

it possible to interchange I,¥ tapes between problems. During the normal 

operation of RBU and in particular after the first monte carlo time step, 
* _— _______ _____ ____________ _____ ___ 

1,¥. is an abbreviation for initial value. 
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the zone index associated with a particle may be assumed to be correct. 

The program, in fact, will insist upon this and will bypass the zone check

ing routine unless sense switch 3 has been depressed. 

Having determined the correct region number and substituted this for 

h^ the program next decides how many times this set of initial coordinates 

is to be followed. Included in a set of coordinates is a number, 1, the 

number of particles having the exact values of x, y, z, ¥, a, p, and 7, 

given in that set. The term N, in other words, is the number of particles 

represented by a set of coordinates. The fact that N may be different 

from unity Is a result of the sampling procedure about to be described and 

of the manner in which particles come to be written on the census tape. 

The modification of N, on reading a set of coordinates from the I<>¥, tape 

is made to accomplish two purposes. First, the distribution of particles 

on the I.¥, tape is to be distorted in order to accelerate the approach 

to equilibrium. This introduces a factor A., in the number of particles 

to be made of the particle read from the !,¥, tape, (The superscript t 

indicates the monte carlo time step number.) Secondly, the total number 

of particles to be followed Is to be adjusted to approximate the number^ 

H Tjhich the programmer considers to be necessary for the required 

HtatistlcSe N, then, is changed to 

(15) 

The symbol T T signifies "greatest integer in" and | is a random number 

(see Appendix B), By adding a random number and taking the greatest 

integer^ the program selects integral values of quantities in such a way 

that the average of many such selections approaches the appropriate 

number --in this case 

A^ ™ ^ 1 

^I,V. 

The term N, ̂  is the total number of particles on the I,V. tape. It 

may be assumed to be equal to the number of particles which reached 

census time in the previous monte carlo time step. 
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E, UNRESOL¥ED RESONAMCES 

The next stage of the monte carlo program involves the knowledge of 

the mean free paths In the region in which the particle has just been 

found to be. In most cases this is obtained from tables prepared in 

the pre-monte carlo routine. Some materials, however, contain isotopes 

the cross sections of which are, for part of the energy range of interest, 

most conveniently described by parameters specifying distributions of 

single level Brelt Wigner resonances. These parameters are 

D , the mean energy between resonances in e,v» 

- 1/2 
r , the mean reduced neutron partial width in (e.v.) 
no ' ^ 

r , the mean fission partial width in e.v, 

r , the partial radiative capture width in e.v, 

0 , the potential scattering cross section in barns 
P 

g , the statistical weight 

I, and I.̂  the upper and lower inclusive limits of the groups 

in which the unresolved resonances cross sections are 

used 

N , the atomic concentration of the pertinent isotope 
3 xn atoms per cm 

The values of these are specified for each of the resonance isotopes 

In the region. For each of these isotopes the actual value of the cross 

sections seen by a particle at an Individual event is determined by ran* 

dom selection from the appropriate probability distributions. The pro

bability that 

/2 
(16) 

no 

be between u and u + du is given by the Porter-Thomas distribution 

^ d u = fI77e""'/2^u (17) 

and the probability that 

h V g r^ir^ (18) 
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be between v and v + dv is 

^ ^ dv = e"^dv (19) 

The manner in which values of F and r_ are selected from these 
n f 
o 

distributions is described in Appendix B; T is assumed to be constant 

for all unresolved resonances for a particular Isotope. 

The cross section at E, the energy of the neutron, is approximated 

by the sum of that contributed independently by two resonances whose peaks 

lie at 

^o^^^OiTiJ "" and 

E = E + D (20) 
o, o 
b a 

where ¥ Is the neutron velocity In cm/microsecond. ¥alues of the partial 

widths are selected for each of the two resonances as described above and 

the cross section due to each is evaluated from 

r -J'E"" in e.v, 
n " o 
o 

r = r + r^ + r , in e,v. 
7 f n ' 

i2 

e = 1,798 X 10'^ ̂ - ^ \ ^ ) (dlmensionless) 

Ll.916 A+1 ^oj / ̂  X = 2 I Y " ^ -^^ - E J / r (dlmensionless) (21) 

where fl» is the mass number of the resonance isotope and T is the tempera

ture of the material In degrees Kelvin; from 

(^^7 a = 2.607 X 10^ g (^=—1 — ^ (l+4.27xl0"'̂ ¥̂ ) (1+I.42xl0~\) (barns) 
% \A/ g p2 

o 

/ '^/2 r r 
,̂  -...-„.. .^ ^{j^J — J = - ^ (l-H.27x10"V) (1+I.42xl0"\) (barns) a = 3.608 x 10^ g 

.-. ^V% r 
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^ ^ — ^ - ^ (1+4,27x10"V) (1+1.42x10"^ = 3,608 X 10 g i ^ = 7 Z r ^ - ^ (1+4,27x10 '¥ ) (1+1.42x10 "¥) (barns) 

and from 

.6) + 2-*^ 

a = 0 t(X,9) (barns) 

0^ = 0^ t(X,e) + Z-^/TTa^ X(^,Q) + Op (barns) 

g^ = 0j t(X,e) (barns) (22) 
o 

D' -7 2 * -'3 
The factors — = 1 + 4.27 x 10 ¥ and £ = 1 + 1.42 x 10 ¥ are rough 

approximations included to account for the variation of level density with 

energy and for the presence of resonances with angular momentum higher 

than i = 0. The broadened resonance functions are defined by 

2-^^ L c» w\ 
t(x,e) = - ^ / ^—-^ dY 

03 1+Y' 2 

-W\ 
X ( X , 9 ) = - ^ / "^ ^ dY (23) 

The evaluation of iff and X is described in Appendix C and the derivation 

of (22) and (23) is described in Appendix D, 

RESOL¥ED RESONAHCES 

Resolved resonances are treated in a manner similar to that described 

above for unresolved resonances. The difference is that the values of the 

parameters, E , F , and F^ are specified. For neutrons in velocity groups 

between I„ and I„ , the cross sections for the w resonance scatterer 
3wm 2wm' 

in material m are computed using Equation (22) with values of E , F , F , g, 

and F^ obtained from one of the lists of resonance parameters stored in the 

memory. An index associated with the w resonance scatterer of material 

m Identifies the list to be used for It, As in the unresolved region, 

the cross sections computed are the sum of Independent contributions of two 
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resonances, these being the ones with values of E on either side of the 

energy, -—"ZTT of the neutron. The values of the other resonance para

meters are the same as those used in the unresolved region for the same 

scatterer. 

BETWEEN COLLISIONS ROUTINE 

In this stage of the calculation a group of N particles, each having 

identical coordinates, which have resulted either from a collision or 

from selection from the I.¥. tape, are followed to their Individual next 

collisions, to census time, or to loss, through leakage, from the system. 

In the course of this process, the expectation values of the contributions 

of these particles to quantities of Interest are computed region b> region 

for the entire path the particles have the possibility of following in 

first flight until they leak or reach census time. The distance a particle 

at position x, y, z traveling in direction a, P, 7 will have to go to 

reach boundary b of region h is 

s - —zz «*' 
where 

=\ <-\ V \ i-\y \ i-\) 
1Ĵ  ^ "̂ ^ 

* 2 2 2 

\ fx}"' \ ('-\)' \ ('-\) - \ r - K U~^^ T + K |y-y„ J + ĉ  fz-z. 1 ~ \ (25) 

For the special boundaries of Equations (9) through (12) these formulas 

reduce to 
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'-i-%yi^\) 
^= a^ + p2 > D = 1 

'(:-\J'(:-\)-\ (26) 

\ = 

\ = 

\ = 

X-K 
a 

P 

z-K 
7 

i f 

i f 

i f 

x-K 
a 

P 

z-K 

r 

< 0 

< 0 

< 0 

(D=2) 

(D=3} 

(D=4) (27) 

The distance to boundary is computed by means of one of Equations (24) 

through (27) for each of the boundaries of the region in which the particle 

is, the smallest pcsltive value so obtained being accepted as the actual 

distance. In order to minimize computing time on calculations Involving 

(24) (that is when D, = 0 or 1), Sturm's Theorem of the locations of roots 
D 

of a quadratic equation is used to decrease the number of boundaries for 

which the calculation is actually made. 

The between collisions routine begins with a set of N particles at 

a particular position and with a particular velocity. These represent 

neutrons where I. and I are the Importance of group 1 and the 
l b 1 h 

Importance of region h respectively. By random selection from the 

appropriate distribution, a distance to collision is determined for each 

of the N particles. These are the distances each will go before having 

a collision provided it does not first cross a boundary into a new region 

or reach census time. For each of those particles which have a collision 

before leaving the region, the program transfers to the collision routine, 

computes the new velocity and direction, and stores the coordinates of 

the resultant particles in a region of memory known as born storage- At 

an appropriate stage of the program, they will be followed further. The 

remaining particles (those which have not had collisions in the region in 

question) are advanced just over the boundary into the next region. 
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provided they do not first reach census timê  and N is diminished by the 

number which had failed to reach the boundary. Associated with this 

set of particles is a number,^] representing the expectation value of 

the number of neutrons of the set reaching the region in which they are 
N 

being considered. This is initially set to ~-— when the set of particles 
h i 

is obtained from born storage or the I,¥, tape^ and is diminished by the 
-S /X 

factor e each time the program advances the particles a distance S, 
b 

through a region-
The expectation value of the path length (which is, of course, pro

portional to the flux) swept out by particles starting at a distance S 

from the boundary of a region is 

If ̂
 .ITdV^/s (28) 

Since the quantity of interest here, however^ is the track length during 

the period T < t < T̂  (28) is modified by using for S the distance the 

particle could possibly travel in that period in region h and by multi

plying by the attenuation taking place during the period (if any) during 

which t < T Thus 

*.j = xJT¥^a-P2^ (28a) 

where 

= \ 

exp 

0 

1 

[i!^!] 

e 

'S- /X 
D 

P. » < 

(T-t) V/X. 

-(T-T ) V/X 
o 

% Sb^lT.T^w]/X 

if t < T and (T -t) V < S, 
o o b 

if t < T and fT -t) V > S, o o ~ b 

if t > T 
— 0 

if (T-t) V > S, and t > T 
— b — o 

if (T-t) V < S, â d t > T 

if (T-t) V < S- and t < T 
D O 

if (T-t) V > S, and t < T — b o (29) 
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The average cross sections to be used in the diffusion and burnup 

calculations for the isotopes having resonances are obtained from expecta

tion value calculations also. For a particle in macroscopic group j in 

a region containing material m, the appropriate tallies for the w^" 

resonances isotopes of material m are 

(̂ s*>w 1 = 1 1 Pl^l"P2> ^s^ 0) . = PT I 
i V 2 ' ' *̂ 1 

m 

<V>wj =TT^^'"P2>^c^ <30> 
m ' " 

For particles crossing from one macroscopic region to another^ the 

expectation value of the components of the neutron current and of the 

gradient of the neutron flux normal to the interface between these regions 

are also tallied. These tallies are used to compute the diffusion 

coefficients» The appropriate quantities for particles reaching the 

interface between macroscopic regions k and k' in macroscopic group j are 

\ r M '̂"%^ = "̂k'j 

,A in .y*) = \ \ ^ gh 1 
/ 2 , .1/2 X 
(e -hr) 

= " (fi • y * ) k . j 

y = X + 6 + p (31) 

where X is the mean free path for the microscopic group and region in 

which, the particle is when it reaches the boundaryj ox. is the albedo 

for boundary b and macroscopic group j, 

X = A a(x-x ) / ^ 
o 

8 = B p(y-y^) / ^ 

p = C 7(Z"Z^) / ^ 

Aj Bj Cj X J, y 3 z are the parameters for the relevant boundary. For 

boundaries of the special forms, 0 - 2 , 3 or 4, (31) simplifies to 
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while the simplified forms of (32) are: 

D = 1 X = a(x"X ) / ^ 

8 = p(y-y^)/.d-

^ = [ix^^y + (y-y,)'] 1/2 

D = 2 

D = 3 

X = a 

5 = p = 0 

6 = p 

*: = p = 0 

D = 4 ^ = p = 0 

p = 7 (33) 

The expectation value of the leakage out of the system from microscopic 

region h through boundary b, is tallied separately for those region-

boundary combinations for which the quantity X, in the input is non

zero. These tallies^used to obtain the perpendicular leakage term in 

Equation (6), are recorded by macroscopic region and group 

kj Tf (1 ""%j ) (34) 

Wien the monte carlo program is used as a part of RBU, it will generally 

be true that ai . is zero for any boundary for which X, is not zero and 

vice versa« 

Certain other quantities are also computed^ some of these primarily 

for code and input checking purposes. 

M, BO 

Number of initial neutrons followed 

Number of initial particles followed 

lumber of neutrons reaching census 

Number of particles reaching census 

Expectation value of the number of neutrons escaping 

from the system by leakage 

lumber of neutrons escaping from the system by leakage 
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h : Net number of neutrons lost at Internal boundaries 

(due to statistical fluctuations associated with the 

use of weights) 

N • Number of neutrons lost at albedo surfaces 

<N > ; Expectation value of the number of neutrons 
c 

entering collisions 

<Ne"> : Expectation value of the number of neutrons emerging 

from collisions 

Ne : Number of neutrons emerging from collision 

These are the quantities referred to as "code check quantities" in 

Figure 1 

As described above, for each particle a determination is made 

individually of whether or not the particle is to have a collision before 

reaching the boundary of the region it is crossing. The determination is 

made by random selection of S from the distribution 
c 

dP(S ) , -S /X 
^ 1 c , , 

"dT"^ = . ~ e (35) 
c 

For each particle for which S is less than both S, and S^ = (T-t)V, the 
C D i 

program transfers to the collision routine in which the results of the 

collision are determined. The coordinates of any particles emitted in 

the collision are stored temporarily in a region of memory known as 

born storage and the program returns to the between collisions routine 

to process the remaining particles and the remainder of the undeflected 

path, 

CQIJMSION BOUTIKE 

Among the material data, as was mentioned previously, is a set of 

numbers, P , the number of neutrons produced due to collision process 
*̂ mi 

c per neutron colliding in material m and microscopic group 1, The 

different values of the Index c correspond to the different collision 

types, elastic. Inelastic, and fission and where necessary (as in the 

case of elastic collisions with light nuclei and inelastic collisions 
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where the scatterers present have different inelastic scattering spectra) 

to the different isotopes present. 

On entering the collision routine the program determines whether or 

not to select new coordinates for particles to be emitted by a collision 

process„ This decision depends on whether or not 

"'-{^^^4 "̂ ' 
is zeroo 

The program then proceeds_, if N' h Oj to determine the direction and 

velocity of the emergent particles by metbais dependent on the collision 

type and to be described belowt. In the event that a change in velocity 

takes place, it may be necessary to modify N' when the new velocity Is 

known, because of the group weights. If I. and I' are respectively the 

importance of the group in which the particle is incident and that of the 

one in whlĉ '̂ it emerges 

"4^ "•̂ 4 (37) 

If N is not zero the particle's coordinates are stored in born storage 

and the program considers the collision corresponding to the next value 

of c. 

Radiative captwre collisions are automatically accounted for in 

this process by their effect in diminishing the value of £_^ P̂  
c 

The other collision types will now be discussed. 
*=mi 

1. Elastic Scattering 

The simplest case for elastic collisions occurs for heavy 

scatterers when the energy of the incident neutron is below the 

minimum (specified bv I . ) for anisotropic scattering and when 

it is not in a range in which moderation by heavy nuclei is con

sidered. Under these circumstances^ that is when 
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m m 

i > I . (38) 
am so 

r 

the neutron's velocity does not change. The emergent direction 

cosines are selected at random from an Isotropic universe as described 

in Appendix B, In (38),A is the atomic weight of the scatterer; 

2̂*vj is the atomic weight defining light and heavy scatterers; I 

r 

is the lowest energy group (highest group number) in which aniso

tropic scattering is considered for r scatterer and I and 
Im 

I are the upper and lower energy group limits (lower and upper 
"2m 
group numbers) of the range in which heavy scatterers are permitted 

to moderate the neutrons» 

If either of the first two conditions of (38) fall, the relation

ship between the center of mass and laboratory systems must be 

taken into account. In the isotropic case, random direction cosines 

a", P", and y" are chosen from an isotropic distribution and the 

value of p., the cosine of the angle between the incident and emergent 

directions in the center of mass system is determined. 

11 = ax" + pp" + 77" (39) 

The emergent direction cosines in the laboratory system^ (X', P% j ' , 

and the emergent velocity V' are then calculated from 

a' = (A a" + a)/c 

p' = (O^^ p" + P)/C 

T' = (A 7" + 7)/C r 

V' = ¥C/(1+A) (40) 

where 

C = [l +a? + 2|i A J 1/2 

In order to conserve computing time and storage space for the P ^ 

the same value of A is used for all heavy scatterers in (40). 
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This permits the lumping of all heavy scatterers m one value of c. 

The atomic weight normally used for these is 238, 

When scattering is anisotropic, that is when i < i . , a ° ^ aniso 
simple modification causes the selection of the angle of scattering 

In the center of mass system to be made from 

d£iiil ̂  ^ + a^u + a„u^ + a„a^ (41) 

diu o i 2 J 

The method is to compute \i from 

ii = v»" + PP" + yf (42) 

as above, but to accept the random cosines a", P", r" only if 

2 3 
f, a < a + â i- + a.„\i + a_|i (43) 

In (43)^ I is a number chosen at random from a uniform distribution 

between zero and one. If (43) is not satisfied by p and ,̂ a new 

set a'% P", r". I are chosen. Thus, the probability of accepting a 

direction is proportional to (41), The values of a , a.. _̂  a^, a , 
and a used in (43) are found in the listings of material data m 

separated according to microscopic energy group and scatterer. The 

term a is the largest possible value of dP(ii)/d|i for -1 < p. < 1 

and is computed in the portion of the program in which the monte 

carlo constants are calculated. For the collective heavy scatterer in a 

material only one set of a is stored for each group^ this being 

a concentration and cross section weighted average over the heavy 

scatterers present computed by the pre-monte carlo portion of the 

program. 

If moderation is unimportant a", P'% y" are used as the new 

laboratory system direction cosinesi if it is to be considered, 

as determined by the first two of Equations (38)., a'% P", and y" 

are used to compute the laboratory system direction cosines and 

velocity by (40), 

When the ener^ of the particle is comparable with the thermal 

kinetic energy of the scattering nucleij two further modifications 

are made in order to account for the effect of molecular and 

- 26 -



crystal binding of the scattering atoms and the effect of their 

thermal motion. The first of these is that_, if the emergent velo

city in the center of mass system is less than ¥ ^ the atomic weight 

used in (40) is permitted to vary with the incident microscopic group. 

Secondly, the new velocity in the center of mass system is modified 

by adding to it an incremental velocity A¥, The magnitude of A¥ is 

chosen by random selection from one of the probability distribution 

tables stored in memory for this purpose. An index associated with 

the scatterer determines which table is to be used. The direction 

cosines of A¥p J,"' , p"' ̂. and T'% are selected at random from an iso

tropic distribution and finally the emergent velocity is 

= < AV^ + 2 ̂  a"' (O-rf'-ttJ) + p"' (Ap"+P) + /"• (a,y"+7) 

b 2 . , . „^ ..,.. . „„.. . ..J V̂  P 
+ 1 + 2 A (CM' p + rr 1 

¥ 

(X — 
e 

¥ 

¥ 

y _ -̂  ^ 
e 

(a+i)^J 
ia>a"+a) + A¥ a ' " 

¥ 
e 

(«.p"+p) + A¥ P"' 

\ 

(O^r^+v) + A¥ 7"' 

\ 
(44) 

When moderation is not significant, (44) reduces to a simpler set 

of equations. 

Inelastic Scattering 

Inelastic scattering in this program is assumed to be iso

tropic in the center of mass system. Although this may not always 

be the case in nature, neither the experimental data nor the importance 

of the effect justify including anisotropic inelastic scattering in 

the program at this time. Should the situation change in the future, 

the appropriate modifications can easily be made. 
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The emergent velocity in the center of mass system is chosen either 

from the evaporation model spectrum or from one of the probability 

distribution tables stored in the memory for this purpose, Tne pro

gram determines whether to use the evaporation model or_ if not, which 

table to use by the value of a number D which is part of the data 

stored with each isotope In the basic library of data. If D is an 

integer between zero and 9̂, it is interpreted as the name of the 

appropriate inelastic spectrum table; otherwise_ it is interpreted 

as the resonance spacing to be used in the evaporation model. 

Using the evaporation model the emergent velocity ¥' is chosen from 

d¥'^ 

Tjj = D¥ (45) 

¥ is the incident velocity of the neutron and C is a normalization 

constant. 

The method of selecting from this distribution is described in 

Appendix B„ 

When the inelastic spectrum is determined by one of the probability 

distribution tables the method is to compare a random number ^ suc

cessively with the probabilities p., of the table to find the pair 

for which 

P. < ^ < P.^^ (46) 

The emergent velocity in the center of mass system is then 

¥" = [Y^ - V?]^^2 4̂7J 

provided the value so obtained is positive. To assure that it will 

be, I is drawn from a (uniform) distribution between zero and the 

entry, p., in the probability table such that 

Vj < V^ < Vj^^ (48) 

2 
In these equations^ ¥. is the table velocity entry corresponding to 

2 
probability, p, and ¥. that corresponding to p.. In this way the table 

J 2 
is used to select an energy loss (proportional to ¥.) according to the 
Inelastic / ray spectrum. 

If the atomic weight of the scatterer Is high, that is if 
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the center of mass velocity and direction is used for the laboratory 

system values. Otherwise the laboratory system values ¥ % a', P', 

7' are computed by adding vectorlally the velocity of the center of 

mass system. 

V' 'p--v^fery-^v..v'"V,f ^rr]' /2 

a' = (¥"a" + ̂ )/v' 

P' = (¥"P" +^>/¥' 

and (47) is modified to 

7' = (V"7" + Y^)/V' (49) 

¥" =K&j-vjf 
Since it is assumed that the evaporation model spectrum will 

only be used for heavy nuclei^ no provision is made for using the 

center of mass system incident velocity in (47). In the use of the 

inelastic spectrum tables, the approximation has been made that the 

spectrum of 7 particles emitted is independent of the incident energy 

except that it has been truncated to prevent the emission of neutrons 

at negative energies. 

Fission 

Fission neutrons are assumed to be isotrupically emitted. The 

emergent velocity is obtained by random selection from the fission 

spectrum table, (?,?¥)» A random number, |j, is compared with the 

successive p to obtain an n such that 
n 

P, < 6 < P„+i (51) 

Then 

v2. / + J:!s^ (v2 -¥2) 
n P ^, -P ^ n+1 ̂ n^ 

n+1 n 

Thtts ¥ is obtained by linear interpolation in the square of ¥ from the 

fission spectrum tables. 
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CEMSUS TIME 

For those particles for which S„, the distance to census time, is 

less than S or S, the coordinates are advanced to the position at which 

t = T, That is 

X + a(S^-6) -> X 

y + P(S^»6) •> y 

z + 7(S^-5) •* z 

0 •• t (52) 

and the new coordinates are written on the census tape with a value of N 

equal to the number of particles of the set for which S < (S , S, ), In 

(52) 6 is a negligibly small number used whenever a particle is advanced 

to a new position to assure that round off errors do not place the 

particle In a different region from the anticipated one. 

REFLECTION AT OUTER BOPITOARIES 

When a particle is advanced. In the between collisions routine, to 

an outer boundary of the system it may be reflected back into the system. 

The reflection coefficient or albedo, oi ., a function of boundary and of 

macroscopic group̂  may have any positive value. It is computed from the 

macroscopic fluxes by Equation (63), On reflection, the value of | J, 

the intensity of the expectation beam is multiplied by ca .j, while the 

number of reflected particles, N', is obtained from the incident number, 

N, by 

N' - £ N o^j + ij (53) 

The direction cosines a', P', r' are computed from the relations 

V 
a' = a -

P' = p » 

7' = 7 -

2%-
a 

-? 
P̂? (54) 

where •̂ , 6, p, and V are defined by (31) and (32) or (33) with x^y^z, the point 

at which the particle hits the boundary and a, p, and 7 the incident 

direction. 
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NOIMALIZATION OF THE MONTE CARLO RESULTS 

The monte carlo fluxes are not flux densities but total neutron track 

lengths per group and per region set. At the completion of the monte carlo 

calculation^ they are normalized to a total flux of unity by division by 

i f in k 

The resonance collision tallies^ (E*) are normalized by division 

E *mj 

t i n j ''' 
f containing m 

The current and normal current gradient tallies need not be normalized 

since it is their ratio that is used in RBU. To facilitate use of the 

monte carlo portion for other purposes^ however^ they are normalized by 

division by £_, 4).,. The perpendicular leakage tally^ ^. . ̂  is 
i in j ^^ ^^ 
f in k 

divided by the same quantity. 
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VI, MONTE CARLO CONSTANTS 

Storage assignments, geometric data^ etc , for the constants for a monte 

carlo calculation on a system do not change during the course of calculation 

so that all such quantities are computed only once for each monte carlo system 

Just preceding the first monte carlo time step. The quantities which do change 

with time are the acceleration factors. A., ; and the quantities dependent on 

the isotope concentrations in each material̂ ^ that iŝ , the concentrations 

themselves which are used in the resonance calculation; the mean free 

paths, X .; the collision neutron emission numbers, P . , P . , and P . ; 
*̂  ^ mx ' mi . ml, , mi.' 

el me] f 
and the anisotropic scattering coefficients, a , a.. , a„ , and a_ 

rmi rmi rmi rmi 
for the heavy scatterers which are actually combinations of the heavy scattering 

isotopes in a material. The equations by which these are calculated are 

"mi 
4^ N 0 . X 10 ̂  
m m am ai I 

P . = ^ . / ^ N (^K ,0. ,) . X 1 0 ' ^ ^ (55) 
m i . , mi t _ / am m e l m e l a i 

m e l 

where the primed sum indicates all isotopes in m having the same value of D̂, 

the inelastic spectrum indication. There will be R' of the P . "^ m mi. ., 
mel , 

r m 
for group i region m. 

for heavy isotopes. 

p , = 
mi^ 

P , 
" ^ 1 

^mi , = 
e l 

X . 
mi 

= "ml 

X . 
mi 

a i T m a " f f ^^ 

*—' am 

N a , am e l 
am 

am 

X 1 0 - 2 ^ 

X 

10' 

10" 

•24 

24 

(56) 

for light isotopes. 

The doubly primed sum Indicates all Isotopes in m having atomic weight greater 

than ̂ „ , an input constant. These are heavy isotopes, moderation by which 

is assumed to be unimportant except in the resonance range. For scattering 
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by t^ese isotopes outside t̂ e range I < i < I moderation is neglected; 
^Im ^2m 

within that range a constant atomic weight ^' is used. For these Isotopes 

the anisotropic scattering coefficients must be averaged: 

'̂ml [ L â™ "̂ iel 

The calculation of a is made as follows' 
m 

If a„ % 0 extrema of ——f=~ H e a t 
J dji 

±"^ 

If 

4 ^^l ̂3 ̂  ° 
-1 < M < 1 

— • m — 

and 

(57) 

"̂ 2 ±"l4 ^ ̂ 1̂ ̂ 3 

a, + 3a- ii < 0, (59) 
Z j " m 

then there is a maximum within the range of jj, of interest 

and its value is 
2 3 

a = a + a, (I + a„ ĵ  + a^ ij. (60) 
m o 1 m 2 m 3 m 

If all three equations of (59) are not satisfied 

for at least one of the solutions of (58)^ then 

there is no maximum in the pertinent range and a 
m 

equals the larger of 
a - a , + a „ - a „ and 
o I 2 3 

a^ + a^ + 32 + a^ (61) 

If a„ = 0 and a ^ 0_„ there is an extremum at 

m̂ = " 2 ^ 

and, if the last two of (59) are satisfied the value 

of a is given by (60), If (59) Is not satisfied, or 

if a„ and a_ are both zero, then a is the larger of (61), 
/ J - m 
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The acceleration factors A., are obtained for the third and subsequent 

inonte carlo step fl'_x tallies as the ratio of the flux in group i , region h in 

the last monte carlo step to that in the one before 

t-1 

ih "t-2 
(62) 

The albedoes are obtaltied from the diffusion theory fluxes, Albedoes are 

noi-zero at interfaces between monte carlo systems. In the input to the pro

gram, with each bou»idary (for which an albedo is to be computed) the macroscopic 

region on the side of it nearest the origin is listed. It is the fluxes in 

this fnacroscopic regloo or the next higher one from which the albedoes are 

calculated. If the macroscopic region number listed in the input with a bound

ary is zero, then the program assumes that albedoes ate not required for that 

boundary, T̂ e boundaries with which a macroscopic region number is given are 

those bonjnding monte carlo systems. In addition to the appropriate macroscopic 

region number, a number g' which may have the values +1 is given in the input, 

Ti-is number is equal to -1 if the boundary is on the origin side of the monte 

carlo system and is +1 if it is on the side of the system farther from the 

boundary. One further inptit number given with each boundary is M^ a correction 

factor used to impiove the diffusion approximation used in.(63), 

The equation from which albedoes are calculated is 

\ " S ' 2 \ 

OD, 

(!) - 4 

^ k 

d) - A 

^ k 

,J 

J J 1 

^ M (63) 

In Equation (63) \ is the mesh point at the boundary separating region k and 

region k + 1_, and D, and Ar, are respectively the diffusion coefficients and 

mesh spacing in region k. In Equation (63) indices referring to the boundary 

and to the macroscopic energy group have been suppressed. It is to be under

stood that for each boundary between two systems, an albedo is computed for 
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each macroscopic group for each of the two systems. In other words the 

number of albedoes computed preceding a monte carlo on a particular system 

is J times the number of boundaries in that system for which k values were 

given. Since the RBU Program begins with a monte carlo calculation performed 

before the diffusion fluxes are available, it is necessary to input a set of 

albedoes for the first monte carlo steps. 
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¥11, THE DIFFUSION CALCULATION 

As was discussed in the first section of this report, most of the neutron 

flux and reactivity calculations in RBU are made using the diffusion approximation. 

The fluxes and other quantities obtained from the monte carlo portion of the 

program are used to obtain constants for a one space dimensional diffusion 

calculation. In this^ the spatial variable, r, may be either a cartesian 

coordinate, the radial variable of a set of cylindrical coordinates or the 

radial variable of a set of spherical coordinates. Its range is divided into 

a set of discrete points, B < r S \ • The macroscopic region boundaries, as 

represented in this one dimensional model form a subset R. of the r , Within 

any macroscopic region, the mesh spacing and the nuclear properties of the . 

system are assumed Independent of r. 

The second Independent variable of the diffusion calculation is the neutron 

energy, E, The range of this variable;, also^ is represented by a set of dis

crete values E < E . < E which correspond to the limits of the macroscopic 

groups discussed earlier. 

In terms of the continuous variables^ r and E, the diffusion equation is 

yLD(r,E)\7<D(r,Ej -i:̂ (r,E) ̂ (r.E) 

E 

+ X„(r.E) / 2,„(r,E') i'. r,E') *(r,E') 
dE' 

in -' '' / In^ in 

min(E/a. ,E ) 
A o 

E (r.E') f(r,E')dE' 
"A 

(i-a^)E' 

( l.^(r,E")dE" 

Sj(r,E') V£(r,E') «Kr,E') dE' (64) 
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The usual approximations namely that X. is independent of the incident 

energy except for truncation and renormallzation at that value and that 

elastic scattering is isotropic in the center of mass system have been made 

in writing (64) 

Since the properties of a diffusion calculation on a thermal or intermediate 

reactor are not very sensitive to the details of the inelastic scattering 

spectrum and since experimental data does not warrant more detail̂ , the first 

of these appears perfectly satisfactory. The second approximation also should 

introduce no detectable error in most calculations; In a sense the use of 

diffusion theory implies this. Should it become significant In special cases, 

however^ minor changes in the pre-diffusion portion of the program or use of 

a set of synthetic scatterers can eliminate it. 

In terms of the macroscopic energy groups, (64) becomes 

•^ t j ^ ^ ^ ^^^^'U +Tj(r) # (r) =H.(r) (65a) 

j(r)=r T...(r) *..(r)+X. P(r̂  

(65b) 

The nuclear constants appearing in (65a) and (65b) are defined in the section 

of this report on Diffusion Constants, 

A, THE DIFFERENCE EQUATIONS 

With the discrete spatial mesh Equation (65) becomes, on dropping 

the subscript j 

-a 9 , + b * -c f . T - d = 0 (66) 
n n -1 n n n n+1 n 
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where 

where 

n -1 /2 a = (D ) . . 
n n- ^ 

b = a 4c^ + (T ) r ^ - ^ + (T J r ^ ^ n n n n - n 2 n + n 2 

c = (D _ ,̂ . 
n n+ Ar 

) 1S^V2 
• n + 

Ar 
rP ™ ^ H + rP ^ H ^ 

n 2 n- n 2 n+ 

p = 0, 1 or 2 for plane, cylindrical, or spherical 

geometries respectively 

(67) 

P ^ (68) n+ 

Ar = r - r 
n+ n+1 n 

Ar = r -r , 
n- n n-1 

In (66), (67), and (68), minus signs associated with an index, n, inditate 

values of mesh spacing, power, and nuclear constants appropriate where r < r 

of mesh point n while plus signs indicate those appropriate where r > r , 

When r does not coincide with a region boundary, R, , (67) and (68) reduce to 

n n ^ n 

b = a +c +T r^Ar n n n n n n 

^n+1/2 
c = D . 

n n Ar 

d = r P / ^ H n n n n 

(67a) 

- 38 -



= ̂ 1 VJJ' ̂ '^ V n \ = LJ T^ ^i- *„,. + ^,P„ (68a) 

At the boundaries of the mesh, Rp. and R,, the equations for a , b 
u N- ^ n y n^,j-

c . , and d , a r e modified to agree with the boundary c o n d i t i o n s , n , j n^j 

0 . -* 
(1-B ) D - _ S J - 1 — l : i i i + B 4 = 0 (69) 

which correspond to the physical boundary conditions 

- ^ - B Q C E ) ] D(RQ,E) V<t.CRQ,E) + BQ(E) <|.(R ,E) = 0 

[l-B^(E)] D(R^,E) V*(Rj^,E) + Bĵ (E) 4)(R̂ ,E) = 0 (70) 

When used in RBU, it is generally true that R = 0, B (E) = 0, B (E) = 1; the 

generality of (70) is included in the program to make the use of the diffusion 

portion without the remainder of RBU convenient. 

Equations (69) lead to the following equations for n = 0 

\i 

\ i 

'0,3 

%i 

"" 

ss 

» 

= 

0 

•"^o.j 

-a-Bo. 
0 

^ \ j 

• j ' 

^ 0 + 

(71) 

and for n = N 
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NUMERICAL METHOD 

The spatial integration subject simultaneously to boundary conditions 

at both ends of the mesh is performed with the use of auxiliary functions 

p . and q ., Defining these by 

\ i - \i *n+l,J + \,i (̂ >̂ 

leads 

p . ~ 

^n^j 

"-h: 

h 
n_ 

d 
n 

b 
n 

= q 

n,.1 
,f\>fn-

.+a .q 
,1 n^.i^n-

.j"^n,jV 

- l . j = ' 

"1,J 

•1,1 

^ I J 

(74) 

A process of finding a set of * . which satisfy Equations (66) and 
n., J 

(69) when a set of P is known is the following. The H , are computed 
n n _, i 

using (68) f r o m ^ . , and P . From these, using (67), (68), (71), and (72) 
the a 1, b ,, c ,, and d , are computed. The p , and q , may then 

n,l^ n,l^ n.̂ 1' n_,l "̂  ^n^l ^n,l 
be computed using Equation (74) successively for n=0, n=l, "'' n=N. 

Beginning now with n='N, the • ^ are computed with Equation (73). With 

the $ , , X,, and P , the H „ are now computed and the process above 
n, 1' z' n' n_,2 

repeated for j=2. Continuing in this fashion, all the * . are found. 

The t . may be used to compute a set of P from the dlscretized 
n,j -' ^ n 

version of (65b) 

i jSi'nr *":• ^„-X L . F.„ •.,, (75) 

where -^ , the multiplication^, is defined by 

rP 

*n,j T 
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so that 

P A¥ = V 
n n 

n=0 ^ 

For values of n in (76) which do not correspond to region boundaries, 

the terms reduce to F <{> r Z^ and r Ar , 
n n n n n n 

The P so obtained may be used to repeat the calculation of the 4". 
n -̂  '̂  jn 

and the iterative process continuedo Ultimately the values of-A, $ ., 
n,j 

and P found in this way converge to a consistent solution, 

C, ACCELERATION 

For reactors in which the multiplications of the second and higher 

modes is only slightly smaller than that of the first, convergence will 

be slow; for this reason the procedure described above is modified to 

improve the rate. The modifications used in RBU are made in the calcula

tion of H .in (68) and (68a) and correspond to a combination of the 

n, J 2 

Extrapolated Liebman method and the Aitken 5 process. The $ ., in the 

first term of H . appear only for j' < j. It is therefore possible to 

use as was Indicated in the preceding description of the process, values 

obtained in the current iteration, iteration p^ The $ ., occurring in 

the second term (see Equation (75)) appear for all values of j' between 

1 and J inclusive some of which are known only for iteration p-1. For 

j' < j, however, the values for iteration p are available and it is 

desirable to use them. Inserting the iteration number in (75) with this 

modification we have for the P from which to compute the 4> , ., 
n ^ n,j+l 

,(P) ^.±^ \ t" V *<P> + V F JP"1>I (77) 
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The group subscript^ j, in (77) is placed in parenthesis to indicate that 

while P and«.are not strictly a function of j, the method used here 

for their evaluation^ makes the values vary according to the group being 

worked on at any stage of the calculation. The value of-^appearing in 

(77) is defined in (76) as before but it must now be re-evaluated at each 

group. 

There is one further modification to be made to obtain the final -form 
(p*-!) 

of (75)„ This is to use for P Vov a value which is extrapolated beyond 
n(0) . 

that given by (77) in accordance with our information about "P /^^ • 

p(p+l)./p) . ^fp(p) . p ( p A 7̂85 
n(0) n(j) Vn(J) n(0)/ 

where CD is an acceleration factor supplied as input and P^^,^ is the 

source from w*̂ icb the fluxes of the first group for iteration p are 

computed. Equation (77) implies a complete re-evaluation of P for each 

group. Actually, this is not necessary since only the changes in-^and 
P resulting from the difference ^ . - 4> . need be considered. Thus, 
n ^ n,j n^j 

p(p) = l ^ L p +F î *(p̂  ̂  /P^^Al 
n(j) X^.^ p(j-l) n(j^l) +%,j ^*n,j %,j /J 

In solving equations of the form F(a;) = a by an iterative pro

cedure of the type 

a .1 = F(a » (80) 

p+1 p-

it is possible to estimate the value of the root from the values of three 

successive iterates by Aitken's 8 process. The error in the p iterate 

is 

u U = F(a) - F(a , ) (81) 

p • p-1 

which may be expanded in a Taylor's series about cX: 

a-a = ia-a ,) F'(a) + •- (82) 
p p-1 
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Provided ei ther that 

a-a < < i or F"(a)<<F'(a) (83) 
P 

the higher order terms may be dropped, and O, can be determined from the 
values of three successive a i 

P 
a-a a-a , 

a-a 1 a-a „ p-1 p-2 

(a -« i) 
awa - J P"-̂  — (84) p a -2a ,-+« . ^ ̂  

p p-1 p-2 

It is clear that the process for getting P described above can be 

written as a set of coupled equations of the form (81), Equation (82) 

then takes the form 

n n ^Vf ĵ  \ n • n' / a„»ar' = t . la-.-a:T7 " ^ , ^ — C85) 

dF^ 
On the assumption that -z—~ is small for n' % n, (84) appears to be a 

% ' 
valid method to estimate P , For this reason after each set of three 

n 

iterations carried out as described in (79) the set of P used in (68a) 

for the next iteration is obtained from (84) rather than from (79), 

Equation (84), however, involving^ as it does, a ratio of differences, 

may become inaccurate when the successive d differ only in a few of the 

least significant digits. For this reason, when the precision of the 

differences involved becomes less than fifteen bits for a particular mesh 
2 

point, the program ceases to use the Aitken 8 process for that mesh 
point, 

SPECIFIC NUMERICAL PROCEDURE 

In the following paragraphs, the numerical process of manipulating 

the P and--«^is outlined in detail. For clarity the discussion begins 

at a point in the diffusion calculation during the p iteration when 
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fluxes for ̂ oup j-1 have been calculated and the multiplication and 

source corrected to give a value of .̂ .̂ ,. and a set of P^. ^̂  for 
( J -1 ) /_% n ( j - l ) 

n = 0+, 1, 2 »- H" N+ -»" N", Using the P^^ ' . , the f luxes for group 
/p\ ' 1 1 n (J - i j 

j , *^ . , a r e found by means of Equat ions (67) through (74) . Then 
n, J 

( j ) ( j " l ) V / ^ n n j \ n , j n , j / 

where i t i s unders tood t h a t 

rP r -1 
AV F . = "7^ F . Ar + F . . Ar . ' (87) 

n n j 2 l - n j n - n r j n r r J 
if n corresponds to a region boundary, 

and is simply r*̂  F , ̂  '.f n does not 
*̂  -̂  n nj n 

correspond to a region boundary. 

Similarly, 

"(J^ -A^P^ (J"^^ n(j-l) nj \n,j n,J/J 
(j) *-

This process is continued for each group until the P /f\ ^^^ •M/T\ 
n (J j {J) have been found. If 

^ ( J ) "^(J) 
> e, or if, for any n,^-^^-^^-^ aHii > g (gg) 

3 -̂  ' p 4 
%(J) 

another iteration is to be carried out. If two successive iterates 

obtained by (88) and a third obtained just previously are not available, 

then the next iteration is similar to that just described but, before 

beginning it^ the latest sources are accelerated 

pt'+O =p(P) + ̂  fp . p) \ 
'̂ n(O) *̂  n(J) + "" \^'n(J) n(0)/ 

Ar=^j (.0) 
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and the <r . a r e r ep l aced by 

•^>.+cBf*^>. ^ ^ r yi ^ r ^ (9i) 
B,J £, ) n,j/ n,j 

(0) ^ 

With the ^^Qx a set of *^"'"^are found. Equations (86) and (88) may then 

be solved and the process continued. 

If three sets of P ,., are available, the last two of which were 
n(0) 2 ' Jb+1) 

obtained from (88), the Aitken 8 process is used to recompute the F^ ,_{<, 
ip+1) ^ ^ ^ 

In this case P^/«% is computed by (90) as before but 

fe+i)„^+i) „ _ A M P X „ l ! k o K /o2^ 
n ^ n(0) ip+1) A ) ip^l) ''̂ '̂' 

n(0) ~ n(0) n(0) 

is computed for those n for which the differences in the numerator and 

denominator of (93) have fifteen or more significant bits. For values of 

n for which this is not the case P^ ^- P^.n\ as obtained from (90), Then 
fo+1) " "^-^ 

the P ,n\ are replaced by 
n(0) 

^P+1') 
n 

EAV, ̂ r'' 
' ' ^=^- :, - =t(oV <"> 

Unfortunately, this set of sources bears no simple relationship to any 

available set of fluxes so that the groupwise correction procedure of (86) 

and (88) may not be used. Instead the same set of sources, that computed 

in (93), is used to calculate the fluxes r"^.^ for all j. When the (r"*" ̂  
' n,j n,j 

have been computed, a new multiplication and set of sources is 

computed from 

n J J ^ j 

and 

p̂+2) ^ _ i _ y^ p |p+i) 
n(0) /p+2) ^ %j \ , j 

^ ( 1 ) J 

Iteration p+2 then proceeds by the use of (86) and (88), 
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At any time step other than the first, the program begins with a 

set of 0 ..a set of P ,̂ ,, and a -^-^. which were the result of the n,j' n(J)' (J) 
last iteration performed on the previous time step. These are identified 

as the <!) . , f ,,« , and -^ ,„. for the present time step and the procedure n,j' n(0)' (0) '̂  r r 
outlined above can then be followed 

For the first time step, the fluxes, power, and multiplication are 

not available. A set of • .is generated as follows 

•,,j = 0 , j % J 

^ = 1_ _ ^ n = 0, 1, "' N (95) 
n, J —' 

^nJ E A¥ n 
n 

These are identified as the <i) . ; the P 
n,j' --" ̂ n(O) ^ " 

P«. 
n(0) r-\ nJ 

F_ (96) 

•nJ 

and the^.„. is unity. 
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VIII. THE DIFFUSION CONSTANTS 

The nuclear constants of Equation (65) are, in general, weighted averages 

of the microscopic group and region constants used in the monte carlo portion 

of the program with the monte carlo fluxes used as the weight functions. The 

exceptions to this are the diffusion coefficients D , the perpendicular 

leakage cross section, and, in addition, all constants whose equivalent, in 

the monte carlo portion are computed from Breit Wigner resonance function. 

For those macroscopic groups and regions not encompassing a resonance 

range in any of its microscopic groups and regions, a typical macroscopic group 

average cross section is 

. E N E. = LJ N a . X 10 (97) imp T^ a ajmp •' ^ a m m m -^ ^ 

where 

E * 
im f containing m 

The subscript a refers to a particular isotope, p specifies a cross section 

type and m is the index of the material contained in region h, a region of 

region set f. 

The average over the microscopic region sets in a macroscopic region is 

"LL Ĵ-V] AL *-2., = /_, T.. ^. \ LJ *. (99) 
Jkp L „ f r ' , , jmp jm / ^ r r , jm 

where 

^- = LJ • . (98a) 

The calculations corresponding to (98) and (98a) are made after each monte 

carlo step while those corresponding to (97) and (99) are made after each 

burnup step and each monte carlo step. 
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The calculations corresponding to (98) are specifically 

(100) 

- ' i' .,'r' ., X^ajl' <° ln ' ' ln 'a l ' *l'm ^ J - l ' ^ j ' 
1 i n J 

-1 

1-a E ^i'm 

\ j j ' m " ^ 
i ' i n j ' 
i ' > i ( a j ) 

' a l ' s (E^,+E.,_p 

+ € ( j j ' a ) — a ^ _ ^ i ( « j ) ^ . iMl 
111 . 
g i ( a i ) 

= 0, 

p . ! j j i ^ i ( a j ) - r \ ( a j ) 
\ ( a j ) •*" a 

i f J > j ' 

i f j < j ' 

In Equation (101) i(a,j) is the group such that 

(101) 

\(aj) ^ a -hiaj)-! 

while E 
e....... = 0 if -±7^ > E., 
•(jj'a) 

hi 
a ^"j'-l 

1 if E.,< - ^ ^ < E., , 
j ' ^ a j'-l 

and 

j-'^'-r^Vf?v *'•"• 
The termX ... is obtained from the evaporation model constants or 

aji ^ 21 
inelastic spectrum table IP , (V)„J 

d i ' = ( \ (j) "" \Q)J /^n^ii') 

(102) 

(103) 

(104) 
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where P ,̂. is the entry in the table such that 
n^ (j ) 

< ' ' \ < j , + , > '•''' * i - ' j > > *' '>„, ( j ) 

P /,v is the entry in the table such that 
n2 (j ) 

(^ 'Vc i 'm^^i ''' ^ \ - ^ - i > ^ ^ ^ ' V ( j ) 

and P ,.,, is the entry such that 
n^Ci') 

(V̂  \ ( V ) 1 > 1.916 E..> ( V ^ ( , . ^ 

For isotopes using the evaporation model 

(105) 

-E./T -E. /T 
e J (E.+T) - e ^ (E. ,+T) 

y = _ _ - _-J , .1 "•*-
'̂'aji' -E.,/T 

T-e (E^.+T) 

where 

T = 1. 384D f E i' 

(106) 

The fission coefficient is 

ajm 

. 4-̂  . ®im 
1 m J 

(107) 

while the fission spectrum coefficient X - is obtained from the monte carlo 

fission spectrum data CP V ) 
n, n 

fj \<J^1> ' ̂ n(j) + 

E._^ - 0 5224V 2 (F ^P ) 
n(j..l) \n(j-l)+l n (.1-1)7 

0,5221 

where n(j) and n(j-l) are defined by 

'^''^' tfj^l) -^^i^i -^ '^'''' ^IQ-1H1 

(108) 

0.5221 V^,., < E. < 0,5221 V^..,^, 
n(j) - J - n(j)+l (109) 
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While preparing the diffusion constants, an additional constant £^ is 
ik 

computed by equations identical to that for f . and F.̂  except for 

the replacement of a^v^ by j , This is used in the calculation of Burnup 

Constants to obtain the average value of v 

The diffusion coefficient is not computed individually for each isotope 

and material but is obtained for each macroscopic group and region directly 

from monte carlo tallies Therefore D., does not change as a direct result 

of a burnup step but is modified only after a monte carlo calculation. 

D = -x-^^- (110) 

For those materials and groups involving resonances, the contributions 

to the nuclear constants t . , t .., , f . are obtained by using the quantities 
ajm ajj m ajm 

in (111) for the values o .^, a . , cr . , and (ô (/„) . in (100), (101), and 

ait ais aic- f f ai ' 
(107) in groups in which a has unresolved resonances' 

f t ai f ajm far / £_̂  im am 
/ 1 in j 

am 

0. N 
im am 

(111) 

Note that the quantities on the left of (111) will actually be independent of i 

within a given macroscopic group j since the monte carlo unresolved resonances 

tallies on the right are only made by macroscopic group The term v is the 

value given for unresolved resonance groups in a. These quantities are computed 

iust after a monte carlo step using the N which were used in the monte carlo, 
-• '̂  '̂  am 

The microscopic diffusion calculation constants described above are com

puted after each monte carlo step Macroscopic values are obtained from 
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Equation (97) and (99) after each burnup or monte carlo step. For example, 

X 10" T. = I N t, - " - " 
tm , am j n i 

•" m in k "̂  "̂  / m in k ji 
1 K a_j ^ ini im / -7— . <P. 

jm 
To the T, , thus obtained must be added the quantity 

. . / ^ 
Ĵ / i In j 

f in k '• 

to account for the perpendicular leakage usually represented by the pseudo cross 

section B D„ 
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IX, TTEEATION ON THE REACTTVITY 

The input contains a list of microscopic region set numbers in a sequen

tial order which represent the reactivity regulating system of the reactor, 

K,eactivlty is altered by changing the material in a region set in this sequence 

from one to another of four materials listed in order of increasing contribution 

to reactivity with the region set number in the sequence. When the required 

adjustment of reactivity is greater than that which can be obtained by us6 of 

one of the extreme materials for the region set_, the program passes on to the 

next region set in the sequence and begins to adjust this. 

Explicitly, the control regions sets are those with microscopic region set 

numbers included in the input list: 

C^, C^, C3 .... c^ .... c^ 

Associated with each index c „ in this list are four material indices m , m 

h 2 
m ^ m , The material actually In each region set, as identified 

by the material indices stored in the normal places for the regions of the set, 

is one of these four„ A number 1 Indicates which of the L control region sets 

is currently modifiable for adjustment of ciitlcality. On completion of a 

diffusion calculation , the program determines if the difference between the 

multiplication and unity is within specified tolerance limits 

L ^ * I < ê  (112) 

If it is, then no adjustment of control need be made and the program proceeds 

to the next portion of the calculation^ normally a burnup step, 

Tf (112) is not satlsfied̂ , then a change is made in the material contents 

of the regions of region set c , If#^< 1 then this material is changed from 

that presently in them to the next one in the sequence m ,m ,m ^m . 

h h 3̂ \ 
If the current material is already m , then g, is increased by one and the 

change Is made in the material in the regions of the region set corresponding 

to the new value of i- If the increase in i makes It greater than L̂  the 
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program stops since this indicates that the reactivity life has been 

exhausted. 

Similarly if (112) is not satisfied and-^> 1 the change made in the 

material in the regions of region set c is to the previous one in the sequence 

of materials available for this set. If the current material is already 

m , then i is decreased by one and the change is made in the 

material in the regions of the region set corresponding to the new value of 

i. If the change in l makes it less than unity, the program stops since this 

indicates insufficient reactivity control» 

Having changed the appropriate material, the program makes the appropriate 

corrections in those portions of the burnup and diffusion constants normally 

computed after a monte carlo, then in the constants of the diffusion calcula

tion for the macroscopic region in question and returns to the diffusion 

calculation. The corrections in cross sections are made by recomputing the 

particular values pertaining to the m, f, and k of Equations (97) _, (98)^ 

(99), (100), (101), (107), and (123). 
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X, THE BURNUP CALCULATION 

The change In concentration of an isotope in RBU is governed by the 

differential equation 

aN 
- ; ^ = l ^ N , ( ) j o , ., «>., + ^ . f N f ) , o . , *., + ^ ) (113) dt , a m \ 4 ^ a'*-a j ,k,m jk a'••a/ am \*r^ a^jjk^m jk a/ 

s J ' J 

N is the atomic concentration of isotope a in material m; a , . , is 
am a >a_,j,k,m 

the microscopic cross section of isotope a' in macroscopic energy group j and 

material m for reactions producing isotope a obtained by flux weighted aver

aging over the microscopic region sets containing material m| *,, is the 

neutron flux density in macroscopic group j averaged over region k; \ , 

is the radioactive decay constant of isotope a' for disintegrations producing 

isotope a| 0 . , is the cross section of Isotope a in group j and material 

m for reactions which destroy Isotope a; and X is the total radioactive decay 

constant of isotope a. The "cross sections" in (113) contain factors to 

account for the energy span of group j and for the reactor power level. Cross 

sections and fluxes in (113) are obtained from microscopic group cross sections 

by a procedure similar to that discussed In the previous section on Diffusion 

Constants,. The calculation of these and the fluxes will be described in the 

section on Burnup Constants; in this section the discussion is limited to the 

solution of the sets of equations represented for each of the isotopes present 

in a material m. For this purpose (113) may be rewritten 

N = Z , N , G . 'all a' in m; all m in the problem^ (114) 
am a a m a 

Equation (114) is solved to give the values of the N at discrete points 
am 

in time, the time interval_, in general, being different for each material 

The time interval is expressed as the product N At where At is the basic 
•DU„ 

If 

time step for the problem - the interval during which all macroscopic fluxes 

are assumed constant« ThuSj a diffusion calculation is made at each interval 

At. Following a diffusion step, a burnup calculation is done for some material 

and, of courseJ it is the changes in concentrations resulting from a burnup 

step (or the changes in macroscopic region cross sections resulting from a 

monte carlo) that causes the results of two successive diffusion calculations 
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to differ. For this reason at least one of the N must be unity and, no 
Bu 

N_„ can be less than unity The solution of (114) is carried out by means 
Bu 

of a predictor-corrector method due to Adams so that, after the first two 

burnup steps on a material^ an estimate of the precision is available. This 

estimate for each isotope in a region is compared with a pair of tolerance 

limits^ €̂  and e to determine whether N should be Increased or decreased> 
m 

A. THE PREDICTOR^COBRECTOB METHOD 

Calculations of the concentrations are made using estimates of the 

first through fourth derivatives obtained from the differences of values 

of the previous first derivatives Thus predictions are made with 

3 

/ = N'^-^+NgyAt I , a. (y^Rp-^) 

%^1'«1 4 «2=ll ̂ 3=1 (11^) 
using the backward differences 

3_o p p 
y y =. y 

yl P p p-1 

r'>2p p_, D,oC>'l D „ p - l p - 2 

,, y"̂  = y'y -Vy = y -Zy"̂  +y'̂  
Vi D r-|l-1 p —>i-1 p-1 /n/-^ 

y ^ V y"̂- V y"̂  (116) 
# 

In (115) the superscript p indicates the time at which the concentrations 

and their rates of change apply The term N Is the concentration at 

time t estimated from data available at time t.-N„„At = t , The data 
p o BU p-1 

available at this time is the concentration N^" , the rate of change 

at t ,, N̂ '-*-; and the higher older differences of N X ^ ^ N*^*^ (1=1,2 3) 
p-1 

which yield Information of the second through fourth derivatives of N 

in recent time steps The zeroth order difference,V N = N is 

obtained from (114) using the fluxes and (predicted) concentrations at 

t - The fluxes used foi this purpose depend^ of course_, on the pro

perties of all regions in addition to those containing material mj the 

Equation (115) as well as Equations (117) and (120) are derived in Appendix E 
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implications of this will become more apparent in the subsequent 

discussion. 

When the rate of change of concentration at t is available, another 

estimate of N may be made; this is termed the corrector: 
3 

y = NP"^ + Ngy At ^ P. ( V ^ N P ) 

i=0 

Po ="-' h = ' h h - ' h h - ^-k <ii7> 

The agreement between N and N is a measure of the extent to which 

the time interval N At is satisfactory. If the two disagree excessively 

this is an indication either that changes in concentration of other iso

topes in the same material or higher terms in the expansion of the rate 

of depletion of the isotope in question lead to a requirement for a 

shorter time step or that indirect effects of changes in other materials 

are causing errors. These indirect effects may be understood as follows. 

Consider two materials A and B and suppose that at the time t the 

changes in concentration of one of the isotopes in material B begin to 

produce rapid changes in the fluxes in regions containing materials A 

and Bo If the predictor in material A is computed from fluxes obtained 

before this rapid change and the corrector is computed from fluxes 

obtained after the calculation of new concentrations in material B, an 

excessive disagreement between the predicted and corrected concentrations 

of isotopes in material A may be expected^ 

This will cause the program to decrease N„,, „ If N^„ > N^„ this 
'^ ^ BU. BU. BU^ 

A A IJ 

course of action will lead to an improvement in the accuracy of calcula

tion in material A because the changes in fluxes will be more frequently 

taken into account, If N_,„ < N , decreasing N cannot be expected 

®\ ®"B' ^\ 

to improve the accuracy in material A, The same changes which caused 

disagreement in A_, will presumably cause disagreement in B, however, so 

that N will be decreased leading to higher accuracy in both materials. 
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After the effects of the decrease in N ̂  have been felt̂  the program may 

find It possible to restore N„„ to its former value 
BU, 

CHANGING THE TIME INIEBfAL 

The changes In the N are controlled through the comparison of 

relative errors in predicted and corrected concentrations with two 

tolerance limits, e, and e , If 

N - N 
£_a_c_a 

N 
c a 

< e. (118) 

for all isotopes in material m then N will be increased by a factor 
BU 

of two for the next prediction. If m 

N - N 
p a c a 

M 
c a 

> e. (119) 

for any isotope in material m then N will be decreased by a factor 
BU 

of 2 for the next prediction. m 

When an N is decreased, backward differences,^ ^ corresponding 

to the new time interval are required for the next predictiQn„ The 

philosophy followed here is that e.. is sufficiently small that when a 

relative error greater than ê  is detected at time t, the data available 

will still be satisfactory for prediction to the time point at t + N„„ At, 
BU 
m 

(In this expression N„^ is the new value,) With this point of view^ the 
m 

rates of change of concentration at recent intermediate points may be 

found using Newton's interpolation formulas If N(t) is the latest 

value just computed^ '̂ nn̂ t the new time interval and subscripts on the 

^ indicate whether they ate associated with the old or new Interval 

N(t-2Ng„At) Nftl 

3 

Kid ^''' 

N(t-3N3„At) = C /l(^id^^^y (120) 
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7o=J-y 5'i=-2̂  ^2~'B' ^3~'16 

y°N^t) = NCt) 

Vnew^('> =^(^^ ^ ̂ (t-Ng^At) 

^new ^^^^ " ̂ ^^^ ^ 2N(t-NgyAt) + N(t^2NgyAt) 

^new ^^^^ " ̂ "̂"̂  ' 3N(t-Nĝ jAt) + 3N(t-2NgyAt) ^ N(t-3NgyAt) (121) 

When an N is to be increased the ^ are computed for the 
w 

larger time iiter\al. If the terms NCt) and N(tl are the values of o p c * 

concentration which agreed sufficiently well to indicate the possibility 

of increasing tS-'e ime interval to the new value N „At, then the quanti

ties available are 

NCt. - V^ld NC*'̂ ' N (t4 M^^AJ ^ y°^^ N ̂ t^ Nĝ Atj ; 

Vild (̂ 4 \ D ^ ) ' ̂ Id (^4 \uV ' ^old G i «BU^y <122) 

From these N(t-N At) and N^t-2N ^At) may be found leading to values 

y*̂  N(t),y''" N(t). a n d ^ N(t) by equations similar to (121), 
^new • ̂  ^new ^ new ^ J ^ 

There are a number of complications modifying the procedures 

described so far in this section. These arise primarily from the fact 

that the set of V is not always complete. The modifications need 

not be discussed in detail here, essentially the program uses what 

information is available^ terminating the series in (116), (117)_, and 

(120) before the S? term if fewer V are available. 

m 

A second modification arises from the necessity that no N 
n 

be less than unity and that at least one N be equal to unity. 

each burnup in which the changes in the N described above have been 
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made for each of the materials for which the relative difference between 

predicted and corrected values dictates a change, all N „ are examined to 

determine if these conditions hold. If any N is one half, the basic 
m 

time step. At, is decreased by a factor of two and all N multiplied by 
Bu m 

two. Since this does not affect any values of N At, it is not necessary 

to change any of the V » Similarly if all N are greater than one, 
m 

At is doubled and the N are halved. Because of the fact that increasing 
BU m 

a particular N may result in a change in the basic time step. At, affecting 
BU 

the points in time at which it is possible to do burnup calculations on 

other materials, an increase in an N can only be made at certain times, 
m 

Synchronization of all materials is assured by requiring that the time 

at which the change in N_,„ is to be made is an integral multiple of the 
DU 
m 

new time step 2N„„ At, 
BU m 
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XI. BURNUP CONSTANTS 

The evaluation of constants for the burnup calculation proceeds in two 

steps as does that of the diffusion constants. Following a monte carlo calcula

tion, the effective cross sections for macroscopic groups per unit concentration 

in each material and per unit flux density in diffusion region k containing 

that material 

a , . , = 2,72x1 
a'->a,j,k,m 

where 

""'̂ '̂•V L̂??, V.,..*J/,C^ imk (123) 

*imk LJ , *if 

f containing m 

Equation (123) contains several factors included for convenience which makes 

the quantity on the left not strictly a cross section, P is the input value 

of the operating power density in kilowatts per cubic centimeter. The constant 

2,72xlO' includes a factor 10 to convert barns to square centimeters, a 

factor to convert power density to density of fissions per second, and a factor 

to convert time from days to seconds. To obtain this constant the energy 

released per fission was assumed to be 198 mev, 
3 To obtain the rate of production of Isotope a in atoms per cm per day 

per unit concentration of isotope a' (in material m) by reactions represented 

by 0 I it is necessary to multiply by the diffusion fluxes integrated over 

region k. 

am am ^r' a -̂ â  j 
(p., + terms due to other reactions 

km jk 

where 

/^ 

Ĵk 
irf ^ E rP *, + irf 
2 ^\^1 '\.l " n=Nf-̂ ,+l " J " 2 \ J\ 

(124) 

Although the unit used for time in the monte carlo portion of RBU is micro
seconds, the burnup portion uses days. 
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i r ° + ) fP + i rP 
k-1 r)=^ .41 I 

'125) 

The f ac to r t> i n 12'-i) l a the average nuipber of neu t rons per f i s s i o n a r i s i n g 

from the fac t t^^at ti^e i . ai e normalized to one source neut ron per u n i t volu«Te 

? ^Vj'kj 

E r 
(126) 

k J * k j '̂ J 

The a p p r o p r i a t e CTOi.s s e c t i o n s to be used ip Equation '123) a re d e t e r m n e d 

from the t a b l e of dl'»"ect de^icendants air>d iiodes of product ion prepared by tte 

crosb s e c t i o n p r e p a i a t l o n i c u t i n e fioro t'-e bas ic l i b r a r y Cross s e c t i o n s which 

may be Included i n 123' are s c , and o. ' c n 2" 1 

As I n d i c a t e d 1" E o j a t i o " ( l l 3 ) j anof-er term In (12/. » Involves the t o t a l 

absorp t ion c ro s s s e c t i o o for I so tope 3 Thi^ i s o + 0 „ + 0 - , F i n a l l y ^ "̂  c n, 2n f 
(113^ involves the r a d i o a c t i v e decdy terms / , and ^ which a r e used exac t ly 

a --•a a 
as they appear 1" t'-e list of properties of the Isotopes and are In reciprocal 

days, I^€ appropriate identification between and a Is ipade through the 

table of direct descendants and modes 

lor isotopes ""aving î indorp resonances in a group 1 within group j, the 

0 , .in (123* are r-ot available fioin basic CTOS> section d^ta 
a >a 1 

instead are obtained aS î- Eat,atlc" (ill) directly from t^e »nonte carlo 

tallies and -"replaces the lac tor 

THe a , 
a' ̂a J 

E c. *.jE 1̂ 
in fl23 
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XII. CROSS SECTION PREPARATION ROUTINE 

The purpose of the cross section preparation routine is to assemble data 

on isotope properties from a basic library of isotopic data and a relatively 

small amount of problem input. The program selects the necessary data from 

the library, organizes it into cross sections corresponding to the energy group 

structure specified in the problem input and writes the information on a magnetic 

tape to be used by the main RBU program. In addition to the basic library and 

problem input, a tapê ,containing a cumulation of all previous output of the 

Cross Section Preparation Program which pertained to the same energy group 

structure as the present problempIs used by the code. The program then makes 

use of any of the necessary information that happens to be already available 

on the cumulative tape and, in addition to the tape required for a particular 

problem, produces a new cumulative tape. The essential data, aside from the 

basic library to be supplied to the cross section preparation routine is: 

the energy limits of the microscopic groups, list of isotopes initially present 

in the reactor, and the ambient temperatures in the regions in which these 

isotopes are. Using this information and the basic library, the routine deter

mines any additional isotopes which will appear In the reactor during operation 

as a result of burnup and It computes the average cross sections for each 

microscopic energy group for each of the isotopes to be required. The tempera

ture is used in the calculation of Doppler broadened resonances. 

In addition to this essential information, some additional data may be 

supplied for the treatment, in the monte carlo part of the calculation, of low 

energy scattering. For those isotopes requiring it, special atomic weights for 

use in the center of mass-laboratory system conversion on near thermal colli

sions may be given and probability distributions of velocity increments to be 

added to the emergent velocities in such collisions may be supplied. The 

special atomic weights consist of a set of G numbers to be used in groups 

I-G through I for the q isotope in the input. The probability distributions 

are given in the form of a table of probabilities and velocity increments for 

each of several distributions; the distribution to be used for a particular 

isotope is identified by specifying with the isotope's input data an index 
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referring to the apcropriate rable. An index oi zero associated with an Isctope 

signifies that velocity increments need not be used for it. 

The basic library consists of a section of general nuclear data and specific 

sections giving the necessary cross section inforaiatioE about each isotope. The 

general nuclear data includes a table giving all the descendants, direct and in

direct of each isotope in the llbraiVj aad a table of the direct descendants only 

of each isotope with an iadex indicating %hefT"ei the tiansformatlon is the result 

of neutron capture^ (n^ Znj ^ fisslcn^ cr radioact,i*re decay reactions. The index 

indicating fission may have one of six values to indlcat-e which of the six fission 

yields given with the parent isotope data applies tc this particular descendant. 

In additionj the general nuclear data includes *̂ en fables of spectra for Inelastic 

collisions. An index may be giuen for each isctcpe in the isotope data selecting 

one of these cables to be associated with it. Also included in the general nuclear 

data are twenty sets of "esonance struc«-iire parameters. Each set incliides values 

of r , r,, r g and E for each of twenty resonances, a value of v^ and 0 tor n-̂  f 7, ° o ' fr p 
all resonances for isotopes tc which the set applies and a value of f r ^ F, 

"o 
g and D for the unresolved resonances. An index associated with each isotope 

indicates which set Is to be used for it. 

The data associated with a particular i.sG*ope m the basic library consists 

of a general section and a sectlois giving the energy dependent properties The 

general data includes the isctcpe's nape 01 Index^ its atomic weighty six fission 

yieldsg the mean lifetime foi radioactive decay the energy below which elastic 

scattering is isotroplcj the potential scattering cross section for use in reson-

anceSs either an index selecting one of the inelastic spectrum tables or a level 

spacing for use in the evaporation ntodel laelastic spectrum, and an index select

ing one of the sets of resonance parameters. 

The energy dependent data is given for a set of ranges the widths of which 

vary from range to range and from isctope to isotope, being chosen as is appro

priate to the range and isotope in question. 

With each range (for each isotope! is associated an index, 8, identifying 

the manner in which the properties vary within that range. The possible types 

of variation are described in Table I, 
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TABLE I 

VARIATION OF CROSS SECTIONS WITHIN THE ENERGY RANGE E < E < E , 
n ~ — n-1 

Quantity 

êl 

= 1 6 = 3 5 = 4 B = 5 5 = 6 

inel 

'inel 

Linear 

Linear 

Linear 

Linear 

Constant Constant 

Linear 

Linear 

Linear 

1 
V 
i 
V 

Assumed not 
present 

Constant Constant Constant 

Constant Constant Assumed not 
present 

Constant Constant Constant 

Constant Constant Constant 

Constant Constant Constant 

Breit Wigner Breit Wignei 

Breit Wlgner /With random 

Breit Wigner 

Assumed not 
present 

Constant 

Assumed not 
present 

Constant 

Constant 

Constant 

Widths 

Assumed not 
present 

Constant 

Assumed not 
present 

Assumed not 
present 

Assumed not 
present 

Assumed not 
present 

Same as 4 
but reso
nance para
meters 
rather than 
group avo" -
ages are 
stored for 
direct cal
culation in 
monte carlo 
program 

Assumed not 
present 

Assumed not 
present 

Ass'jnied not 
present 

In Table I the term linear means that the cross section is assumed to have the 

form 

0(E) = 0̂  + /'^ / (E-E ) n E , -c. n n-1 n 

The term — means that 

E < E < E , 
n — — n-1 

(127) 

E < E < E , 
n — — n-1 

(128) 
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The term Breit Wigner If 5 = 4 means that 

where 

(x.e) 

a^(E) 

af(E) 

+ 2 ( ^ -

^c o 

Or 
I 

2[Cr) ^ 

^) Y^pO^^ g 

t (x̂ e) 

f (X,0) 

:-E 
o_ 

a 
P 

Ar 

t(X.9) = ̂ i = / £»»™^^.^- dy 

1 r«^ y,-.(X^Y)y49 

2Y«e J 1 + Ŷ  

(129) 

6 r 2 
2,607 X IC n J+O-. 

2.607 X 10 ^n ^ ,1+a. 3/2 

a. = ~ (130) 
o 7 

Equations (129) and (130) are derived in Appendix D. The evaluation of f and 

^ Is described In Appendix C= In the integration of Breit Wigner Cross 

Sections over a range E < E < E ,5 for 8 = 4 the functions are evaluated at 

ten points within the range and integrated by Simpson's lule. 
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When 0 = 6 the cross sections are evaluated in the monte carlo portion o 

the main program using Equation (22) which is equivalent to (130) except for 

the addition of factors to account for the higher angular momentum states. 

These factors are negligibly different from unity for the energy ranges in 

which the resonances are resolved. 
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APPENDIX A 

QUANTITIES REQUIRED AND PEODUCED 
IN THE MAIH POBTIONS OF THE PROGRAM 

1, CROSS SECTION PREPARATION ROUTINE INPUT 

A, BASIC LTBRAEY 

General Nuclear Data 

Definition 
lumber 
Required 

Table of 
descendants 

Table containing list of all iso
topes in library, each followed by 
a list of all Its direct and indirect 
descendants, 

1 table 

Table of direct 
descendants 

^^in'^in^D 

Table containing list of all Isotopes 
In library^ each followed by a list 
of all its direct descendants with 
the mode of production given with 
each descendant, 

Table of probabilities that an in-
elastically scattered neutron 
be emitted with square of velocity 
in center of mass system diminished 
by corresponding V?ĵ , Each table 
contains 16 F|_̂  and V^^, 

Average energy spacing between un
resolved resonances for p*-** table 
of resonance parameters 

1 table 

10 tables 

One for each of 
twenty tables 

nO 
Average reduced neutron partial 
width for unresolved resonances for 
pth table of resonance parameters. 

One for each of 
twenty tables 

Radiation partial width for un
resolved resonances for p^" table 
of resonance parameters. 

One for each of 
twenty tables 

Average fission partial width for 
unresolved resonances for p^" table 
of resonance parameters. 

One for each of 
twenty tables 
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Statistical weight for unresolved 
resonances for p̂ *̂  table of reso-
nanc e parame t er s, 

One for each of 
twenty tables 

Number of neutrons emitted per 
fission for resonances for p* 
table of resonance parameters. 

One for each of 
twenty tables 

Potential scattering cross section 
for resonances for p table of 
resonance parameters 

One for each of 
twenty tables 

pi-

Energy value at the maximum of the 
T*"" resolved resonance of the p' 
table of resonance parameters. 

One for each of 
twenty resolved 
resonances for 
each of twenty 
tables 

Neutron partial width at E 

pT 

pT 

pT 

pr 

0 for 

th ^'^ 
the T resolved resonance of the 
p^" table of resonance parameters. 

Radiation partial width for the T 
resolved resonance of the p̂ r* table 
of resonance parameters. 

Fission partial width for the T 
resolved resonance of the p^" 
table of resonance parameters. 

Statistical weight for the T 
resolved resonance of the p*-" 
table of resonance parameters. 

th 

One for each of 
twenty resolved 
resonances for 
each of twenty 
cables 

One for each of 
twenty resolved 
resonances for 
each of twenty 
tables 

One for each of 
twenty resolved 
resonances for 
each of twenty 
tables 

One for each of 
twenty resolved 
resonances for 
each of twenty 
tables 

2' Isotope Data 

Isotope name. 1 for each iso
tope 
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(any inel) Statements indicating whether there 1 each for each 
(any abs) are for Isotope a any inelastic or isotope 
(any r,r,j any absorption cross sections, any 
(any f)^ resonance range, any fission cross 

section. a 

A Atomic weight of isotope a, 1 for each 
isotope 

p. Table of resonance parameters to 1 for each 
a use with isotope a, isotope 

y Fraction of fission cross section 6 for each 
which is cross section for pro- isotope 
duction of the t̂ h fission pro
duct isotope. 

X Mean lifetime for radioactive 1 for each 
decay. isotope 

E . Energy below which elastic scatter- 1 for each 
a ing is isotropic in the center of isotope 

mass system-

D Either the resonance spacing used 1 for each 
in computing spectrum of inelasti- isotope 
cally scattered neutrons for isotopes 
which use the evaporation model, 
or a value of an index identifying 
the inelastic spectrum table to be 
used, is given, 

p Identification number of list of 1 for each 
resolved resonance parameters to isotope 
be used with isotope a. 

3' Energy Baoge Data 

E Energy values at which cross N for each 
a sections are specified for iso- isotope 

tope a, 

6 Index indicating type of cross 1 for each 
a section (or similar quantity) isotope 

variation in nth range of iso
tope a. 
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'el 
an 

an 

an 

an 

'inel 
an 

Elastic scattering cross section' 

Capture cross section. 

Fission cross section. 

Number of neutrons emitted 
per fission,* 

Inelastic scattering cross 
section. 

1 for each 

isotope and 

energy range 

with 6=1̂ 2̂ , or 3 

inel 
an 

Number of neutrons emitted 
per inelastic scattering. 

1 for each 
isotope and 
energy range with 
5 = 1,2, or 3 

'0 -'1 ' 1 '3 an an an an 

^n ' ^ ^^f •' an ' an an 

•'f̂ Ô -'San 
an 

Coefficients of powers of fi 
for differential elastic 
scattering cross section^ 

Special quantities used instead 
of cross sections when 5 = 4 , 
Eĵ  is the energy at the maxi
mum of the resonance F ; V ., 
and r^ are the neutron,, radi
ative capture and fission 
widths respectively. The statis
tical weight is g. The number 
of neutrons emitted per fission 
is v^. 

1 for each iso
tope and energy 
range, Eĵ  above 
E . 
am so 

1 for each iso
tope and energy 
range with 
6 = 4 

B« PROBLEM INPUT 

1, General Problem Data 

lumber of isotopes lis ted in input 
for which group cross sections are 
to be made, 

lumber of monte carlo groups. 

These appear only if corresponding (any-) is yeso 
** ^ 
Each ©f these appear regardless of the corresponding (any-) 
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Lower energy limit of group 1, I 

Number of tables of velocity 
increment probability distribu
tions for near thermal scattering. 

Table of probabilities that the 
incremental velocity added vectorially 
to a neutron's velocity after a near 
thermal collision as a result of the 
thermal motion of the target will be 
less than or equal to the correspond
ing A¥ , , Each table contains 16 P̂ |̂  
and AV̂ jj (M^^^ = 0 for all tables). 

Isotope Data 

Name of a required isotope. 1 for each iso
tope to be used 
(Q isotopes) 

Temperature for the material Q 
containing the q*-" isotope. 

Number of monte carlo groups for Q 
which special low energy atomic 
weights are given. 

Special atomic weights for lowest G for q iso-
G monte carlo groups for q^" tope 
isotope. 

Identification number of table of Q 
thermal velocity increment pro
bability distribution to be used 
with isotope q,. 
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II, MONTE CARLO INPUT 

A, MONTE CARLO SYSTEM DATA 

(In the following table it is to be understood that similar 
data is required for each monte carlo system,) 

Symbol 

s 

T 
o 

T 

I 

H 

H' 

F 

J 

J' 

M 

S' 

B 

¥ 

«MC 

N̂  
IC 

Definition 

System identification number. 

Time at which equilibrium is 
assumed to be established so that 
tallying of results begins. 

Census time. 

Number of microscopic groups. 

Number of microscopic regions. 

Number of outer regions used in 
defining the limits of system s. 

Number of region sets. 

Number of macroscopic groups. 

Number of macroscopic groups included 
in random resonance range. 

Number of macroscopic regions in system 
s. 

Number of materials. 

Number of Inelastic spectrum tables 

Number of thermal velocity increment 
tables. 

Total number of distinct elastic 
scattering cross sections. 

Total number of boundaries. 

Total number of resonance scatterers. 

Number of particles to be followed. 

Number of diffusion time steps between 
monte carlo calculations. 

Number 
Required 

1 

1 

1 

1 

1 

1 
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Number of distinct inelastic scatter
ing cross sections-

Total number of sets of anisotropic 
scattering coefficients. 

Number of tables of resonance para
meters. 

Table of probabilities that an in-
elastically scattered neutron be 
emitted with square of velocity in 
center of mass system diminished by 
corresponding V̂  n", Each table con' 
tains 16 'P^^ and Vt^. 

Table of probabilities that the 
incremental velocity added vectorially 
to a neutron's velocity after a near 
thermal collision as a result of the 
thermal motion of the target will be 
less than or equal to the correspond
ing AV, Each table contains 16 P̂ ^̂  
and A¥̂ ĵ  ^^^^j^ = 0 for all tables). 

Average energy spacing between un
resolved resonances for p table 
of resonance parameters. 

S' 

One for each of 
P tables 

Average reduced neutron partial 
width for unresolved resonances for 
pt^ table of resonance parameters. 

One for each of 
P tables 

Radiation partial width for un
resolved resonances for p^'^ table 
of resonance parameters. 

One for each of 
P tables 

Average fission partial width for 
unresolved resonances for p^" table 
of resonance parameters. 

One for each of 
P tables 

Statistical weight for unresolved 
resonance for p^" table of reso
nance parameters. 

One for each of 
P tables 

ni Number of neutrons emitted 
fission for resonances for p" 
table of resonance parameters. 

One for each of 
P tables 

Potential scattering cross section 
for resonances for p̂ li table of 
resonance parameters. 

One for each of 
P tables 
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E, 
PT 

PT 

Energy value at tbe maximum of the 
T resolved resonance for tbe p'" 
table of resonance parameters. 

Neutron partial wldtb for the p 
table of resonance parameters 
and the T ™ resonance-

th 

One for each of 
twenty resolved 
resonances for 
each of P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 

pT 

pT 

pT 

Radiation partial width for the 
p table of resonance parameters 
and the T̂ ^̂  resonance. 

Fission partial width for tbe p 
table of resonance parameters 
and the T ™ resonance. 

th 

Statistical weight for the p 
table of resonance parameters 
and the T ™ resonance. 

th 

One for each of 
twenty resolved 
resonances for 
each of P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 

B, BOUIDMY DATA 

b 

D, 

Boundary identification number. 

Boundary type for boundary b^ 

Parameters in the boundaiy equation 

A(x-x }̂ +B(y-y )̂ -f€(z-z }̂ -K=0 o ^ 'o ^ o 

B 

B 

1 each per bound 

ary 

\ 
Albedo of boundary b. 

C. MICROSCOPIC BEGION DATA 

h Region iden t i f i ca t ion number„ 

Macroscopic region in which b i s 
contained. 

H 

H 

Region set which includes region h. H 
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lumber of boundaries defining region ho H 

A boundary of region h, 

Sense of boi 
to region h-
Sense of boundary b. with respect 

Indicator telling whether or not 
crossings of boundary bĵ  from 
region h contribute to perpendi
cular leakage cross section in 
macroscopic region containing h 
for diffusion calculation,, 

Regions in order of likelihood into 
which a neutron is expected to go 
if <t crosses boundary h-. from 
region b. (q' = 0 indicates such 

^h 
neutrons can only go into q „ ) 

^h 

Material contained in region h„ 

Importance of region h„ 

B, for each region 

B for each region 

B, for each region 

B, each for each 
region 

H 

H 

Material identification number. 

Temperature of material m. 

Indicator telling whether or not 
there is a fission cross section 
in material m. 

Number of neutrons per collision 
in group 1̂ , material m emitted as 
a result of fission. 

Number of distinct elastic scatter
ing cross sections in material m. 

Number of neutrons per collision in 
group î  material m emitted as a 
result of elastic scattering asso
ciated with r ™ elastic scattering 
cross section. 

M 

M 

M 

I for each mate
rial for which f 
is yes 

M 

Ixl for each 
material 

m 
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^ Atomic weight associated with the r IxE for each 
i elastic cross section in group i, material 

material m, 

R' Number of distinct inelastic scatter- M 
ing cross sections in material m,. 

P Number of neutrons per collision in Ixl' for each 
r'mi gi"oup i,. material m emitted as a material 

result of inelastic scattering 
associated with r™ inelastic 
scattering cross section^ 

D , Inelastic spectrum table identifi- R' for each 
r m . , . m . , 

cation number or resonance spacing material 
for inelastic spectrum nuclear 
temperature calculation associated 
with r'™ inelastic scattering 
cross section in region m-

X . Mean free path in material m, group ixM 
mi .̂  

6 Identification number of table of E for each 
rm 1 . . , m , , 

velocity increments for near material 
thermal scattering associated wit>* 
yth elastic 
material m. 
yth elastic cross section in 

I . Group number of lowest energy group E for each 
rm in which scattering associated with material 

the rth elastic scattering cross 
section is anisotropic» 

W Number of resonance scatterers in M 
m ^ . 1 

material m, 
I- ,I„ Minimum and maximum velocity group W each for 
wm wm numbers for random resonances for each material 

the w^ resonance scatterer in 
material m. 

I Maximtm velocity group numbers for W each for 
wm resolved resonances for the w^" each material 

resonance scatterer in ma'erial m. 
ly is the corresponding minimum 
wm 

group number. 
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wm 

N 
wm 

Identification of the table of 
resonance parameters to be used 
xfith the w^" resonance scatterer 
in material m-

Atomic concentration of the w 
resonance scatterer in material m= 

W for each 
material 

W for each 
material 

*0 .^^1 .^^2 .' 
rmi rmi rmi 

^3 -'̂ M 
rmi rmi 

Coefficients of powers of p. of 
differential scattering cross 
section for r'-" elastic scatterer 
in group i, material m= Tbe 
maximum value of this power series 
is â » 

I . for each 
aniso 

rm 
r in each material 

GROUP DATA 

i 

¥. 

Identification number of group. 

Maximum velocity of group i. 

Importance of group i. 

Macroscopic group in which group 
i is contained. 

I 

I 

I 

I 

E, Tim, STEP DATA 

îh 

Identification number of monte 
carlo time step. 

Sampling factor for initial 
particles entering the t monte car
lo time step in group i, region 
h. 

IXH for each 
monte carlo 
time step 
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in, DIFFUSION CALCULATION INPUT 

Symbol 

^^ 

pt-At 
n 

he. 

R 

B.. 

0) 

Definition 

Diffusion coefficient. 

Removal cross section* 

Transfer cross section. 

Fission neutron production 
cross section. 

Fission spectrum coefficient. 

Fluxes from previous time 
step. 

Multiplication constant 
from previous time step. 

Fission source densities 
from previous time step. 

Mesh space in region k. 

Number of mesn spaces in 
region k. 

Boundary conditions at 
origin. 

Coordinate of first mesh 
point. 

Boundary conditions at 
outer coordinate. 

Acceleration factor. 

Convergence test tolerance 
for^. 

Number 
Required 

KJ 

KJ 

:/2 J(J-l) 

KJ 

J 

NJ 

Calculated in 

Prediff 

Prediff 

Prediff 

Prediff 

Initial org„ 

Diff. 

K 

K 

Convergence test tolerance 
for P . 

n 

Geometry Index. 

Diff. 

Diff. 

Input 

Input 

Input 

Input 

Input 

Input 

Input 

Input 

Input 
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J Number of macroscopic 1 Input 
groups. 

K Number of macroscopic 1 Input 
regions. 
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I ¥ . BURfflJP INPUT 

Definition 

Time. 

Basic time step. 

Total number of materials 
in problem. 

Tolerance limit for increase 
of time step. 

Tolerance limit for decrease 
of time step. 

Number of diffusion calcu
lations between burnup steps 
on material m. 

Number 
Required 

1 

1 

1 

1 

1 

M 

Ca 

BU 

Iculated in 

BU 

BU 

Input 

Input 

Input 

(& Input) 

Number of diffusion calcu
lations since last concen
tration calculation on 
material m. 

M BU 

Number of backward differ
ences of rates of change 
of concentration available 
for concentration predictions 
for each isotope in material 
m. 

M BU 

Time for which the last con
centration predictions in 
region m were made. 

Concentration of q " iso
tope of material m at 
t - N„„ At 

m 
BU 

M 

Q^for 
each m 

BU 

BU 

m 

Backward differences of 
tate of change of concen
tration of q^" isotope of 

At. material m at t -N 

m 

Up to 3Qĵ  
for each m 

BU 
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lamber of materials on 1 Pre BU 
which burnup calculation 
will be made at t. 

Concentration of q iso- Q̂^̂  for BU 
tope of material m pre- each m. o£ 
dieted for time t . M 

lumber of isotopes ir« M Cross section 
material a, ^ Ave Rtn 

The number of daughters Q̂ j for Cross Section 
of the q^^ isotope of each of Ave Rtn 
material m. M 's 

Production rate of the D , for Pre BU 
q ™ isotope in material ,. . 

,1 ». *.i each iso-
m per unit concentration ^ . 

£\.%. ith / 1 L. \ tope of of the q'̂ "- (q' % q). ^ ^̂ .̂  
% 

Consumption rate of the Qg| for each Pre BU 
qth isotope in material of M 's 
m per unit concentration '^m 
(of itself). 
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V, CROSS SECTION PREPARATION PROGRAM OUTPUT 

A. GENERAL DATA 

Symbol Definition 

Number of isotopes or cross section 
sets present in output. 

Number 
Required 

^i'^1+1 

(\h-'^\h>f 

Number of monte carlo groups, 

Table of direct descendants 
and modes of formation. 

Lower energy and velocity limit 
of group 1. 

Number of tables of velocity incre
ment probability distributions for 
near thermal scattering present In 
output. 

Table of velocity increment pro
bability distributions. Each 
table contains 16 P., and 
17 A¥̂ |̂ (AV̂ ĵ  = 0 for all tables). 

1 

I 

1 each 

H tables 

S' 

<^ln^^L-^s 

Number of tables of inelastic 
spectra present in output. 

Table of inelastic spectrum. 
Each table contains 16 
P. and 17 V, , m in 

10 tables 

Number of tables of resonance 
parameters. 

R 

nO 

Average energy spacing between 
unresolved resonances for ptl* 
table of resonance parameters. 

Average reduced neutron partial 
width for unresolved resonances 
for pt*̂- table of resonance parameters < 

One for each of 
P tables 

One for each of 
P tables 
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ladiation partial width for an 

PT 

PT 

resolved resonances for p 
of resonance parameters. 

th table 

Average fission partial width for 
unresolved resonances for p table 
of resonance parameters. 

Statistical weight for unresolved 
resonances for p™ table of 
resonance parameters. 

Number of neutrons emitted per 
fission for resonances for p™ 
table of resonance parameters. 

Potential scattering cross section 
for resonances for p™ table of 
resonance parameters. 

Energy value at the maximum of the 
T ™ resolved resonance for the p^^ 
table of resonance parameters. 

Neutron partial width for the p^" 
table of resonance parameters and 
the T resolved resonance 

One for each of 
I tables 

One for each of 

One for each of 
P tables 

One for each of 
P tables 

One for each of 
P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 

PT 

PT 

'pT 

Radiation partial width for the 
ptli table of resonance parameters 
and the T^ resolved resonance. 

Fission partial width for the pth 
table of resonance parameters and 
the T^ resolved resonance. 

Statistical weight for the pth 
table of resonance parameters 
and the x^" resolved resonance. 

One for each of 
twenty resolved 
resonances for 
each of P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 

One for each of 
twenty resolved 
resonances for 
each of P tables 
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B. ISOTOPE DATA 

iq 

Isotope name. 

Temperature for the naterial 
containing isotope a . 

lumber of groups for which 
special low energy atomic weights 
are given for a . 

Special atomic weights for lowest 
G monte carlo groups for a . 

Q 

Q 

6 for each 
isotope 

(any inel)^ 

(any aha) 

(any r.r.)^ 

(any f) 
^ -. 

A. 

'tq 

Identification number of table 
of thernal ¥eloclty increment 
probability distribution to be 
used with a , 

q 
Identifleation number of table 
of resonance parameters to be 
ttsed with Isotope q» 

Statements Indicating whether 
there are for aq any Inelastic 
or absorption cross sections, 
any resonance range, any fission 
cross section. 

Atomic weight of a « 

Fraction of fission cross section 
Hq which is cross section for pro
duction of t'^ fission product 
isotope^ 

Q each 

Q 

6Q 

anlso 

D or S - 0,1, 

Mean lifetime for radioactive decay 
of a , 

q 
Group number of lowest group for 
which there is anisotropic 
scattering by a . 

Resonance spacing for inel^tic 
spectrum or identification number 
of inelastic spectrum tables 

r 

I I ,1 
q q t 

Upper and lower group number limits 
for unresolved resonances In a_ 
(I2 and I|) and upper and lower group 
number limits for resolved resonances 

( I - and I - ) . 

- k'lB 

1 each for 
each isotope 
for rtiich (any 
r » r . ) i s yes 



C. GROUP DATA 

êl qi 

'qi 

Elastic scattering cross section 
of a in group i, 

Capture cross section of aq in group 
1. Given only if (any abs) is yes. 

IXQ 

I for each iso
tope for which 
Cany abs) is yes 

"qi 
Fission cross section of a^ in group 
i. Given only if Cany f) fs yes. 

I for each iso^ 
tope for which 
(any f> is yes 

^Vf>ql 

\,Zn 
qi 

Product of number of neutrons emitted 
per fission and microscopic fission 
cross section in group i for a . 

n, 2n cross section of a in group i. 

I for each Iso
tope for which 
(any f) is yes. 

20 for each iso
tope for- which 
(any inel) is 
yes 

'̂̂ inel'̂ inel̂ qi 
Product of number of neutrons emitted 
per inelastic scattering and micro
scopic fission cross section in 
group i for a . 

20 for each iso
tope for which 
Cany inel) is 
yes 

qi 

Microscopic total cross section in 
group i for a . 

IxQ 

a ,a ,a ,a 
\ i \ l \ i \ i 

Coefficients of powers of ji for 
anisotropic scattering in group i 
for A . 

q 

aniso 
each for 

each Isotope 

D. PRINT OUT 

a 
q 
T 

G' > 
q 

Isotope name, temperature, number 
of special atomic weights, and 
identification number of thermal 
increment table associated with 
r.th , 
q Isotope, 

Q each 
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SYST-m DATA 

VI. MONTE CARLO OUTPUT 

Symbol 

N, IV 

XV 

yt. 
IV 

^t. 
CV 

N, 

Definition 

Number of initial neutrons. 

Number of census neutrons. 

Number of initial particles. 

Number of census particles. 

Number of neutrons going into 
collisions. 

Number 
Required 

1 

1 

1 

1 

1 

N 

N, 

^BO 

N' 
e 

Number of neutrons emerging from 
collisions. 

Numb er of neutrons going into 
boundaries minus number emerging -
(noa-outer boundaries), 

lumber of neutrons going into 
boundaries minus number reflected 
(aster boundaries). 

Sum of P' for all neutrons entering 
collisions. 

<«B0> 

<N > 
c 

<N'> 
e 

Expectation values of leakage multi
plied by (l-CB)e 

Expectation value of neutrons going 
into collisions. 

Expectation value of number of neutrons 
emerging from collisions. 

In all that follows under subject VÎ , the subscript s is Implied and a per 
monte carlo system is implied in the Number Required column, 

k ^ 
With the exception of «p„_, the data included under subject ¥I-A is used 
purely for program and input checking. This information is printed out 
after each monte carlo time step. 
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B. MACROSCOPIC DATA 

wm < /̂Vj / 

»f*U3 / \i 

lumber of scattering^ capture^ and 
fission collisions in the resonance 
range of diffusion group j for w' 
random resonance scatterer in 
material ni per unit neutron flux in 
material n and group j. 

(lumber of j 
groups covering 
random resonance 
range ) x W^ each 
for each material 

\ . 

( S - y * ) k j 

Surface integral of current from KxJ 
macroscopic group j and region k 
on boundaries separating k from 
another macroscopic region of the 
reactor. 

Surface integral of normal gradient KxJ 
of the flux In group J over boundaries 
separating k from other macroscopic 
regions of the reactor. 

Leakage from the reactor perpendicular KxJ 
to the direction of investigation of 
the diffusion calculation from group j, 
region k per unit neutron flux in 
macroscopic region k and group j. 

C. MIClOSCOfIC DATA 

'if 
Total neutron flux in group i, region 
set f normalized to one neutron centi
meter per time step In the macroscopic 
region containing f. 

IxH 
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VII. DIFFUSION CALCULATION OUTPUT 

Number 
Symbol Definition Required 

p Fission source density at time t N+K 
^ and mesh point n. 

* . Neutron flux density in group j NJ 
^J at mesh point n, and time t 

per unit energy and per unit 
volume where the volume element 

A 
in r̂ d̂r. 

Multiplication constant at time t. 
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VIII. BURNOT OUTPUT 

Number 
Symbol Definition Required 

t Time. 1 

At Basic time step. 1 

»BU Number of diffusion calculations M 
m between burnup steps on material m, 

jt Number of diffusion calculations 
since last concentration pre
diction on material m. 

n Number of backward differences 
m 

of rates of change of concentra
tion available for concentration 
predictions for isotopes in 
material m. 

t Time for which last concentration 
^m predictions in material m were 

made. 

N*̂  Concent ra t ion of q™ i so tope of 0 for each m 
™̂ m.aterial m a t t - N„^ At . 

\i m 

SJ N Backward differences of rates of Up to 30 for 
" change of concentration of q ™ iso- each m 

1=0,1^2^3 tope of material m at t -1 At. 

N Concentration of q " isotope of Q^ for each 
material ni predicted for time of M • m's 
t 

% 
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APPENDIX B 

SELEGTIOI lEOM PIOBABILIIY DISIIIBCTIONS 

1„ RANDOM IDMEBS 

The process basic to all random selection techniques in EBU is t̂ e choosing 

of a number from a iiplverse of numbers uniformly distributed betweea zeio and 

one. Because of t̂ e importance of nLmbers selected from tMs distribution, they 

are generally called slmplv random numbers In discussions of monte carlo calcu-

latlonso As in virtually all monte carlo calculations t̂ e method is not actually 

raadom but involves the use of a recipe which leads to numbers wHc'»- collectively 

have the properties of a get c*»03en by a random process; t»̂ ese are generally 

called psetido-random numbers. T*'e properties of importance here are that the 

mean of any ^easonablv latge sample approact-es the mid point of t»̂ e sample range 

as the sample size increases_, that they are distributed over f̂ e range witl-

adequate fineness t'"at tt't ftequencles of lengths of increasing and decreasing 

chains be distributed in the same way as t̂ ôse of actually random numbers and 

that x»o obvious regularities occut It is i.sual to require also tf'at the cycle 

lengti- of t̂ e process be relatively long and it is, of course^ also Important 

that tî e process Involve orly a very small amount of comptiting time. In general, 

because of the coosplexitv of n>onte carlo calculations^, it is desirable to apply 

more rigid reqci^emepts than appear superficially to be necessary In selecting 

a random mmher gexnerator. 

A method wMc^ has beei» showp theoretically to produce numbers having the 

properties of t^ose obtained from a random selection Is t**ie miiltiplicative 

methodo In this tecl'piqm.e 

R 1̂ - (k t > ^ (B-1) 

n+1 ^ n' mod p 

where k atid 1 have c e r t a i n p r o p e r t i e s aad p i s the word length of the computer. 

In BBU 

k ^ 5 l 5 

E^ = (247162405723)g 

p - 2^^ (B~2) 
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IT. SELECTION OF DISTANCE TO COLLISION 

The selection of fhe number of mean free paths a particle will travel before 

a collision is made from the distribution 

d(S/\) ^ ^*^^ 

The method Is based on the fact that equal increments in the logarithm of 

t>se cumulative probability represent equal intervals in the argument., It con

sists of selecting an Interval In the logarithm of P by repetitive comparison 

of a random number with 0.5. For each successive random number less than 0.5, 

the natural logailthm of two Is added to the upper and lower limits of the range 

from which S/\ is to be selected. The sequence of comparisons is stopped on 

the first random number greater than 0.5 thus determining an interval within 

which S/X is to be selectedo A final random number detemines, by a table 

lookup which of eight possible values within the interval is used. 
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Ill, RANDOM COSINES 

The direction cosines are determined by a method which avoids the necessity 

of evaluating trigonometric functions just as the previous technique avoided 

logarithms. To do this a_ p, and y are defined in terms of spherical coordinates 

a = cos f sin 6 

P = sin • sin 0 

T = cos 0 (B-4) 

The value of > is then selected as a random number between -1 and +1 by 

T = 2g^ • 1 (B-5) 

where fe-. is uniformly distributed between 0 and 1, Two more random numbers 

|„ and I are selected These are accepted only if the sum of their squares 

is less than or equal to unity; otherwise two more are chosen until this condi

tion is fulfilled. The ratio 

is then the tangent of an angle ^, randomly chosen from a universe uniformly 

distributed between 0 and ~. Finally, 

a = + ! "̂' Vfe 

v̂  P = ± So - . / ™ ^ (B^6) 
- 2 \l 2 2 

where the two signs are determined by selection of two random bits. 

Although this method appears complicated, it is. due to its efficiency, 

faster than the obvious method of choosing and normalizing three random numbers 

the sum of whose squares is less than or equal to unity. 
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IV, SELECTION OF RESONANCE PASTIAL WIDTHS 

The fission width is distributed as 

dP(v) = e''*' dv (B-7) 

w^ere 

Selection of v t̂ en̂  is by the same method as t̂ at of the number of mean free 

paths to collision described abo\e. 

The reduced neutron width is distributed as 

0 -V^e-V^ dP(u) = Y - e " /^ du (B 8) 

where 

• -0' 
The method used in BBU is to select two random numbers L̂  and L„ from an 

exponential distribution as in the selection of a distance to collision above, 
2 

If ''L̂  -1) < 2 L. p u is taken to be equal to L̂  , Otherwise two more random 

logarithms are selected and the process repeated until a pair satisfying the 

condition is found. 

Th e probability that an L̂  will be obtained and accepted is 

P (L, )) = / PfL^l VL^^ dL^ 
ace 1 / „ « 1 2 2 -'(Lj_-i)y2 

CO 

e ^ dL^ (B-9) 

which corresponds to CB-81. 
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V. SELECTION FROM THE EVAPOBATION MODEL INELASTIC SPECTRUM 

The probability distrlbb'tion is 

dP^f = CE e'^'^ dE .<B-10) 

The sum of two raTidoiJ logar i thms has the d i s t r i b u t i o n 

- / • 
pri,» = / e"^ g'f'X-Y) dY = X e ̂  (B-11) 

-E/T 

Thus the sum of two numbers, X and Y^ each distributed as E has ti-'e distri

bution required. 
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APPEND! iC C 

THE CALCULATION OF PSI AND CHI 

1 GENEBAL 

Fsl and Chi are defined as follows 

^ K 0\ = " 4 — / ^^^i^i^ii^^zy-, dY CC-1) „^ / expLcY-X)^/4Qj 

«9 J-CD 1+Y^ 

/

YLexp,-(Y-X)^/4Qj 

m 1+y^ 

and are used to calculate the Doppler broadening effect on neutron cross 

sections. It Is clear from the value of tbe integral of the exponential alone 

that 

0 < i|/CX 0i < 1 ; -1 < X(X<.0) < I 

Further 

f ' - K 0^ = t'X 0^ ; Y(-X,9) = X̂ 0) 

For each of the two functions two series are derived^, one uniformly con

vergent and the other asymptotic The selection of one of these two on the 

basis of speed and accuracy depends on the values of the arguments as described 

in the following discussion. 
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II, THE CALCULATION OF PSl 

A. CONVERGENT SERIES 

The development of the uniformly convergent series for f is con

sidered first. By writing the factor ——— as the Laplace transform of 
1+Y 

its inverse Laplace transform̂ , we have 

"-== / expl-CY-XJ^Aol dY / expl-d+Y^itl dt 
Y^«9 1 ^ ^ -* io •" ^ 

Since the last integral converges uniformly, we may interchange the 

order of integration and then complete the square on Y, Thus. 

Now if 

(C-5) 

1 -z^ dz (C-6) e 

The last factor is unity. On changing the variable of Integration to 

u s (l-h40t)/49_ tCX^Q) may be expressed as 

tCX.Q) = expLx^^DAol (4e)-l/2 j „"l/2 ^̂ u ^ u W du 

1 •̂""•"\?„*foĵ " -= (46) 

Clearly the series may be integrated termwise. Define 

1/40 f " , 

-f^ J 1/40 
/^ e"" du (C-8) 
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l/4@ 
\ "91 s S^fss r 

I1/40 " 

2i± l 
2 -u , 

e du 

Thew 

and 

1+1CQl 

(X 0) = 

21+1 

X^ 
49 

e 

[(40>^ - r^(0,^] 

(C-9) 

(C-10) 

,̂ 0 i" W i (0) (C-ll) 

The term F '0^ is tabulated using tbe extensive tables of the incomplete 

gawma function, Wltb P (X,0) and Equations CC-10) and (C-11), one may 

calculate f̂ X,0.« to any accuracy desired, 

B, ASYMPTOTIC SERIES 

To develop the asymptotic series we express i|r(X,0) in slightly 

different form, 

2 

•^R J 
e du 

CD l+f\u+X) 

where 

= V^Q and u ^ Y-X) 
40 

and expand in a Taylor series with \ as argument. Thus, 

fCX A, - 1 ti - ' f^ 
1^0 '~dK 

\=0 

Now the problem is to find 

a%cx,i) I 

ar x^o 
Clearly 

(C-12) 

(G-13) 

(G-14j 

tCX,0) - — r 
1+X^ 

(C-15) 
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Consider 

1 1 

c» 
-(uX+X)z . , 

e sm z dz (G-16) 

where 

Then 

z 5 

d̂ F . ,i 

.•o 

i -(uX+X)z . , 
z e sm z dz 

and 

x=o 
1 

/

. .1 -u^ , / 1 -Xa 
(-u) e du / z e s 

-w ^ o 

It is evident that for i odd 

K±&2^ 
dx'-

= 0 
x,=o 

When i i s even 

J-Oi 

(.,/.,-"" du = i~i^°^°y°-^^^^>] E 'Ca. 

and 

f l -Xz 
s i n z dz 

« r(l+l) sinL(i+l) sin"^ (l+x2)-l/2j 
(x^+i) i±i 

(C-17) 

in z dz (C-18) 

(C-19) 

(C-20) 

(G»21) 
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Using the above results we may write 

I -1 9 _i fol 
(C-22) «x,«> - S [-y^^'^-] - J ^ .n [(e.«, ...- (Au- '5 

2 

The last series is asymptotic but will serve very well fcr some ranges 

of the parameters which complement the ranges over which (C-11) will 

converge rapidly. 
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III. THE CALCULATION OF CHI 

By differentiating the integral form of i|;(X̂ 0) with respect to X^ one 

determines that 

X(X,0) = 20 ̂  + Xt 

Then by differentiating the convergent series for fCX^Q) one obtains 

.2 

(C-23) 

X_ 
"40 X ^ J_ X_ ̂ ^ X(X,9) = e (--) LJ kT (4g) \^^ W 

k=0 
Similarly by differentiating the asymptotic series for f(X,0) one finds 

.k 

(G-24) 

X(x,e) = }_, 
k=0 

1°3°5°- (2k~l) iMI 
(X^+l) 2^1 

;os (: cos |(2k+l) sin ^ (X̂ +l)'-̂ ''̂ ! (C-25) ] 
There is no need to calculate the trigonometric functions or the square root 

since 

V 
4= sm I 
X +1 *-

1 „2.,,"l/2 
(21+1) sin (X +1) ]• X^+l when i = 0 

X 

2X 

c +1 L •-

-1 ,^2,,,-1/2 X 

+ —— cos I (2i-l) sin 
X +1 

when 1 ^ 0 

(2i"l) sin (X +1) 

[(21-1) sin-1 a'+l)"'^'l| 

] X^+l 

(C-26) 

and 

f ^ cos [< 
X̂ +1 ^ 

(2i+l) sin"-̂  (X̂ +l)"-'-''̂  i- X 
X2+1 

when 1 = 0 

Y 
= - f — cosRzi-l) sin"^ (X^+1)"^^^J 
,2̂ 1 Lx-̂ +l 

in [(2i-l) sin"^ (X̂ +1)"-̂ ^̂ J 

X +1 
2X 

when i ̂  0 (C-27) 

Hence one may calculate Psi and Chi simultaneously by the asymptotic 

series. 
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IV, NUMERICAL PROCEDURE 

The program uses tbe asymptotic series for values of X and 0 for which 

it will give the accuracy desired and uses the convergent series elsewherCo 

The two regions are separated by a parabola whose coefficients must be determined 

experimentally. Moreover^ a parabola which works for Psi may be used for Chi 

although the convergent series will be "overworked" in the latter case. 

The convergent series are 

f(X,Q) = e "40 
X 2q 

(^) ap(40) (C-28) 

where 

r (40) 
a (40) = ~9™y— (G-29) 

where 

r (40) is tabulated in a table of approximately 

1200 values with its arguments^ and 

2 
^ + 1 

X^cx 

(40) 

,0) = 

2q+l 

X^ 
X 40 

40 ^ 

[(40)^ - r (40)] 

q=l 

X 2q 
(^) a'q (40) 

a' (49) = ^^±L,^ 

(G-30) 

(C-28a) 

(C-29a) 

Q_, the value of q at which the series (C-28) and (C-28a) are terminated^ is 

defined as the value at which 

p ' ' \ n/Po ^̂ '̂'%''4 ^ < 0.0156 

The asymptot ic s e r i e s a re 

a=Q L Y ^ + I J q=0 L x > l . 
Pq(X) 

(C-31) 

(C-32) 
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where 

P„(X) = - ^ (C-33) 
° ' xhi 

P,(X)=|P^(X) [3-4P^(X)] 

P2(X) = I P^̂ X) [5-20 P (̂X) + 16 P̂ (X)_ 

PgCX) = Y Pô >̂ t " ^^ Pô >̂ + " ^ ^n<^̂  " "̂̂  ^o<*0 

P (̂X) = ^ P (̂X) [9-120 p^(X) + 432 P (̂X) - 576 P (̂X) + 256 P^(X)] (C-34) 

4 

where 

"̂̂ "'̂ "̂Ste)''̂ '̂' 
P'(X) - -Y~ (C-33a) 

° X +1 

p((x) = - |p;(x) [3-4X p;(x)] 

P (̂X) = I p;(X) [5-20X p;(X) + 16X̂  P (̂X)] 

P'(X) = - ^ p;(X) [7-56X p;(X) + 112X̂  pJ(X) - 64X̂  p^(X)] 

p; (X) = i ^ P' (X) r9-120X P' (X) + 432X^ P'^(X) 
4 16 o *- o o 

- 576X̂  P'^(X) + 256X^ P'^CXy (C-34a) 

The conditions under which f is used are; 

0 < X < 1 , 2 and 40 > 0,275 X^ + 0.05 

1.2<X<10 and 49 > 0.12 X^ + 0.28 

10 < X < 100 and 49 > 0.105 X^ + 1,75 

100 < X < 200 and 40 > 0.095 X^ + 100 
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APPENDIX D 

RESONANCE EQUATIONS 

The single level Breit-Wigner formula for the scattering and radiative 

capture cross sections near a resonance are 

2r 

a^(E') = « ^ : g 
o_J 

(E'-E^)^ + (r/2)^ 
+ 0 

0 (E-) = « X 1 g P 2 (D-l) 

where E' is the energy in the center of mass system, ̂  is the reduced wave 

length in the center of mass system corresponding to energy E , and R is the 

effective radius of the nucleus. The energy in the center of mass system is 

the sum of the energies of the neutron and nucleus obtained using their center 

of mass system velocities. 

where m is the neutron mass_, M the nuclear mass and v and V their respective 

laboratory system velocities. 

E' = [ E . | =N^ (D~3) 

where E is the laboratory system neutron energy, E that of the nucleus, and 

V is the component of the velocity of the nucleus parallel to that of the 

neutron. 

Neglecting the second term in (D-3) 

IS' ^.su^ E* 

dV « 
P 

YZmE 

m+M dE' (D-4) 

Assuming a Maxwellian distribution of velocities for the nuclei, the probability 

of a particular value of V is 
P 

D-l 



P(V^)dV 
p p == V 2 ^ ̂ ^P I 2kT J 2kT I % 

^ ^ - [ - ^ ( E » ™ ^ E ) y 2 m E ] ^ dE' 2«KT -- L 2« V M y / -""J „^^ 
= P(E' :E) dE' (D-5) 

The effective Doppler broadened cross section, a (E), is that for rfiich v ff_j(E) 

is equal to the actual reaction rate. 

a^m) = ~ / P(E':E) a(E 

= / P(E':E) a ( E ' ) " Y ^ ^ dE' 
Jo 

Then 

MJL 
2 S^YET" 
m+M ^ o 

g 
•-E )>(r/2)^ ^ ^ / V E / 

/2 

(E'-E ) +(r/2) 
o 

let X = 

e = 

m+M 

4mEKT 

dE' 

r/2 

4. ĥ  ^ fs^V^'f^^V 
;0 2mE § 2 V M / V E / 

/2 

expLr(X-Y)^/40j 
dY 

1+Y 

(D^6) 

(D-7) 

(D-8) 

(D-9) 

Only values of Y close to X contribute significantly to the integral in (D-9); 

since values of X near - —r—• occur only for E near zero and since 0 is proportional 

to E only a negligible error is introduced by extending the lower limit to 

-c» , Thus, defining 
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a 
7 

o 

I *2 f _^^li fY.\\ii r r 

and 

^ , 1 . f" .expL(X^Y)̂ /4,J, ^̂  
V4«0 / a , l+Y^ 

CTp ^ a t ( X , 0 ) (D^12) 

Similarly 

cr (El = J — ^ ^ ̂  J , /m+My 

"CD 

expr(X-Y)^/40l 1+ —^-2— Y 

^ •• L * r„V7 J /,,\1 
l+Y^ 

CD 

/ g A l / 2 
tor K"^} may be expanded as 

• r ^f7 J /-.,\i/2 
o n V - » / E A ^ ^ ^ ^ ^ ^ 3 ^ 

over the significant portion of the range of Y. 

For all cases oJ 

approximated by 

f int 

fJL 
Im+f 

For all cases of interest this is adequately 

V/2 
m+M J 

Defining 

WS 
and 

L(x-Y)^/43. i « . / Y expL-(X-Y) 74 

'CD 1 + Y 

(D-14) 

o o 

^ « ' ^ ' ' ^ / ' ^ r : ; • " - dY (D-16) 
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m+M 
a, '̂  =03 m,G) +2^nfr^XiX,Q) +a (D-17) 
s o 

The process of locating the central energies of unresolved resonances 

described in the main portion of this report assumes a constant density of 

resonances. In reality there are two phenomena which cause the level density 

to vary. One is the variation in the density of nuclear levels of zero angu

lar momentum, the second is the appearance of higher angular momentum levels. 

Present information indicates the plausibility of the expression 

D = D exp -LV^] 
B = 4.8x10"^ ev"^ (D-18) 

* 
for the average spacing between levels as a function of E , the excitation 

energy of the compound nucleus. For isotopes of atomic weight in the vicinity 
* 

of that of uranium, E is approximately equal to the incident energy of the 

neutron plus 6 MEV. Thus in the energy range in which the resonance function 
* 

cross sections will be used in RBU, E is not a strong function of ¥, the 

neutron velocity. Equation (D-18) may then be conveniently approximated by 

V-ISCF) 
D̂  ,-V6xl0S ̂ ^ . __^^^^ I („.j„ 

A rough approximation to the effect of resonances of angular momentum 

higher than zero can be obtained by the classical treatment of glancing colli

sions according to which the highest angular momentum which can contribute 

to an interaction between a neutron and a nucleus is given by 

i ^ m V R/fi (D-20) 
max 

-13 1/3 
where R is the radius of the nucleus given approximately by 1,45x10 A cm. 

If one assumes that all angular momenta capable, according to (D-20) of 

contributing to interactions, produce effectively similar resonances, it 

appears reasonable to write that the effective density of resonances is given 

by 

i ̂  i f i.45x,-"^3 ^1/3 ̂ ^/^ _̂  A ^P^2i) 
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The effect of higher angular momentum resonances, like-the effect of 

the variation of nuclear level density is small enough that these rough approxi

mations are probably satisfactory for reactor calculations but large enough 

that they should be included. In RBU, the fact that the most significant pro

perty of the resonances is the average cross section, the product of the level 

density and the mean cross section within a resonance leads to one further 

approximation^ The variation in level density given by (D-18) and (D-21) is 

treated as a variation in the cross section value and the level density is 

treated as a constants One source of error associated with this approximation 

arises from the fact that the effect of cross section value variation is 

diminished by self-shielding while that of level density variation is not. 

It appears, however, in few of the small importance of the two phenomena 

considered here, that the approximate treatment is sufficient. 
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APPENDIX E 

DERIVATION OF THE BACKWARD DIFFERENCE EQUATIONS 

For a time interval, 6, the backward differences of N are defined by 

y°(t) = N(t) 

y' '(t) = y^"^(t) - y'^^^t-s) (E-D 

Equations (E-1) may be solved for the values of N at preceding time steps: 

N(t) = y°(t) 

N(t-6) = v°(t) - y ^ t ) 

n 

N(t n5) = l_j (-if (") y^(t) (E-2) 

r=0 

Equation (E-2) yields values of N at one point for each of the R backward 

differences available. Tbe value of N at an arbitrary time, t', may then be 

approximated by a power series 

R 

N(t') = ^ A^(t'-t)'^ (E'3) 

Combining Equations (E-2) and (E-3), one obtains a set of R simultaneous 

algebraic equations in tbe A 

E A (n5)'̂  = /] (-1)̂  ( ") y^ (t) 
r=0 i=0 

(E 4) 

For a given value of R, these may be solved by elimination to give 

o 

A 
5 
3 E m ^ ' + - (̂ -5) 

et cetera 
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For smaller values of R the same solutions hold if the y for r > R are set 

equal to zero. 

By substituting the appropriate values of t' in (E-3) and using the 

coefficients of (E-5) for R=3, the interpolation equation for N given in the 

main body of this report is obtained. Similarly by integrating (E-3) and 

making the same substitution the prediction and correction formulae are found. 
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APPENDIX F 

DERIVATION OF THE DIFFUSION DIFFERENCE EQUATIONS 

The diffusion equation in one dimension is 

f (r) = . ̂  ^ D(r) rP ̂  <Kr) + T(r) •(r) - H(r) = 0 (F-1) 

To obtain an equation involving values of the neutr i flux at the mesh points 

r=r., r- •»•> r only, one multiplies Equation (F-1) >y r^ and integrates 

from 

r ,+r r +r ., 
n-1 n ^ n n+1 /w o% 

™™T^^Vl/2 '̂° ^™T™-^^n+l/2 (̂ "2) 
Between r - ,_ and r and between r and r ., /_, the nuclear constants, D n-1/2 n n n+1/2' ' 

and T, do not vary. Then assuming that 4- and H vary linearly between mesh 

points; 

/

n+1/2 S ,, , 1 % „ P ̂  */ >1 

rPf(r)dr = ^ D rP^*<^> ^\+ ^ ^ •('̂ > 
- ,,„ "" J V l / 2 >• 

•n-1/2 

-^Vl/2 L n- J 

pn+1/2 ^ f * ̂i-* 1 

dr 

•n-1/2 

(r-r ) dr = 0 (F-3) 

n 

In (F-3) H(r) is permitted to be discontinuous at mesh points while $ has 

been assumed to be continuous. 
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"^'^n-l 

n+1/2 
r^ f ( r ) d r = V ^ [•: • (vK)-] 

n-1 /2 

n+1/2 

, „ 1 p+l ^ ^ \ " \ - l ( 1 p^l 1 p+n rn 

+ V [^ ^ *n + •""̂ T̂ v ^ ^ " ^ \ '̂  yJ^ 

. T \-^ rP+1 * + '̂ "+^"V ( - ^ rP+2 „ ™L ^ rP+Al ̂ ' + \ + [p+1 ' \ + Ar̂ ^ \p+2 ^ p+1 '̂ n '̂  ylj ̂  
'iJ. 

[ 1 P+1 ^ \ -" \- l+ r 1 p+2 1 p+A ^n 

"" ^ '̂ •̂  V l / 2 

TH ^ ,P+1 .̂ ̂ £ ! n ± ( ^ ,P+2 . ^ , ,P+A 1 '̂ n+1/2 ^ , 
[̂  n+ p+1 Aĉ _̂  \p+2 P^^ " / J r 

n 

On substituting limits and collecting terms, one finds 

-a 0 T + b «t) - c * ,, + a' H ,+ - b' H - b" H . + c' H ., = 0 
n n-1 n n n n+1 n n-1^ n n- n n+ n n+1 

a = u —T—^— + T a' 
n n- Ar n- n 

n-

p+1 p+1 p+1 p+1 

b . , + e + T - i ^ ^ ^ . T ̂  -^-^:^ti/^ 
n n n n- (p+1) n+ p+1 

rP 
n+1/2 ^ ^ , 

c = - 7 — — + T . c' 
n Ar , n+ n 

n+ 

p+2 p+2 p+2 p+1 
I _ n n-1/2 n n n-1/2 

®n ~ p+2 Ar ' (p+1) Ar 
n- n-

p+2 p+2 p+2 p+1 
^n "%+l/2 '̂n "̂ n''n+l/2 , . 

^n •" (p+2) Ar̂ _̂  " (p+1) i^^^ ^^'^^ 
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The approximation 

p+1 p+1 

n n p+1 

p+l_ p+1 

b" - c ' ^ !S-^.^!B±1/2 ( J . ^ 

n n p+1 ^ •' 

<-<-m^J<'<'''-n. (̂ -̂ ' 
is accurate to first order in Ar, With this approximation 

a' = c' = 0 
n n 

and (F-5) reduces to 

-a 4» , + b 4> -c *^, - d H - d H _ ^ = 0 
n n-1 n n n n+1 n- n- n+ n+ 

where p 

a = (D ) ^ 
n n-'̂  Ar 

n-

Ac ^ 
„ . . . . -"-a^ - T rP - - i 

n n n n n 2 n + n 2 
b = a + c - T - r P - - ^ „ T r P - - ^ 

n+ 

^ Ar . 
d = rP — ^ d = rP - ^ 

n- ^n 2 ^ n+ ^n 2 
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APPENDIX G 

DERIVATION OF THE EQUATION FOR THE DIFFUSION COEFFICIENT 

The diffusion coefficient is defined as the quantity which, when multiplied 

by the component of the gradient of the neutron flux density normal to a sur

face, gives the current across that surface 

D ft • ̂  * = J (G-1) 

The diffusion coefficient in RBU, then, is to be computed from 

J.^ds II (G-2) 

where ds is an element of area of the surface bounding a region. 

The numerator of this expression is obtained simply by tallying the leakage 

out of the region in question. The expectation value of the contribution made 

by a neutron to the normal component of the gradient of the flux density at a 

surface may be obtained as follows. 

Consider the neutron to start at point x, y, z, moving in a direction a, 

p, 7 with velocity, such that the mean free path is A,, toward a boundary surface, 

^ , whose locus is 

A(x-x )^ + B(y-y )^ + C(z-z )^ - K - 0 (G-3) 

Construct two additional surfaces,^' and^" which differ only in that 

K' = K - € 

and K" = K + € (G-4) 

where e is a small distance. The three surfaces define two regions, 1 and 2, 

and the distances the neutron must travel to reach each of these boundaries are 

Q« = -e+g f e -Xr' 

-e4« y e ~Mrc 
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where 

e = Aa(x-x^) 4§(y-y^) + C7(z-z^) 
0 0 0 

X = Aa + Bp + C7 

r = A(x-x )^ + B(y-y )^ + C(z-z )^ - K 

r' = r + e 

r" - r - € (G-5) 

The distances the particle will have to travel to cross each of the regions 

are 

Sj_ = S - S 

o 

(e -Xr) (e -^r) 

S = S" - S =^ [^^r^^ - VTTX^J 
i£ ̂ . ™ i _ „ _ . a ̂ _ s ^ _ . ̂ (,3j ^g^gj 
2 (e^.Xr)^/^ 8 (,2.X)3/2 

The expectation values of the contribution to the the neutron flux densi

ties in each of the two small regions are 

-S'/X 
<Dĵ  = X e 

•2 = ̂ ^̂ '̂'̂ l̂-e - Jp2 (G»7) 

where ?̂  and V. are the volumes per unit surface area; they may be represented 

as the product of e with a constant, L, in each region. Since e and, therefore, 

S, and S^ are small 

•. = A e \ e - 1/ / Le 

[hi&'KM ^ h ^ ̂ '̂̂ ^ 11̂  +1 i-r̂ i +^-^n (G^8) 
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['i - i & A^:f] 
The derivative of the contribution to the neutron flux with respect to 

distance S along the path of motion is 

a* , . *2 " 1̂ 
dS ĝ o I (8^+82) 

1 -S/X 
2L ̂  [̂  ̂  -1 ^7i;;i7 ]̂ 

The constant L is equal to the normal distance between surfaces per unit 

e which, from Equation (G-6) is 

L ^ S _ y 
2(e2»^)l/2 ^ 

where y is the cosine of the angle between the direction of motion of the particle 

and the normal to the surface. Substituting this expression for K and dividing 

by y , we obtain the contribution to the normal component of the gradient of 

the flux 

i±-e:!Z!: r g-̂  1I 
^ " ^ [(.'-My'" 'J £ - ^ I T^̂ fjTa - tl <--) 

It is interesting to note that the quantity (e --A/T) in this expression 

is independent of the position along the particle's path at which it is computed. 
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