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Present interest in tokamaks with noncircular cross sections motivates
study of the magnetohydrodynamic stability properties of general axisymmetric
configurations. Here we report on such a program and present some of the results.
We divide the problem into two parts - (1) the determination of equilibrium con-
figurations and evaluation of stability criteria for localized modes, and (2) the
study of the complete normal mode spectrum of the configuration.

Determination of an equilibrium configuration is carried out either analyti-
cally or numeri-ally.. It is always useful to study simplified configurations
where analytic solutions exist. These models provide a means for checking numeri-
cal techniques and give an understanding of the mode structure to be expected in
more general configurations. For more realistic systems we have developed an
efficient numerical program which determines the equilibrium magnetic fields, given
the distribution of the current in external conductors and a prescription of the
pressure distribution and the net current inside each magnetic surface in the plasma.

Two localized instability criteria are evaluated by integrating over each
magnetic line in the plasma. Ideal interchange modes are studied by means of the
Mercier criterion which implies stability if1

D = D + H - j < 0 . (1)
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where A = <S>'H"' - ir$", o = J • B/B , <!>, V, I and J are toroidal and poloidal
field and current fluxes, primes denote derivatives with respect to the volume V,
and brackets denote field line averages, as in reference 1. We have generalized a
previously given resistive instability criterion! to apply to systems with finite
plasma pressure, demonstrating stability if

D = D + H2 < 0. (4)

Using our equilibrium program we apply these criteria to the proposed Princeton
PDX divertor experiment.

Details of the complete spectrum are obtained by finding estimates of the
eigenvalues w 2 and eigenfunctions 5 that make the Lagrangian

L = u)2K(t*, |) - 5W(|*, 1) (5)
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, where ui K^

and 6W are the kinetic and potential energies associated with a displacement £
from equilibrium.2

We adopt the Galerkin method for making Eq. (5) stationary: the components
of £ are approximated by a linear superposition of M independent expansion functions
A(M) Variation of Eq. (1) leads to the matrix eigenvalue problem

m
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for to and tha coefficients of the expansion functions a . We use products
of Fourier modes and finite elements as expansion functions. Here brackets denote
integrals over all space.

In formulating a. general numerical approach such as this, one should anticipate
the physical results to be expected. Here a natural coordinate system based on the
magnetic field lines should be chosen. With this in mind, we decompose the mag-
netic field into poloidal and toroidal components:

B = B Q |f(i|>) 7<j>xVi|> + Rg(i|i) V | j , (7)

with the azimuthal angle <f> the ignorable coordinate and i|i a surface label related
to f through If = 2irB /fdt|». The constant R is the major radius. It is obvious
that <|> should be used as a coordinate. Since plasma behavior in a magnetic surface
is quite different from that across the surfaces, it is also natural to adopt ij< as
a second coordinate. We choose the third coordinate Q so that the field lines are
straight. Then the Jacobian is

)f = (VyXVO r "•« X

4TT >J p X

with X the distance from the major axis.

In this system the vacuum - plasma interface is a coordinate surface. This
makes it easy to use Green's function techniques to express the extremized
contribution of 6W from the vacuum region outside the plasma in terms of the
components of an arbitrary £ f V\ji on this surface.

Keeping in mind the fact that the Lagrangian is diagonalized by the normal
modes of the physical system, we should choose components that represent polari-
zations of the various modes, at least approximately in the long wavelength limit
where the frequency range is most exaggerated. Indeed, in typical tokamaks the
frequency range spans many orders of magnitude. The lowest frequency, or sound,
modes consist of flow along magnetic field lines while the shear Alfven waves
have a divergence free motion perpendicular to the field. It is not as •'•npdrtant
to utilize the polarization of the fast, or magnetosonic, mode because this mode
does not depend on cancellations of large terms for its accurate calculation.
We find it convenient to set
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.'•"" and then to make the transformation

= 6 - 2Tiia£/30 , 4 g = 2n3c/3i|) , (10)

to accomplish this mode separation.

As an application of the computational program, we study finite wavelength
kink and ballooning modes in an elliptical cylindrical plasma column, embedded
in an external axial magnetic field B and carrying a uniform axial current J .
To do this we let <|> = Z/R and x = X - R, and introduce a periodicity length
L = 2irR. Then f(iji) = b2a2LJ /4TTB (b2 + a2), so that from

z o

2
V i|> = LJz/2TTBof, (11)

I|J = x2/a + y /b . Note that 2nfB J /L = -(p1 + B gg') and we can adjust g to
maintain a constant J . We use the coordinate system (IJI, 0, Z) with

z
x = ai|)1/2 cos O,'- y = bi|i1/2 sin 0 . (12)

This model is an extension of a previous study to include the effects of finite
pressure and finite wave length. In addition, it provides a bridge between studies
of configurations where exact analytic solutions can be found to verify the accuracy
of the code and of realistic models with only numerical equilibrium solutions.

Associated analytic work on the singularities of this problem has been carried
out to complete the characterization of the solutions. These singularities
are of two kinds, those for finite frequency leading to various continua in the
spectrum, and those for small or vanishing frequency. The latter lead to the
accumulation points c1" instability growth rates associated with Suydaii and Mercier
criteria, and are also the starting place for calculating resistive modes.
This provides further understanding of the unstable modes associated with Eqs. (1)
and (4). Modes determined from Eq. (6), together with work associated with the
derivation of Eq. (4), enable us to also investigate tearing instabilities in
these configurations.
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