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MANIPULATOR CABLE 
WITH CONSTANT STRESS 

John H. Gr imson 

ABSTRACT 

A manipulator or mechanica l a r ra involves an upper 
and a lower a r m , as it were , with a var iable angle between 
them. Cables used to t r a n s m i t motion and force from the 
upper to the lower a r m s pass over a pulley at the joint or 
elbow. A pulley, axially fixed with respec t to the joint, i m 
poses a change in length of the cable as the angle between 
the a r m s v a r i e s . Manipulation design r equ i re s a cable of 
constant length during this variat ion; this constant length 
may be achieved by guiding the center of the pulley along the 
proper path. Two acceptable solutions were obtained in t e r m s 
of four va r i ab les , viz . , the lengths of each arm., the radius 
of the pulley, and the angle between the a r m s . One solution 
moved the pulley center along a s t ra ight line with respec t to 
the lower a r m . The other solution moved the pulley center 
along a c i r cu la r a r c with r e spec t to the upper a r m . P r a c 
t ical and economical m e c h a n i s m s based on these solutions 
were invest igated for use in manipulator design. 

INTRODUCTION 

With m a n ' s explorat ion of the atom, methods of handling radioact ive 
e lements remote ly became a necess i ty . This need produced a mechanical 
a r m called a m a s t e r - s l a v e manipula tor . The ea r l i e s t manipula tors , and 
subsequent mechanica l manipu la tors , consis ted of two ver t i ca l a r m s con
nected d i rec t ly by tapes or cables through a horizontal m e m b e r . The ve r t i 
cal a r m within the radioact ive a r e a was called the slave, while the a r m 
which the opera tor actually works was called the m a s t e r . Manipulator de 
sign mus t acknowledge the bas ic r equ i r emen t s of min imum friction, iner t ia 
and backlash throughout the complete sys t em. 

These mechanical manipula tors were sufficient for the ea r l i e r han
dling p rob lems involving gamma radia t ion only. Containment of gamma r a 
dioactivi ty has been achieved through the construct ion of shielded faci l i t ies , 
usual ly of a dense concre te . Escape of par t icula te ma t t e r was controlled by 
negative a i r p r e s s u r e within the facility, which produced inward a i r ve loc i 
t ies through c racks or openings in excess of 100 fpm. Alpha radioact ivi ty 
has been handled in tightly sealed glove boxes. Combining these two types 
of activity, new prob lems have become evident in the remote-handl ing field. 



Gamma facil i t ies must be made both gas - and par t icula te- t ight as a 
f irs t r equ i rement for containment of alpha activity. Sealing of movable 
cables in a horizontal tube becomes a difficult p rob lem. In addition, faci l i 
t ies containing both types of radiat ion a r e growing in s ize . These problems 
have led to the development of "electronical ly controlled" manipu la to rs . 
These manipula tors have the m a s t e r and slave a r m s connected by only a 
mult iple-conductor e lec t r ica l cable, which may be sealed more easi ly than 
moving mechanical cables . An e lec t r ica l ly connected manipulator also 
allows g rea t e r coverage of the slave a r e a when coupled with some type of 
vehicle. 

In spite of the advantages noted, cer ta in difficulties appear . One of 
these is the problem of a mechanical cable of constant length. Fig . 1 shows 
how the completely mechanical manipulator does this inherent ly. F ig . l(a) 
shows the normal position, whereas F ig . 1(b) shows a dec rease in the 
angle ci. The inherent compensation during this dec rea se is due to the fact 
that as the cable unwraps from pulley A, an equal amount wraps onto pul-

F\Q. 1 MECHANICAL MANIPULATOR 

Fig, 2 shows how an electronic manipulator differs . F ig . 2(a) shows 
the normal position, whereas Fig . 2(b) shows a dec rease in the angle Ci, 
In this case , as O- d ec r ea se s the amount of wrap on pulley B i n c r e a s e s , ca l l 
ing for an inc rease in cable length to maintain a constant force. If the cable 
length is to r emain constant, the pulley center must be moved. Determining 
the proper path to be followed by the center of the pulley to give a constant 
cable length has proved to be a very laborious job on the p resen t e lectronic 
manipula tors . 



ELECTRONIC MAWIPULATOR 

The p u r p o s e of th i s p a p e r w a s to find a g e n e r a l so lu t ion for the pul
l e y pa th for any m a n i p u l a t o r , thus e l i m i n a t i n g the need for a new inves t iga 
t ion for e a c h new m o d e l wi th d i f fe ren t p a r a m e t e r s . 

D E S C R I P T I O N OF P R O B L E M 

The p r o b l e m can b e s t be d e s c r i b e d by m e a n s of a s c h e m a t i c d i a g r a m 
( see F i g . 3) . The s y m b o l s a r e def ined a s fol lows: 

L j = l eng th of u p p e r o r f ixed m a n i p u l a t o r a r m , in . 

L2 = l eng th of l o w e r o r m o v i n g m a n i p u l a t o r a r m , in . 

R = p i t ch r a d i u s of the pul ley , in. 

C - l eng th of c a b l e , in . 

a = ang le b e t w e e n the two m a n i p u l a t o r a r m s , d e g r e e s 

O ~ c e n t e r of pu l l ey 

Y = p e r p e n d i c u l a r d i s t a n c e of the point O f r o m l ine L j , in . 

P = pivot point b e t w e e n Lj and L,^ 

X - d i s t a n c e of the point O f rom the point P p a r a l l a l e d to Lj 

J = point of cab le o r i g i n 

K - point of t a n g e n c y of cab le a r r i v a l a t the pul ley f r o m J 

M = point of t a n g e n c y of cab le a s it l e a v e s pul ley 



N - point of cab le t e r m i n a t i o n 

A, B, D = v a r i o u s po in t s of r e f e r e n c e 

7 = ang le tha t the o r i g i n a t i n g cab le m a k e s wi th L^, d e g r e e s 

5 = ang le tha t the t e r m i n a t i n g cab le m a k e s wi th L j , d e g r e e s 

JK - l eng th of the o r i g i n a t i n g cab l e , in . 

MN = l eng th of the t e r m i n a t i n g c a b l e , in . 

KM = a m o u n t of w r a p of the cab l e on the pul ley , in . 

j>, 'ijJ - r e f e r e n c e a n g l e s u s e d to ob ta in 7 , d e g r e e s 

e , X - r e f e r e n c e a n g l e s u s e d to ob ta in 6 , d e g r e e s 

Q - ang l e of w r a p of the cab le on the pul ley , d e g r e e s 

a = r e f e r e n c e ang le u s e d to ob ta in 0, d e g r e e s 

UPPER 
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B a s e d on F i g . 3 and i t s s y m b o l s , the p r o b l e m can be s t a t e d a s 
fo l lows: 

Given a m a n i p u l a t o r wi th u p p e r and lower a r m s Lj and L2 and a pu l 
ley of p i t ch r a d i u s R, i t i s d e s i r e d to ob ta in a cab le of cons t an t l eng th C by 
m o v i n g the pu l l ey c e n t e r O a long s o m e pa th whi le the ang le b e t w e e n the 
a r m s , a, v a r i e s . 

The p r o b l e m is to ob ta in the p r o p e r pa th for cons t an t l ength a s a gen
e r a l so lu t ion . Th i s so lu t ion i s then app l i ed to finding a p r a c t i c a l and e c o 
n o m i c a l m e c h a n i s m which wi l l m o v e the pul ley c e n t e r a long the p r e s c r i b e d 
pa th . 

G E N E R A L SOLUTION 

Us ing F i g . 3 and i t s s y m b o l s , an equa t ion for the length of the cable 
o r t ape can be ob t a ined . In i t s s i m p l e s t f o r m , the length m a y be e x p r e s s e d 
a s 

C = JK + KM + MN . (1) 

A so lu t ion to E q . 1 in t e r m s of the p a r a m e t e r s L j , L2 and R, the independen t 
v a r i a b l e 0., and the dependen t v a r i a b l e s X and Y wil l be ob ta ined a s fol lows: 

JK = y(JO)2 - R 2 (2) 

J O = \/(Lj-X)2 -h Y^ (3) 

J P = Li (4) 

JK = / (L i -X)^ + Y^ - R^ (5) 

MN = \/(NO)2 - R 2 (6) 

NO = y(AO)^ + (AN)^ - 2(AO)(AN) cos a (?) 

AO := X - (AB) = X ^ = X-Y cot a (8) 
t an c. ' 

A P = \/(ABp + Y^ (9) 

AN = L2 - (AP) = [L2 - /(Y cot af + Y^] (IQ) 

NO = J{X^^Y~^t .1)^ + [Lz - /(Y cot a)^ + Ŷ ~]̂  - 2(X-Y cot a)[L.^ - / [ Y c o t a ) ^ " ! ? ] cos a ( j j ) 

MN = >/(X-Y cotcif +"[L2 - >/Y coto f + Y^f - 2(X-Y cota)[L2 - /(Y cot o.f + Y ]̂ cos o. - R^ ( l 2 ) 
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£ M = R 0 

e = (90<̂  + 7 + 0 ) 

o = (90° - a ) + 6 

6 = e - X 

e = s i n - i ( R / N O ) 

X = s in"^(DO/NO) 

DO = AO s in a 

DO = (X - Y c o t a ) s in a 

7 = ',̂  - 0 

'J = s i n "^ (R / jO) 

0 = s i n - ^ Y / j O ) 

• 1 R . 1 
7 = sm""- = = = - - s m " / (Li-X)2 f Y2 y(Li-X)2 + Y2 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

S i = R J ^ + sin-» 
^ /{l^Xf + Y' / (L I -X) ' + Y' 

+ — - a + sm * 

sin" 

/ ( X - Y cota')^ + [ L J - /(Y cota)2 + Y^ ]^ - 2(X-Y co t^ ) [ L J - /(Y cota)^ + Y^ ] cos-

(X-Y cot a) sm a 

/ (X-Y cota)^ + [LZ - / (Y cot a)^ + Y^]^ . 2(X-Y co ta ) [LJ -y(Y cota)^ + Y^ ] cos a-

(25) 

If L J / R or L2/R > 10, then the a r c s in m a y be t aken a s equa l to the a n g l e . 
Then KM can be s impl i f i ed to the fol lowing: 

/ (R - Y) 
KM = R ^ (TT-O) + 

/(Li-X)nY^ 

R - (X-Y coti)(sma} 

/ ( X - Y cota)^ + [1-2 - / ( Y co t j )̂  + Y^l^ - 2(X-Y cot <) [ L J - J{Y cota)^ + Y^ 1 cos a 
^ ^ "• ^ (26) 

The s u m of E q s . 5, 12 and 26 y i e ld s C, E q . 1, in t e r m s of the v a r i a 
b l e s X, Y and a. In o r d e r to find a p a r t i c u l a r pa th of point O, a p h y s i c a l r e 
l a t i o n s h i p b e t w e e n X and Y m u s t be o b t a i n e d . 



Par t i cu l a r Solution A (Pulley Pitch Line Tangent to Lower Arm Center Line) 

To obtain this physical relat ionship, further information with r e spec t 
to size and construct ion of both a r m s and pulley is needed. The upper a r m 
is of tubular cast aluminum, while the lower a r m consists of a cast a lumi 
num upper section and an extruded aluminum lower section. At least seven 
cables a r e used; al l of them pass through the upper a rm, while five or more 
pass through the lower a r m , the cable forming a "ribbon" through each tube. 
The width of the ribbon mus t be held to a minimum as dictated by the width 
of bearing needed for each of the severa l pulleys in the vicinity of the pivot 
P . The lower a r m has four t imes the iner t ia l effect of the upper a r m per 
unit of weight; therefore , the ribbon width and the tube diameter should be 
held to miniina in the lower a r m . The ribbon must pass through the tube on 
a d iameter to obtain the minimum size tube for a given ribbon width. 

A des i rab le relat ionship between X and Y may be obtained if the cable 
leaves the pulley at the point M lying on the center line NP of the lower a r m 
or tube (see Fig . 4). Using s imi la r t r iangles , the following Eq. 27 for X as 
function of Y and a , can be obtained: 

(27) 

Fsq.4 PULLEY PITCH LINE TANGENT TO 
A R M CENTER LINE 
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Eliminating the denominators , 

X = R CSC a -F Y cot a . (28) 

Substituting Eq. 28 into Eqs . 5, 12 and 26 re su l t s in the following: 

JK = / ( L ^ X ) ' + Y ' - R^ (29) 

or 

JK = sfihi-K esc a - Y cot a)^ -f- Y^ - R^ . (30) 

When Eq. 28 is substi tuted into Eq. 26, the las t two t e r m s drop out, since 

( R CSC a -I- Y cot a - Y c o t a ) sin a - R . (31) 

Therefore , 

KM = R < (7T-a) -I- sin-^ j====== - sin"^ T J -3- [ . (32) 
\ ' / [LI-X)2 + Ŷ  ^f{wWTY^ J 

R If — < 0 .1 , and assuming a rc sin 7 = 7 , the las t two t e r m s can be combined 

and simplified to yield 

KM = R J (7T-a) + , ^^"^^ i (33) 
[ \/(Li-R esc a-Y cot a)^ + Y^ J 

MN = V(X-Y c o t a f + [L2 . /{x+Y cota)^ + Y^f - 2(X-Y cota)[L2 - /(X+Y c o t a f + Y^] cos a - R^ ( 3 4 ) 

MN = \/(R csca )2 _̂  ̂ -^^ _ / ( y co ta)^ + Y^f -2(R esc a)[L2 - / (Y cota)^ + Y^J^osa - R^ ^35^ 

MN = S/R^ csc^a+(L2-Y esc a)^ - 2R cot a(L2-Y esc a) - R^ (36) 

C = A L I - R CSC a -Y 'co t a)^ + Y^ - R^ 

+ R^(7r-a) + ^ ^ ^ ^ 
/ ( L j - R CSC a - Y cot a)^ + Y^ 

+ VR^ csc^ a-l-(L2-Y esc a)^ - 2R cota(L2-Y c s c a ) - R^ . (37) 

As a f i r s t approach to a solution, it was thought to be des i rable that the dif
ference in values for Y should be kept to a minimum. In addition, Y should 
have values such that the following is t rue : 

R - Yj-nin = Yj^a.x • ^ (38) 



o r 

Ymax - 2R " Y ^ . ^ ^3g^ 

The reason for applying these additional conditions was again the de 
s i r e to keep the s ize , and the re fore the weights of the upper a r m to a min imum. 
The ideal condition is 

Ymax - Y ^ i , = R (40) 

To obtain a value for C for which Eq. 39 is t rue , the following values 
for p a r a m e t e r s were used" Lj = 30 in,, L j - 40 in, , and R - 1.0 in. Using 
these va lues , a s e r i e s of curves of C v s ^ a f o r different values of Y were ob
tained, from which C = 69.619 m . This value for C was based on 15 i n c r e 
ment s from 45 to 135 d e g r e e s . Both the range of a and the value of the 
p a r a m e t e r s chosen a re those of the Argonne National Labora to ry ' s E l ec 
t ron ica l ly Controlled Mas te r -S lave Manipulator, Model 3. 

With C = 69.619 in., a solution for Yvs . a from Eq. 37 was needed. 
The implici t form of this equation, which does not reduce to a simple a lge
b ra ic equation, is awkward. Several values of Y were obtained by laborious 
t r i a l and e r r o r . The success of the t r i a l and e r r o r solution suggested the use 
of a digital computer , such as the IBM 650. 

The method for p rog ra mming selected was that outlined in IBM Tech
nical Newsle t ter No. 11. This method is one developed by Dr . V. M„ Wolontis 
of the Bell Telephone Labo ra to r i e s ; it is commonly known as the Bell Li 
sys tem. Its actual name is a Complete F loa t ing-Decimal Interpret ive System 
for the IBM 650 Magnetic Drum Calcula tor . The actual p rog ram developed 
along with an explanation of the actual notation used may be found in the 
Appendices. 

The p r o g r a m used solved for values of X and Y at 15-degree i n c r e 
ments of a over the range from 1 5 to 165 deg rees , a range exceeding p re sen t 
demands . This is a g r ea t e r •^'-ariation in a than that needed for the previous ly 
mentioned Model 3 manipula tor , in Model 3,a va r i e s from 45 to 135 d e g r e e s . 
Checking Eq. 39, using the value of Y at 45 degrees for Yj^jj^ gave a value of 
1,8611 inches for ^xn3.yL- The actual value obtained at 135 degrees was 
1.8422 inches . This difference was due to an inaccuracy in the value of C 
resul t ing from a graphical solution and slide rule calculat ion. 

F u r t h e r invest igat ion, using a desk calculator for checking values of 
C, showed that Eq. 39 is v e r y sensi t ive to smal l changes in C. Also, even 
when using a calculated value of C, the p rogra in fails to check the value at 
angles outside the 45- to 135- degree range of the Model 3. 

F u t u r e manipu la to rs m a y not be l imi ted to the range from 15 to 
165 d e g r e e s . The ul t imate l imit might be from 0 to 360 d e g r e e s . However, a 



range ol 0 to 180 degrees would allow a solution which, because of sym
met ry , could resu l t in 360 degrees of movement . If a were 180 degrees , 
there is a unique solution to C: 

C = Li + L2 . (41) 

Also, the following must be t rue when a = 180 degrees." 

Y - R . (42) 

Although Eq. 42 mus t be satisfied^ X can be any value and still satisfy the 
genera l equation for C at 180 d e g r e e s . However, a value of zero for X is 
unique, since it r ep re sen t s a point at which O is nea re s t P . 

Substituting C from Eq. 41 into Eq. 37, the p a r a m e t e r s of the Model 3 
were then used to de te rmine a new path. In addition to plotting the path of 
point O in coordinates of X and Y, the path of O was also plotted using co
ordinates of a and L2 - MN. The curve obtained from X-Y coordinates 
resembled a parabola . The curve of u v s . Lj - MN was near ly a s t ra ight 
l ine. Also, the parabolic curve approached a c i rcu lar a r c between 45 and 
180 d e g r e e s . 

A single problem was solved with the use of the p a r a m e t e r s of 
Model 3. In addition to this solution, it was des i red to know the effect of dif
ferent p a r a m e t e r s . Table I shows the range of p a r a m e t e r s for which solu
tions have also been obtained. 

TABLE I 

Parameters for X = R esc '•• + Y cot a 

P a r a m e t e r 
Set 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

L i 

10.0 
10.0 
10.0 
20.0 
20.0 
20.0 
10.0 
30.0 
40.0 
36.0 

Lz 

10.0 
10.0 
10.0 
20.0 
20.0 
20.0 
40.0 
40.0 
40.0 
48.0 

R 

0.5 
0.75 
1.0 
0.5 
0.75 
2.00 
1.0 
1.0 
2.00 
2.0 

L I / R 

20.0 
13.3 
10.0 
40.0 
26.6 
10.0 
10.0 
30.0 
20.0 
18.0 

The tabular and graphical solutions to these different pa rame te r sets follow. 
In addition, the solutions to p a r a m e t e r set 12 a r e given as a special problem 
having C = 69.619 in. 
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TABLE II TABLE III 

P a r a m e t e r Set 1 Lj = 10 0, L2 = 
R = 0 5 and L J / R = 20 0 

10 0, 

t 

15 
30 
45 
60 

75 
90 
105 
120 

135 
150 
165 
180 

Y 

-0.306 
-0 143 
-0 007 
0 109 

0 206 
0.287 
0.353 
0.406 

0 446 
* 
* 

0 500 

X 

0 790 
0 752 
0 700 
0 640 

0 573 
0.500 
0.423 
0 343 

0 261 
* 
* 

0 000 

M N 

9 316 
9 421 
9 509 
9 586 

9 653 
9 713 
9.768 
9 820 

9.868 
* 
* 

10 000 

L2 - M N 

0 684 
0 579 
0 491 
0 414 

0 347 
0 287 
0 232 
0 180 

0 132 

* 
* 

0.000 

P a r a m e t e r Set 2 Lj 10 0, L2 = 10 0, 
R = 0 75 and L J / R = 13 3 

15** 
30** 

45 
60 

75 
90 
105 
120 

135 
150 
165 
180 

Y 

-0 455 
-0 210 

-0 005 
0 167 

0 312 
0 433 
0 5^2 

0 610 

0 671 

0 712 

0 735 
0 750 

X 

1 200 

1 13b 
1 056 
0 9o3 

0 80O 
0 750 
0 6 54 
0 514 

0 390 
0 2bb 
0 lSt> 

0 000 

MI\ 

8 959 
9 121 

9 257 
9 373 

9 47b 
9 5b7 
9 650 
9 728 

9 802 
9 875 
9 9bO 
10 000 

L, - M N 

1 041 

0 879 
0 743 
0 627 

0 -524 
0 433 
0 350 
0 272 

0 198 
0 125 
0 040 
0 000 

* Data mis s ing 
** Data do not sa t i s t \ a ssumpt ions because 

of smal l angle approximat ion for , . 

TABLE IV 

P a r a m e t e r Set 3 Lj = 10 0, L2 = 10 0, 
R = 1 0 and L J / R = 10 0 

••J 

15 
30 
45 
60 

75 
90 
105 
120 

135 
150 
165 
180 

Y 

-0 601 
-0 273 
0 000 
0 228 

0 420 
0 580 
0 710 
0 815 

0 895 
0 951 
0.981 
1 000 

X 

1 622 
1 527 
1 414 
1 287 

1 148 
1.000 
0.§45 
0 684 

0 519 
0 353 
0 202 
0 000 

M N 

8 589 
8 814 
9 005 
9 159 

9 297 
9 420 
9 532 
9 636 

9 734 
9.830 
9.941 
10 000 

Lz - M N 

1 411 
1 186 
0 995 
0 841 

0 703 
0 580 
0 468 
0 364 

0 266 
0 170 
0.059 
0.000 ft«~ft«i«#tiW"® 

. ^ 5 ^&- s a Ki^K* **43 'fe sS^ i^ -

î nBw 1 ^ ^ ^ ^&. 

'44^ 
}mth. 



T A B L E V T A B L E VI 

P a r a m e t e r Se t 4 L i = 20 0, L j = 20 0, 
R = 0.5 a n d L J / R = 40 

15 
30 
45 
60 

75 
90 
105 
120 

135 
150 
165 
180 

Y 

-0.308 
-0.147 
-0.010 
0 106 

0 204 
0 286 
0.352 
0 406 

0.446 
0 473 
0 487 
0.500 

X 

0 782 
0 746 
0 697 
0 639 

0 572 
0 500 
0 423 
0 343 

0 261 
0.180 
0 115 
0 000 

M N 

19 324 
19 427 
19.514 
19 588 

19.655 
19 714 
19 769 
19 820 

19 869 
19 919 
19 985 
20.000 

L2 - M N 

0.676 
0 573 
0 486 
0 412 

0 345 
0 286 
0 231 
0 180 

0 131 
0 081 
0 015 
0.000 

P a r a m e t e r Se t 5 L j - 20 0, L2 = 20 0, 
R = 0 75 and L J / ' R = 25 b 

15 
30 
45 
60 

75 
90 

105 
120 

135 
150 
165 
180 

-0 4 b l 
-0 217 
-0 012 
0.162 

0 308 
0 430 
0.530 
0.610 

0.b70 
0.712 
0.734 
0.750 

X 

1 179 
1.124 
1 049 
0.95Q 

MN 

0 391 
0 267 
0 159 
0.000 

IB 981 
19 136 
19 267 
1<5 380 

0 859 I 19 480 
0 750 j 19 570 
0.635 I Id 653 
0 514 19 729 

19 802 
19 875 
19.964 
20 000 

L J - M N 

1 o i q 
0 864 
0.733 
0 620 

0 520 
0.430 
0 347 
0 271 

0.198 
0 125 
0.036 
0.000 

T A B L E VII 

P a r a m e t e r S e t 6: L i = 2 0 . 0 , L2 = 2 0 . 0 , 
R = 2 . 0 0 a n d L J / R = 10.0 

a 

15* 
30* 
45* 
60 

75 
90 
105 
120 

135 
150 
165 
180 

Y 

-1.202 
-0.546 
0.000 
0.457 

0.841 
1.160 
1.422 
1 632 

1.792 
1.905 
1.974 
2 000 

X 

3.243 
3.054 
2.828 
2.573 

2.296 
2.000 
1.690 
1.367 

1.036 
0 700 
0.360 
0.000 

M N 

17.178 
17 628 
18.000 
18 317 

18 594 
18.840 
19.064 
19.270 

19.465 
19.654 
19.837 
20.000 

L2 - M N 

2.822 
2.372 
2.000 
1.683 

1 406 
1.160 
0.936 
0.730 

0.535 
0.346 
0.163 
0.000 

* D a t a do no t s a t i s f y a s s u m p t i o n s 
b e c a u s e of s m a l l a n g l e a p p r o x i 
m a t i o n for 7 , 



TABLE VIII TABLE IX 

P a r a m e t e r Set 7: Lj = 10.0, L,^ = 40.0, 
R = 1.0 and L J / R = 10.0 

a 

15 
30 
45 
60 

75 
90 

105 
120 

135 
150 
165 
180 

Y 

-0.601 
-0.273 

0.000 
0.228 

0.419 
0.580 

* 
* 

* 
* 
* 
* 

X 

1.622 
1.527 
1.414 
1.287 

1.148 
1.000 

* 
* 

* 
* 
* 
* 

MN 

38.589 
38.814 
39.000 
39.159 

39.297 
39.420 

* 
* 

* 
* 
* 
* 

L2 - MN 

1.411 
1.186 
1.000 
0.841 

0.702 
0.580 

* 
* 

* 
* 
* 

* 

* Data mi s s ing 

TABLE X 

P a r a m e t e r Set 9: Lj = 40.0, L2 = 40.0, 
R = 2.0 and L J / R = 20.0 

a 

15 
30 
45 
60 

75 
90 

105 
120 

135 
150 
165 
180 

Y 

-1.223 
-0.573 
-0.026 

0.437 

0.826 
1.150 
1.417 
1.629 

1.793 
1.905 
1.970 
2.000 

X 

3.162 
3.007 
2.803 
2.562 

2.292 
2.000 
1.691 
1.369 

1.035 
0.700 
0.376 
0.000 

MN 

37.262 
37.682 
38.036 
38.341 

38.609 
38.850 
39.069 
39.273 

39.464 
39.654 
39.854 
40.000 

L2 - MN 

2.738 
2.318 
1.964 
1.659 

1.391 
1.150 
0.931 
0.727 

0.536 
0.346 
0.146 
0.000 

P a r a m e t e r Set 8: Lj = 30.0, Lj = 40.0, 
R = 1.0 and L J / R = 30.0 

a 

15 
30 
45 
60 

75 
90 

105 
120 

135 
150 
165 
180 

Y 

-0.615 
-0.291 
-0.017 

0.215 

0.410 
0.573 
0,707 
0.813 

0.894 
0.951 
0.981 
1.000 

X 

1.569 
1.496 
1.397 
1.279 

1.145 
1.000 
0.846 
0.685 

0.520 
0.354 
0.202 
0.000 

MN 

38.643 
38.850 
39.024 
39.175 

39.307 
39.426 
39.536 
39.638 

39.735 
39.830 
39.941 
40.000 

L2 - MN 

1.357 
1.150 
0.976 
0.825 

0.693 
0.574 
0.464 
0.362 

0.265 
0.170 
0.059 
0.000 

TABLE XI 

P a r a m e t e r Set 10: Lj = 36.0, L2 = 48.0, 
R =2 .00 and L J / R = 18.0 

a 

15 
30 
45 
60 

75 
90 

105 
120 

135 
150 
165 
180 

Y 

-1.221 
-0.570 
-0.023 

0.439 

0.827 
1.151 
1.417 
1.629 

1.791 
1.905 

* 

2.000 

X 

3.171 
3.012 
2.805 
2.563 

2.292 
2.000 
1.691 
1.369 

1.037 
0.700 

* 

0.000 

MN 

45.253 
45.677 
46.032 
46.339 

46.607 
46.849 
47.069 
47.273 

47.467 
47.654 

* 

48.000 

L2 - MN 

2.747 
1.968 
1.968 
1.661 

1.393 
1.151 
0.931 
0.727 

0.533 
0.346 

* 

0.000 

*Data mis s ing 
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TABLE XII 

P a r a m e t e r Set 11 Lj = 30.0, L2 = 40.0, 
R = 1 0 and L J / R = 30 0 

SPECIAL PROBLEM 
X = R CSC + Y cot > 

Also 
JK + KM + MN = 69 619 

15** 
30** 
45 
60 

75 
90 

105 
120 

135 
150** 
165** 
180** 

Y 

-0.563 
-0.188 

0.139 
0.434 

0.701 
0.952 
1.203 
1.479 

1.842 
2.503 

* 
* 

X 

1.764 
1.675 
1 553 
1.40 5 

1.223 
1.000 
0.713 
0.301 

-0.428 
-2.336 

* 
* 

MN 

38.442 
38 643 
38.804 
38 921 

L2 - MN 

1.558 
1 357 
1 196 
1 079 

0.994 
0.952 
0.978 

39.006 
39 048 I 
39.022 I 
38.869 

38 395 
36.725 

* 

* Data mi s s ing 
** Data do not sati&ly assumpt ions 

because of smal l angle approx i 
mat ion for 7 or C / 69.619 

1 

1 
3 

131 

.605 

.275 
• 

• 



Summary 

A review of the resu l t s can best be had from the graphical p r e s e n 
tations in F i g s . 5 through 8. The magnitudes of X and Y vary a lmos t exclu
sively as a function of R. The tabular data, however, do indicate that the 
length of Li does influence the resul t ; Lg does not affect the resu l t since the 
point M remains on the Line NP. It will be noticed that the path, although 
parabolic in shape, does approach the a r c of a c i rc le for a large portion of 
the curve . 

Mechanisms to cause the pulley center to follow the analytically de 
termined paths m o r e or l ess accura te ly were next investigated. 

Mechanism 1 used a cam, the precedent being Model 3, with the fu
ture possible r equ i rement of a la rge d and the maintenance of cam weight. 
The cam proposal appears imprac t i ca l . In addition, accura te cams a r e very 
expensive. 

Mechanism 2 considered the use of a gear and rack to dr ive a 
sl ider on the lower a r m . This mechanism is feasible since the movement 
of the pulley center with r e spec t to the lower a r m is near ly l inear . As in 
the case of the cam, weight and cost a r e high. 

Other mechan i sms , such as a four-bar linkage or a s l idecrank, were 
imprac t icable for one reason or another . 

Pa r t i cu la r Solution B (Pulley Center Moving on the Arc of a Circle) 

As a possible method for reducing complexity, other physical r e l a 
tions between X and Y were invest igated. For angles of a g rea te r than 
45 degrees , the parabol ic curves obtained as previously mentioned appear as 
an a r c of a c i r c l e . Using graphical means , the center of the c i rc le a r c for 
each of the P a r a m e t e r Sets of Table I was found. Using these cen te rs an 
approximate general solution was obtained when the center of the c i rcu la r 
a r c lay at the coordinates , x = 0, and y = -0.5R, the radius of the c i rcu la r 
a r c being 1.5R. This r e l a t i on is accura te at a = 180 deg rees . For other 
angles the re la t ion is a very close approximation to the solutions obtained. 
F igure 9 s u m m a r i z e s the new re la t ion between X and Y. 

This re la t ionship allows a s impler solution to the four-bar linkage, 
since the point O l ies on the follower ra ther than on the coupler . The length 
of the fixed link is 0.5R for all p a r a m e t e r s . This allows eas ie r graphical 
solution for the remaining l inks . 



FiQ 9 PULLEY C E N T E R MOVING 

ON TUB 

ARC OF A C I R C L E 

A second simplification may be the use of a cam whose working 
profile is a s t ra ight line cam. A third solution involving a single link is 
applicable to cases in which a line para l le l to the link bisects the included 
angle between the l ines JK and MN. 

The geometry shown in Fig . 9 gives the following equations needed 
for coinputing X and Y. Since Q, the center of the c i rcular a r c , has the co
ordinates X = 0 and y - 0.5R, and the radius of the c i rc le is equal to 1.5R, an 
equation for this par t icu la r c i rc le can be writ ten as 

X^ + (Y + 0.5R)2 = 2.25R2 . (43) 

F r o m this , 

X = \/2.25R^ - (Y + 0.5R)2 . (44) 

Substituting this equation for X into Equations 5, 12 and 26, 
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KM = R J (TT-a) + (R-Y) 

V[LI - \/2.25R^ - (Y + 0.5R)^f + Ŷ  

R - ( s i n a ) \/2.25R^ - (Y + 0.5R)^ + Y cos; 

v[/2.25R^-(Y+0.5R)^-YcotaJ + [L2-I/(Y cota)^+Y^ J -2 cosa[/2.25R^-(Y+0.5R)^-Y cotaj |.L2-/(Y cota)^-tY*J 

MN= /[i/2.25R2-(Y+0.5R)^-Ycotaf +[L2- / (Y cota)*+Y^]^-2 cosa [ / 2 .25R2- (Y+0 .5R)^ -Y cota] [ Lj-/(Y cota)^+Y^ ]-R^ 

C = Li + LJ = /TLT-TITZSR^ - (Y •+ 0.5R)^]^ + Y^ - R^ 

( R - Y ) 
+ R ^(7T-a) + 

(46) 

(47) 

y [ L I - Jz.ZbR^ - (Y + O.SR)^] •+ Ŷ  

[ R - ( s i n a ) 1/2.25R^ - (Y + 0 .55^+ Y cos gj 

/[v'2.25R^-(Y+0.5R)^-Ycotaf + [ L 2 - / ( Y cota)^+Y^ ]^-2 cos a[y2.25R^-(Y+0.5R)^-Y cot a] [l^-JC^cot a)^+Y^J-

+ /[v'2.25R^-(Y+0.5R)^-Y cot a]%[L2- /(Y cota)^+Y^] -2 cos i[v'2.25R^-(Y+0.5R)^-Y cot a] [LJ- / (Y cota)^+Y^J -R^ ( 4 8 ) 

Using E q . 48 , a new IBM p r o g r a m , s i m i l a r to the one u s e d for Eq . 37 
w a s d e v e l o p e d . T h i s p r o g r a m can be found in the a p p e n d i c e s . 

Tab le XIII shows the v a r i a t i o n of p a r a m e t e r s for which so lu t ions to 
Eq . 48 have b e e n o b t a i n e d . The p r o g r a m w a s a r r a n g e d to p r o d u c e 7 and 6 
( F i g . 3) d u r i n g the c o u r s e of the c o m p u t a t i o n for Y. 

T A B L E XIII 

P a r a m e t e r s for X = / 2 . 2 5 R ^ - (Y + 0.5R)^ 

P a r a m e t e r 
Se t 

12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
Zi 
24 

L i 

10.0 
10.0 
10.0 
20 .0 
20 .0 
20 .0 
10.0 
10.0 
40 .0 
10.0 
10.0 
30 .0 
30.0 

L2 

10.0 
10.0 
10.0 
20.0 
20 .0 
20.0 
40 .0 
40 .0 
40 .0 
20 .0 
20 .0 
30 .0 
40 .0 

R 

0.5 
0 .75 
1.0 
0.5 
1.0 
2.0 
0.5 
1.0 
2.0 
0.5 
1.0 
1.0 
1.0 

L I / R 

20.0 
13.3 
10.0 
40 .0 
20.0 
10.0 
20.0 
10.0 
20.0 
20.0 
10.0 
30.0 
30.0 

L 2 / R 

20.0 
13 .3 
10.0 
40 .0 
20.0 
10.0 
80.0 
40 .0 
20 .0 
40 .0 
20 .0 
30.0 
40 .0 
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T h e s e a n g l e s b e c o m e i m p o r t a n t when a p o s s i b l e so lu t ion u t i l i z ing a 
s ing le l ink i s to be i n v e s t i g a t e d . F i g u r e 10 shows the r e l a t i o n s h i p of a s ing le 
l ink . S e v e r a l s y m b o l s , no t shown on F i g . 3, a r e n e c e s s a r y for f u r t h e r c l a r i 
f i ca t ion : 

jS = the inc luded ang le b e t w e e n the l i ne s JK and MN ex tended , d e g r e e s 
jj. ~ the a n g l e b e t w e e n the l i n e s OQ and J P , d e g r e e s 
p = the ang le b e t w e e n the b i s e c t o r of ^ and the l ine J P , d e g r e e s 

F» .̂IO SiNQLE LINK RELATIONSHIPS 

In o r d e r to have a n e x a c t so lu t ion wi th a s ing le l ink, c e r t a i n c o n d i 
t i ons a m o n g t h e s e a n g l e s m u s t be s a t i s f i e d . In add i t ion to C be ing cons t an t , 
p m u s t be equa l to \i. The fol lowing e q u a t i o n s s impl i fy the a n g l e s p and \i 
in to t e r m s which m a y be ob ta ined d u r i n g c o m p u t a t i o n s for X and Y: 

b + 7 (49) |^ = 90° - |e 

Using Equations 14 and 15, 

e = (180° - a) + 7 + 6 

i e = 90° - | ( a - 7 - 6 ) 

| ^ = i ( a » 7 - 6 ) 

P = i ( a ~ 7 - 5 ) + 7 

P = i ( a +7 - 6 ) 

,1 /Y + 0.5R 
/i = t a n * = s m _x Y + 0.5R' 

1.5R 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 



TABLE XIV TABLE XV 

P a r a m e t e r Set 12: 
Li = 10.0, L2 = 10.0, R = 0.50, 
L J / R = 20.0, and L ^ / R = 20.0 

a 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 

0 
0.081 
0.169 

0.255 
0.333 
0.400 
0.449 

0.479 
0.500 

X 

* 

0.707 
0.673 
0.622 

0.555 
0.471 
0.375 
0.271 

0.177 
0.000 

P 

* 

3 r 5 3 ' 
39°10' 
46''22' 

53''32' 
60°43' 
67°56' 
75°23' 

82°36' 
90°0 • 

M 

* 

19''30' 
26°15' 
33057, 

42''20' 
51°5 ' 
59°59' 
68°49' 

76°20' 
90°0 • 

P a r a m e t e r Set 13: 
Li = 10.0, L2 = 10.0, R = 0.75, 
L J / R = 13.3, and Lj /R = 13.3 

a 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 
0.029 
0.144 
0.269 

0.393 
0.507 
0.604 
0.678 

0.722 
0.750 

X 

* 
1.050 
0.998 
0.922 

0.822 
0.699 
0.554 
0.396 

0.247 
0.000 

P 

* 
32'='45' 
39^57' 
47°2 ' 

54°4 ' 
61°4 ' 
ss-^s ' 
75°19' 

82°34' 
90°0 ' 

.w 

* 
21°25" 
27°26' 
34°27' 

43°3 ' 
5 1 ° 4 r 
60°30' 
69°24' 

77=24' 
90°0 ' 

•Data m i s s i n g ^Data mi s s ing 

TABLE XVI 

P a r a m e t e r Set 14: 
Li =: 10.0, L2 = 10.0, R = I.O, 
L I / R = 10.0, and L J / R == 10.0 

a 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 

0.079 
0.220 
0.378 

0.536 
0.683 
0.810 
0.907 

0.966 
1.000 

X 

* 

1.384 
1.316 
1.216 

1.084 
0.922 
0.731 
0.520 

0.316 
0.000 

P 

* 

31°54' 
3 9 ° i r 
46°22' 

53°33' 
60°34' 
67°57' 
75°13' 

82°36' 
90°0 ' 

M 

* 

22''42' 
28°41' 
35°50' 

43°41' 
52% ' 
60=50' 
69°41' 

7705Q, 

90°0 ' 

*Data mi s s ing 
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T A B L E XVII T A B L E XVIII 

P a r a m e t e r Se t 15-
L i = 2 0 . 0 , L2 = 2 0 . 0 , R = 0 . 5 , 
L J / R = 4 0 . 0 , a n d L g / R = 40 .0 

a 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 
* 

0 .068 
0 .160 

0 .249 
0 330 
0 .398 
0 .449 

0 . 4 7 8 
0 .500 

X 

* 
* 

0 .679 
0 628 

0 560 
0 476 
0 377 
0 272 

0 .179 
0 .000 

P 

* 
* 

38°22 ' 
4 5 ° 4 1 ' 

53°1 ' 
60=22' 
67 ' ' 43 ' 
7507 . 

8 2 ° 3 3 ' 
90=0 ' 

M 

* 
* 

25=6 ' 
33=4 ' 

41=42' 
50=37' 
59=48' 
68=44' 

76=11 ' 
90=0 ' 

P a r a m e t e r Se t l b 
L i = 20 .0 , L2 = 20 0, R = 1.0, 
L I / R = 20 .0 , a n d L 2 / R = 20.0 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

0 001 
0 .165 
0 341 

0 .512 
0 670 
0 804 
0 .905 

0 9bo 
1 000 

X 
T 

* 
1 414 
1 344 
1 242 

1 107 
0 938 
0 741 
0.52==; 

0 318 
0 000 

* 

31=53' 

39°10 ' 
46=22' 

53=32' 
60=42' 
67=56' 
75=13' 

* 
19=31' 
26=20' 
34=4 ' 

42=26' 
51=17' 
60=23' 
69=31' 

_L 

82=35' 77=46' 
90=0 ' 1 90=0 ' 

"•"Data m i s s i n g * D a t a mis smt ; ; 

T A B L E XIX 

P a r a m e t e r Se t 17 
L i = 2 0 . 0 , L2 = 2 0 . 0 , R = 2 0, 
L I / R = 10 0, a n d L J / R = 10.0 

7 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 

0 160 
0 . 4 4 3 
0 .759 

1.076 
1.370 
1.624 
1.821 

1.943 
2 .000 

X 

* 

2 .767 
2 .630 
2 .430 

2 .166 
1.839 
1.454 
1.022 

0 .583 
0 .000 

P 

* 

33=33' 
40=43 ' 
47=40. 

54°32 ' 
61=24' 
68=20' 
75=24' 

82=38' 
90=0 ' 

P 

* 

22=45' 
28=45' 
35=54' 

43=46' 
52=11 ' 
61=1 ' 
70=5 ' 

78=47' 
90=0 ' 

• D a t a m i s s i n g 
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T A B L E XX l A B L E XXi 

P a r a m e t e r Se t 18: 
L i = 10 .0 , L2 = 4 0 . 0 . R = 0 . 5 , 

L I / R = 20 , a n d L2 /R = 80 

a 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 
0.000 
0.080 
0.167 

0.253 
0.332 
0.399 
0.449 

0.479 
0.500 

X 

* 
0.707 
0.674 
0 623 

0 556 
0.472 
0.376 
0.271 

0.178 
0.000 

P 

* 
31=38' 
38=53' 
46=7 ' 

53=20' 
60=34' 
67=50' 
75=10' 

82=35' 
90=0 ' 

IJ. 

* 
19°28' 
26=5 ' 
33=48' 

42=8 ' 
50=58' 
59055. 
68=48' 

76=15' 
90=0 ' 

P a r a m e t e r Se t 19 
L j = 10 .0 , L2 ^ 4 0 . 0 , R - 1.0, 

L j / R = 10, a n d L2 /R = 40 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

T 

0 075 
0 .215 
0 .373 

0 966 
1.000 

1 385 
1.319 
1.220 

0 .532 1 089 
O.dSO 0 926 
0 .808 0 .734 
0 90b 0 .522 

0 .317 
0 .000 

* 
33=12' 
40=15' 
47=12' 

54=9 ' 
b2=7 ' 
b8°10 ' 
75=19' 

82=37' 
90°0 ' 

h 

* 
22=33' 
28=28' 
35=35' 

43=28' 
51=53' 
b0°42' 
fa'3=38' 

77=48' 
90=0 • 

* D a t a m i s s i n g * D a t a m i s s i n g 

T A B L E XXII 

P a r a m e t e r Se t 20: 
L i ^ 4 0 . 0 , L2 = 4 0 . 0 , R = 2 .0 , 
L I / R = 2 0 . 0 , a n d L 2 / R = 20 .0 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 

0 .004 
0 . 3 3 3 
0 .684 

1.028 
1.344 
1.613 
1.817 

1.942 
2 000 

X 

* 

2 .827 
2 . 6 8 8 
2 . 4 8 3 

2 .211 
1.872 
1.475 
1.032 

0 .586 
0 .000 

P 

* 

31=53' 
39=10' 
46=22' 

53=32' 
60=42' 
67=55' 
75=12' 

82=34' 
90=0 • 

M 

* 

19°27 ' 
26=22' 
34=9 ' 

42=32' 
51=25' 
60=33' 
6 9 ° 5 3 ' 

78=44' 
90=0 ' 

* D a t a m i s s i n g 
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TABLE XXIII TABLE XXIV 

P a r a m e t e r Set 21 
Li = 10.0, L2 = 20 0, R = 0.5, 
L J / R = 20 0, and L2/R = 40 0 

/ 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 

0.000 
0.080 
0.168 

0.254 
0.333 
0.399 
0.449 

0.479 
0.500 

X 

* 

0.707 
0.673 
0.623 

0,556 
0.472 
0.375 
0.271 

0.178 
0.000 

P 

* 

31=43' 
38=59' 
46=12' 

53=24' 
60=37' 
67=52' 
75=11' 

82=34' 
90=0 ' 

1 n 

* 
19=28' 
26=20' 
33=51' 

42=12' 
51=1 ' 
59=59' 
68=49' 

76=16' 
90=0 ' 

P a r a m e t e r Set 22 
Lj = 10 0, L2 = 20 0, R = 1 0, 
L I / R = 10 0, and L J / R = 20 0 

45 
00 
75 
90 

105 
120 
135 
ISO 

1D5 

180 

Y 

* 

0 076 
0.2ib 
0.374 

0.S33 
0.681 
0.809 
0.906 

0 9b6 
1.000 

X 

* 

1 385 
1 318 
1 219 

1 088 
0.924 
0.733 
0.522 

0 317 
0.000 

/ 

* 

33=19' 
40=24' 
47=22' 

54=13' 
61=12' 
68=13' 
75=21' 

82=38' 
90=0 ' 

fi 

* 

22=35' 
28=31' 
35=39' 

43=31' 
51=58' 
60=45' 
69°40' 

77=48' 
90=0 ' 

•Data m i s s i n g *Data miss ing 

-fz J U a 

pflfe} j i f l i f Ag ^B_ar e*,d%*aa 
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TABLE XXV TABLE XXVI 

P a r a m e t e r Se t 2 3 : 
L i = 30 .0 , L2 = 3 0 . 0 , R = 1.0, 
L I / R - 3 0 . 0 , a n d L J / R = 30 .0 

a 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 
* 

0.147 
0.328 

0.505 
0.666 
0.802 
0.905 

0.966 
1.000 

X 

* 
* 

1.353 
1.251 

1.114 
0.944 
0.745 
0.527 

0.318 
0.000 

p 

* 
* 

38=37' 
45=55' 

53=12' 
60=29' 
67=47' 
75=9 ' 

82=33' 
90=0 ' 

u 1 

* i 

* 
25=33' ' 
33=30' 

42=4 ' 
51=1 • 
60=13' 
69=26' 

77=46' 
90=0 ' 

P a r a m e t e r Set 24: 
L i = 30, L2 = 4 0 , R = 1.0, 
L I / R = 30, a n d L J / R = 40 

45 
60 
75 
90 

105 
120 
135 
150 

165 
180 

Y 

* 
* 

0 .146 
0 .327 

0 .504 
0 .6b5 
0 .802 
0 .904 

0 .966 
1.000 

X 

* 
* 

1.354 
1.251 

1.114 
0 . 9 4 4 
0 .745 
0 .527 

0 . 3 1 8 
0 .000 

P 

* 
* 

38=33' 
45=51 ' 

53=9 ' 
60=27' 
67=46' 
75=8 ' 

82=33' 
90=0 • 

P 1 

* 
* 1 

25=31' 
33=28' 

42°2 ' 

50=59' 
60=13' 
69=25' 

77=48' 
90=0 ' 

• D a t a m i s s i n g * D a t a m i s s i n g 
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Summary 

A review of the r e su l t s obtained for the P a r a m e t e r Sets of Table XIII 
can bes t be obtained from the tabular data . This differs from resu l t s of the 
Pa r t i cu l a r Solution A, which were mainly evident on the graphical p r e sen t a 
tion. The reason for this difference is that with the Pa r t i cu la r Solution A 
the path of the point O was laid out. In Pa r t i cu la r Solution B the path is al~ 
ready known, but the points on the path a r e undetermined. 

Of the ten P a r a m e t e r Sets of Table I, eight were duplicated in 
Table XIII. Five additional p a r a m e t e r se ts were a l so used as inputs for 
Eq. 48. Duplication allowed compar i son between Pa r t i cu la r Solutions A and B. 
The compar i son resu l ted in a comparat ive path but a difference in position 
on the path. 

Although the p r o g r a m for Pa r t i cu l a r Solution B was s imi la r to that 
for Pa r t i cu l a r Solution A, difficulty in obtaining a solution was encountered. 
This was found to be caused by t e r m s under radica l signs becoming negat ive. 
Physical ly meaningless answer s were obtained, since the p rogram used the 
absolute value of a l l t e r m s whose roots were taken. A compar ison of the 
rad ica l t e r m s with the graphical solution obtained with the f i rs t (or tangen
tial) re la t ionship showed that, if the point for a given angle fell outside of the 
c i r cu la r a r c , ce r ta in rad ica l s became negative. The points that fell outside 
of the c i r cu la r a r c were for values of a equal to 15 and 30 deg ree s . When a 
was equal to 45 deg ree s , conditions were marginal -

Due to these marg ina l conditions, the p r o g r a m was revised to s t a r t 
with a = 60 d e g r e e s . This seemed to solve the difficulties, since solutions 
were obtained for eleven se ts of p a r a m e t e r s ; however, the other three gave 
e r r a t i c r e su l t s again. The se ts of p a r a m e t e r s which failed to give a solution 
with a s ta r t ing at 60 degrees a r e : 

P a r a m e t e r 
Set 

15 
23 
24 

L I 

20.0 
30.0 
30.0 

L2 

20.0 
30.0 
40.0 

R 

0.5 
1.0 
1.0 

L I / R 

40.0 
30.0 
30.0 

L Z / R 

40.0 
30.0 
40.0 

A compar i son of these p a r a m e t e r s with those that gave solutions 
showed that somewhere between L I / R = 20.0 and L J / R = 30.0 the re is a 
change to the imaginary zone. 

The f i r s t at tack was to s t a r t at a = 75 d e g r e e s . This resul ted in a 
solution for all t h ree s e t s . This , a s well as s tar t ing the other sets at 
60 deg ree s , does not satisfy the needs of a manipulator to obtain values of 
a = 45 d e g r e e s . F u r t h e r investigation into the e r r o r in cable length has 
shown that, for a = 45 deg ree s , L | / R = 10.0 and Y = 0.0, Eq. 56 is sat isf ied. 



For a= 45 deg rees , the e r r o r v a r i e s from 0.000 in. for L ; /R = 10.0 to 
0.023 in. at L J / R = 20.0 and 0.47 in. at L ^ / R = 30.0. The degree of e r r o r 
was obtained by a slight rev is ion to the p rogram, which el iminated the 
t r i a l - a n d - e r r o r port ion. 

The p r o g r a m for calculating the length of cable is very valuable, 
since it can be used to de te rmine deviations f rom the t rue path which can be 
to lera ted . This to le rance had been a s sumed to be 0.001 in. for use in com
puting the solutions to Tables I and XIII. The method used for solving a 
four-bar linkage involves the use of four or five prec is ion points; the v a r i 
ation between points may cause a change in length which may or may not be 
acceptable . The p r o g r a m for computing length easi ly de te rmines this v a r i 
ation. Also, in the case of a single link, this var ia t ion can be found when a 
line pa ra l l e l to the link b i sec t s the included angle between the l ines JK and MN. 

The amount of allowable var ia t ion is dependent on the length and size 
of cable: the longer the cable, the g rea te r the tolerance^ and the l a rge r the 
cable, the g rea t e r the to l e rance . 

DESIGN OF MANIPULATOR MECHANISM 

In addition to the information obtained during this investigation, data 
with r e g a r d to the physical p rope r t i e s of the cables or tapes a r e a lso n e c e s 
sary in o rde r to design a working mechan i sm. At this point, the word tape 
is introduced in addition to cab les . Ei ther may be used in an actual mech
anism, and both satisfy the conditions used during the solution of the pulley 
center path. Cables have the advantage of changing d i rec t ions in more than 
one plane, along with a lower bending s t r e s s in the cables for a given pulley 
s ize . The tapes a r e r e s t r i c t e d to changing di rect ion in a single plane where 
shor t a r m lengths a r e involved. The tapes have the advantages of l e s s f r i c 
tion and of l e s s deflection. 

The type of cable used for mos t manipulator designs is of the 7 x 19 
construct ion. There is one exception, since 3 x 7 is used for ^ - i n . d iameter 
cable. The cables a r e usual ly s ta in less s tee l . The tapes a r e of two s i zes : 
^ in. wide by 0.005 in. thick, or i- in. wide by 0.010 in. thick. The tapes a r e 
made from Elgiloy, the t rade name for a cobalt, chroinium, nickel and 
molybdenum alloy manufactured by the Elgin National Watch Company of 
Elgin, I l l inois . An exper imenta l lot of ^ - i n . d iamete r cable has a lso been 
made using Elgiloy. 

There is a des i r ab le re la t ionship between cable or tape s ize and pul
ley s ize , s ince the bending s t r e s s in the cable is d i rect ly proport ional to the 
pulley d i a m e t e r . If the d iamete r of the pulley is 32 t imes the cable d i am
eter , the bending s t r e s s is approxinaately 10 to 15 per cent of the ul t imate 
s t r e s s for 7 x 19 cab les . F o r 3 x 7 cablesj the bending s t r e s s becoines 
20 per cent . With tapes , the pulley d iamete r is 400 t imes the tape th ickness ; 



this gives a bending s t r e s s of approximately 25 to 30 per cent of the ul t imate 
s t r e s s . The relat ionship for tapes was based on the equal pulley size for 
equal deflection when compared to a jg-in. diameter cable. The relat ions for 
pulley size a r e minimum recommendat ions . A large pulley is preferable 
since in addition to a lower s t r e s s , a la rge pulley reduces friction. Fr ic t ion 
becomes additive for each pulley, while the raaximum bending s t r e s s is ob
tained only at the smal les t pulley. 

One approximate load on the cables due to loading the manipulator is 
four t imes the specified load. Fo r example, a 50-pound manipulator will 
usually have cables loaded to 200 pounds. A comparison of the load capacity 
of the var ious cables and tapes used in manipulator design, and their re lat ive 
deflections, a r e given in Table XXVII. The recommended pulley size and 
load due to bending a r e included. 

T A B L E XXVII 

Load C a p a c i t i e s and R e l a t i v e Def l ec t ions of C a b l e s and T a p e s 

Cab le 
D i a m e t e r , 

i n . 

0.032 ( i ) 

0 .045(^ j 

0.070 (i^) 

0.100 (4) 

0.135 ih 

Tape S ize 

0.188 X 0.005 

0.250 X 0.010 

U l t i m a t e 
S t r e n g t h , 

lb 

120 

215 

480 

1000 

1900 

250 

025 

Def lec t ion 
in . 

(100 lb , 6 ft Igj 

1 

3 
8 
1 
4 

i 
^ 

1 
4 

i 

Pu l l ey 
D i a m e t e r , 

m . 

1.000 

1.500 

2.000 

3.000 

4.000 

2.000 

4.000 

Bending 
Load, 

lb 

24 

22 

b6 

120 

220 

o9 

188 

The ult imate s t rength and deflections were found from t e s t s . These 
check with calculated and published data within test accuracy . The bending 
load was calculated from the following formulas: 

Sb = E^d^/Dp (57) 

where 

Sj3 = bending s t r e s s in outer wire , psi 

KQ - modulus of elastici ty of cable or tape, psi 

d̂ v - d iameter of wire , in. 

D - pulley d iameter , in. 
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The equivalent bending load in pounds is 

F b = A c S b = - ^ 7 ^ , (58) 

where 

AQ - Area of cable, in . 

The d iamete r of wire can be found in two ways. One is to simply m e a s u r e a 
sample; the other is based on geometr ica l construction which gives the fol
lowing re la t ionships between the d iameter of the cable, d ,̂, and the diameter 
of the w i re . The a r ea of a cable can also be obtained geometr ica l ly . 

7 X 19 cable - d^ = 0.066 d^ (59) 

7 x 19 cable - An = 0.45 dc^ (60) 

"•c 

"c - "••^-^ " C 

3 x 7 cable - d^ = 0.156 dc (61) 

3 x 7 cable - Ac = 0.40 dc^ . (62) 

Based on Table XXVII and the relat ionship between manipulator capa
city and cable load, the computation of pe rmiss ib le load due to i tems other 
than load and bending s t r e s s , such as the forces due to stopping or s tar t ing, 
the force equivalent for wear , p re - tens ion in the cable, and most par t icu lar ly 
the amount pe rmiss ib le for change in length due to possible var ia t ion from 
the p resc r ibed paths, is poss ible . In addition to the foregoing, there should 
be a safety allowance to account for possible var ia t ions in physical p r o p e r 
ties of the cables or t apes . In manipulator design, there a r e also changes of 
length due to t empera tu re or rotation out of a flat plane. The t empera tu re 
change may be neglected, since usually the temperat t i re difference is l imi
ted to 40 deg ree s . The change in length due to rotation out of a flat plane must 
be subtracted from any pe rmiss ib le change in length for a p resc r ibed pulley 
center path. This change in length could range from 0.049 in. to 0,198 in. 
for L2 = 10.0 in., depending on pulley s ize . If Lj i nc reases to 40.0 in., the 
change in length is from 0.012 in. to 0.050 in. for the same variat ion in pul
ley s ize . 

The per cent of ul t imate load for each of the above i tems approaches 
constant values for cables or t apes . The size of the cable or tape has little 
effect on the magnitude of this per cent of ul t imate for each i tem. 
Table XXVIII shows these var ious pe rcen tages . 

The loads due to the manipulator a r e based on presen t manipulator 
des igns . The loads due to bending a r e based on the pulley d iamete r s of 
Table XXVII. Load due to acce lera t ion can only be es t imated, but it must 
be accounted for, since all power to the cables and tapes of electronical ly 



TABLE XXVIII 

Percentages of Ultimate Load for Cables and Tapes 

Type of Load 

Man ipu l a to r 
Bending 
A c c e l e r a t i o n 
Wear 
Change in Leng th 
Safety A l lowance 

T O T A L 

% of U l t ima te 
Load for Cab les 

37 
13 

5 
10 
25 
10 

100 

% of U l t ima te 
Load for T a p e s 

28 
27 

5 
5 

25 
10 

100 

controlled manipula tors is provided by high-accelerat ing, quick-revers ing 
s e r v o - m o t o r s . The difference between cable and tape wear is because the 
internal and pulley friction a r e much grea te r for cables, thus resul t ing in 
m o r e wear . Overlooking the change in length, the allowance is needed for 
var ia t ions in physical p roper t i e s of m a t e r i a l s . Although the change in 
length has the same percentage for cables and tapes , the amount of deflec
tion is more for cables . A deflection of 0.0050 in. per inch of length can be 
to lera ted for cables; a deflection of 0.0021 in. per inch of length can be 
to lera ted for t apes . The difference is due to the apparent modulus of e l a s 
ticity of the cable . 

The change in length consis ts of initial tension, rotation out of plane 
and deviation from a p resc r ibed path. This change in length ranges between 
0.100 in. and 0.400 in. for cables , and between 0.042 in. and 0.168 in. for 
t apes . The amount of initial tension is dependent on physical take-up and 
anticipated t empera tu re va r i a t ions . For the purpose of this investigation, 
t empera tu re effects were neglected, since the tempera ture is approximately 
constant during u s e . An initial tension of approximately 3 per cent of ul t i
mate has proved sat isfactory to date . This reduced the allowable deflection 
by 0.0006 in. per inch for cables , and by 0.00025 in. per inch for tapes . 

In o rder to get some feel for the problenas involved in design of the 
actual mechanism, a s sume that the change in length due to rotation out of 
plane is an average value of 0.155 in. With this value, only very long tapes 
could be used, or the amount of rotation out of plane would have to be r e 
s t r ic ted. This value would also eliminate most of the very s h o r t - a r m m a 
nipula tors . With tapes , rotation out of plane is not as common as with 
cables; hence, this problem is not as ser ious as it looks. With cables, how
ever, it means that for very s h o r t - a r m manipulators , small size pulleys or 
r e s t r i c t ion of rotation mus t be incorporated. This portion of the design is 
s traightforward, and the best case for each manipulator can be obtained 
easily. Neglecting this pa r t of the design, but making allowance for the 



magnitude of its change, a figure of ten per cent of ul t imate for deviation 
from a p resc r ibed path becomes feasible . 

Ten per cent means a to lerable l imit of 0.002 in. per inch of cable 
length or 0.0008 in. per inch of tape length. This means a manipulator hav
ing two 10-inch a r m s may have a deviation of 0.040 in., while one with two 
40-inch a r m s may have a deviation of 0.160 in. For tapes , these values 
would be 0.016 in. and 0.064 in. respect ive ly . This means that, for shor ter 
a r m s , the use of a single link solution becomes impossible , since the devi
ation needed approaches 0.055 in. This a lso el iminates the use of a single 
link for a solution with t apes . F igure 16 shows a possible design of a single 
link sys tem. 

The single link as shown in Fig . 16 would work for a pair of 20-inch 
or longer a r m s . This solution would, however, be l imited to 45 to 180 degrees 
of motion, since, when using a single link, i ts length would have to be equal 
to 2R in order to have one pulley c lear the other . This is needed for sym
me t r i ca l operat ion to 315 deg ree s . The additional link to which the point Q 
is mounted is a feature needed for remote replacement of broken cables . 
During operation of the manipulator , this link ac ts as par t of the upper a rm , 
L j . During cable replacement , this link pivots, giving slack to the cable. 

F igure 17 shows a possible " s t ra igh t -cam" solution. This solution 
was suggested by P ro fes so r Denavit froin p re l iminary data obtained. This 
could be a very good solution for the s h o r t - a r m or tape manipulators which 
need exact solutions. A liiJs to slacken the cable is also p resen t . This system 
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would need additional design considerat ion to the problems of remote repa i r , 
Remote repa i r is an important i tem for all e lectronical ly controlled manipu
la to r s since, once in a shielded facility, they a r e never removed. All s e rv 
icing must be by other manipulators or through neoprene gloves. 

C A M SURFACE 

S T R A I G H T C A M 

Figure 18 shows a schematic of four-bar linkage which gives a very 
close approximation to the exact solution. This scheme and that involving 
the straight cam a r e l imited to a maximum of 180 degrees , like the single 
link. F igure 18(a) shows an in termedia te position, whereas Fig . 18(b) shows 
the 180-degree posit ion. 

F i ^ 18 FOOP-BAR. L!NICA<?E 



In addition to the solutions presented , there a r e a multi tude of cam 
(exact) solutions to ei ther of the two par t icu la r solutions obtained h e r e . 
Heavy and expensive to build, they will not be d iscussed . 

CONCLUSIONS 

The purpose of this investigation was to find a genera l solution for 
the path of a pulley center giving a constant cable length while the cable 
changes di rect ion over the pulley. The involved re la t ions were solved by 
an IBM 650 digital computer . A solution for the path for any mianipulator, 
given the lengths of the a r m s and pulley s ize , can be obtained in forty min
utes from the p r o g r a m s developed. The solutions allow a var ia t ion of a 
between 45 and 315 degrees ; p rac t ica l design l imitat ions hold a between 
45 and 180 d e g r e e s . F u r t h e r investigation to different re la t ionships between 
X and Y may resu l t in a design which would allow the complete t r ave l . 

Based on weight and cost, the single link is the bes t solution. L imi 
tation to manipula tors having long a r m s and cables e l iminates the single 
link a s a genera l solution. The re la t ionship between X and Y could be 
changed by increas ing the length of the single link and moving i ts pivot cen
ter fromi the point d i rec t ly above the a r m . The amiount of movement depends 
on the length of the single link, which in tu rn is dependent on the angle fj. 
approaching p . The movement of the single-l ink pivot would be away from 
the a r m pivot in the quadrant for which X and Y a r e negat ive. A longer link 
would allow g rea te r angles of a. As jl approaches p, manipula tors having 
shor te r a r m s or those using tapes may use the single link, thus approaching 
a genera l solution. 

The use of a digital computer for manipulator k inemat ics has shown 
the way to other p roblems encotintered. F o r example, a linkage sys tem 
which could be used to balance a manipulator for g r ea t e r angles of a may 
become prac t i ca l . To date, the only approach to such a sys tem has been an 
electronic one, and this is expensive. 



APPENDIX A 

Bell Li Computer System 

Use of the IBM 650 digital computer necess i t a tes the need for a 
p rogramming sys tem since machine language, although fas te r , is more 
difficult to p r o g r a m for engineering p rob lems . The sys tem commonly 
known as the Bell Lj sys t em was used. 

The Bell L^ sys tem is a floating point sys tem; this indicates the 
decimal point of a number by a cha rac t e r i s t i c number s imi lar to the cha r 
ac t e r i s t i c number used for logar i thms . The two-digit cha rac te r i s t i c fol
lows the eight-digi ts of number . Since the base cha rac te r i s t i c is 50, this 
allows a range of 0 to 99'- A cha rac t e r i s t i c of 50 indicates a number Ai 
for which the following is t rue : 1-0 < Aj < 10. 

If the cha rac t e r i s t i c is 51 , then 10 < Ai < 100; if the cha rac t e r i s t i c 
is 49, then 0.1 < Aj < 1.0, e t c 

In addition to numbers as such, the sys t em ' s ins t ruct ions a re signed 
ten-digi t number s . The ins t ruct ions have the following form: 

± Oi A or O2 B C 

Oj is a one-digit operat ion code and B and C a r e th ree -d ig i t a d d r e s s e s . 
A or O2 is also in te rpre ted as a th ree-d ig i t address if 0 | / 0. If Oj = 0, then 
O2 is used as an operat ional code of th ree digits . A summary of these opera 
tional codes may be found in Table XXIX. 

Using this sys t em, the par t of the p r o g r a m which covers the equation 
is s t ra ightforward. The remaining pa r t of the p rogram requ i res the setting 
up of repeat ing loop s y s t e m s ; they, upon reading in a value for Y, will decide 
if the value for Y sat isf ies the equation. If it does, the answers a re punched 
out; if not, a new value for Y is se lected and t r ied . This p rocess is repeated 
for each value of Y until it sa t isf ies the equations. In addition to the t r i a l -
a n d - e r r o r loop for Y, loops were needed to add increments to obtain 15-
degree increments automatical ly. With the solution of more than one set of 
p a r a m e t e r s , a loop to call for a new problem r ead - in was also incorporated. 

The p r o g r a m s and loop-flow d iagrams for each of the two par t icu la r 
solutions follow. In addition to the p r o g r a m shown, the p rog ram for P a r t i c 
u la r Solution B was used by changing one card and eliminating the t r i a l - and-
e r r o r loop in order to calculate the length of cable for a given value of Y. 
This allowed a compar i son with the solutions of constant length to determine 
amounts of var ia t ion in length which may be tolerated. This is very impor
tant during the design of the mechan i sm, since it allows cer ta in deviations 
which might pe rmi t the use of s imple r mechan i sms . 



TABLE XXIX 

Summary of Operat ion Codes 

Oi Op 

Num. 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

e ra t ions 

Alpha 

GO to O2 
ADD 
SUB 
MPY 
DIV 
NGMPY 
TR A 
TR B 
TR C 
MOVE 

Num. 

000 
200 
201 
202 
203 
204 
205 
300 
301 
302 
303 
304 
305 

OzOpe 

Alpha 

UNC STOP 
COND STOP 
TR SGN 
TR E X P 
T R 
TR SUBR 
TR OUT 
SQRT 
EXP E 
LOG E 
SIN Radians 
COS Radians 
ART Radians 

ra t ions 

Num. 

350 
351 
352 
353 
354 
355 
400 
401 
410 
450 
451 
452 
454 

Alpha 

ABS 
EXP 10 
LOG 10 
SIN Degrees 
COS Degrees 
ART Degrees 
READ 
CONS 
PCH 
START TR 
STOP TR 
ST TR ERAS 
NOOP 
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500 

506 

512 

513 

52't 

530 

536 

5̂ 2 

5hd 

554 

5bO 

5u6 

5/2 

5/B 

53h 

590 

500 

^00 

kOb 

0^00400411 

4060061200 

3302302303 

0300300107 

2102105312 

4000^03315 

2101353354 

10003 553'SO 

10001093t5 

2000401)368 

2^^05104000 

9001103369 

43/0369371 

0350374375 

0203000536 

0201591556 

* 

2000000050 

0000000000 

0400100111 

4401061201 

3105105305 

0450000000 

4000311313 

3000itOa315 

3000000355 

1000350362 

1100101366 

0201562556 

0201502501 

2370401000 

90011053/2 

03503673/6 

0203000536 

340/4074437 

• ; . 

1000000050 

1000000050 

0451000000 

5105200300 

3102102306 

0454000000 

2000402314 

100031331b 

5102200356 

0451000000 

14G7407000 

2100302106 

I36/4O0367 

0201569572 

1372371105 

23/637537/ 

9001372105 

2410401430 

1000000049 

3141592650 

0354104060 

5102201301 

1303305307 

0451000000 

9001313110 

3000102103 

1000000357 

0300000109 

0201552577 

0410100111 

0201564566 

0451000000 

5401^*01407 

0201589582 

340/40/407 

4401430000 

1^00000052 

1000000047 

0353104061 

1000100302 

2307306308 

0200307311 

9001314111 

3301301350 

3000354353 

0450000000 

236636536/ 

9001410103 

5103401369 

0300370370 

0203000508 

1401103103 

0203000508 

2103000103 

1500000051 

5000000050 

0450000000 

1000300302 

0451000000 

0450000000 

2403104315 

3105201353 

2000306359 

1107103364 

0350000370 

1404104104 

0203000567 

0450000000 

2366365374 

0410102111 

2375409331 

0203000508 

1700000052 

0000000000 



5%9 L, + L2 = C 366 

r 
550 [407(-t-l)][407(+l)l 000 

551 Switch 552 

"552I C-Eq a 01 f f 1 I 367 

577 z: 
553!Dlf f II 370 

554lOif f I1-.OOIT0I 368 

I 555 Switch "562 1-556 
ZI3——cr 

I X 
5561 100 - 302 = X I 1061 i578.IDlff 21 

5771 C-Eq = P i f f 2 ^ 374 

557 Punch Out 100-111 579 
T 

375 

lOi f f I I 376 

553! Reset 41o" 

562I 01 ff 1 + 0 0 0 1367I [559R15 + ^ ) 

1031 l530!lPiff l!-lDiff 2!I 377 

104 

5631 Switch 1^5647566 
' I L . 

560I 170 - (15 ̂- -x ) 000 

564| Change Sign | 369 561 Switch "̂ 502 "501 

581 Switch r589 "582 
, ^ U ™ 

SSgilDiff 21- Tol 1 38 ij 
1 

Switch *591 "556 

58211+No New No [103 

5831 Punch Out 102 - 111 

565 Transfer To | 5671 |566| Move 103(No) 3691 1591 (-1)(-1) = +1 I 40/ 
l i . . u ^ . i . . . . . I I . . • , , . , . . ^ I 

567 P i f f 1 - 1 000 592 ( 5 ) - ( l ) ^ (4) 430| 15851 Transfer To 

5681 Switch r569 I 5/2 
XZZIZ 

569 Stop Trace 

570 Sq Rt (370) 
T 

370 

15711 Start Trace 

5931 1.0/(4) = .25 I 4301 |586|Move 372 to Y 105 

5941 No-430 = New No.I 1031 I587IReset Switch 407 

5951 Trans to Beg 508 

572ilC-Eqi or ili/N<:^37i" 

JSTJTMove Y T ^ J2A 

[5741 Old Y+Tnc" m. 
15751 Turn Switch 407 

1 
57^ Trans to Beg 508 

fsS^frransfer To 1586 

586 

5881 Trans to Beg I 508 



a 

464 

470 

476 

482 

488 

494 

500 

506 

512 

51b 

524 

530 

536 

542 

543 

554 

560 

566 

572 

570 

5o4 

590 

464 

400 

406 

0400400411 

0450000000 

1105302303 

O3OO3O6307 

1310309311 

0450000000 

I3153IO3I8 

3320320321 

2322325326 

0450000000 

0451000000 

3105200334 

2102333337 

3341102108 

0454000000 

2000409363 

24Q5104000 

3001103369 

437J365371 

03503743/5 

02030005B6 

0201591556 

5000000049 

OOOCOOOOOO 

0400100111 

4200201202 

3000000304 

0450000000 

2000300312 

3105202314 

0451000000 

1000317322 

2000300327 

2403104329 

0300311331 

0350326335 

1000334338 

1000107342 

0454000000 

0201562556 

0201466465 

2370401000 

9001105372 

0350367376 

0203000536 

3407407407 

,'.-

1000000050 

1000000050 

0451000000 

3102102300 

2301304305 

2100307308 

0350312313 

3000000315 

0300318319 

33I6320323 

0350327328 

4000403329 

0450000000 

0451000000 

4000336339 

1000109365 

3401401407 

9001307106 

1367406367 

0201569572 

1372371105 

2376375377 

9001372105 

2410401430 

-v 

2250000050 

3141592650 

0354104200 

3000402301 

0350305306 

3000000309 

0451000000 

23073143I6 

0450000000 

1200200324 

0451000000 

3000408329 

4330331332 

0300335336 

1000332340 

IICCIOI366 

0201552577 

0410100111 

0/01564366 

0451000000 

5401401407 

0201539532 

3407407407 

4401430000 

ISOOOOOO52 

100000004/ 

0353104201 

3400102302 

0451000000 

3105105310 

0300313107 

3000000317 

2101319320 

3000323325 

O3OO328IO9 

2102105330 

3307201333 

0450000000 

100032934! 

9001332110 

2366365367 

9001410103 

5103401369 

0300370370 

0203000472 

1401103103 

0203000472 

2103000103 

1500000051 

5000000050 

0454000000 

0454000000 

0454000000 

0454000000 

0454000000 

0454000000 

0454000000 

0454000000 

0454000000 

Q454000000 

0454000000 

0454000000 

0454000000 

9001339111 

0350000370 

1404104104 

0203000567 

0450000000 

2366365374 

0410102111 

2375409381 

0203000472 

1700000052 

0000000000 



549 L, + L^ = C 366 

550! [401 (+1 )i[4oi c+oTTooo 

551 Switch 5̂52 577 

r" 
!552| C-Eq - D l f f 1 367 
. 
!553llDiff l i 370 

X 

554IOiff 11-.001 Tol 368 

:3^r 
556 100 - 302 - X ; 106 

557 Punch Out 

[sssl Switch 'T''562T^556l i f^SSTReset 410 

[562[D7ff 1 + o'oo ["367] fssgRi 5 + ô  ) 

'163 Switch 3B- "566 
'TZZ 

I 560| 170 - (15 

564rChange Sign 369 

100-111 

+ CV) 000 

561 Switch 

[565l_Transfer To "567] 
- m . _ 

[566'Move 103(No) 

[sl/Tpiff T'- r 000 

S*"!""-Switch " T^569T 

[ | b 9 i S t o p Trace 

572 
T ' 

570 Sq Rt (370) 

JS7M S ta r t J » a c e 

370 

572[c-Eq_or [^/No ___l j7 l ] 

[573[Move Y^To 

I 574] Old Y+Jnc 

r 
1 

372 

1 105 

[575] Turn Switch 407 

577;C-Eq = Oi f f 2 374 

578 IDlf f 21 375: 

[sTglioiff 1̂  37s 

ToT, [ sso l l i l L ' ' - '^ ' ff 211177 

T04] [ssTT Switch T^589~^582 

ssglDif fTT- Tol 381 i I L582.j_l+No New No, lOi. 

4̂6'6]"465"' [59oT^tcir~r591 '^561 | !583[punch Out 102 -uT\ 

-.[369] l59lI(:J)"(^) -^+UZML 584!Trans fe r To i586 
T 

586 ' 592_, (5 ) iC 1) " (^) 3 3 0 j ^ S l l r a n s f e r_Jp^ 

i"!?)!] • 0/(4J"~°^.Y5 I 430! LI86[ MoveJ 72 to Y1TO5 

[5_941 No-430 =Jlew^_No.l 1̂ 03̂  | 5871 Reset Switch 407, 

> 
t- - I 
O — 

o 
O I -

a — 
y o 
> z 

[595llrans_ to Beg T472I rSSSJTrans to BeaZE472] 

0^ 

576 Trans t o Beg 472 
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