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LEGAL NOTIC[

This report was prepared os an account of Government sponsored work. Neither the United States,
nor the Commission, nor any person .cting on behalf of the Commission:
A. Makes any warranty or representation, express or implied, with respect to the ..curacy,

completeness, or usefulness of the information contained in this report, or that the use of

any information, apparatus, method, or process disclosed in this report may not infringe                                 J
privately owned rights; 0,

8.  Assumes any liabilities with respect to the use of, or for damages resulting from the use of
any information, apparatus, method, or process disclosed in this report.

As used in the above, "person acting on behalf of the Commission" includes any employee or                                            &
contractor of the Commission to the extent that such employee or contractor prepares, handles

or distributes, or provides access to, any information pursuant to his employment or contract

with /he Commission.
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NOMENCIATURE

b       Radial distance from axis of rotation to center of
curvature of gradation section

E       Modulus 6f elasticity

e    = Dimension normal or parallel to rotation axis

F    =  Cross-sectional area of section

Fig Gip Hip Ki  =  Constants (i = 1,2,3 ...)

J      Moment of inertia of area about axis y-y perpendicular0
to axis of revolution

J                 03/12 = Cross sectional moment of inertia  for
rectangular beam of unit width

L      Force in axial direction per unit circumference

9                     M      Meridional bending moment per unit circumference

N      Force in meridional direction per unit circumference

p       Pressure

r       Radius of curvature in meridional direction

S       Radial'force per unit circumference                     ;

s       Thickness oft shell

T       Tangential f8rce per unit length

1                       w   =  Radial displacement

6   =  Unit elongation

I    =  Vertical displacement

7/   =  Poisson's ratio

fo  =  Radial distance from axis of rotation

r  = Temperature excess above reference temperature
'.

0    =  Meridional angle

X   =  Rotation of tangent to meridian

wgmr     '';   R A Wt          4,
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Subscripts

a       Reference edge of gradation section

e    =  Terminal intersecting edge of gradation section

i    =  Inside surface of shell

m   =  Mean value

N    =  Normal direction

T    =  Tangential direction

.1
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Equations for Shells of Revolution

Maria Esslinger has presented equations for analyzing shells of

revolution by numerical methodsl.  The given expressions allow the

prediction of shell behavior under edge force and pressure loadings.

In order to broaden the range of applicability of this method of

analysis, the Esslinger equations have been extended to include the

effects of, (a) an external, axial force, and (b), temperature.  In

addition, expressions have been developed for predicting the axial

displacement for all loading conditions.  The resulting relationships

are presented here.  The terminology and the me'Bhods of developing

equations are those used by Esslinger.  Only those expressions neces-

sary for extending the analyticalmethod are presented.

Figure I shows a typical shell element which is referred to as

a gradation section.  Any gradation section with double curvature

can be classified under one of the four categories shown in Figure

II.  Thus, the equations describing the behavior of a shell element

are derived for each category.

I.  Forces and Moments at the Terminal Intersecting Point
,

L         L  + -R- (F2  - 02 )
e     4  a   2 («e lie   tia

U
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ta   EF  Vr, ti= r#e,   p sin 0 ri d0
Se    =    ·  Sa  +  Kg W  +  .pes.  +  .pe   J 0a

.

M   - Pa S o + Pa L e. + G M -(ll w + *-1 ee       pe  a 3  pe a 4  pe a \Ap px 1  Z

Fa #e
+ -A + pr sin ( e -  )ri d0

20 -   '14At          'a

:                           II.   Deformations at the Terminal Intersecting Point

The.effects of a temperature distribution upon the deformations

will be considered.  The temperature is assumed to be constant or to

vary linearly with the angle 0.

The change in inclination is

a(«e - Vara 
AXe =   er sin 80/2

Thus

(Pe                                       a( 4'4    -   ATa)

is             Xa   +  j      6  rd0  +  2r   sin  (A0/2)

UNCLASSIRED
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The displacement changes

a w       =     cy( 2 1      -  P- '   1
e        e.e   .ala"

and the total displacement becomes

9                            e M

awe     =    -wa  +  Xae3  +  1 0        E] '  rccos   0   -   cos   0e )rd0a

,   ('( 1  If )    - Vp)  e#   +  "(pete   -  P. 76)

Positive axial displacement corresponds to an increase in
.

the axial dimension of a gradation section.  Axial displacement

is produced by a change in Qa '

6 Ie = .Ca '

by a change in inclination Za '

4. e      =      -   Xae!, '

by deformation of the gradation section,

'100

Ase
-  j0      Ey  rl sin  0e  -  sin  0)rd0,

M  ,

a
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due to a change in length of the gradation section,

<N(1 - Die)     -,w 1
LA e = €Ne3  ( Es -vf-)·%51

                  and by the temperature,

4e   Tmej .

The total axial displacement at the terminal end is

04 e
1 M- rlsin0  - sin0)rd0'Ace    =    18  -  7(ae.4  -j 0      EJ              e

a

+ [ N< 1  I,42)      - Vi: ],3  +  "4.3      0

III. Internal Forces

The internal forces are given in Reference 1 as follows:

N =  S cos 0 + L sin 0

Ew
T           - + 1/Ne

M    M.
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IV.  Complete Equations

The axial displacement equation for a convex circular ring with

 e   a (Fig. 11 A) will be written.  The contributions of the displace-

ment and inclination at 0 4  a are

ace    La - 1(-as0 cos 0m '

From the deformation of the gradation section

ft
«e=-| -M   r(sin   e   -  sin  0)rd0

J0 EJa

= -  2   A - Me0" + 15 Ma 0  (sin 00 - sin 0)d0
A0

a

2                                                         7

= -   3 2802  Ma(2 cos 4m -   sin  m) + 4,(cos  m -  sin 4m) J

A change in length of the gradation section gives

tst"  =  (N( 1   - 92 )   -41 leEs f  ).3

31.f (Sa + Se L +L Vw 7a e
LEs     C

2
cos

t +       2        sin 0,0  -.-  -1'*'0  sin 0,1
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The effect of temperature is

ace   =   017; r60  sin 0m

Thus, the displacement at the terminal intersection point of the

gradation section becomes

fe =      -  1 j0  co,  0m  -  24a02(2  cos   m  - 4   sid  m)  ES r
S

2
2r       .  .2,             x

-  --F z)0  C cos WIn . f sin © E F
S

S  +S

+1 =242 80 sin 0  cos d  a    em         ' m      Es

2f .2_,La
+   (1   -1/    )      60   sin     Pm  Es

p r               Z
+ (1 - 1/2) /im  i a02 sin2 0  cos 4 2 -VE- 0 sin 0   -

f/oes
m     rm E /1

m r

+ 50  sin 0   atm m
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The equations for the force, moment and deformations at the

terminal intersecting point of a given gradation section will now

be fully written.  A separate set of equations exists for each of the

4 cases identified earlier.  The equations given here are extensions

of Esslinger's expressions, and they include the trigonemetric

approximations used by her.

a.  Convex circular ring with  e    a (Fig. IIa)

-1 = (Fl +F) -2 + F--a +F, 1  -F  R+F  -aEs 2 Es Dr 4  a    5 E.  .7 E s

M          M                              w 
SF = Go Elr - (Gl + %) EF - G37 - G#Xa

+ % 5-(G7 - G-) -a0 Es

M +M

7  =)(a + Hl  Esr e + 118 ate - I[9 a'ta

W      W                             S  +S

f 6 H2 Ta + H3%8 + H4  ar + Hs 2; + H6  a Es e

+ Hlo   + Hll  + H12 are - H13 ara

UNCLASSIFIED r
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1e               M      M       S+Sa        -e+Ka    er =  7-K:LAa -I S E E F-K 3 Esr 4   Es

L            w

+K·-8 +K64 -K--5+Ko aY5 Es E 7r o m

b.  Concave circular ring with  e K 0a

S               S       w                      L

-3   =    (Fl   +   F2 )    E    +   Fj       -   F47      +   F       2   -   F       .-aEs                             a 5 E 7 Es

.

 r  -  %   r    +  (Gl  +  % )     'G,  wra  -  «4'i

L

+ %  - (G7 - GB) Ea

M +Ma e
;t = 7 + Hl Esr - HB 016 + 89 076

W   W      M    M   S+Se                                     eae-= H -5-H X w a
r 2r 3 a - -4 Esr  - H5 EEF + E[6   Es

- Hlo    - Hll  + H12 are - H13 ara

l
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Ie    f             M       M       S a+S e
r =  r + X172 + 1   2 E S F t K3 ESF +.Kl,    Es

W

- K5 :a - K6   - KI .ra + KB a.1 

c.  Convex circular ring with  e 2  a

S               S       w                      L

EK = (Fl - F2) E  - F3 3  + Fl,Xa + F5 EE - 3.7 E 

M           M                             W
liEr       =    Go    Ear    +     (G l    -92 )             -    G3      r   +    Gl.*a

+ G6 E-(G7 + G8)  a   .
M+Ma e

1e     %, - Hl   Esr    - H8 ate + H9 ala                        1

*w e      W             M        M       S+Se                      a           e
7 =  r - H321 + HI, Er  + H5 Esr - H6   Es

L

 0 2 - Hil   + H]2 ate - H13 ata

*The sign of the coefficient H6 is wrong in the original paper.
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fe    1,                       Me       S  +S
-= 7-191+1 1 + K -+K· a e
r Esr 3 Esr 4   Es

L             w
+K  -a+K,8+K--a +K n a t

5 Es     6 E ' (r  o m

d.  Concave circular ring with 0  >0
e    a

Se            S_
W L

1 -&-FY -F R+F  -a
EK   =    (Fl'   -   F2)   Es    -   -  3     r            -4 1              5   E              7   Es

.

M

1  -   G  Ma    - (G l-G) -5+G  -2 +G,XEsr o Esr 2 Es 3 r   4 a

L

+ %5- (G7 + GB) 2

M +Ma e
Te = 1 - Hl   Esr    + H8 ale - % ala

w       w            M       Ma e
-re  = 82 7 + £31(8 - H4 EEF - H5-Eer

S +S La e
- H6 Es -10 Es 13   a+ H.  -8  + Hll    + H12 ate - H  ar
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M   M    S+S
a        e         ae

r  =  r  + El)1 -1(2 Eer -K 3 Ear  +K 4    Es

L

- KS Es - K6   + K7  a + X8 076

In these equations*:

·                                      ta
F l=p e                3   aF4  = F (cos 0 - cos  m 

. ri/im
F2 = %60 cos  a              F5  =   s/% 40 sin 0m

2

F   =  3- 60
FT    =    7  40.sin

VT      03 /mpe       a

 2  . 2 -,       1G  F            G4=F + sin w0  1 36 'm

F   4Gl        Fl A0 sin - m                       %          5 2  sin  m

G             ·F2( cos  m - cos  e)       G     F7(cos 0m - cos 0e)2                                    7

G3 =  F3(cos 0m - cos te) G8          Fl a0 cos 0m

*The constants do not have consecutive subscripts so that the

equations here more nearly become an integral part of

Esslinger's work. A- 3,4,   A  *O r r. r.2

-       U < t i t.,fl..1,   :- ,  ;   i iit)
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Kl = 60 cos 0m

2

%    =  > 3802(2 cos  m - 4    sin-0m)

2

K3      -    5.2  2802(cos  063  -  sin   m)
S

K4      =    E10   4

K   -  H   tan 05 - 10 m

K6 -  H  tan 011     m

57      H3      4

Vr

KB   H3

.-
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GRADATION SECTION
FIGURE i
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(a) Convex (b) Concave (c) Convex (d) Concave..
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GRADATION SECTION CATEGORIES
FIGURE 2


