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ABSTRACT

Current sharing in a two-layer composite is
studied analytically by numerically solving the 1-di-
mensional diffusion equation in the normal metal and
the phenomenological critical state model with field
independent critical current density Jr (T) in the
superconductor, with boundary conditions appropriate
to a transmission line at each surface and the inter-
face. It is found that with a sufficiently low re-
sistivity (P) backing, and reasonable assumptions as
to heat transfer, an appreciable fraction of a current
density of several thousand amps per cm can be carried
in the backing with the balance in a superconductor
with high Te such as Nb,Sn. The dependence of the
dissipation on such parameters as thickness, Jc, p and
frequency at constant temperature is given, and typical
loss voltage waveforms presented.

I. INTRODUCTION

In a superconducting ac power transmission line,
a normal metal backing must be provided for the super-
conductor to handle fault currents of greater magni-
tude than can be handled by the superconductor alone.
The question then arises as to whether the current
will divide itself between the superconductor and the
backing. If so, the dissipation will be less than is
the case if the backing carries the entire current. A
complete theoretical answer to this question requires
a simultaneous solution of the heat flow equation and
the magnetic diffusion equation, y H = 0*o/p) 6H/Bt.
A partial theoretical attack on the problem was under-
taken; in the first section the 1-dimensional problem
in solved numerically under the assumption of con-
stant temperature. Even this simplified problem is
difficult to attack analytically because the super-
conductor does not obey the diffusion equation in the
low frequencies under study. The appropriate descrip-
tion of the superconductor is the critical state model
which states that the current density is either zero
of + Jc (B,T). To further simplify the analysis, Jc
is assumed independent of B; this is thought to affect
the results in only a minor way.

In the second section, the temperature is allowed
to vary, but the temperature T is everywhere the same,
and given by the first order differential equation
(Cs B i C, d) dT/dt = q - h (T-To) where Cs and Cn are
the superconductor and normal metal volume heat capac-
ities, D and d are the respective thicknesses, q is
the instantaneous rate of heat generation per unit
area, h is the heat transfer coefficient and To the
coolant temperature. This simplified approach to the
temperature dependent problem is justified by the
very short time required for thermal equilibrium in
the laminate. Assuming no thermal barrier between
layers, the equilibrium time constant for an aluminum-
NbjSn (20C urn, 10 nm) laminate is essentially that
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of the NbjSn alone, 1.6 lisec, whereas the time con-
stant for the composite to come to equilibrium with
the helium is about 0.6 msec with h = 0.1 w/cm K.
These numbers indicate a flat temperature profile
within the composite with most of the &T in the cool-
ant boundary layer. In the present study, h is as-
sumed constant for lack of better knowledge, though
it is known that h may be both time dependent because
of transient mass flow effects and AT dependent, es-
pecially if the coolant is near critical temperature
pressure.

II. DETAILS OF THE COMPUTATIONS

The superconductor is assumed to have been cooled
in zero field, and the current always begins at zero.
No cooling runs were made (a high initial temperature
followed by low dissipation, such as might follow a
current surge). Since the surface field Hs » HrnsinuJt
is greater than the penetration field Hc = JCD for
part of the cycle, there is at most one region of
persistent current in the superconductor at any time.
Unlike the ordinary case of He < Jc, the persistent
current condition does not begin immediately when
the field passes it's peak value, because doing so
would violate continuity of the electric field.

There are two branches in the program correspon-
ding to the two possible conditions of the super-
conductor. In the first condition, termed the "driven"
condition, the current in the superconductor is every-
where the same sign and in the second condition,
termed the "coasting" condition, there is a position
in the superconductor at which the current changes
sign, corresponding to a maximum or minimum In H.
The distance to the current reversal point from the
interface Is termed xr, as shown in Fig. 1. At xr,
E=0. If Es, and Hg are the surface electric and mag-
netic fields, and Ej and Hj the interface electric and
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Fig. 1 - Magnetic field and current distributions in
a type II superconductor with normal metal backing
during the "coasting" condition.

magnetic fields, tSen during the driven condition
continuity of E and H requires dgi = dHs and E s = Ej.

dt dt
- Î Q DdHs . During the coasting condition,
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(1)

H± - Hs + Jc (D - 2xr) (2)

where the sign of J is the same as-that of J T — •
H , of course, is given by the front surface Boundary
condition H = H sin u>t. The rear surface boundary
condition if H =ffl0. Use of cylindrical coordinates
(instead of Cartesian) with no 6 dependence would have
satisfied this condition automatically. The rear sur-
race electric field is in general not zero and is
given by E, = P 8H/&X. The interface electric field
Ej Is given by the same expression, but to improve
the accuracy, it is computed numerically from

E i = • % { if dx + Ed •
During the coasting condition, H^depends on x , as
shown in Eq. (2), but by Eq. (1), X depends oft E4,
which is not known until Hj and hence dH^/dt are
known. In the program the simultaneous solution of
these equations is obtained by an iterative procedure:
at each increment in time, two values of H^ differing
by an amount AH^ and centered on AH^ (old) +

it •P'(old) are selected. Using each of these bound-
ary values the diffusion equation is solved using the
Crank-Nicholson method and the Thomas Algorithm1 and
for each value of Hj, E., x and F = Hs - H^ ±
J (D = 2x ) are computed. Since the correct value of
H^ corresponds to F = 0 (Eq. 2), H^ is then approxi-
mated by ĴJ

Hi = Hi,2 + F2 ST •

A single iteration suffices.

III. CONSTANT TEMPERATURE RESULTS

In the first part of the present study, a super-
conductor is assumed with a J such that the surface
resistance is 4 x 10"^ ohm with a surface current
density a = 500 A/cm nas. The surface resistance is
related to power loss per unit area by r = p/cr2, hence
this corresponds to 10 u,W/cm2 loss. The surface re-
sistance in the constant J , critical state model,
is r = 4 n o f H /3J . This gives J = 1.78 x 1011

A/m2. Five parameters: D, d, Hm, frequency f and
backing resistivity P are allowed to vary around
nominal values of D = 7.96 x 10"7 m, H = 282,800 A/m
(twice the penetration field H ) for which a = 2000
A/cm rms, f = 60 Hz, P = 1.6 x W 1 0 ohm-m (100 re-
sistivity ratio in copper), and d/6 = 3.0, where

6 = -/2p/(J. "i is the skin depth,
o

In the cases of variable resistivity and frequen-
cy, the results are simply stated: the loss varies as
VPf and at the nominal values, 39.2% of the time-
averaged loss of 0.441 W/cm2 occurs in the backing
with the balance In the superconductor. This simple
result holds as long as the surface field is about 17,
or more greater than the penetration field.

The variation with peak surface field is more
complicated. At fields slightly over the penetration
field H , the loss starts off at the hysteretic value,

2 n f H 3/ 3J or 80 p,W/cm2 and increases rapidly.
Ihe surface resistance increases approximately linearly
from the hysteretic value at the penetration field,

r'4|t f D/3 » 8.0 x 10" ohm, up to about H "
1.5 ^."then gradually levels off, becoming almSst
constant at 10 He, and approaching asymptotically ,
the value for the pure metal r » P/5 » 1.947 x 10"
chic. The variation of r with surface field is shown
in Fig. 2.

Fig. 2 - Effective surface resistance for surface
fields well above the penetration field.

Fig. 3 is a plot of surface magnetic field H_,
surface electric field E^ interface magnetic field
Hi and temperature T, as a function of time over a
whole cycle.
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Fig. 3 - Field and temperature waveforms with variable
temperature. As the mean temperature increases, the
duration of coasting (the period during which Es

appears to be zero) decreases.

The material parameters are as described in section IV,
and the temperature variation is discussed there; only
those features which would occur with constant temp-
eratures are discussed here. It is interesting to
note that for a short time, from 41.7 msec to 42.5
msec, where H. is positive and Hs negative, the cur-
rent in the normal metal is in the opposite direction
to that of the total current. The same phenomenon
occurs as a function of depth in a pure metal, and is
responsible for the minimum in surface resistance at
a metal thickness of about 1.7 5, The duration of



the E spike depends on Hn/Hc, being zero at % • H<.
and approaching a half-cycle at 1^ » H . Thus the
smaller G W - 1 is. the greater is Ehe proportion
of harmonics of f which appear.

One effect of the harmonics is the decrease in
the value of d/& at which the minimum in r appears.
This is shown in Fig. 4, which consists of plots of r
vs. d/6 for two thicknesses D of superconductor, with
^ the same in both. Thus 0^/Hj.)-! is different for
ihe two curves because H,. varies. Also shown is r vs.
d/6 for the base metal alone. The curves have been
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Fig. 4 - Surface resistance as a function of backing
thickness. The curves are normalized to the value of
1. at three skin depths.

normalized to a value of 1 at three d/6. The actual
values of c at three d/6 are. 2.05 x 10"8, 1.10 r. 10"'
and 1.95 x 10 ohm, for D = 1.39 u.m, 0.80 (im and
zero, respectively.

IV. VARIABLE TEMPERATURE

If the temperature of the composite is allowed
to vary, several phenomena occur. The backing resis-
tivity increases vith both temperature and magnetic
field but in the present study, for the sake of sim-
plicity and computational speed, P is assumed con-
stant. This is justifiable because the computation
stops when the temperature exceeds T (measured to be
16.6 K) and P, ill 2500 RR aluminum, increase:! only
257. at. this temperature according to Fickett. Mag-
netoresistance becomes significant when most of the
current is in the backing, if the backing is copper,
but as -will be seen, current sharing does not occur
significantly ia modestly pure (100 RR) copper any-

way. Because of magnetoresistivity effects however,
very high purity copper would probably not be as suit-
able as high-purity aluminum. The specific heat of
most materials is a strong frmction of temperature in
this range, typically as the 2.5 to 3 power of T, and
the present program incorporates this. Most important,
3 goes to zero at Tc. The dependence of Jc of
NbjSn on temperature has until recently been thought
to be linear, but recent measurements 3 using a new
technique give more nearly a quadratic dependence,

J0(l- (T/Tc)'),

and this is used in the present program.

(3)

If the dependence of heat capacity, resistivity
and power loss on temperature are all ignored, a sim-
ple analytical treatment is possible which is helpful
in interpreting the numerical results. The frequency
dependence of the dissipation Is assumed to be that
of the fundamental: q - q sin2 int. With this, the
differential equation for the temperature is

q sin2 UJt - h(T-T ) - C dT/dt » 0

of which the solution is:

+ JJCA sin sin

where K is a constant which depends on initial condi-
tions, 9 = tan («>C/h) and A = tl + (h/2 u>C)2P. The
peak dissipation q is twice the average dissipation
q , which can be estimated for any composite using
figure 2 if H /K a 1.01. The second term in eq. (4)
is the mean temperature rise, which approaches ci /h
as h/2 me becomes small. The coefficient of thethird
term is the oscillation amplitude, which approaches
q_/<"C as h/2 ioC becomes small. (The high frequency,
high heat capacity limit may be contrary to the fun-
damental assumption, in the numerical computations, of
uniform temperature in the composite.)

For the variable temperature computations, the
parameters differ from those of the constant tempera-
ture calculations and are chosen to simulate a typical
single-layer commercial Nb,Sn tape The current den-
sity J is 7.48 :t 1010 A/mz (equivalent to 7.00 x
1010 A/m2 at 4.2 K) and the thickness is 5.S iim, giv-
ing H(. = 3.85 x 105 A/m or oc = 2720 A/cm rms at 4.2 K.
Computations were made with two values of resisitivity:
1.6 jc 10"10 ftn and 1.0 x 10"11 G-m, corresponding to
100 RR copper and 2500 RR aluminum; each one or three
skin depths thick. Four values of heat transfer co-
efficient were used, 2000, 1000, 500 and 250 w/tiT K,
which were chosen to cover the range to be expected
in a supercritical He cooled transmission line with
normal operating current and steady-state conditions.
A base temperature of 8 K is assumed.

The results given in Fig. 3 are for W H C = 1.25
with aluminum backing, and with h = 500 w/m K , In
this particular case, the mean temperature is contin-
uing to rise (after three cycles), and Tc would even-
tually be reached.

Fig. 5 shows the envelope of the oscillating
temperature in another case in which the calculation
was allowed to continue until T was reached. Here,
the mean temperature, after thecinitial transient,
rises at first rather slowly and the usual 4 to 6
cycles of computations left the outcome in doubt. This
Mas computed for a copper backing, with H /H =1.03125
and a heat transfer coefficient of 1000 w?m2 K. The
copper backing has a greater heat capacity than the
aluminum, since one skin depth is 4 times as thick.

ft i



TABLE I

Min. and Peak Oscillation Temperatures

h
d/6
Mat'l Hm/Hc

1.016

1.031
1.125

1.25

1.5

2.0

250
3
Al
U

500
3
Al

10.21
12.24
U

1000
3
Al

8.40
11.29
LI .47
15.07
U

2000
3
Al

8.01
9.85
8.08
11,95
V

1000
1
Al

8.17
13.97
U

1000
1
Cu
8.18
6.81
V

100 120 140 160 180 200 220
TIME (msec)

Fig. 5 - Temperature oscillation envelope from start
to quench with copper backing, H/H • 1.03125, and
h = 1000 w/ra2 K.

The greater heat capacity increases the mean temper-
ature, and reduces the oscillation amplitude. The net
effect of the increased heat capacity is beneficial.
This is shown in Table I which summarizes the approx-
imate stability limits computed, and gives the peak
temperature at the highest field which computations
shoved to be stable. The table shows thac increasing
the thickness from 1* to 36, which essentially leaves
the dissipation unchanged, increases the maximum sta-
ble field ratiOpfrom somewhat over 1.25 to about 1.5
at h = 1000 w/m K. The table also shows that the
maximum stable field ratio with copper backing was
1.016. The computations begin to be sensitive to
the detailed model for the superconductor at this
field ratio and below, as the peak dissipation in*
creases increases very rapidly with field at field
levels slightly above the penetration field. Conse-
quently, this apparent stability of current sharing
with a copper backing should not be taken too serious-
ly. With aluminum 36 thick, and an h of 1000 w/m K
however, an H /H of 1.5 appears possible with H *
315851 A/ra atm8 £• The dissipation is 4252 w/n?J
567. of which is in the aluminum. From Figure 2, this
percentage of. the pure metal resistivity occurs at an
H /H of about 3,2, from which one can compute using
eq. 5 an effective average temperature of 13.3 K.
From the numerical results, this is also the median
temperature.

Using the preceeding procedure, an estimate can
be made of the stability of current sharing of a
composite, knowing only the critical current as a
function of temperature, the heat transfer coefficient
and the backing resistivity. Essentially, one plots
dissipation as a function of temperature., using the
known temperature dependence of J to obtain lL/H >
then using Figure 2 to obtain the surface resistance
<Figure 2 is based on a resistivity of 1.6 x 10"10

0 m and scales as Vp). The dissipation is then plot-
ted on a graph with a straight line for heat transfer
based on the known heat transfer coefficient. If the
heat transfer line lies entirely above the dissipa-
tion, the composite should be definitely stable, and
if entirely below, definitely unstable; if the curves
cross, then it may be stable, depending on oscillation
amplitude and temperature at crossing. Figure 6 shows
such a plot for all the combinations computed. The
agreement with the numerically computed results of
Table i is good.
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Fig. 6 - Heat generated (heevy curves) computed from
Fig. 3, and heat transfer with constant h (thin lines).
The dashed curves are for copper and the heavy solid
ones for aluminum.

In summary, calculations indicate that with good
heat transfer, stable current sharing should occur be-
tween NbjSn and a pure aluminum backing, with 12%% or
more excess current. An effective resistivity curve is
given which enables one to predict the loss and current
sharing under other conditions of resistivity or heat
transfer.
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