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ABSTRACT 
Mathematical tools are needed to screen out sites where Joule Thomson cooling is a prohibitive factor for CO2 geo-
sequestration and to design approaches to mitigate the effect. In this paper, a simple analytical solution is developed by 
invoking steady-state flow and constant thermophysical properties. The analytical solution allows fast evaluation of 
spatiotemporal temperature fields, resulting from constant-rate CO2 injection. The applicability of the analytical solution is 
demonstrated by comparison with non-isothermal simulation results from the reservoir simulator TOUGH2. Analysis confirms 
that for an injection rate of 3 kgs−1 (0.1MTyr−1) into moderately warm(>40°C) and permeable formations(>10−14m2 (10 mD)), 
JTC is unlikely to be a problem for initial reservoir pressures as low as2 MPa (290 psi).  
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1. Introduction  

Depleted oil and gas reservoirs (DOGRs) 
represent a significant portion of the global portfolio 
of target formations currently under consideration for 
CO2 geo-sequestration (Benson and Cook, 2005). 
There are two major advantages associated with 
DOGRs:(1) they have been extensively characterized 
during exploration, appraisal and production; (2) they 
are already proven as potentially long- term traps for 
buoyant fluids owing to their ability to store oil and 
gas over tens to hundreds of millions of 
years(Maloney and Briceno, 2009). However, low 
pore-pressures, characteristic of depletion- drive 
reservoirs at cessation of production, will lead to 
significant Joule–Thomson cooling (JTC) when large 
pressure gradients are developed due to CO2 
injection. JTC is the name given to the drop in 
temperature that occurs when a real gas such as CO2 
expands from high pressure to low pressure at 
constant enthalpy (i.e., adiabatic expansion) (see 
Oldenburg, 2007b, for further detail). Of particular 
concern is the severe loss of injectivity that may 
develop due to freezing of pore fluids (e.g., native 
brine)and/or the generation of CO2 or CH4 hydrates, 
effectively rendering the injection well dysfunctional 
(Oldenburg, 2007b). Mathematical tools are needed 
to identify and evaluate sites where JTC is a 
prohibitive factor for CO2 geo-sequestration and to 
aid in the design of approaches to mitigate the effect.  

Previously JTC during CO2 geo-sequestration has 
been explored using laboratory experiments 
(Maloney and Briceno, 2009) and numerical 
simulation (Oldenburg, 2007a; Bielinski et al., 2008; 
André et al., 2010). For wider accessibility and 
application, analytical solutions are preferable, 

especially those that can be implemented in simple 
spreadsheet software (e.g. Oldenburg, 2007b; 
Mathias et al., 2009a,b). Unfortunately, analytical 
solution of the full JTC problem is not possible due to 
the non-linear coupling between the associated fluid 
flow and thermal transport equations. However, for 
the low pressures of interest, the Joule–Thomson 
coefficient for CO2 remains relatively constant (see 
André et al., 2010, Fig. 1). It is therefore 
hypothesized that meaningful results can be obtained 
when thermophysical properties are assumed constant 
and uniform.  

In this paper, a simple analytical solution is 
developed by invoking steady-state flow and constant 
thermophysical properties. The analytical solution 
allows fast evaluation of spatiotemporal temperature 
fields resulting from constant-rate CO2 injection. The 
applicability of the analytical solution is 
demonstrated by comparison with fully coupled and 
transient non-isothermal simulation results from the 
reservoir simulator TOUGH2/EOS7C (Oldenburg et 
al., 2004a). Sensitivity analysis of the analytical 
solution is explored to provide insight into the 
importance of JTC for DOGRs. 

 
2. The mathematical model  

 
Consider the constant-rate injection of fluid from a 
fully penetrating injection well into an infinite, 
homogenous and isotropic, insulated and confined 
formation. As mentioned previously, for the low 
pressures of interest, the Joule–Thomson coefficient for 
CO2 remains relatively constant. It is therefore 
hypothesized that meaningful results can be obtained 
when thermophysical properties are 
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Fig. 1. Profiles of pressure difference, P − Pw , temperature, T, and CO2 mass fraction in the gas phase, XCO2
g , at six different times. The dashed lines are from the TOUGH2

simulation previously presented by Oldenburg (2007a). The solid lines are from the analytical solution with pressure, temperature and XCO2
g calculated from Eqs. (5), (21)

and (6), respectively. See Table 1 for parameter values.

dx.doi.org/10.1016/j.ijggc.2010.05.008
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ssumed constant and uniform. For mathematical tractability, it
s further assumed that the flow-field is single-phase and steady-
tate. The single-phase assumption is meaningful here because the
emperature front, caused by injection, lags behind the advection
ront due to retardation caused by the specific heat capacity of
he rock and connate water. Therefore activity of concern should
enerally be contained within the single-phase zone that develops
round the injection well. The steady-state assumption is conser-
ative when looking at cooling because the transient increase in
ressure has a heating effect and transient compressibility effects

nitially reduce spatial pressure gradients. Assuming fluid, rock and
onnate water to be in local thermal equilibrium and ignoring longi-
udinal thermal conduction, the simplified heat transport problem
an be written as

n(1 − Sr)�f cf + nSr�wcw + (1 − n)�scs]
∂T

∂t

= −q�f cf

[
∂T

∂r
− ˛

∂P

∂r

]
(1)

ubjected to the initial and boundary conditions:

T = T0, r ≥ rw, t = 0
T = Tw, r = rw, t > 0

(2)

here n is the porosity, Sr is the residual water saturation, �f (ML−3)
s the fluid density, cf (L2T−2�−1) is the fluid specific heat capacity,
w (ML−3) is the density of water, cw (L2T−2�−1) is the specific heat
apacity of water, �s (ML−3) is the rock density, cs (L2T−2�−1) is the
ock specific heat capacity, T (�) is the fluid temperature, q (LT−1) is
he bulk fluid flow per unit area, ˛ (M−1LT2�) is the Joule–Thomson
oefficient, P (ML−1T−2) is the fluid pressure, r (L) is radial distance
rom the injection well, H (L) is the formation thickness, T0 (�) is
he background temperature, Tw (�) is the fluid temperature at the
njection well and rw (L) is the well radius.

The pressure gradient is obtained from Darcy’s law:

∂P

∂r
= − �q

krk
(3)

here � (ML−1T−1) is fluid viscosity, kr is relative permeability
a reduction factor to take into account the residual saturation of
ater) and k (L2) is permeability. Ignoring compressibility effects

nd assuming single-phase flow, the fluid flux is obtained from

= M0

2�rH�f
(4)

here M0 (MT−1) is the mass injection rate and H (L) is the forma-
ion thickness.

Substituting Eq. (4) into Eq. (3) and integrating with respect to
leads to the Thiem equation for the pressure distribution

= Pw + M0�

2�H�f krk
ln

(
rw

r

)
(5)

here Pw (ML−1T−2) is the pressure in the injection well.
By continuity, the radial distance to the CO2 front, rF (L), can be

ound from

F =
[

M0t

�Hn(1 − Sr)�f

]1/2

(6)

Our final set of equations represent the coupling of a transient
eat equation with a steady-state flow equation. Substituting the
Please cite this article in press as: Mathias, S.A., et al., Analytical solu
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ollowing dimensionless transformations

D = r

rw
(7)

D =
[

cf

n(1 − Sr)�f cf + nSr�wcw + (1 − n)�scs

]
M0t

2�Hr2
w

(8)
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TD = 2�Hkrk(T − T0)�f

˛�M0
(9)

TwD = 2�Hkrk(Tw − T0)�f

˛�M0
(10)

leads to:

∂TD

∂tD
= − 1

rD

[
∂TD

∂rD
+ 1

rD

]
(11)

TD = 0, rD ≥ 1, tD = 0
TD = TwD, rD = 1, tD > 0

(12)

Applying the Laplace transform

T̂D(s) =
∫ ∞

0

TD(t) exp(−stD) dtD (13)

allows the above problem to further reduce to

sT̂D = − 1
rD

[
∂T̂D

∂rD
+ 1

srD

]
(14)

T̂D = TwD

s
, rD = 1 (15)

which has the analytical solution

T̂D(s, rD) = 1
2s

exp

(
− sr2

D

2

)[
E1

(
− sr2

D

2

)
− E1

(
− s

2

)]

+ TwD

s
exp

[
− s

2
(r2

D − 1)
]

(16)

where E1 denotes the En-function with n = 1, which relates to the
exponential integral function, Ei(x), via E1(x) = −Ei(−x).

To invert Eq. (16) back to the time-domain, consider the Laplace
transform identity

L−1
{

e−asE1(−as)
}

= 1
tD − a

(17)

It follows that

L−1

{
1
2s

exp

(
− sr2

D

2

)
E1

(
− sr2

D

2

)}

=
∫ tD

0

d�

2� − r2
D

= 1
2

ln

(
1 − 2tD

r2
D

)
(18)

and

L−1
{

1
2s

exp
(

− s

2

)
E1

(
− s

2

)}
=

∫ tD

0

d�

2� − 1
= 1

2
ln(1 − 2tD)

(19)

and consequently that

L−1

{
− 1

2s
exp

(
− sr2

D

2

)
E1

(
− s

2

)}

=

⎧⎪⎨
⎪⎩

0, tD <
r2
D − 1

2

−1
2

ln(r2
D − 2tD), tD ≥ r2

D − 1
2

(20)

Considering Eqs. (18) and (20) with Eq. (16) finally yields
tion for Joule–Thomson cooling during CO2 geo-sequestration in
doi:10.1016/j.ijggc.2010.05.008

TD(rD, tD) =

⎧⎪⎪⎨
⎪⎪⎩

1
2

ln

(
1 − 2tD

r2
D

)
, tD <

r2
D − 1

2

1
2

ln

(
1

r2
D

)
+ TwD, tD ≥ r2

D − 1
2

(21)
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The discontinuity occurs at the location of the minimum tem-
erature, Tmin (�). Setting tD = (r2

D − 1)/2, it can be seen that the
inimum temperature is directly calculated from

min = − ˛�M0

4�Hkrk�f

× ln

{[
cf

n(1 − Sr)�f cf + nSr�wcw + (1 − n)�scs

]
M0t

�Hr2
w

+ 1

}

+
{

T0, T0 ≤ Tw

Tw, T0 > Tw

(22)

. Comparison with TOUGH2/EOS7C

To evaluate the applicability of the above analytical solution,
alculated results are compared to fully coupled and transient non-
sothermal numerical simulation results from TOUGH2/EOS7C (as
resented by Oldenburg, 2007a, Figs. 5–7). The scenarios consid-
red are based on those used in the economic feasibility study for
arbon sequestration with enhanced gas recovery in the Rio Vista
as Field, Sacramento Valley, California (Oldenburg et al., 2004b).
he model parameters used are given in Table 1. Note that all
he parameters used in the present calculations are as previously
pecified by Oldenburg (2007a) with the exception of the CO2 ther-
ophysical properties: �f, �, cf and ˛, which were calculated using

he web-resource of Lemmon et al. (2003).
Comparison plots of pressure, temperature and CO2 mass frac-

ion in the gas phase, XCO2
g are presented in Fig. 1a–d. The well

ressure, Pw, for the analytical solution is undefined due to the
ssumption of steady-state flow. Therefore all pressures, P, are plot-
ed as a difference from the well pressure, Pw.

Fig. 1a shows results for the high permeability formation where
= 10−13 m2. The TOUGH2 pressure difference, P − Pw, and the
dvective front of the CO2 plume (see plot of XCO2

g ) are seen to be
ell approximated by the analytical solution. The analytical solu-

ion assumes a sharp interface whereas TOUGH2’s XCO2
g distribution

s smoother due to the dispersive effects of molecular diffusion,
obility difference between the injection and formation fluids and

umerical dispersion. The analytical solution underestimates the
esulting temperature drop by around half but both models are
Please cite this article in press as: Mathias, S.A., et al., Analytical solu
depleted oil and gas reservoirs. Int. J. Greenhouse Gas Control (2010),

orecasting close to negligible temperature drops for this scenario.
A formation of lower permeability (10−14 m2) is considered in

ig. 1b. The pressure difference is well approximated by the ana-
ytical solution in the inner region around the well although some

inor deviation starts to occur at radii greater than 10 m. The

able 1
ssumed model parameters.

Property Value

Formation thickness, H (m) 50
Porosity, n 0.30
Permeability, k (m2) Varies
Rock density, �s (kg m−3) 2600
Rock heat capacity, cs (J kg−1 K−1) 1000
CO2 injection rate, M0 (kg s−1) 3
Well radius, rw (m) 0.05
Injection and reservoir temperature, Tw , T0 (◦C) 45
Residual water saturation, Sr 0.2
Relative permeability, kr 1
Water density, �w (kg m−3) 992
Water heat capacity, cw (J kg−1 K−1) 4037
Reservoir pressure, P0 (MPa) 5.0 5.7
CO2 density, �f (kg m−3) 109 131
CO2 viscosity, � (�Pa s) 17.2 17.7
CO2 heat capacity, cf (J kg−1 K−1) 798 825
Joule–Thomson coefficient, ˛ (K MPa−1) 9.13 9.01
 PRESS
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advection fronts of the CO2 plume are also well approximated,
disregarding dispersion effects. Because permeability has been
reduced, the pressure gradients have increased. Consequently, the
Joule–Thomson related temperature drop is enhanced. The ana-
lytical solution provides a good approximation to the TOUGH2
simulation results without the dispersive effects seen at the cool-
ing front. The additional smoothing in temperature predicted by
TOUGH2 is due to proper inclusion of thermal conduction in con-
junction with numerical dispersion.

Results for a formation of very low permeability (5 × 10−15 m2)
is presented in Fig. 1c. The story is the same as in Fig. 1b except that
the lower permeability leads to even higher pressure gradients and
consequently greater pressure declines due to the Joule–Thomson
effect. It is apparent that the analytical solution is overestimat-
ing pressure gradient, as compared to TOUGH2, and consequently,
marginally overestimating the temperature decline. The reason
is due to the assumption of constant thermophysical properties.
Because the permeability is so low there is substantial pressure
buildup. In the full reservoir simulation (i.e. TOUGH2), this leads to
increased fluid density, a reduction (as compared to the analytical
solution) in the volume of fluid being forced in, a reduction in pres-
sure gradient and consequently a reduction in temperature decline.
Such an effect can be compensated for in the analytical solution by
increasing the assumed value of reservoir pressure, P0, by 14% (see
Fig. 1d).

The comparison between the analytical solution and the full
reservoir simulations using TOUGH2 presented in Fig. 1a–d con-
firm that the analytical solution offers a useful approximation to
the full problem using parameters describing scenarios of practical
interest. The assumption of constant thermophysical properties is
conservative in this context, leading to an overestimate of the tem-
perature decline caused by Joule–Thomson cooling. It follows that
the analytical solution is suitable for bounded analysis relating to
the suitability of DOGRs.

4. Pressure and temperature sensitivity

A major advantage of the analytical solution over TOUGH2 is that
the minimum temperature for a given scenario, Tmin, can be eval-
uated using a single calculation based on Eq. (22). Consequently,
much broader sensitivity analysis can be more easily evaluated.
Plots of Tmin are presented in Fig. 2, for a range of reservoir pres-
sures, P0, and temperatures, T0, for the three formations previously
considered after 50 years of injecting CO2 for the scenario described
in Table 1 (but with CO2 thermophysical properties calculated for
each value of T0 and P0 using Lemmon et al., 2003). The limita-
tion of the analytical solution is that couplings between properties,
pressure, temperature and composition are not modeled.

As expected, the temperature declines are larger where initial
pressures are lowest. As observed in Fig. 1a–d, temperature decline
is seen to reduce with increasing permeability. However, temper-
ature declines are greatest for the high temperature scenario. This
is surprising because the Joule–Thomson coefficient, ˛, diminishes
with increasing temperature (see André et al., 2010). The larger
temperature declines are caused by the increased pressure gradi-
ents resulting from the injection of greater volumes of low density
CO2 (recall discussion in the previous section).

As stated previously, the main concern associated with JTC is
the loss of injectivity caused by hydrate formation. Sun and Duan
(2005) compiled a large set of experimental data from the litera-
ture concerning pressure–temperature equilibria for CO2 and CH4
tion for Joule–Thomson cooling during CO2 geo-sequestration in
doi:10.1016/j.ijggc.2010.05.008

hydrates. The shaded region in Fig. 2 was interpolated from Sun
and Duan (2005, Figs. 6 and 7) and denotes the region in which CO2
and/or CH4 hydrates may develop. For moderately warm and per-
meable formations (i.e., T0 > 40 ◦C and k > 10−14 m2), JTC is unlikely
to be a problem for initial reservoir pressures as low as 2 MPa in

dx.doi.org/10.1016/j.ijggc.2010.05.008
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Fig. 2. Plot of minimum temperature, Tmin (calculated from Eq. (22)), for a range of
background pressures, P0, background temperatures, T0 and permeabilities, k after
5
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0 years of injection. See Table 1 for other parameters. The shaded region bounds
he region in which CO2 and/or CH4 hydrates are likely to develop (after Sun and
uan, 2005).

n-shore reservoirs. However, for cold formations (T < 20 ◦C), e.g.
ub-sea, JTC may cause hydrate formations where initial reservoir
ressures are as high as 6 MPa. But at such low temperatures, high
ressures also become a concern for hydrate formation (Sun and
uan, 2005).

. Summary and conclusions

Depleted reservoirs are often considered for CO2 storage. How-
Please cite this article in press as: Mathias, S.A., et al., Analytical solu
depleted oil and gas reservoirs. Int. J. Greenhouse Gas Control (2010),

ver, there is concern that characteristic low pressures may lead
o significant Joule–Thomson cooling resulting in CO2 and/or CH4
ydrate formation and consequently, prohibitively poor injectiv-

ty. Previously, forecasting temperature change associated with
oule–Thomson cooling in CO2 storage reservoirs required expen-
ive numerical reservoir simulation. This paper presents a new
 PRESS
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analytical solution (Eq. (22)) to the problem providing convenient
and accessible insight into the underlying physics and allowing
broad parameter sensitivity analysis to be easily facilitated. Analy-
sis confirms that for an injection rate of 3 kg s−1 (0.1 MT yr−1) into
moderately warm (>40 ◦C) and permeable formations (>10−14 m2

(10 mD)), JTC is unlikely to be a problem for initial reservoir pres-
sures as low as 2 MPa (290 psi). However, for cold formations
(<20 ◦C), JTC may cause hydrate formation where initial reservoir
pressures are as high as 6 MPa (870 psi).
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