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Abstract

In these lectures I describe the remarkable ultraviolet behavior of N = 8 super-
gravity, which through four loops is no worse than that of N = 4 super-Yang-Mills
theory (a finite theory). I also explain the computational tools that allow multi-loop
amplitudes to be evaluated in this theory — the KLT relations and the unitarity
method — and sketch how ultraviolet divergences are extracted from the ampli-
tudes.

1 Introduction

Quantum gravity is nonrenormalizable by power counting, because the coupling, New-
ton’s constant, GN = 1/M2

Pl, is dimensionful. In contrast, the coupling constants of
unbroken gauge theories, such as α for QED and αs for QCD, are dimensionless. At each
loop order in perturbation theory, ultraviolet divergences in quantum gravity should get
worse and worse, in comparison with gauge theory: There are two more powers of loop
momentum in each loop, to compensate dimensionally for the two powers of the Planck
mass in the denominator of the gravitational coupling. Instead of the logarithmic di-
vergences of gauge theory, which are renormalizable using a finite set of counterterms,
quantum gravity should possess an infinite set of counterterms.

String theory is well known to cure the divergences of quantum gravity. It does so by
introducing a new length scale, related to the string tension, at which particles are no
longer pointlike. The question these lectures will address is: Is this necessary? Or could
enough symmetry allow a point-particle theory of quantum gravity to be perturbatively
finite in the ultraviolet? If the latter is true, even if in a “toy model”, it would have a
big impact on how we think about quantum gravity. While string theory makes quantum
gravity finite, it does so at the price of having a huge number of ground state vacua,
perhaps 10500. Is it possible that there are consistent theories of quantum gravity with
fewer degrees of freedom, and fewer ground states?

The particular approach we will take in these lectures is to see whether the diver-
gences generic to point-like theories of quantum gravity can be cured using (in part) a
large amount of symmetry, particularly supersymmetry. The maximal supersymmetry
available for a theory with a maximal spin of two is N = 8. In N = 8 supergravity,
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eight applications of the spin-1/2 supercharges Qi, i = 1, 2, . . . , 8, connect the helicity
h = +2 graviton state with its CPT conjugate state with helicity h = 2 − 8× 1/2 = −2.
Each anti-commuting supercharge can be applied either once or not at all, so the total
number of massless states is 28 = 256. The complete Lagrangian for this theory was
obtained by Cremmer and Julia [1] in the late 1970s, following earlier work by de Wit
and Freedman [2] and by Cremmer, Julia and Scherk [3]. While this theory has maximal
supersymmetry, it seems unlikely that supersymmetry alone can render it finite to all
orders in perturbation theory; other symmetries or dynamical principles may have to
come in to play.

Many other approaches to quantum gravity have been considered. For example, the
asymptotic safety program [4] posits that there is a nontrivial ultraviolet fixed point in
the exact renormalization group. Hořava [5] has also proposed a renormalization group
flow solution, in which the ultraviolet fixed point is not Lorentz symmetric; space and
time scale differently at the fixed point. These proposals are very interesting, but usually
require truncation of the number of operators or other assumptions. In contrast, here we
will work in a conventional perturbative framework, with an action that is quadratic in
derivatives.

The perturbative ultraviolet behavior of gravity theories in general, and N = 8 su-
pergravity in particular, has been under investigation for a few decades. Through about
1998, the general suspicion was that N = 8 supergravity in four space-time dimensions
would first diverge at three loops, based on the existence of an N = 8 supersymmetric lo-
cal counterterm at this order [6, 7, 8, 9, 10]. However, in 1998 the two-loop four-graviton
amplitude was computed [11], and its ultraviolet behavior was found to be better than
expected, leading to the speculation that the first divergence might occur at five loops.
In 2002, Howe and Stelle speculated [12], based on the possible existence of a superspace
formalism realizing seven of the eight supersymmetries, that the divergence might be
delayed until six loops. However, a more recent analysis by Bossard, Howe and Stelle [13]
suggests a five-loop divergence, unless additional cancellation mechanisms are present.

In the early 1980s, a seven-loop N = 8 supersymmetric counterterm was constructed
by Howe and Lindström [9]. Also at that time, an eight-loop counterterm was pre-
sented [9, 10], which is manifestly invariant under a continuous noncompact coset sym-
metry possessed by N = 8 supergravity, referred to as E7(7). The status of lower-loop
counterterms with respect to E7(7) is not totally clear. For example, the volume of the
on-shell N = 8 superspace would appear at seven loops, and is invariant under E7(7), but
it might also vanish [14].

In the last few years, a variety of arguments have highlighted the excellent ultraviolet
properties of N = 8 supergravity, mostly suggesting finiteness until at least seven loops,
although some arguments go much further. Based on multi-loop superstring results ob-
tained by Berkovits using the pure spinor formalism [15], Green, Russo and Vanhove [16]
argued that the theory should be finite through nine loops. However, a recent re-analysis
by the same authors [17] (see also refs. [18, 19]) indicates that technical issues with the
pure spinor formalism beginning at five loops invalidate this argument, and suggest a
first divergence at seven loops. Note that refs. [9, 14, 20] also point to seven loops for a
possible first divergence.

There are also arguments based on M-theory dualities which suggest finiteness to all
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orders [21]. On the other hand, N = 8 supergravity is a point-particle theory in four
dimensions containing only massless particles. String theory and M theory are quite
different. Perturbatively, they contain infinite towers of massive excited states (string
and/or Kaluza-Klein excitations); nonperturbatively, they contain additional extended
objects. It is not at all obvious that results found in those theories can be applied directly
to N = 8 supergravity, because of issues in decoupling the infinite towers of states [22].
The safest approach to determining the ultraviolet properties of N = 8 supergravity is
to work directly in the field theory.

The purpose of these lectures is to describe some of the main methods that have been
used to determine multi-loop amplitudes in N = 8 supergravity, and to extract from the
amplitudes the ultraviolet behavior of the theory. Another review which overlaps this
one in subject matter has been written recently by Bern, Carrasco and Johansson [23].

Multi-loop computations in N = 8 supergravity are feasible thanks to two key ideas
that work hand in hand with each other: the unitarity method [24], which allows loop
computations to be reduced to tree computations; and the Kawai-Lewellen-Tye (KLT)
relations [25], which allow N = 8 supergravity tree amplitudes to be written in terms of
tree amplitudes in a gauge theory, N = 4 super-Yang-Mills theory (N = 4 SYM). Both
of these ideas have more modern refinements, to be described later, which are useful for
pushing the results to the maximal number of loops. Using these methods, as I will explain
in more detail below, the four-graviton amplitude in N = 8 supergravity was computed
at two loops in 1998 [11], and eventually at three [26, 27] and four loops [28]. The basic
idea is to first compute the four-gluon amplitude in N = 4 SYM at the same number
of loops, and then use this information, along with unitarity and the KLT relations, to
reconstruct the four-graviton amplitude in N = 8 supergravity.

Much of the motivation for these multi-loop efforts came from the results of one-
loop computations with a large number of external gravitons [29, 30, 31]. The one-
loop results all had the property (dubbed the “no-triangle hypothesis” [31]) that the
ultraviolet behavior of n-graviton amplitudes in N = 8 supergravity was never any

worse than that of the corresponding n-gluon amplitudes in N = 4 SYM. Both sets of
one-loop amplitudes are finite in four dimensions. Considered as theories with the same
number of supercharges in a higher space-time dimension, they first begin to diverge in
eight dimensions. It is possible to use unitarity to argue that the one-loop behavior also
implies large classes of multi-loop cancellations [32], although it clearly does not control
the complete multi-loop behavior.

Remarkably, the same property, that N = 8 supergravity is no worse behaved than
N = 4 SYM, has also been found to hold for all the multi-loop four-graviton results that
have been computed to date, all the way through four loops. Now N = 4 SYM is well
known to be an ultraviolet-finite theory to all orders in perturbation theory [33]; indeed, it
is the prototypical four-dimensional conformal field theory. As long as N = 8 supergravity
is as well-behaved as N = 4 SYM is in the ultraviolet, it must also remain finite. It is still
an open question as to whether this property holds to all orders in perturbation theory.
It has been suggested [19] that it might fail as soon as the next uncomputed amplitude,
namely at five loops. (Such a failure at five loops could indicate [19] a four-dimensional
divergence as early as seven loops, a loop order also suggested in refs. [9, 14, 20].) However,
at present it seems that only a complete computation of the five-loop amplitude can
definitively answer this question.
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The remainder of this article is organized as follows. In section 2 the general structure
of divergences in quantum gravity and supergravity is outlined. In section 3 we describe
the KLT relations and the unitarity method. We discuss the method of maximal cuts, and
the rung rule for N = 4 super-Yang-Mills theory. In section 4 we explain how the KLT
relations allow generalized cuts in N = 8 supergravity to be obtained from two copies
of the cuts in N = 4 super-Yang-Mills theory, and we discuss the ultraviolet behavior
of typical contributions. Section 5 discusses the four-point scattering amplitude and
ultraviolet behavior of N = 8 supergravity at three loops, and section 6 does the same at
four loops. In section 7 conclusions are presented, along with an outlook for the future.

2 Divergences in quantum gravity

In general, divergences in quantum field theory are associated with local operators, or
counterterms. Divergences in off-shell quantities, such as off-shell two-point functions,
can depend on the gauge. However, the ultraviolet divergences in on-shell scattering am-
plitudes, which we shall be concerned with here, are gauge invariant, i.e. diffeomorphism
invariant. Therefore they should be constructed from tensors that transform homoge-
neously under coordinate transformations. For scattering amplitudes containing only
external gravitons, counterterms should be built from products of the Riemann tensor
Rµνσρ, including contractions of it such as the Ricci tensor Rµν and the Ricci scalar R.

The available counterterms are also constrained by dimensional analysis. The loop-
counting parameter GN has mass dimension −2, so at each successive loop order a
logarithmic divergence must be associated with a counterterm with a dimension two
units greater than in the previous loop. The Riemann tensor has mass dimension 2:
Rµ

νσρ ∼ ∂ρΓ
µ
νσ ∼ gµκ∂ρ∂νgκσ. Because the (tree-level) Einstein Lagrangian R also has

dimension 2, an L-loop counterterm should have the schematic form D2kRL+1−k
... , where

D is a covariant derivative and R... is a generic Riemann tensor.

Even for on-shell divergences, there is still an ambiguity in associating counterterms,
because of the freedom to perform (nonlinear) field redefinitions on the action. For exam-
ple, in the case of pure Einstein gravity, with action S =

∫

d4x
√−gR, one can redefine

the metric by gµν → f(g)gµν. Because the variation δS/δgµν is proportional to the Ricci
tensor Rµν , one can adjust in this way the coefficient of any potential counterterm in pure
Einstein gravity that contains Rµν. At one-loop, the potential counterterm RµνσρR

µνσρ

is thus equivalent to R2 − 4RµνR
µν + RµνσρR

µνσρ, which is the Gauss-Bonnet term, a
total derivative in four dimensions. Total derivatives cannot be produced in perturbation
theory. For this reason, pure Einstein gravity is ultraviolet-finite at one loop [34]. On the
other hand, if matter is coupled to gravity, there are generically counterterms of the form
TµνT

µν, where T µν is the matter stress-energy tensor, and the theory is nonrenormalizable
at one loop [34].

At two loops, there is a nontrivial counterterm for pure gravity, which cannot be
related to a total derivative. It has the form,

R3 ≡ Rλρ
µνR

µν
στR

στ
λρ . (1)

Two independent two-loop computations using Feynman diagrams, by Goroff and Sag-
notti [35] and by van de Ven [36], showed that the coefficient of this counterterm is
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nonzero, i.e. that pure gravity diverges at two loops.

In any supergravity, even N = 1, if all states are in the same multiplet with the
graviton (pure supergravity), then it is possible to show that there are no divergences
until at least three loops [37, 6, 38]. This property can be understood by computing the
tree-level matrix element of the operator R3 between four on-shell graviton states with
outgoing helicity (−+++) [37]. On the one hand, the matrix element is nonzero [39].
On the other hand, such a helicity configuration is forbidden by supersymmetric Ward
identities acting on the S matrix [40] (see section 3.4), which require at least two negative
and two positive helicities. Thus R3 is unavailable as a potential two-loop counterterm.
In a pure supergravity, all four-point amplitudes can be rotated by supersymmetry into
four-graviton amplitudes, so they must also be finite.

At three loops, the first potential counterterm in pure supergravity arises,

R4 ≡ tµ1ν1...µ4ν4

8 tρ1σ1...ρ4σ4

8 Rµ1ν1ρ1σ1Rµ2ν2ρ2σ2Rµ3ν3ρ3σ3Rµ4ν4ρ4σ4 , (2)

where the tensor t8 is defined in ref. [41]. This particular operator [6, 7, 8, 9, 10] is
also known as the square of the Bel-Robinson tensor [42]. It is compatible with super-
symmetry, not just N = 1 but all the way up to maximal N = 8 supersymmetry. This
latter property follows from the appearance of R4 in the low-energy effective action of the
N = 8 supersymmetric closed superstring [43]; indeed, it represents the first correction
term beyond the limit of N = 8 supergravity [44], appearing at order α′3. More precisely,
the matrix element of this operator on four-particle states takes the form,

〈R4〉|4−point = stuM tree
4 (1, 2, 3, 4) , (3)

where the momentum invariants are s = (k1 + k2)
2, t = (k2 + k3)

2, u = (k1 + k3)
2, and

M tree
4 stands for any of the 2564 four-point amplitudes in N = 8 supergravity (stripped

of the gravitational coupling constant).

As mentioned earlier, it was generally believed prior to 1998 that the R4 counterterm
would control the first divergence in N = 8 supergravity. However, when the two-loop
four-graviton amplitude was computed [11], it was found to have two additional powers
of the momentum-invariants emerging from the integrand, so that the amplitude had the
schematic form,

M2-loop
4 (1, 2, 3, 4) = stuM tree

4 (1, 2, 3, 4)×
[

s2 IX
4 (s, t) + permutations

]

, (4)

where IX
4 (s, t) denotes a scalar double box integral. The two extra powers of s in eq. (4),

when written in position space, correspond to a counterterm with four covariant deriva-
tives, of the form D4R4, where we have not specified the precise index contractions. This
operator has a dimension appropriate for a four-dimensional divergence at five loops, not
three loops. Ref. [11] also investigated a few different classes of higher-loop contribu-
tions, and found that in each case, two extra powers of momentum-invariants continued
to emerge from the loops. As it later transpired, the true power-counting for the three-
and four-loop amplitudes is considerably better, due to cancellations between different
contributions. As we shall see, the actual behavior observed so far is D6R4 at three
loops [26, 27, 19] and D8R4 at four loops [28, 19].

For simplicity, I have represented the ultraviolet behavior at a given loop order in
terms of local counterterms, even when the theory is finite in four dimensions. This
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terminology corresponds to considering N = 8 supergravity generalized to D ≥ 4 dimen-
sions, while keeping the same number of supercharges as in four dimensions (thirty-two).
The same 256 physical states circulate in the loop for any value of D, but the virtual
loop integration measure dD` leads to poorer ultraviolet behavior as D increases. At
each loop order L, there is a critical dimension Dc(L) at which the four-point amplitude
first diverges in the ultraviolet, and this can be related to a counterterm of the form
D2kR4. The gravitational coupling κ is related to Newton’s constant by κ2 = 32π2GN .
In D dimensions, κ2 (the loop-counting parameter) has a mass dimension of −(D − 2).
A counterterm of the form D2kR4 corresponds to a logarithmic amplitude divergence of
the form

ML-loop
4 ∼ κ2L × stuMtree

4 × sk ×
[

1

ε
or ln Λ

]

, (5)

when using dimensional regularization (D → D− 2ε) or a dimensionful cutoff Λ. Dimen-
sional analysis on eq. (5) then implies that

2k + 6 = L(Dc − 2). (6)

Suppose k = 2 at each loop order beyond L = 1, the behavior suggested in ref. [11].
(The one-loop case is special, as no extra powers of s emerge at this order [44], giving
Dc(1) = 8.) This behavior would imply

Dc(L) = 2 +
10

L
(L > 1), (7)

yielding a divergence in four dimensions at L = 5. On the other hand, the behavior
k = L is seen through four loops, and this would imply, if valid to all loops,

Dc(L) = 4 +
6

L
(L > 1). (8)

Because this formula gives a critical dimension above 4 for all L, its validity would result
in the perturbative finiteness of N = 8 supergravity.

It is convenient to consider simultaneously the ultraviolet behavior of N = 4 SYM
generalized to D ≥ 4. Ref. [11] studied the four-gluon amplitude in this theory [45], the
complete amplitude at two loops (see also ref. [46]), and classes of higher-loop contri-
butions. In this case, a single additional power of s emerged, beyond that at one loop,
leading to the generic expected behavior,

AL-loop
4 ∼ g2L × stAtree

4 × s×
[

1

ε
or ln Λ

]

. (9)

In D dimensions, g2 (the gauge theory loop-counting parameter) has a mass dimension
of −(D − 4). Dimensional analysis on eq. (9) then implies 4 + 2 = L(Dc − 4), or
Dc(L) = 4 + 6/L, the same behavior as in eq. (8). The associated higher-dimensional
counterterms have the form D2F 4, where F = F µν is the gauge field strength and D a
gauge covariant derivative.

This multi-loop behavior of N = 4 SYM follows from an argument by Howe and
Stelle [12] using N = 3 harmonic superspace [47]. In the limit of a large number of
colors, i.e. for gauge group SU(Nc) for large Nc, the behavior has been confirmed by
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explicit computation through five loops, using the planar amplitudes in refs. [48, 49, 50].
In other words, at the four-point level, at each loop order, eq. (8) is equivalent to the
statement that the ultraviolet behavior of N = 8 supergravity is no worse than that of
N = 4 super-Yang-Mills theory.

There have been suggestions [19, 18] recently that the four-point five-loop amplitude
in N = 8 supergravity will behave as D8R4, not D10R4. This behavior would be worse
than that of N = 4 super-Yang-Mills theory. Although it would not directly imply a
four-dimensional divergence at five loops, it would have important implications for the
possibility of finiteness to all orders. However, it seems that only a complete computation
of the amplitude can definitively answer this question.

I have not been very specific about the precise index contractions for the various
counterterms, nor about the number of independent counterterms at each dimension (or
value of k in D2kR4). Also, what about the possibility of counterterms that do not show
up at the four-point level at all? Recently, Elvang, Freedman and Kiermaier used N = 8
supersymmetry and locality to heavily constrain the possibilities [51]. At the four-point
level, the constraints on operators of the form D2kR4 are that their matrix elements
should generalize eq. (3) as follows,

〈D2kR4〉|4−point = Pk(s, t, u) stuM
tree
4 (1, 2, 3, 4) , (10)

where Pk(s, t, u) must be a Bose symmetric polynomial of degree k, subject to the on-
shell constraint s+ t+u = 0. It is easy to count the independent polynomials, and hence
the number of four-point counterterms allowed by N = 8 supersymmetry, at loop order
L = k + 3. There is one such operator for k = 0; none for k = 1 (because s+ t+ u = 0);
one each for k = 2, 3, 4, 5; two for k = 6; and so on [51]. More impressively, ref. [51]
also showed that beyond the four-point level very few operators are allowed at low loop
order; in fact, there are no such operators until L = 7. (The four-loop case was analyzed
earlier [52, 53].) Thus through six loops, all ultraviolet divergences must appear in the
four-graviton amplitude.

3 Computational tools

In this section we outline the two major tools that have been used to compute com-
plete multi-loop amplitudes in N = 8 supergravity: the KLT relations and the unitarity
method. We then discuss generalized unitarity at the multi-loop level, the method of
maximal cuts, and the rung rule for N = 4 super-Yang-Mills theory.

3.1 KLT relations

The 28 = 256 massless states of N = 8 supergravity are tabulated in table 1. The
multiplicity for helicity h is given by ( 8

p
), where p = 2(2−h) is the number of applications

of the spin-1/2 supersymmetry generators Qi needed to reach that helicity from the
h = +2 graviton state h+. Alternatively, the multiplicities can be read off from the 8th

row of Pascal’s triangle, or the coefficients in the binomial expansion of (x + y)8. Also
tabulated in table 1 are the multiplicities for the 24 = 16 massless states of N = 4 SYM.
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N = 8 supergravity
h −2 −3

2
−1 −1

2
0 1

2
1 3

2
2

# of states 1 8 28 56 70 56 28 8 1
field h− ψ−

i v−ij χ−
ijk sijkl χ+

ijk v+
ij ψ+

i h+

N = 4 super-Yang-Mills
h −1 −1

2
0 1

2
1

# of states 1 4 6 4 1
field g− λ−A φAB λ+

A g+

Table 1: Table of state multiplicities, as a function of helicity h, for the 28 = 256 states in
N = 8 supergravity and for the 24 = 16 states in N = 4 super-Yang-Mills theory.

~
Figure 1: Schematic depiction of the KLT relations. The closed-string world-sheet, a sphere,
can be thought of as two copies of the open-string world-sheet, a disk. Vertex operator insertions
are marked with ×’s.

They are given by ( 4
p
) with p = 2(1− h), or as the coefficients in the binomial expansion

of (x + y)4. Both N = 8 supergravity and N = 4 SYM arise as the low-energy limit
of string theories [44], the type II closed superstring and the type I open superstring,
respectively. The closed superstring contains both left- and right-moving modes, which
are each in correspondence with one copy of the the open superstring modes. Therefore
the N = 8 supergravity Fock space can be written as the tensor product of two copies of
the N = 4 SYM Fock space,

[N = 8] = [N = 4]L ⊗ [N = 4]R . (11)

The fact that the multiplicities work out is a simple consequence of the identity (x+y)8 =
[(x + y)4]2.

Kawai, Lewellen and Tye [25] first observed that closed and open string amplitudes
are very closely related at tree level. As shown in fig. 1, the closed-string world-sheet
is a sphere, and the emission of a particular state is described by inserting a closed-
string vertex operator V closed(z, z̄) somewhere on the sphere. In contrast, the open-string
world-sheet is a disk, and open string states are emitted off the boundary, with a vertex
operator V open(x). The KLT relations derive from the fact that the closed-string vertex
operator is a product of two open-string vertex operators,

V closed(zi, z̄i) = V open
L (zi) × V

open

R (z̄i) , (12)

one for the left-movers and one for the right-movers. The left and right string oscilla-
tors appearing in V open

L and V
open

L are distinct, but the zero-mode momentum is shared.
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Closed-string tree amplitudes are given by integrating correlation functions of the form

〈V closed
1 (z1, z̄1) · · ·V closed

n (zn, z̄n)〉 (13)

over n− 3 copies of the sphere. KLT noticed that the integrand (13) was just the prod-
uct of corresponding open-string integrands. They expressed the closed-string complex
integrations as products of z and z̄ contour integrals, and then deformed the contours
until they were equivalent to open-string integrals, over real variables xi, multiplied by
momentum-dependent phase factors arising from branch cuts in the integrand. In this
way, arbitrary closed-string tree amplitudes were expressed as quadratic combinations of
open-string tree amplitudes.

Taking the low-energy limit of the KLT relations for string theory gives corresponding
relations at the field-theory level, relating n-point tree amplitudes M tree

n in N = 8 super-
gravity to quadratic combinations of tree amplitudes Atree

n in N = 4 super-Yang-Mills
theory. In the low-energy limit, the momentum-dependent phase factors generate powers
of momentum-invariants. Strictly speaking, the gauge theory tree amplitudes that appear
are those from which the Chan-Paton factors have been removed (in string terminology),
or color-ordered subamplitudes (in QCD terminology). (For a review, see ref. [54].) We
write the full tree amplitude as

Atree
n ({ki, ai}) = gn−2

∑

ρ∈Sn/
�

n

Tr(T aρ(1)T aρ(2) . . . T aρ(n))Atree
n (ρ(1), ρ(2), . . . , ρ(n)) , (14)

where g is the gauge coupling, ai is an adjoint index, T ai is a generator matrix in the
fundamental representation of SU(Nc), the sum is over all (n − 1)! inequivalent (non-
cyclic) permutations ρ of n objects, and the argument i of Atree

n labels both the momentum
ki and state information (helicity hi, etc.). In the case of supergravity amplitudes, we
only strip off powers of the coupling κ, defining M tree

n by

Mtree
n ({ki}) =

(κ

2

)n−2

M tree
n (1, 2, . . . , n) . (15)

Then the first few KLT relations have the form,

M tree
3 (1, 2, 3) = i Atree

3 (1, 2, 3)Ãtree
3 (1, 2, 3) , (16)

M tree
4 (1, 2, 3, 4) = −is12 A

tree
4 (1, 2, 3, 4) Ãtree

4 (1, 2, 4, 3) , (17)

M tree
5 (1, 2, 3, 4, 5) = is12s34A

tree
5 (1, 2, 3, 4, 5)Ãtree

5 (2, 1, 4, 3, 5) + P(2, 3) , (18)

M tree
6 (1, 2, 3, 4, 5, 6) = −is12s45A

tree
6 (1, 2, 3, 4, 5, 6)

×
[

s35 Ã
tree
6 (2, 1, 5, 3, 4, 6) + (s34 + s35) Ã

tree
6 (2, 1, 5, 4, 3, 6)

]

+ P(2, 3, 4) , (19)

where sij ≡ (ki + kj)
2, and “+P” indicates a sum over the m! permutations of the m

arguments of P. Here Atree
n indicates a tree amplitude for which the external states are

drawn from the left-moving Fock space [N = 4]L in the tensor product (11), while Ãtree
n

denotes an amplitude from the right-moving copy [N = 4]R.

The KLT relations are quite general, in the sense that left- and right-movers appar-
ently do not need to be drawn from the particular gauge theory N = 4 SYM (or any
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truncation of it) [55, 56]. Furthermore, a general ‘double-copy’ formula for gravity am-
plitudes was proposed recently [57, 58, 56], which is consistent with the KLT relations,
but generates additional novel representations of gravity amplitudes. It starts with a rep-
resentation [57] of the full color-dressed gauge tree amplitudes in terms of cubic graphs
labelled by i,

Atree
n

gn−2
=

∑

i

nici
(
∏

j p
2
j)i

,
Ãtree

n

gn−2
=

∑

i

ñici
(
∏

j p
2
j)i

, (20)

where 1/p2
j are scalar propagators, and ni, ñi are kinematical numerator factors for the

left- and right-moving theory. The ci are color factors, taken for convenience to be in
a theory with adjoint particles only, so that they are specific products of the structure
constants f abc, one for each cubic vertex, and contracted according to the topology of the
graph. The Jacobi identity,

fabef cde + f caef bde + f bcefade = 0, (21)

induces relations between the color factors for n-point amplitudes, namely

ci + cj + ck = 0, (22)

where the three graphs i, j, k are identical except for exchanging the connections between
two of the vertices, following the relation (21).

While there is considerable freedom in choosing the numerator factors, it seems that
it is always possible to choose them to satisfy kinematic analogs of the color Jacobi
identity [57],

ni + nj + nk = 0, (23)

for all triplets (i, j, k) for which the color Jacobi identity (22) holds. With such a choice
made, the double-copy formula for the gravity amplitudes is then

M tree
n = i

∑

i

niñi

(
∏

j p
2
j)i

. (24)

Although much of the multi-loop progress in N = 8 supergravity to date has been based
on the KLT relations, it is quite likely that representations such as eq. (24) will play a
key role in the future.

These relations between gravity and gauge theory are reminiscent of the AdS/CFT
duality [59]. Of course, the details are very different: AdS/CFT relates a weakly-coupled
gravitational theory to a strongly-coupled gauge theory, whereas KLT and associated
relations related a weakly-coupled gravitational theory to the square of a weakly-coupled
gauge theory. AdS/CFT is tied to the notion of holography. Similarly, there is undoubt-
edly a deep principle attached to KLT-like dualities, but its full nature has not yet been
unraveled.

3.2 Unitarity method

The scattering matrix is a unitary operator between in and out states. That is, S†S = 1,
or in terms of the more standard “off-forward” part of the S matrix, T ≡ (S − 1)/i, we
have

2 DiscT = T †T , (25)
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Figure 2: Unitarity relations for the four-point amplitude at one and two loops. The number
of holes in a blob indicates the number of loops in the corresponding amplitude.

where DiscT ≡ (T − T †)/2i. This simple relation gives rise to the well-known unitarity
relations, or cutting rules [60], for the discontinuities (or absorptive parts) of perturbative
amplitudes. If one inserts a perturbative expansion for T into eq. (25), say

T4 = g2 T tree
4 + g4 T 1-loop

4 + g6 T 2-loop
4 + . . . , (26)

T5 = g3 T tree
4 + g5 T 1-loop

5 + g7 T 2-loop
5 + . . . , (27)

for the four- and five-point amplitudes, then one obtains the unitarity relations shown in
fig. 2.

At order g4, the discontunity in the one-loop four-point amplitude is given by the
product of two order g2 four-point tree amplitudes. The product must be summed over all
possible intermediate states crossing the cut (indicated by the dashed line), and integrated
over all possible intermediate momenta. At two loops, or order g6, there are two possible
types of cuts: the product of a tree-level and a one-loop four-point amplitude (g2 × g4),
and the product of two tree-level five-point amplitudes (g3 × g3).

To get the complete scattering amplitude, not just the absorptive part, one might
attempt to reconstruct the real part via a dispersion relation. However, in the context of
perturbation theory, an easier method is available, because one knows that the amplitude
could have been calculated in terms of Feynman diagrams. Therefore it can be expressed
as a linear combination of appropriate Feynman integrals, with coefficients that are ra-
tional functions of the kinematics. The unitarity method [24] matches the information
coming from the cuts against the set of available loop integrals in order to determine
these rational coefficients. There are also additive rational terms in the amplitude, terms
which have no cuts in four dimensions. There are two general ways to determine these
terms: one can use unitarity in D − 4 − 2ε dimensions [61, 62], or one can exploit fac-
torization information to relate the rational terms for an n-point amplitude to those for
amplitudes with (n− 1) or fewer legs [63, 64, 65].

At one loop, there have been many recent refinements to these on-shell methods,
allowing for automation and numerical implementation by several groups [66, 67, 68] (as
reviewed recently in ref. [69]). These results have led in turn to state-of-the-art results
for next-to-leading order QCD cross sections, providing precise predictions for important
Standard Model backgrounds at the LHC.

In particular, generalized unitarity [70], which corresponds at one loop to cutting
more than two lines, can be used to simplify the information required for computing
many terms in the amplitude [63, 71, 72]. Fig. 3(a) depicts an ordinary cut for a one-
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Figure 3: Generalized unitarity at one loop: (a) the ordinary two-particle cut imposes two
constraints on the loop-momentum; (b) the triple cut imposes three constraints and is sensi-
tive to triangle coefficients; (c) the quadruple cut imposes four constraints (freezing all four
components of `µ1 ) and is sensitive to box coefficients.

loop six-point amplitude in four space-time dimensions. The two lines crossing the cut,
with momenta `µ1 and `µ3 , are on shell, so that `21 = `23 = 0. Of course `µ1 and `µ3 are not
independent (they differ by the fixed external momenta), so these conditions represent
two equations for the four components of `µ1 . One can impose up to two more equations,
leading to the more restrictive cut kinematics in fig. 3(b) (the triple cut), and finally
fig. 3(c) (the quadruple cut). For the latter condition, `21 = `22 = `23 = `24 = 0, the number
of equations equals the number of unknowns, and so there are generically two discrete
solutions. The coefficient dj of a scalar box integral with the indicated topology can be
found [72] simply by summing over the product of the four tree amplitudes, evaluated
for the two solutions labeled by σ,

dj =
1

2

∑

σ=±

Atree
n1

(. . . ,−`σ1 , `σ2)Atree
n2

(. . . ,−`σ2 , `σ3 )

×Atree
n3

(. . . ,−`σ3 , `σ4)Atree
n4

(. . . ,−`σ4 , `σ1) , (28)

where the ellipses stand for the external momenta.

From fig. 3 it is clear that as one imposes more constraints, the required tree ampli-
tudes have fewer legs, so they will become simpler. On the other hand, the kinematic
conditions for generalized cuts are more constraining, and often cannot be satisfied by
real Minkowski momenta. The limiting case of this is the three-point amplitude. When
all three legs are massless, the only solution to

k2
1 = k2

2 = k2
3 = 0, kµ

1 + kµ
2 + kµ

3 = 0, (29)

with real momenta kµ
i , is for all three momenta to be parallel, such that kµ

1 = −αkµ
3 ,

kµ
2 = −(1 − α)kµ

3 , for some real number α. This configuration is pathological because
all kinematic invariants vanish. Clearly, the momentum-invariants sij all vanish: s12 =
(k1 + k2)

2 = k2
3 = 0, and similarly s23 = s13 = 0.

One can also construct kinematic invariants from Weyl spinors based on the particle
momenta. Defining λα

i ≡ |k+
i 〉 ≡ 1

2
(1 + γ5)u(ki) and λ̃α̇

i ≡ |k−i 〉 ≡ 1
2
(1 − γ5)u(ki), the
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spinor products are

〈i j〉 = εαβλ
α
i λ

β
j = 〈k−i |k+

j 〉 , (30)

[i j] = εα̇β̇λ̃
α̇
i λ̃

β̇
j = 〈k+

i |k−j 〉 . (31)

They satisfy
[i j] 〈j i〉 = Tr[1

2
(1 + γ5)/ki/kj] = sij . (32)

For real momenta, 〈i j〉 and [i j] are complex conjugates of each other. Therefore they
are complex square roots of sij,

〈i j〉 = eiφij
√
sij , [i j] = −e−iφij

√
sij , (33)

for some phase angle φij, which means that they too vanish for three-point kinematics.

However, for complex momenta ki there is another type of solution: If we choose all
three negative-helicity two-component spinors to be proportional,

λ̃α̇
1 ∝ λ̃α̇

2 ∝ λ̃α̇
3 , (34)

then according to eq. (31) we have [1 2] = [2 3] = [1 3] = 0, but the other three spinor
products, 〈1 2〉, [2 3], and [1 3], are allowed to be nonzero (consistent with eq. (32)). Hence
an amplitude built solely from 〈i j〉 is nonzero and finite for this choice of kinematics.
The three-gluon amplitude with two negative and one positive helicity is such an object,

Atree
3 (1−, 2−, 3+) = i

〈1 2〉4
〈1 2〉 〈2 3〉 〈3 1〉 , (35)

where we assign helicities with an all-outgoing convention (i.e. if a particle is incoming, it
has a physical helicity opposite from its helicity label). In contrast, the parity conjugate
of this amplitude,

Atree
3 (1+, 2+, 3−) = −i [1 2]4

[1 2] [2 3] [3 1]
, (36)

vanishes for the kinematics (34), but is nonzero and finite for the conjugate kinematics
satisfying,

λα
1 ∝ λα

2 ∝ λα
3 . (37)

3.3 Multi-loop generalized unitarity and maximal cuts

At the multi-loop level, generalized unitarity is also extremely powerful [62, 49, 26, 50, 73].
It allows one to avoid cuts like the ones shown in fig. 2, in which a loop amplitude appears
on one side of the cut. One can impose additional cuts in order to chop such loops further
into trees. Doing so is essential in order to make use of the KLT relations, which hold
only for tree amplitudes. Fig. 4 illustrates this, starting with an ordinary three-particle
cut for the three-loop four-point amplitude. The information in this cut can be extracted
more easily by cutting the one-loop five-point amplitude on the right-hand side of the cut,
decomposing it into the product of a four-point tree and a five-point tree; as illustrated,
there are three inequivalent ways to do this.
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Figure 4: An example of multi-loop generalized unitarity. The one-loop five-point amplitude,
appearing on the right side of the ordinary cut, is further cut into products of trees, in three
inequivalent ways.

If one finds a representation of the amplitude that reproduces all the generalized cuts
(in D dimensions), then that representation is guaranteed to be correct. The reason
is that the generalized cuts simply provide a way of efficiently sorting all the Feynman
diagrams contributing to an amplitude, and every Feynman diagram has a cut in some
channel. This statement assumes that all particles are massless — Feynman diagrams for
external wave-function corrections do not contain cuts, but they also vanish in dimen-
sional regularization in the massless case, because there is no scale on which they can
depend. The reason D dimensions is required is that some cuts may vanish as D → 4.
An alternate but equivalent argument uses dimensional analysis: An L-loop amplitude
in D = 4− 2ε carries a fractional mass dimension of −2εL, from the integration measure
∼ (

∫

d4−2ε`)L. If there are no particle masses, then all dimensions are carried by momen-
tum invariants, corresponding to channels that can be cut through. A rational function
R(s, t) that is present in the amplitude in the limit ε → 0 must actually have the form
in D = 4 − 2ε of R(s, t) × (−s)−εL ≈ R(s, t) × (1 − εL ln(−s)). The logarithm indicates
that the rational function is visible in the cuts at the next order in ε.

Fig. 4 illustrates a particular type of generalized unitarity in which all cut momenta
are real. As at one loop, it is profitable to allow for complex momenta, and slice the tree
amplitudes into yet smaller ones. The method of maximal cuts [50, 27] starts with the
limiting case in which all tree amplitudes are three-point ones. Fig. 5 shows how one of
the real-momentum configurations in fig. 4 spawns several maximal cuts. The maximal
cuts are simply enumerated by drawing all cubic graphs. Their evaluation is also simple,
because the three-point tree amplitudes are so compact. In the case of gauge theory,
they are given by eqs. (35) and (36), and by other formulae related by supersymmetry;
for gravity, they are obtained by squaring the gauge amplitudes, using eq. (16).

Even though the maximal cuts are maximally simple, they give an excellent starting
point for constructing the full amplitude. For example, for the four-gluon amplitude in
N = 4 SYM, they detect all terms in the complete answer through two loops [45, 11], and
all terms in the planar (leading in Nc) contribution through three loops [48]. The terms
they do not detect can be expressed as “contact terms”. Suppose we take the Feynman
integral associated with a cubic graph from scalar φ3 theory, and insert into the numerator
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Figure 5: Example of a real-momentum generalized cut generating several maximal cuts; the
latter contain only three-point tree amplitudes.

one power of an inverse propagator `2i for some loop momentum `i. This insertion cancels
a propagator in the φ3 graph, which corresponds to deleting one of the cut lines in the
corresponding maximal cut, and merging two of the three-point amplitudes in that cut
into a four-point amplitude. By definition, such a contribution is not detectable in the
maximal cut, which assumes `2i = 0. However, it, and indeed all remaining terms in
the amplitude, can be found systematically, by considering the near-maximal cuts, which
are found by collapsing one or more propagators in each maximal cut. Starting with an
ansatz based on the maximal cuts, one adds contact terms to it, fixing their coefficients
by requiring that the new ansatz reproduces the near-maximal cuts. The procedure
is then iterated, in the number of cancelled propagators, until all cuts are successfully
reproduced. In the case of N = 4 SYM at L loops, the procedure converges after only
(L−2) cancelled propagators, because of the excellent ultraviolet behavior of this theory,
eq. (8), which corresponds to only allowing 2(L − 2) powers of loop momentum in the
numerator of each cubic loop integral.

3.4 Supersymmetric Ward identities and the rung rule

Although the maximal cuts are quite simple, there is an even simpler subclass of contri-
butions for maximally supersymmetric theories, those which contain iterated two-particle
cuts, i.e. graphs that can be reduced to tree amplitudes by a succession of two-particle
cuts. The reason they are so simple is two-fold: (1) at each stage one encounters only
four-point amplitudes, whose dependence on the external states is completely dictated
by supersymmetry, at any loop order; and (2) the sum over intermediate states for this
case can be performed simply, once and for all.

The first statement follows from supersymmetric Ward identities (SWI) for the S
matrix [40]. These identities are derived by requiring that supercharges annihilate the
vacuum. The N = 1 SWI can be found easily by letting Q = Qαηα, where η is a
Grassmann parameter, and writing

0 = 〈0|[Q,Φ1Φ2 · · ·Φn]|0〉 =

n
∑

i=1

〈0|Φ1 · · · [Q,Φi] · · ·Φn]|0〉 , (38)

where Φi are fields making the n external states for the amplitude. The commutators
[Q,Φi] ≡ Φ̃i make the corresponding N = 1 superpartner states. If the Φi are chosen
to make helicity eigenstates, and in particular if many of the states are gluons with the
same helicity, then many terms in the SWI vanish [40, 54].

15



For an amplitude containing only gluons, in which all, or all but one, of the gluons
have positive helicity, one can arrange that there is only one term in the SWI, so that
the amplitude itself vanishes,

ASUSY
n (1±, 2+, 3+, . . . , n+) = 0 . (39)

(The same argument applied to gravity implies the vanishing of the four-point amplitude
MSUSY

4 (−+++); this fact was used the argument in section 2 for the absence of the R3

counterterm in pure supergravity.) A second type of vanishing amplitude contains (n−2)
gluons, plus a single pair of states (P, P ):

ASUSY
n (1−hP

P
, 2hP

P , 3+, . . . , n+) = 0 . (40)

Here P may be a scalar φ, a gluino λ, or a gluon g (reverting to the previous case), with
helicity hP = 0,±1/2,±1 respectively:

The first nonvanishing class of n-point amplitudes are called maximally-helicity-
violating (MHV). They include the pure-gluon amplitudes with precisely two negative
helicities (labeled by i and j), which were first written down at tree level by Parke and
Taylor [74],

Atree
n (1+, . . . , i−, . . . , j−, . . . , n+) = i

〈i j〉4
〈1 2〉 〈2 3〉 · · · 〈n 1〉 . (41)

Other MHV amplitudes include those with a pair of states (P, P ) as above, plus exactly
one negative-helicity gluon (labelled by j). The SWI relate all such amplitudes to each
other, according to

ASUSY
n (1−hP

P
, 2hP

P , 3+, . . . , j−, . . . , n+) =

(〈1 j〉
〈2 j〉

)2hP

Atree
n (1φ̄, 2φ, 3

+, . . . , j−, . . . , n+) .

(42)

Comparing the two cases in which P is a gluon, hP = ±1, and repeating for other
labelings, eq. (42) implies that the dependence of the MHV pure-gluon amplitudes on
the location of the negative helicities is trivial,

AN=4 SYM
n (1+, . . . , i−, . . . , j−, . . . , n+) = 〈i j〉4 × fn(sm,m+1) , (43)

where fn(sm,m+1) is invariant under cyclic permutations, and is completely independent
of i and j. Equation (43) is clearly satisfied by the Parke-Taylor tree amplitudes (41), but
it holds to arbitrary loop order in N = 4 SYM. At the four-point level, all nonvanishing
amplitudes are MHV, and so they are all related by N = 4 supersymmetry. The same
factor 〈i j〉4 occurs at every loop order, and hence the ratio A

(L)
n /Atree

n is independent of
i and j in N = 4 SYM.

With this information in hand, we consider the simplest unitarity cut in N = 4 SYM,
the cut in the s channel of the one-loop four-point amplitude. We use eq. (43) to
move the two negative helicities, so that they are in locations 1 and 2; i.e. we consider
A1-loop

4 (1−, 2−, 3+, 4+). Its s-channel cut is depicted in fig. 6(a), and is given by,

Cs ≡ DiscsA
1-loop
4 (1−, 2−, 3+, 4+) (44)

=
∑

P ∈N=4

∫

dLIPS(`1, `3)A
tree
4 (1−, 2−, `3,P ,−`1,P )Atree

4 (`1,P ,−`3,P , 3
+, 4+) ,
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Figure 6: (a) The s-channel cut of the one-loop four-gluon amplitude in N = 4 SYM is ex-
pressed in terms of the tree amplitude, the cut scalar box integral, and external momentum
invariants. (b) The rung rule for generating numerator factors using iterated two-particle cuts.
(c) Example of a graph whose numerator factor can be determined by the rung rule.

where dLIPS(`1, `3) stands for the intermediate phase-space measure. In principle, we
have to sum over all 16 states P in the multiplet. However, the SWI (39) and (40) imply
that there is only one nonvanishing configuration, the one in which two identical-helicity
gluons cross the cut,

Cs =

∫

dLIPS(`1, `3)A
tree
4 (1−, 2−, `+3 ,−`+1 )Atree

4 (`−1 ,−`−3 , 3+, 4+) . (45)

Using eq. (33), the four-point tree amplitude (41) can be written as

Atree
4 (1−, 2−, 3+, 4+) =

〈1 2〉4
〈1 2〉 〈2 3〉 〈3 4〉 〈4 1〉 = phase × s12

s23
. (46)

Substituting for 1/s23 the appropriate kinematic variable inside the cut, eq. (45) becomes

Cs = phase ×
∫

dLIPS(`1, `3)
s12

(`1 − k1)2

s12

(`3 − k3)2

= i s12s23 A
tree
4 (1−, 2−, 3+, 4+)

∫

dLIPS(`1, `3)
1

(`1 − k1)2 (`3 − k3)2
. (47)

This result is represented diagramatically in fig. 6(a). The last factor in eq. (47) is simply
the s-channel cut of the scalar one-loop box integral,

ID
4 (s12, s23) =

∫

dD`1
(2π)D

1

`21 (`1 − k1)2 `23 (`3 − k3)2
, (48)
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because the two propagators with momenta `1 and `3 = `1 − k1 − k2 are replaced by
delta functions in the cut. Thus an expression for the one-loop four-point amplitude that
matches the s-channel cut is,

A1-loop
4 (1−, 2−, 3+, 4+) = i s12s23A

tree
4 (1−, 2−, 3+, 4+) ID

4 (s12, s23) . (49)

Because of eq. (43), the ratio A1-loop
4 /Atree

4 is independent of the location of the negative
helicities. So we know that eq. (49) must also match the t-channel cut. Here we only
computed the cut in four dimensions, using helicity states to perform the intermediate
state sum. However, the same expression (49) matches the full D-dimensional cuts (when
a supersymmetric regulator is used [75]), and therefore it must be the correct answer for
the full amplitude, including the dispersive part [44].

Furthermore, the two-particle cut can be iterated to higher loops [45]. In the next
iteration, there is an additional numerator factor of s12 from sewing on the next tree, while
the factor of 1/s23 becomes an additional propagator. This result has been abstracted to
give the rung rule [45] shown in fig. 6(b), which generates numerator factors for certain
contributions to the (L + 1)-loop amplitudes, in terms of those at L loops. Whenever a
rung is sewn on perpendicular to two lines carrying loop momenta `1 and `2, an extra
factor of i(`1 + `2)

2 is generated in the numerator. An example of a graph with iterated
two-particle cuts, whose numerator can be determined by the rung rule, is given in
fig. 6(c).

4 KLT copying and rung-rule behavior

Suppose that we have a representation of the L-loop four-point amplitude in N = 4 SYM,
and we want to compute the L-loop four-point amplitude in N = 8 supergravity. The
KLT relations give us an efficient way of exporting the information from the first theory
to the second. An arbitrary generalized cut in N = 8 supergravity is given in terms of
N = 8 supergravity tree amplitudes, summed over all intermediate states. We rewrite
each tree using KLT in terms of two copies of N = 4 SYM trees. The net result is a
sum over products of two copies of the N = 4 SYM cuts. The sum over intermediate
states in N = 8 supergravity is automatically carried out as a double sum over the N = 4
SYM states,

∑

N=8 =
∑

N=4

∑

N=4. Because the KLT relations contain different cyclic
orderings of the N = 4 SYM tree amplitudes, we need both planar (leading-in-Nc) and
non-planar (subleading-in-Nc) terms in the L-loop N = 4 SYM amplitude. This is not a
surprise; the gravitational amplitude has no notion of color ordering.

Fig. 7 shows an example of KLT copying at three loops. The N = 8 supergravity
cut contains one four-point tree amplitude and two five-point ones. We use eqs. (17)
and (18). It is convenient to rewrite them as

M tree
4 (`1, `2, `3, `4) = −is`1`2s`2`3

s`1`3

Atree
4 (`1, `2, `3, `4) Ã

tree
4 (`1, `2, `3, `4) , (50)

M tree
5 (1, 2, `2, `1, `5) = −is`51s2`2 A

tree
5 (1, 2, `2, `1, `5) Ã

tree
5 (1, `1, 2, `2, `5) + P(1, 2) ,

M tree
5 (4, 3, `3, `4, 5) = −is`54s3`3 A

tree
5 (4, 3, `3, `4, `5) Ã

tree
5 (4, `4, 3, `3, `5) + P(3, 4) .

In this way, both occurrences of the four-point N = 4 SYM amplitude carry the same
cyclic ordering as the N = 8 supergravity one, as shown in the figure. One of the two
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Figure 7: Evaluation of a generalized cut in N = 8 supergravity at three loops, in terms of
planar and non-planar cuts in N = 4 SYM.
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Figure 8: The two-loop amplitude in N = 4 SYM. The blob on the right represents the color-
ordered tree amplitude Atree

4 . In the the brackets, black lines are kinematic 1/p2 propagators,
with scalar (φ3) vertices. Green lines are color δab propagators, with structure constant (f abc)
vertices.

five-point amplitudes carries the same ordering, as shown in the left copy, but the other
one is twisted, leading to the right copy. A reflection symmetry under the permutation
(1 ↔ 4, 2 ↔ 3) is preserved by this representation. The two-fold permutation sum in
M tree

5 in eq. (50) leads to a four-fold permutation sum in the figure; one must add the
permutations (1 ↔ 2), (3 ↔ 4) and (1 ↔ 2, 3 ↔ 4).

KLT copying has a simple consequence for terms that are detected in the maximal
cuts, because of the simple relation between gravity and gauge three-point amplitudes,
eq. (16): the numerator factors are simply squared.

For example, as mentioned above, the maximal cuts capture the full two-loop four-
point amplitude in N = 4 SYM, which is given by

A2-loop
4 = −s12s23A

tree
4

[

CP
1234 s12 I2-loop,P

4 (s12, s23) + CNP
1234 s12 I2-loop,NP

4 (s12, s23)

+ P(2, 3, 4)
]

, (51)

where I2-loop,(P,NP)
4 are the scalar planar and non-planar double box integrals shown in

fig. 8, and C
(P,NP)
1234 are color factors constructed from structure constant vertices, with

the same graphical structure as the corresponding integral. The quantity s12s23A
tree
4 is

totally symmetric under gluon interchange, and its square is the R4 matrix element (3),
up to a factor of i. Therefore squaring the prefactors in eq. (51) (and removing the color
factors, as appropriate for gravity) gives the complete two-loop four-point amplitude in
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Figure 9: Example of a rung-rule contribution with worse ultraviolet behavior for N = 8
supergravity than for N = 4 SYM. The dashed line shows a unitarity cut which exposes a
one-loop (L+ 2)-point amplitude that violates the no-triangle property.

N = 8 supergravity,

M2-loop
4 = −i(s12s23A

tree
4 )2

[

s2
12 I2-loop,P

4 (s12, s23) + s2
12 I2-loop,NP

4 (s12, s23) + P(2, 3, 4)
]

= s12s23s13M
tree
4

[

s2
12 I2-loop,P

4 (s12, s23) + s2
12 I2-loop,NP

4 (s12, s23) + P(2, 3, 4)
]

.

(52)

Because the loop integrals appearing in the two amplitudes, eqs. (51) and (52), are
precisely the same, the critical dimension Dc is automatically the same for both theories
at two loops. This value is Dc = 7, the dimension in which the two-loop, seven-propagator
integrals, ∼

∫

d2D`/(`2)7, are log divergent. As mentioned in section 2, the divergence is
associated with a counterterm of the form D4R4 in D = 7.

Another class of diagrams detectable by maximal cuts are the L-loop ladder diagrams.
Their numerator factors are given by the rung rule,

stAtree
4 × sL−1 (N = 4 SYM), (53)

stuM tree
4 × s2(L−1) (N = 8 supergravity), (54)

where the second result was obtained by squaring the first one. The extra factor of s
per loop for gravity corresponds, in the semi-classical high-energy limit s � t, to the
fact that the gravitational “charge” is the energy in the center of mass, and it appears
squared for each additional rung exchange, That is, g2 in gauge theory is replaced by
κ2E2

CM = κ2s in gravity.

If one now takes an (L−1)-loop ladder diagram, and sews two opposite ends together,
one gets the L-loop graph shown in fig. 9. The respective rung-rule numerator factors
are now

stAtree
4 × t× [(`+ k1)

2]L−2 (N = 4 SYM), (55)

stuM tree
4 × t2 × [(`+ k1)

2]2(L−2) (N = 8 supergravity). (56)

The extra factors of the external momentum invariant s in the ladder graph have become
factors of (` + k1)

2, where ` is the loop momentum shown in the figure. This particular
contribution, with 3L+ 1 propagators, behaves in the ultraviolet as

I ∼
∫

dDL`
(`2)p(L−2)

(`2)3L+1
, (57)
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Figure 10: The different cubic four-point graphs in terms of which four-point three-loop am-
plitudes may be expressed.

which is worse for N = 8 supergravity (p = 2) than for N = 4 SYM (p = 1). The critical
dimension for this integral satisfies DC(L)×L/2+p(L−2) = 3L+1. For p = 1, this gives
the standard answer for N = 4 SYM, Dc(L) = 4 + 6/L, eq. (8). For p = 2, if there are
no additional cancellations, it gives Dc(L) = 2 + 10/L, eq. (7), suggesting a divergence
in D = 4 at L = 5.

However, there were reasons to expect additional cancellations beginning at L = 3 [32],
which were revealed by a particular cut of fig. 9, shown as the dashed line slicing through
all the rungs of the ladder. This L-particle cut has a one-loop (L+2)-point amplitude on
one side of it with 4(L− 2) factors of L in the numerator. This one-loop integral would
have generated, after reduction to a basis of scalar integrals, nonvanishing coefficients for
triangle integrals, in contradiction with the no-triangle hypothesis [31]. This hypothesis
was a known fact [29] already for the five-point amplitude encountered at L = 3, and
would later be proved for an arbitrary number of legs [76, 77]. Therefore other graphs
had to combine to cancel its large ` behavior, integrals that were not detectable in the
two-particle cuts. This result inspired the computation of the complete four-graviton
amplitude in N = 8 supergravity at three, and later four, loops.

5 N = 8 supergravity at three loops

Fig. 10 shows the nine cubic four-point graphs at three loops that do not contain three-
point subdiagrams. Both the N = 4 SYM and N = 8 supergravity amplitudes can be
described by giving the loop-momentum numerator polynomials N (x) for these graphs.
(A recent, alternate representation [58] makes use of the graphs with three-point sub-
diagrams, but they are not necessary.) In addition, the N = 4 SYM graphs are to be
multiplied by the corresponding color structure, as in fig. 8. Notice that seven of the nine
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Table 2: The numerator factors N (x) for the integrals I (x) in fig. 10 for N = 4 super-Yang-Mills
theory. The first column labels the integral, the second column the relative numerator factor.
An overall factor of s12s23A

tree
4 has been removed. The invariants sij and τij are defined in

eq. (58).

Integral I (x) N (x) for N = 4 super-Yang-Mills

(a)–(d) s2
12

(e)–(g) s12 s46

(h) s12(τ26 + τ36) + s23(τ15 + τ25) + s12s23

(i) s12s45 − s23s46 − 1
3
(s12 − s23)`

2
7

Table 3: Numerator factors N (x) for N = 8 supergravity. The first column labels the integral,
the second column the relative numerator factor. An overall factor of s12s13s14M

tree
4 has been

removed.

Integral I (x) N (x) for N = 8 supergravity

(a)–(d) [s2
12]

2

(e)–(g) s2
12 τ35 τ46

(h) (s12(τ26 + τ36) + s23(τ15 + τ25) + s12s23)
2

+ (s2
12(τ26 + τ36) − s2

23(τ15 + τ25))(τ17 + τ28 + τ39 + τ4,10)

+ s2
12(τ17τ28 + τ39τ4,10) + s2

23(τ28τ39 + τ17τ4,10) + s2
13(τ17τ39 + τ28τ4,10)

(i) (s12 τ45 − s23 τ46)
2 − τ27(s

2
12 τ45 + s2

23 τ46) − τ15(s
2
12 τ47 + s2

13 τ46)

− τ36(s
2
23 τ47 + s2

13 τ45) + `25 s
2
12 s23 + `26 s12 s

2
23 − 1

3
`27 s12 s13 s23

graphs, (a)–(g), have iterated two-particle cuts, so they can be computed via the rung
rule. Only (h) and (i) require additional work.

Table 2 gives the values of N (x) for N = 4 SYM in terms of the following invariants,

sij = (ki + kj)
2 , (i, j ≤ 4)

sij = (ki + `j)
2 , τij = 2ki · `j , (i ≤ 4, j ≥ 5)

sij = (`i + `j)
2 . (i, j ≥ 5) (58)

Note that sij is quadratic in the loop momenta `j, if j > 4, but τij is linear. Every N (x)

is manifestly quadratic in the loop momenta, consistent with Dc(L) = 4+6/L for L = 3.
It is easy to verify the numerators for graphs (a)–(g) using the rung rule.

Table 3 gives the values of N (x) for N = 8 supergravity, in a form [27] which is also
manifestly quadratic in the loop momenta. (In an earlier version of the amplitude [26],
the quadratic nature was not yet manifest.) Comparing the two sets of numerators,
we see that the N = 8 supergravity ones are the squares of the N = 4 SYM ones, up
to contact terms, as expected from the KLT relations. For example, in graphs (e)–(g),
s46 = τ46 + `26 = τ35 + `25, so s2

12τ35τ46 ≈ [s12s46]
2 (modulo `2i terms).
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(a) (c)(b) (e)(d)

Figure 11: Cubic vacuum graphs at four loops.

Because the numerator factors for both N = 8 supergravity and N = 4 SYM are
manifestly quadratic in the loop momenta, the critical dimension Dc at three loops should
continue to obey eq. (8), i.e. Dc = 6. Indeed, when the ultraviolet poles in the nine
integrals for N = 8 supergravity are evaluated, no further cancellation is found, and the
resulting pole is

M
(3),D=6−2ε
4

∣

∣

pole
=

1

ε

5 ζ3
(4π)9

(s12s23s13)
2M tree

4 , (59)

corresponding to a counterterm of the form D6R4 in D = 6. (The form of this divergence
was recently reproduced from duality arguments in string theory [17]; however, the ratio-
nal number does not agree with eq. (59) as of this writing. Whether or not this indicates
an issue in decoupling massive states [22] remains unclear.)

6 N = 8 supergravity at four loops

The general strategy [28, 78] used to compute the four-loop four-point amplitude in
N = 8 supergravity is the same as at three loops; however, the bookkeeping issues are
considerably greater. One can start by classifying the cubic vacuum graphs. At three
loops there were only two; at four loops there are five, shown in fig. 11.

The next step is to decorate the five vacuum graphs with four external legs to get the
cubic four-point graphs. As at lower loops, graphs containing triangles (three propagators
or fewer on a loop) or other three point subgraphs can be dropped. Fig. 11(a) only gives
rise to triangle-containing graphs, so it can be neglected henceforth. Altogether there
are 50 cubic four-point graphs with nonvanishing numerators. Graphs (b) and (c) do
generate no-triangle four-point graphs, but the numerators for all such graphs can be
determined, up to possible contact terms, using the rung rule. For this reason, their
associated numerator polynomials are the simplest. Graphs (d), and particularly (e),
give rise to the most complex numerators.

The numerators are first determined for N = 4 SYM using the method of maximal
cuts. At four loops the maximal cuts have 13 cut conditions `2i = 0. Then near-maximal
cuts with only 12 cut conditions are considered, followed by ones with 11. At this point
the N = 4 SYM ansatz is complete; no more terms need to be added. The result is
verified by comparison against many of the generalized cuts with real momenta, shown
in fig. 12. Cases (a) and (i) involve six- and seven-point next-to-MHV amplitudes, for
which the sums over super-multiplets crossing the cuts are more intricate than when all
amplitudes are MHV. These cuts were evaluated using compact results for the super-sums
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(a)

(e)

(d)

(h)

(b)

(f)

(c)

(g)

(i) (j) (k)

Figure 12: Generalized cuts which, along with iterated two-particle cuts, suffice to determine
any massless four-point four-loop amplitude.

obtained by Elvang, Freedman and Kiermaier [79].

The 50 numerator polynomials for N = 8 supergravity are then constructed using in-
formation provided by the KLT relations. The results are quite lengthy, but are provided
as Mathematica readable files in ref. [28], along with some tools for manipulating them.

From the numerator polynomials, the ultraviolet behavior of the amplitude can be
extracted. One has to expand the integrals in the limit of small external momenta,
relative to the loop momenta [80]. If the ultraviolet behavior is manifest, as at three
loops with the representation found in ref. [27], then only the first term in this expansion
is required. At four loops, it was necessary to go to third order to see all observed
cancellations. More concretely, the numerator polynomials, omitting an overall factor of
stuM tree

4 , have a mass dimension of 12, i.e. each term is of the form k12−m`m, where k and
` stand respectively for external and loop momenta. The maximum value of m turns out
to be 8, for every integral. The integrals all have 13 propagators, so they have the form
I ∼

∫

d4D` `8−26. The amplitude is manifestly finite in D = 4, because 4×4+8−26 < 0.
(This result is not unexpected, given the absence of a D2R4 counterterm [52, 53].) The
amplitude is not manifestly finite in D = 5; to see that requires cancellation of the k4`8,
k5`7 and k6`6 terms, after expansion around small k.

The cancellation of the k4`8 terms is relatively simple; one can set the external mo-
menta ki to zero, and collect the coefficients of the two resulting vacuum graphs, (d) and
(e) in fig. 11, observing that the (d) and (e) coefficients both vanish. The cancellation
of the k5`7 terms (and the k7`5 terms) is trivial: Using dimensional regularization, with
no dimensionful parameter, Lorentz invariance does not allow an odd-power divergence.
The most intricate cancellation is of the k6`6 terms, corresponding to the vanishing of the
coefficient of the potential counterterm D6R4 in D = 5. In the expansion of the integrals
to the second subleading order as ki → 0, 30 different four-loop vacuum integrals are
generated. However, there are consistency relations between the integrals, corresponding
to the ability to shift the loop momenta by external momenta before expanding around
ki = 0. These consistency relations are powerful enough to imply the cancellation of the
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ultraviolet pole in D = 5− 2ε. As a check, we evaluated all the ultraviolet poles directly,
with the same conclusion.

In summary, the four-loop four-point amplitude of N = 8 supergravity is ultraviolet
finite for D < 11/2 [28], the same critical dimension as for N = 4 super-Yang-Mills
theory. Finiteness in 5 ≤ D < 11/2 is a consequence of nontrivial cancellations, beyond
those already found at three loops [26, 27]. These results provide the strongest direct
support to date for the possibility that N = 8 supergravity might be a perturbatively
finite quantum theory of gravity.

7 Conclusions and Outlook

What are the prospects for going beyond four loops? As mentioned in the Introduction,
there are indications of a problem [17, 18, 19] with the pure spinor formalism [15] at five
loops, which could lead to a deviation from the critical dimension formula (8) at this
order. It would be very interesting to clarify the situation by computing the complete
amplitude. This would be a major undertaking, but recent developments might provide
some assistance [57, 58, 56]. It is also worth noting that the unitarity method generically
implies sets of higher-loop cancellations as a consequence of lower-loop ones [32], by
finding the latter contributions as subgraphs exposed by unitarity cuts. The fact that
certain higher-loop cancellations were implied by the no-triangle behavior of one-loop
n-point amplitudes was discussed in section 4, but the excellent ultraviolet behavior of
the two-, three- and four-loop four-point amplitudes has similar implications. Combining
this information properly is still an issue, however.

The unitarity method works with on-shell objects, so it can maintain more super-
symmetry than is generally possible with off-shell Feynman diagrams. However, not all
symmetries of N = 8 supergravity are kept manifest in the current approach. In partic-
ular the theory has a continuous noncompact coset symmetry, E7(7) [1]. The 70 massless
scalars parametrize the coset space E7(7)/SU(8), and the non-SU(8) part of the symme-
try is realized nonlinearly. When using the KLT relations, there is an SU(4) R symmetry
associated with each N = 4 supersymmetry, so only an SU(4) × SU(4) subgroup of the
linearly-realized SU(8) is kept manifest, and none of the E7(7)/SU(8). There has been
some recent progress on the role of E7(7) in N = 8 supergravity: using it to construct
terms in the light-cone superspace Hamiltonian [81]; describing its explicit action on co-
variant fields [82]; exploring its implications for tree-level S matrix elements [83, 77, 84],
and also at loop level [85, 86]; and assessing the E7(7) invariance of the R4 countert-
erm [87]. However, a deeper understanding of the implications of E7(7) invariance would
certainly be welcome.

Suppose that N = 8 supergravity is finite to all loop orders. This still would not
prove that it is a nonperturbatively consistent theory of quantum gravity. There are at
least two reasons to think that it might need a nonperturbative ultraviolet completion:

1. The (likely) L! or worse growth of the coefficients of the order L terms in the
perturbative expansion, which for fixed-angle scattering, means a non-convergent
behavior ∼ L! (s/M 2

Pl)
L.

2. The fact that the perturbative series seems to be E7(7) invariant, while the mass
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spectrum of black holes is non-invariant (see e.g. ref. [88] for recent discussions).

QED is an example of a perturbatively well-defined theory that needs an ultraviolet
completion; it also has factorial growth in its perturbative coefficients, ∼ L!αL, due to
ultraviolet renormalons associated with the Landau pole. Of course, for small values of
α, QED works extremely well; for example, it predicts the anomalous magnetic moment
of the electron to 10 digits of accuracy. Also, we know of many pointlike nonperturbative
ultraviolet completions for QED, namely asymptotically free grand unified theories. Are
there any imaginable pointlike completions for N = 8 supergravity? Maybe the only
completion is string theory; or maybe this cannot happen because of the impossibility of
decoupling nonperturbative states [22].

In any event, it is clear that the remarkably good perturbative ultraviolet behavior
of N = 8 supergravity has provided many surprises to date. Although the theory may
not be of direct phenomenological interest, perhaps it could some day point the way to
other, more realistic finite theories. As a “toy model” for a pointlike theory of quantum
gravity, it has been extremely instructive, and is still well worth exploring further.
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