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Abstract

Numerical electromagnetic simulation of some systems
containing charged particles with highly relativistic di-
rected motion can by speeded up by orders of magnitude by
choice of the proper Lorentz-boosted frame [1]. A particu-
larly good application for calculation in a boosted frame is
that of short wavelength free-electron lasers (FELs) where
a high energy electron beam with small fractional energy
spread interacts with a static magnetic undulator. In the op-
timal boost frame (i.e., the ponderomotive rest frame), the
red-shifted FEL radiation and blue-shifted undulator field
have identical wavelengths and the number of required lon-
gitudinal grid cells and time-steps for fully electromagnetic
simulation (relative to the laboratory frame) decrease by
factors ofγ2 each. In theory, boosted frame EM codes per-
mit direct study of FEL problems for which the eikonal
approximation for propagation of the radiation field and
wiggler-period-averaging for the particle-field interaction
may be suspect.

We have adapted the WARP code [2] to apply this
method to several electromagnetic FEL problems including
spontaneous emission, strong exponential gain in a seeded,
single pass amplifier configuration, and emission from e-
beams in undulators with multiple harmonic components.
WARP has a standard relativistic macroparticle mover and
a fully 3-D electromagnetic field solver. We discuss our
boosted frame results and compare with those obtained us-
ing the ”standard” eikonal FEL simulation approach.

INTRODUCTION

It is well known that in general, explicit, fully electro-
magnetic simulation will have its time step∆t limited by
the Courant condition corresponding to the numerical grid
spacing and/or that necessary to achieve sufficient tempo-
ral resolution of the highest frequencies important to the
physics of the particular situation. For problems in which
a highly relativistic charged particle beam is present, the
overall system time and/or length scaleLsim can be large
and the ratio of scale lengthsLsim/c∆t can become enor-
mous. Recently, Vay [1] pointed out that for some of these
problems performing the simulation in a Lorentz-boosted
frame offers potentially orders of magnitude speed-up in
computation time.
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Optical and shorter wavelength FEL’s whose ratio of
wiggler lengthLw to radiation wavelengthλR can easily
exceed107 or greater are obvious candidates for boosted
frame calculation. The natural boosted frame for FEL com-
putations is the so-called “ponderomotive” frame in which
the e-beam’s longitudinal speed in the undulator is zero on
average. In this frame the red-shifted FEL resonant wave-
lengthλ′

R = 2γF λR is equal to the blue-shifted undulator
wavelengthλ′

u = λu/γF . Hereγ2
F ≡ γ2

0/(1 + a2
u) with

au being the normalized, RMS undulator strength. The un-
dulator shrinkage and radiation wavelength increase result
in an overall decrease of the needed number of longitudinal
grid zones by a factor≈ 2γ2

F . Likewise, from the point of
view of the Courant condition, the increase inλ′

R permits
(in general) a similar increase in the time step and together
with the reduced undulator length gives another factor of
2γ2

F savings, so that the overall savings in CPU time rela-
tive to a lab frame EM code can scale withγ4

F . However, in
cases where the electron beam lengthlb sets required sim-
ulationz-size (via use of a moving window), the reduction
factor may only be∼ γ2

F . If one requires the transverse
grid spacing to be∼ 10∆z or less, one gains even larger
savings in memory and CPU requirements.

Relative to wiggler-period averaged eikonal codes such
as GINGER, GENESIS, FAST,etc., that permit effective
longitudinal grid sizes∆z ∼ 0.1Lgain ≈ 10λw/ρ, the lab-
equivalent grid zone size in boosted frame codes is 1-3 or-
ders of magnitude smaller, depending upon what harmonic
must be resolved. Similarly, a boosted frame code requires
full frequency bandpass∼ 10c/λR whereas eikonal codes
can have much smaller ones with∆ν ∼ 10ρλR/c. Here
ρ is the standard FEL parameter. Due to the parabolic
nature of the EM equations in eikonal codes, there is in
general also no numerical problem in taking a large ratio
for transverse-to-longitudinal grid sizes (but one must of
course resolve the transverse e-beam size). Consequently,
boosted frame EM codes will still be very much slower
(and have much, much larger memory requirements) than
standard FEL codes, despite their impressive speed-up over
lab frame full EM codes. On the other hand, for certain
problems such as spontaneous emission, ultrashort electron
beam pulses, and high diffraction cases where the paraxial
approximation begins to fail, the limited frequency band-
pass and angular resolution of eikonal codes limit their ac-
curacy and a boosted frame approach permits study of such
problems not feasible with a standard EM code operating
in the lab frame. A third approach [3] effectively retains the
full field equation but drops non-paraxial source terms also
permits study of problems such as spontaneous emission.
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Figure 1: False color-coded (log10 intervals) spontaneous
emission spectrumI(λ−1) determined on thex − z plane
with y = 0 from a full 3D, boosted frame WARP simu-
lation of 100 mAe−, e+ beams propagating together in a
20-period undulator resonant atλR = 200 nm.

To study various FEL problems in the boosted frame, we
used the WARP simulation code [2] with its standard full 3-
D EM solver together with special Python-language scripts
to implement linearly-polarized undulator and seed laser
fields in the boosted frame. In addition to WARP’s nor-
mal extensive particle and field diagnostic suite, we mea-
sured the forward radiation intensity and on-axis far field
radiation through transverse planes fixed in the lab frame
(e.g., at a fixedz relative to the undulator entrance). For
most problems we chose∆z′ = c∆t′ = λ′

R/M with M in
the range 16 to 32 to ensure reasonable evaluation of third
harmonic emission. For simplicity and increased compu-
tational speed, in many cases we adopted 2-D slab-mode
geometry (e.g., x − z or y − z). For both 2- and 3-D sim-
ulations we used transverse grid sizes∼ O(1 − 8) × ∆z′.
In order to avoid explicit initialization of theE- andB-
fields associated with a beam pulse with a net current
and charge, att′ = 0 we added a ”ghost” positron beam
with the exact same charge and current distribution as the
nominal electron beam (see [4] for some additional de-
tails and also some previous simulation results regarding
prebunched beams). This choice neglects the longitudinal
space charge fields that can occur for very high current sit-
uations (e.g., the Raman regime). We now present some
boosted frame results for spontaneous emission, a high gain
seeded amplifier, and emission by pre-bunched beams in
“biharmonic” undulators.

SPONTANEOUS EMISSION

Spontaneous emission from a very low current beam
provides a good test case for EM and FEL simulation codes
as one expects the overall emission to grow linearly with
beam charge and undulator length. We used WARP to
simulate a 8-µm-long, 100-mA particle current (for both

thee− ande+ components), 180.2-MeV energy, 1.0 mm-
mrad emittance beam propagating through an 25-mm pe-
riod, 0.5-m long, linearly-polarized undulator (y-wiggle
plane) withau = 1 andλR = 200 nm. Transforming to the
boost frame withγF = 250 givesλ′

R = λ′

u = λu/γF =
100 µm andL′

u = 2 mm. With σx = σy = 120 µm, we
chose a 3D grid extending transversely to±0.8 mm and
∆x, y = 12.5 µm. With such a small current and beam-
length, we used the actual number of electrons (≈ 20800)
loaded randomly with a 4D transverse and waterbag longi-
tudinal distributions.

Figure 1 shows thex− and λ−resolved output near-
field output spectrum, determined (approximately) by tak-
ing a Fourier transform inz in the boosted frame of
Ey − cβF × Bx alongy = 0. One sees relatively strong
fundamental emission atλ = 200 nm and also obvious
third and fifth harmonic emission, more confined toward
the axis. Due both to the relatively smallau and the choice
of ∆z′ = λ′

R/32, emission at seventh and higher harmon-
ics will be numerically suppressed. Diagnostics of the total
positive-z directed flux at various locations in the undula-
tor quantitatively are smaller for these particular parame-
ters by a factor of∼ 2.5 than the analytical expectation.
We believe there are at least two reasons for this discrep-
ancy: 1) The non-zero transverse beam and grid zone size
leads to some numerical suppression of off-axis emission
by destructive interference effects; we have seen this effect
previously in slab-mode simulations of coherent emission
from low current, ultrashort pulses withσz ≪ λR. De-
creasingσx,y to 40 µm drops the power discrepancy to a
factor of 1.5 or so but worsens the next problem: 2) The
much smaller Fresnel number in the boosted frame leads
to significant radiation propagating at a much larger an-
gle relative to thez− axis than is true in the lab frame
leading to some power escaping transversely; there is also
“cos θ” diagnostic undercounting issue. For larger Fresnel
numbers, the spontaneous power does scale linearly with
undulator length as expected. Altogether then, we believe
these boosted frame spontaneous emission results are rea-
sonably accurate but one must take care in terms of diag-
nosing emission propagating in the boosted frame at large
angles off-axis.

HIGH GAIN FEL AMPLIFIER
SIMULATION IN THE BOOSTED FRAME

At the other extreme from the low current spontaneous
emission case is that of a single pass, high gain FEL am-
plifier with gain lengthLg ≪ Lu. We have done a
number of simulations studying a MOPA configuration at
λR = 200 nm using similar undulator and beam parame-
ters except the current has been increased to the kA range
and we have add 10-MW seed laser with a Gaussian waist
size of250 µm. Figure 2 shows results from a 2-D (slab
mode) boosted frame simulation withIB = 1 kA (each
for the separatee− ande+ components), an effectivey−
size of120 µm, and∆x = ∆z′ = λ′

R/24. The left plot
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Figure 2: Boosted frame simulation results for a FEL
amplifier seeded with 10 MW of input power at 200-nm
wavelength. The left plot shows increasingP (t) traces at
z = [0.5, 0.7, 0.9, 1.0] m. The right plot shows the on-axis,
far field spectrum (a.u.) forz = 1.0 m.

showsP (z, t) at four locations in the lab frame within
the 1-m long undulator; the peak power at undulator exit
is ≈ 350 MW and the effectiveLg is ≈ 0.165 m. The
right plot shows the spectrum of the on-axis far field ra-
diation. Relative to the power level of the fundamental, the
third harmonic is at a level of≈ 0.1% while the second
and fourth harmonics are down by one and two additional
orders of magnitude, respectively. A time-steady bench-
mark run with the GINGER code in slab-mode geometry
with IB = 2 kA shows slightly greater gain for the same
beam parameters withLg = 0.156 m. However, there is
a ≈ 10% uncertainty regardingLg due to possible differ-
ences between the effective transverse distributions at given
z’s in the lab frame so it is premature to speculate on differ-
ences due to transverse space charge effects or issues aris-
ing from the extremely high gain. The GINGER run shows
third harmonic power at a level0.4% that of the fundamen-
tal or nearly a factor of 4 higher than that in the boosted
frame run. Some of this difference can be attribued to the
relatively large time step vis-avisλ′

R/3c.
We have also done a full 3-D run with similar parameters

except the current for both the boosted frame and GINGER
simulations were increased by a factor of two to counter-
act increased diffractive losses. At the end of the undula-
tor, WARP shows 80 MW of power while GINGER gives
191 MW; equivalently, the power gain lengths are 0.22 and
0.18 m, respectively. For another independent check, the
empirical Xie gain fitting formula [5] predicts a power gain
length of 0.17 m. As we indicated above, it as yet remains
premature to associate this20% difference inLg to phys-
ically real effects such as space charge or extremely high
gain corrections.

EMISSION BY A PREBUNCHED BEAM IN
A BIHARMONIC UNDULATOR

Several authors have discussed the possible utility
of a biharmonic undulator configuration (see.,e.g.,
Refs. [6]-[9] ) where the magnetic vector potential strength
~A = ~A1 cos(ku,1z + φ1) + ~A2 cos(ku,2z + φ2) andku,1
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Figure 3: On-axis, far field spectrum|E(ω)| from a pre-
bunched beam propagating in (left plot) a ”normal”, single
frequency undulator withau,1 = 1.0 and (right plot) a in
biharmonic undulator withλu,2 = 3λu,1, au,1 = 1.0 and
au,2 = 1.5 .

andku,2 are related harmonically,e.g., to enhance third har-
monic emission. Another possible use of a biharmonic con-
figuration is to provide an additional “source” ofA for an
externally seeded FEL amplifier where the electron beam
energy must remain fixed (e.g., the accelerator is feeding a
multiplexed set of FEL’s operating simultaneously). Then
the maximum output radiation wavelength of a particular
undulator depends upon the peak value of normalized un-
dulator strengthau available at minimum gap closuregmin.
If the “primary” undulator has a shortλu,1 and a peak on-
axis value ofau,1 limited physically to not much more
than 1 becauseku,1gmin ≥ 2, there will be a small ef-
fective tuning range inλR. Adding a “secondary”, vari-
able strength undulator fieldA2 with a longer period can
strongly increase the maximum reachable wavelength if
max |A2| ≥ 2 max |A1| because the FEL resonance rela-
tion (at the shorter resonant wavelength) obeys

λR,1 =
λu,1

2γ2
×

(

1 + a2
u,1 + a2

u,2

)

(1)

Note that from a mathematical point of view, there is no re-
quirement that the two undulators be related harmonically,
although from a construction point of view this choice may
be easiest to implement. Also, the polarity of the two undu-
lators can be entirely different (e.g., cross-polarized linear
undulators).

Modeling FEL radiation emission in such a configura-
tion poses accuracy issues for eikonal codes employing
the standard wiggle-period-averaging approximation un-
lessλu,2 ≫ λu,1. For linear undulators, the “JJ” Bessel
function difference term also needs to be modified because
of dephasing associated with the wiggle motion due to~A2.
There also can be harmonic coupling ifλu,2 is an integer
harmonic ofλu,1. This difficulty does not arise for boosted
frame EM simulation so long as the effective temporal and
spatial gridding supports the shortest radiation wavelengths
of interest.

We did a series of slab-mode, boosted frame simula-
tions for a 1-A, 40-fs (waterbag profile), 180-MeV e-beam
propagating in a0.75−m length biharmonic undulator with
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Figure 4: False color-coded (log10 intervals), near field
emission spectrum from the boosted frame 2D simulation
of the biharmonic undulator corresponding to the right plot
of Fig. 3.

λu,1 = 25 mm, au,1=1.0,λu,2 = 75 mm, andau,2 rang-
ing from 0 to 1.5. We prebunched the beam overπ/4 in
phase atλR,1 which, using Eq. 1, increased from 200 to
425 nm, and setc∆t′ = λ′

R,1/24 . In Fig. 3 we plot the on-
axis electric field spectrum just outside the undulator with
au,1 = 1.0 in both of the following two cases:au,2 = 0
(left plot) andau,2 = 1.5 (right plot). As expected, the bi-
harmonic case shows the fundamental photon energy shift-
ing redwards by a factor of4.25/2 but the relative spectral
width appears unchanged. The biharmonic case also shows
a greater relative strength of the third harmonic and there is
a somewhat greater amount of second harmonic (and side-
bands to either side). However, the far field power in the
dominant mode is down by more than an order of magni-
tude when compared to the simple, monoharmonic undu-
lator case. The x-resolved near-field spectrum is plotted in
Fig. 4 in logarithmic intervals to bring out more detail. The
higher harmonics tend to be more confined to the central
axis as one would expect from simple theory. If one looks
closely, there is evidence ofx−curvature for each of the
spectral“lines” indicating red-shifting as one moves away
from the x-axis. From these and related simple examples
where we have varied the strength ofau,2, we see that our
expectations of tunability are confirmed although at a price
of lowered power and richer emission spectrum. Since in
general FEL gain increases significantly at longer wave-
lengths for a given set of electron beam parameters, the
power loss as one tunes redward is not necessarily a show-
stopper. In the future we hope to do some additional studies
of high gain, biharmonic MOPA configurations with exter-
nal seeding to see how these and other effects play out.

DISCUSSION

Applying the Lorentz-boosted-frame simulation method
to free-electron laser problems allows study of problems

where the eikonal approximation method proves insuffi-
cient,e.g. those where the total emission bandpass is quite
large, others where wiggler-period averaging is suspect,
etc. As mentioned in the Introduction, use of the boosted
frame transformation also allows direct EM simulation of
very short wavelength FEL’s with a huge ratio ofLu/λR.
In our boosted-frame FEL studies to date we have been able
to explore certain aspects of insertion device and FEL emis-
sion that are essentially ”opaque” to standard FEL codes.
Nonetheless, it is important to add that we have not uncov-
ered any important critical physics that would make one
doubt the basic correctness of the eikonal approximation
or wiggler period-averaging for normal FEL problems. Al-
though we have avoided problems for which space charge
effects are very important, our simulation methods should
treat them straight-forwardly presuming that the overall
EM fields have been properly initialized. We have not as
yet applied moving window or multigrid methods to help
speed up FEL calculations even more in the boosted frame;
in some different contexts (CSR emission [10] and LWFA
simulations) such methods have proven useful. We have
also modeled configurations in which the simulation win-
dow was chosen large enough inz′ to contain all the elec-
tron beam and the equivalent slippage length in the boosted
frame. For short undulators and short electron beams [i.e.,
Nu ≤ 100, lb ≤ 2× lslip)], this is not too great a problem.
However, for SASE configurations run to saturation or un-
dulators with drift or chromatic dispersive sections, the lon-
gitudinal grid tends to become much larger. We are hope-
ful, though, that there exists one or more clever schemes
to reduce the necessary simulation window by applying the
equivalent of lab frame periodic boundary conditions.
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