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TECHNICAL ABSTRACT (Limit to space provided)  

Statement of the problem or situation that is being addressed - typically, one to three sentences. 
With the U.S. experimental effort in HEP largely located at laboratories supporting  the operations of large, highly 
specialized accelerators, the understanding and prediction of  high energy particle accelerators becomes critical to 
the overall success of the DOE HEP program.  One area in which small businesses can contribute to the ongoing 
success of the U.S. program in HEP is through innovations in computer techniques and sophistication in the 
modeling of high-energy accelerators. A specific newly identified problem lies in the simulation and optimization of 
FFAGs and related devices, for which currently available tools originally developed for other purposes provide only 
approximate and inefficient simulation. We propose to develop a set of tools for this purpose based on modern 
techniques and simulation approaches.  
 
General statement of how this problem is being addressed.  This is the overall objective of the combined Phase I and Phase II projects. 
The simulation framework of the code COSY INFINITY is highly accurate, efficient and well-developed with a 
large user base, and provides powerful tools for global, non-local optimization. For the specific problem at hand, 
new tools need to be developed that can describe the complex specific electromagnetic fields, including high-order 
fringe fields, edge effects, and general field profiles, and that can accommodate the necessary very large emittance 
of the beam by dynamic subdivision of the phase space. In order to simplify design needs, modern global, non-local 
optimization techniques will be connected to the tools to allow efficient probing of the usually very high 
dimensional parameter space. User-friendly interfaces will also be developed to enhance the audience and lessen the 
expertise typically required in the use of accelerator codes. 
 
What will be done in Phase I – typically, two to three sentences. 
Phase I will consist of the development of a bare-bones prototype of the core numerical engines necessary for the 
task, including the ability to treat arbitrary field arrangements, computation of local closed orbits, tunes, tune shifts, 
and parameter optimization, as well as analysis and benchmarking of their performance characteristics.  
 
COMMERCIAL APPLICATIONS AND OTHER BENEFITS as described by the applicant.  (Limit to space provided). 
The development of broad, highly-accurate accelerator models with powerful optimization tools and user-friendly 
interfaces and graphics will not only aid in the critical development of new accelerators for the core mission of the 
DOE HEP program, but also promote the transfer of accelerator technology into commercial and medical 
applications such as hadrontherapy, neutron and light sources, and other potential markets for accelerators. 
 
Key Words:  
Non-Scaling FFAG, Large Emittance, Simulation, High-Order Methods, Global Optimization 
   
SUMMARY FOR MEMBERS OF CONGRESS: (LAYMAN'S TERMS, TWO SENTENCES MAX.) 
The development of broad, highly-accurate accelerator models with powerful optimization tools and user-friendly 
interfaces will enhance not only the HEP program but also benefit established and future applications of accelerators 
in science, technology, and medicine ranging from treatment of cancers, radiopharmaceuticals, and medical isotope 
production to secondary production beams for material science and basic research in nuclear physics.    
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Summary of Phase I Work 
 

In Phase I, various core modules for the design and analysis of FFAGs were developed. The 
key items of phase I are enumerated below, and details can be found in the text below. 
 
1. Assessment of tools for dynamic aperture studies, including high-order out of 

plane expansions 
2. Study of global optimization tools based on genetic algorithms, local search, and 

other global tools 
3. Development of both the philosophy of a user front end and a code back end of a 

graphical user interface 
4. Case studies pertaining to common design and optimization tasks in FFAGs.  
5. Initial Assessments of novel methods to treat space charge effects.  

 
 
 

 
The developments executed under this contract represent significant enhancements of the code 
COSY INFINITY for the particularly challenging case of simulating FFAG accelerators. The 
development build on the following currently existing features in the current COSY environment 
useful for FFAG simulation:  
 

• Arbitrary Order Maps COSY allows the computation of all dynamics of the system to 
arbitrary order, including out-of-plane expansions of fields and any nonlinear terms in the 
Hamiltonian 

• Arbitrary Fields There is no principal limitation of the fields COSY can treat, as long as 
they can be modeled in a reasonable way. For efficient initial simulation and 
optimization, it is particularly useful to utilize very high order out-of-plane expansions of 
suitable midplane models.  

• Symplectic Tracking There are various methods to perform tracking in COSY that 
preserve the symplectic symmetry inherent in Hamiltonian systems, including methods 
that do so with minimal modifications based on the Expo approach [22][23]. These allow 
a very faithful estimation of dynamic aperture.  

• Nonlinear Analysis Tools In addition to the mere empirical study, there are various tools 
for analysis of nonlinear effects, including the normal form-based computation of high-
order amplitude dependent tune shifts and resonances.  

• Sophisticated Global Optimization COSY allows the automatic adjustment and 
optimization of arbitrary system parameters; and different from other tools, the search 
uses methods of global optimization with constraints over a pre-specified search region, 
and not merely local optimization from a starting parameter setting. 

 
To provide an illustrative example of the behavior to be expected,  we study a sample FFAG 
having six-fold symmetry, with focusing stemming from an azimuthal field variation expressed 
as a single Fourier mode as well as edge focusing. The system is studied to various orders of out-
of-plane expansion, and conclusions about dynamic aperture are drawn. We show the results for 
orders three and five, which are typical for the situation of conventional out-of-plane expansion 
in codes like Cyclops. Because the method used in COSY is not based on divided differences, 
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the necessary in-plane derivatives can actually be calculated to any order desired with an 
accuracy that is always close to machine precision [9], [10].  
 
The results of tracking without symplectification and with Expo symplectification are shown in 
figures 1 – 4. Apparently symplectification greatly affects the dynamic aperture to be inferred in 
the system.Tracking is performed using the Expo symplectification scheme which is known to 
minimize the alterations to the non-symplectic tracking results compared to other 
symplectification methods.  

 
Fig. 1: Tracking in a model non-scaling FFAG with third-order out of plane expansion,  
          without symplectification.  
 
 

 
Fig. 2: Tracking in a model non-scaling FFAG with third-order out of plane expansion,  
          with Expo symplectification.  
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          Fig. 3: Tracking in a model non-scaling FFAG with fifth-order out of plane expansion,  
          without Expo symplectification.  
 

 
Fig. 4: Tracking in a model non-scaling FFAG with fifth-order out of plane expansion,  
          with Expo symplectification.  
 
 
However, figures 5 and 6, which are both based on order eleven out-of-plane expansion, show 
significant additional effects and different dynamic aperture, suggesting that the low order 
methods for out-of-plane expansion and dynamics are not sufficient to capture the details of the 
dynamics. It would in fact lead to an incorrect prediction of dynamic aperture, underestimating it 
in the horizontal direction and overestimating it in the vertical. Further increases in order beyond 
eleven do not significantly affect the details of the symplectic motion shown, but continue to 
influence the non-symplectic motion. A rough estimate reveals that in this particular case, the 
dynamics as seen in non-symplectic tracking seems to begin to stabilize around order 17, which 
is still rather easily obtained within the power of a modern workstation.  
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          Fig. 5: Tracking in a model non-scaling FFAG with fifth-order out of plane expansion,  
          without Expo symplectification.  
 

 
          Fig. 6: Tracking in a model non-scaling FFAG with eleventh-order out of plane expansion,  
          with Expo symplectification.  
          Orders higher than eleven do not lead to significant additional effects.  
The following methods of increasing sophistication were developed for FFAG simulations, 
although they are not available for general use in COSY. 

• Fourier modes of orders up to around 20 describing the azimuthal dependence. The 
modes are provided on a set of suitably many radii and interpolated for intermediate 
values of  radius.  

• Superimposed combined-function magnets described by high-order edge curves and 
radially dependent fields. The fringe fields of the edges are described in terms of the 
common Enge fringe field model [9] [11] in a way similar to what is traditionally done in 
the study of high-resolution particle spectrographs.  

 
The advantage of the two previous approaches is that they result in a rather accurate and proven 
field model without requiring the use of field calculation tools, which is particularly useful for 
the design and optimization phase where models need to modified quickly. The following is also 
implemented in COSY, but currently requires expertise to use.  
 

• Measured midplane field data that are interpolated through Gaussian interpolation and 
other wavelet methods [24]  
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In order to facilitate the day to day use of COSY for FFAG simulations, Graphical User 
Interfaces (GUI) have been investigated for the user instead of the more general yet less easily 
manageable console-type output COSY provides. The following features were chosen. 
 

• Java based version for maximum portability across platforms and ease of future 
maintenance. Currently supported platforms are Mac, Windows PC, Linux; the addition 
of others is relatively straightforward due to the general availability of Java. Additionally 
a wxWidgets-based version is provided for particularly easy implementation and 
retention of conventional console I/O if so desired.  

• Possibility of easy integration of GUI into web browsers through Java-based interface. 
This will allow simple remote operation including on local mainframe clusters as well as 
cloud-based computing 

• Direct connection to the low-level COSY I/O pipes, as an equal alternative and 
replacement of the current console-type I/O 

• Ease of programmability of the actual appearance by the user instead of a rigidly pre-
specified set of features via seamless integration of GUI formatting commands into 
COSY console syntax 

• Automatic generation of an acceptable GUI from legacy, console-based I/O. 
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In the following we will illustrate several of these features, provide a snapshot of their current 
status. The first set of examples will be shown for a Macintosh environment.  At the beginning of 
the execution of the FFAG simulation tool, the user is shown a flash screen that allows the 
selection of the system being studied, as well as the initial selection of design tasks.  
 

 
 
The next screen shows the behavior of the “Design” GUI page, which allows the setup of the 
device in various ways.  One can specify the number of cells and magnets per cell via pulldown 
menus, a choice to specify edges via curves or via data points in a file, and likewise a choice to 
specify fringe fields based on standard falloff in the Enge model, or again through reading from 
files. In a similar way, magnet fields can be specified either based on data on meshes, or through 
various other models.  

 
 

The next screen shows an example of a GUI interface for the performance analysis of the device 
under study. It offers some common tasks as pre-existing options, including the determination of 
closed orbits, tunes, tune shifts and resonances, and it also allows various methods of performing 
stationary tracking or tracking under acceleration. 
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The openness of the COSY GUI interface will allow the user to add own features and analysis 
methods based on specific needs. In a similar fashion, many common optimization tasks are 
possible directly from the GUI, while for more advanced such features it is necessary to specify 
custom-made objective functions in the COSY console interface, or to include additional 
features. 
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The GUI features shown so far allow for a rather straightforward control of common features in 
the simulation tasks, and other features can easily be added into the GUI environment. In 
addition to the above GUI interfaces, we considered developing a second one that retains 
COSY’s console I/O feature, and only augments it with certain pre-selected options that can be 
selected by mouseclick. The window below shows the corresponding setup, with the console 
output on the left, and the programmable selectable choices on the left. In addition to these 
selections, it remains possible to read from the console as is historically done.  
 

 
 

 
 
Compact high-performance devices like FFAG-type accelerators often are operated in a regime 
where space charge effects in the form of electrostatic self-forces of the beam on itself becomes 
significant. However, different from other types of accelerators, the situation in compact FFAGs 
is often particularly complicated to analyze because of the space charge cross talk of beams at 
different nearby radii in the device. In more conventional machines, it is often possible to arrive 
at good space charge models based on studies of individual bunches and their fields on 
themselves and as necessary the preceding and subsequent bunches; and depending on the level 
of accuracy that is needed, either semi-analytical models are sufficient, or the system is at least 
amenable to many of the highly developed particle-in-cell (PIC) and related approaches. 
  
Because of the fine structure of possibly hundreds of nearby beams, the use of PIC approaches in 
FFAGs would requires meshes of rather high resolution; and yet, most of the detail obtained for 
a far away region is not necessarily relevant for the fate of a given particle of interest. This 
situation is conceptually similar to that of the simulation of the dynamics of galaxies that have 
strong density non-uniformities with relatively dense spiral arms, and significantly less dense 



Topic 38b   DE-SC0001232  Advanced Simulation and Optimization Tools for Dynamic 
Aperture of Non-Scaling FFAGs and Related Accelerators including Modern User 
Interfaces                                                                                                     

material in between. For such kinds of simulations, the so-called Fast Multipole Methods (FMM) 
have gained prominence [27-31]. They attempt to capitalize on the fact that distant charge 
distributions influence local behavior less than nearby ones, and suitably grouping those distant 
ones into collective representations with an error that scales with a high power of distance.  
Specifically, the method is based on the representation of the potential of a charge distribution at 
a distance in terms of spherical harmonics via  

𝑉(𝑟,𝜃,𝜑) = �
∞

𝑙=0

� 𝑎𝑙𝑚
𝑌𝑙𝑚(𝜃,𝜑)
𝑟𝑙+1

𝑙

𝑚=−𝑙

 

Where the 𝑎𝑙𝑚 are the so-called far field multipoles of the distribution. Truncating the expansion 
at a given order of the radial expansion in  r allows an accurate representation of the far-field 
effects.  
The Fast Multipole Methods now consist of two separate algorithms, namely the determination 
of a global field representation on the one hand,, and the computation of the field of a single 
particle resulting from it. Both of these methods can be shown to scale with  N log(N), where N 
is the number of particles or macroparticles, and thus have a much more favorable scaling than 
direct summation as in the conventional force calculation, while avoiding all the issues of 
meshing and their required resolution of the PIC-like methods.  
The algorithm we developed to obtain a field representation is as follows.  

1. Discretize the relevant region of space into a fine mesh of cells, and identify the cell into 
which each particle falls 

2. Determine the far field multipole distribution of each cell at the finest structure by 
summation over the corresponding particles in the cell.  

3. Iteratively, use the far field multipoles of the next finer structure to determine the 
corresponding values for the next coarser structure.  

The result is a multi-layer representation of the field through far field multipoles of different 
granularity. For the second part of the method, namely the computation of the fields on each 
particle, the following approach is used: 
 

1. Determine an acceptance angle and an expansion order compatible with the desired 
accuracy 

2. Determine all cells of the coarsest discretization that fall into the acceptance angle when 
viewed from the particle of interest. Determine their field on the particle of interest by 
summing their multipole expansions. 

3. Determine all cells not yet treated, determine the cells of the next finer mesh 
corresponding to the yet untreated regions, and repeat the multipole summation for those 
cells.  

4. Repeat the procedure until the finest mesh has been reached. Treat the few particles in the 
remaining nearby finest cells by direct summation.  

For the purposes of our study, it is of particular relevance that all of the steps in the above 
algorithms can be carried out using the differential-algebra based high order methods we are 
using, and it is also possible to extract the necessary high-order expansions for the fields. 
Specifically, DA methods are used for  
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• Manipulation of the far field multipoles, which are polynomials in 1/r, 𝜃 and 𝜑.  
• Combination of far field multipoles for finer mesh cells to those of the coarser mesh cells 
• Computation of local high-order field expansions, which are necessary within the map 

computation framework of the DA methods. 

To assess the practical performance of the space charge computation using FMM algorithm, a 
2D test version has been implemented. The performance of the method was analyzed by 
selecting a distribution of  N=10,000 point charges randomly placed in a box. The fields on each 
particle were then calculated directly by summing over the remaining  (N-1) particles, which 
apparently scales with the square of N. Next, space is discretized in a hierarchy of meshes, and 
the force on each of the particles is calculated using the method above and compared with  
An opening angle of around 30 degrees was chosen, and the resulting accuracies were obtained 
for different orders of the FMM expansion by comparing to the exact direct summation. The 
following table summarizes the results that were obtained: 
 

Expansion Order 5 10 15 
Relative Error 5.5e-5 2.2E-7 1.5E-10 

 
So apparently the accuracy is indeed very high, and significantly exceeds what can be obtained 
with conventional field solvers. 
The next phase, would have involved development of a full 3D version of the method. 
 

Initial Benchmarking of Some Preliminary Code Modules  
 
To conclude the study of the feasibility of the approach, a mockup with the various ingredients 
of the final code with the exception of space charge features that are still in their infancy was 
developed. While not connected to the main code in a functional way, and very cumbersome to 
operate, the resulting toolkit could be used to get a first impression of the eventual feature set. In 
order to make the study as realistic as possible, we applied the various subsystems to a common 
design and analysis problem of a novel FFAG accelerator.  

The devices in question are two reverse-bend eight cell structures, one based on a FODO 
design and the other one on a triplet design, with basic parameters shown in tables 1 and 2.  

Table 1: General Parameters of the FODO 30-250 MeV nonscaling FFAG design. 

Parameter Unit Injection Extraction 
Energy Range MeV 30 250 
Tune/cell  (ν x / νy) 
Ring tune  (ν x / νy) 

2π-rad 0.33 / 0.24 
2.98/2.12 

0.31 / 0.25 
2.79/1.99 

Average Radius M 1.98 2.49 

No. Cells  9 
Straight M 0.241 0.29 
Peak Field 
F 
D 

T  
1.13 
-1.55 

 
2.70 
-3.81 
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Table 2: General Parameters of the triplet 30-250 MeV nonscaling FFAG design. 

 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
As a first part of the design, the edges of magnets forming the FFAG as well as their field 
profiles were adjusted so that the tunes of the devices were more uniform, a general feature that 
is desirable for FFAGs.  

Table 3: General Parameters of the triplet 30-250 MeV nonscaling FFAG design after tune optimization 
in COSY – only tune variations are affected. 

Magnet Lengths 
F 
D 

M  
0.735 
0.187 

 
0.958 
0.231 

Apertures 
F 
D 

M  
0.53 
0.47 

Parameter Unit Injection Extraction 
Energy Range MeV 30 250 
Tune/cell  (ν x / νy) 
Ring tune  (ν x / νy) 

2π-rad 0.31 / 0.16 
2.51/1.28 

0.31 / 0.21 
2.51/1.66 

Average Radius M 2.75 3.39 

No. Cells  8 
Long Straight M 1.17 1.17 
Peak Field 
F 
D 

T  
1.21 
-1.37 

 
3.13 
-3.41 

Magnet Lengths 
F 
D 

M  
0.646 
0.129 

 
0.803 
0.176 

Apertures 
F 
D 

M  
0.63 
0.55 

Parameter Unit Injection Extraction 
Energy Range MeV 30 250 
Tune/cell  (ν x / νy) 2π-rad 0.31 / 0.16 0.31 / 0.21 
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The final geometry of the edges of the magnets of  system can be drawn directly from within 
COSY, and the results are as follows, for both a single cell and the resulting ring. Also shows is 
one of the innermost and outermost closed orbits obtained by COSY’s fitting tools.  
 
 
 

                            
 
 
The resulting situation for the triplet case is as follows. Shown are again innermost and 
outermost closed orbits.  
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For the next examples, a sequence of closed orbits were determined for different energies by 
optimization. Then, the linear part of the COSY transfer map which is calculated using 
differential algebraic methods is used to determine the tunes, which are shown in the following 
tune-versus-radius plots, showing horizontal (red) and vertical (green) tunes.  
 

 
 
 
It can be seen that the vertical tunes of the second system are not as uniform as those of the first; 
so COSY’s global optimizers were utilized to try to fit them comfortably below the half integer 
resonance by shaping of the pole face radially. The resulting vertical tune swing reduced by a 
factor of two. 
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The next picture shows the radial dependence of the reference orbit as a function of momentum 
based on the COSY simulations.  
   
 

 
We conclude the brief overview of the current state of the COSY test bench by showing tracking 
simulations to assess the dynamic aperture at various radii for one of the system.  
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Figure 7.  Dynamic aperture a midpoint, 112 MeV, FODO (top), triplet (middle, bottom). DA in 
all cases for both planes are extremely large.   
 
It has been shown that modern tools for nonlinear tracking using high order effects of all orders are 
able to simulate in principle the details of the dynamics in FFAGs. It has also been shown that in 
principle, modern global optimization tools are able to solve many of the complex design questions 
of modern FFAG layouts. Furthermore, first tests indicate that a novel space charge algorithm based 
on the so-called Fast Multipole Method (FMM), which has a very favorable cost scaling property of 
N log(N) where N is the number of simulation particles, allows the treatment of the intricate beam-
to-beam space charge effects that appear.  
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