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CHAPTER 1

INTRODUCTION

The braid group is a significant construction in geometry, topology, representation

theory, combinatorics, and algebra. This group arose originally as the fundamental group of

the space of regular orbits for the action of the symmetric group Sn on Rn by permutation of

coordinates. A presentation for the braid group BSn gives relations which can be visualized

as the braiding of strings. This presentation in terms of group generators and relations

coincides exactly with the Artin group of the standard presentation of Sn:

BSn = 〈s1, . . . , sn : sisjsi = sjsisj for |i− j| < 1, sisj = sjsi for |i− j| > 1〉 ,

Sn = 〈s1, . . . , sn : sisjsi = sjsisj for |i− j| < 1, sisj = sjsi for |i− j| > 1, s2
i = 1 ∀ i〉.

Many have worked on analogs for other reflection groups, showing that the Artin group

obtained from a nice presentation of the reflection group by dropping the relation forcing

generators to have finite order coincides with the braid group:

Theorem 1.1. Let NW be the space of regular orbits for the action of a reflection group

W . Then a presentation for the fundamental group π1(NW ) is obtained from a reflection

presentation of W by removing the finite order relations of the generators.

This Braid Theorem was shown for

• the finite Coxeter groups by Brieskon [7] and Artin [2],

• the infinite family of complex reflection groups G(r, p, n) by Broué, Malle, and

Rouquier [8],

• the exceptional finite complex reflection groups in dimension 2 by Bannai [3],

• the remaining finite complex reflection groups by Bessis and Michael [5] using Zariski

Van-Kampen type theorems [5],

• and the infinite Weyl groups (affine Weyl groups) by Dung [11] using a CW semi-cell

complex.
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We investigate this theorem for the case when W is a crystallographic complex reflec-

tion group. These analogs of affine Weyl groups were classified by Popov [20]. These are

discete groups generated by reflections about affine hyperplanes, i.e., mirrors that do not

necessary include the origin. They combine translation along an invariant lattice and the

isometries of a finite complex reflection group.

In 1998, Malle [18] conjectured the Braid Theorem holds for crystallographic com-

plex reflection groups after determining reflection presentations for them. He verified this

Braid Conjecture for many groups in the infinite family of crystallographic complex re-

flection groups; see Table 3.1. Here, an approach for proving the Braid Conjecture for all

crystallographic reflection groups is explored that differs from the approach of Broué, Malle,

Rouquier, Bessis (and Brieskorn, Artin, and others). Using these alternative techniques, we

extend the above theorem to an infinite family of crystallographic complex reflection groups.

Note that Coté and McCammond [10] investigated the crystallographic group whose linear

part is the complex reflection group G4 of order 24.

We first investigate the question of which groups have regular orbits lying off of

reflecting hyperplanes, and determine when Steinberg’s Theorem [22] fails for the infinite

family of genuine crystallographic groups. We then extend Dung’s semi-cell construction

to one over C using Voronoi regions. Although this approach provides a uniform method,

there are several aspects verified explicitly for families of groups. We combine this approach

with known results of Broué, Malle, Rouquier, and Bessis to obtain a presentation of the

fundamental group of regular orbits for part of the infinite family of crystallographic complex

reflection groups.

We outline a few challenges and give a few more details. Dung [11] used chambers

and alcoves of real reflection groups to carry out his calculations of the braid group of

infinite real reflection groups. Adequate analogs for complex reflection groups are lacking.

Therefore, we construct a fundamental domain that mimics the role served by a chamber

or alcove using Voronoi/Dirichlet regions. Another difficulty arises. Dung’s ideas rely on

the fact that the natural projection p : MW → MW/W is a regular covering map, where
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MW is the space upon which W acts with reflecting hyperplanes removed. This follows from

Steinberg’s Theorem [22], which states that given a finite complex reflection group acting

on V , the stabilizer of any point in V must a reflection subgroup of the original reflection

group, i.e., if a group element fixes some point in space, then that point necessarily must lie

on a reflecting hyperplane. This theorem fails for crystallographic complex reflection groups.

If LinW is the underlying finite reflection group for W and TranW is the set of translations

along an invariant lattice, then we show the following [20].

Theorem 1.2. Suppose W = LinW n TranW is an infinite irreducible genuine crystallo-

graphic complex reflection group acting on Cn with Lin(W ) = G(r, p, n). The stabilizer in

W of any point v in Cn not contained on a reflecting hyperplane of W is trivial if and only

if W is one of the following groups:

[G(3, 1, n)]1,2, [G(4, 1, n)]1,2, [G(6, 1, n)], [G(4, 2, n)]1,2, [G(4, 2, 2)]3, [G(6, 2, n)]1,

[G(6, 3, n)]1, [G(6, 3, 2)]2, and [G(6, 2, 2)]2 .

We then show that presentations given by diagrams for many genuine crystallographic

complex reflection groups exhibit the same behavior as very natural presentations for Coxeter

groups in terms of simple reflections. The reflections represented in these diagrams could

be considered as analogs of simple reflections but with one change: the set of generating

reflections is not a minimal set nor the entire set of reflections. We use an altered presentation

for one family of groups, see Subsection 7.5.2. This extends the Braid Theorem and proves

the Braid Conjecture for a new class of groups.

Theorem 1.3. Let W be an infinite irreducible genuine crystallographic complex reflection

group. Then the presentation for the braid group π1(NW/W ) is obtained from a reflec-

tion presentation of W by removing the finite order relations of the generators whenever

Lin(W ) = G(r, p, n) excepting 7 cases.

The seven excluded cases above are the groups [G(4, 2, 2)]3, [G(6, 2, 2)]2, [G(6, 3, 2)]2,

[G(4, 2, n)]∗, [G(3, 3, n)], [G(4, 4, n)], and [G(6, 6, n)] in Popov’s notation. The first three

groups are 2 dimensional and likely satisfy the Braid Conjecture while the last four are infinite
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families which have unusual behavior. The star indicates that group is not a semidirect

product of its linear and translational parts.
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CHAPTER 2

PRELIMINARIES ON REFLECTION GROUPS

2.1. Affine Reflection Transformations

We begin with some background and examples. In all of what follows, unless otherwise

noted, let V be an finite dimensional vector space over a field F of characteristic zero with

dimF V = n. We fix a positive definite inner product ( , ) on V .

Definition 2.1. An affine transformation g of V is a function V → V such that g(v) =

Ag(v) + bg for all v ∈ V for some Ag ∈ GL(V ) and bg ∈ V .

Let A(V ) be the set of all invertible affine transformations. Then A(V ) ∼= GL(V )oV .

We will use this identification without mention in all that follows. We define the map

Lin : A(V )→ GL(V ) by the rule Lin(g) = Ag.

Definition 2.2. An affine isometry s : V → V is a reflection if sm = 1 for some m ∈ Z

and codimF(ker(s− 1V )) = 1.

Given a reflection s, we writeHs = ker(s−1V ) and callHs the reflecting hyperplane

of s. A reflection is called central if s(0) = 0 or, equivalently, if Hs is a linear subspace

of V and s is a linear transformation. If s is central, as char(F) = 0, then there exists a

vector αs ∈ H⊥s such that s(αs) = θmαs for some m-th root-of-unity. Central reflections are

important because of the following well known fact.

Proposition 2.3. The transformation s ∈ A(V ) is a reflection of V if and only if Lin(g) =

As is a reflection and bs ∈ H⊥As
.

This states that every reflection is determined by a central reflection. In fact, the

fixed point spaces of the reflections s and As must be parallel, and we may think of any

reflection as a central reflection which has been translated away from the origin.
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2.2. Reflection Groups

Recall that a group G is said to act discretely on a set X if for all x ∈ X the set of

orbits of x under G is discrete.

Definition 2.4. A reflection group W is group that is generated by reflections and acts

discretely on V .

Definition 2.5. A reflection group acting on a vector space V is reducible if it is a

nontrivial direct product of a collection of reflection subgroups {Wi}ni=1 with each Wi acting

on a subspace Vi of V such that ⊕ni=1Vi = V . A reflection group is irreducible if it is not

reducible.

A Coxeter group is a real reflection group, i.e., a reflection acting on V = Rn. A Weyl

group is a Coxeter group which stabilizers a lattice in Rn of rank n.

Recall the following well known fact.

Proposition 2.6. If W is reflection group, then it is the product of irreducible reflection

groups.

This states that every reflection group can essentially be understood by analyzing its

irreducible components. For this reason, our main focus is irreducible reflection groups.

Remark 2.7. In all that follows, W will always be a reflection group. That is, W will always

be a discrete group generated by reflections. We will qualify W according to our needs as

necessary.

2.3. Irreducible Real and Complex Reflection Groups

We now recall some facts about irreducible reflection groups, real and complex. These

will be the groups of discussion and we will omit any details of reflection groups over any

other fields or division rings. Before doing so, we make the following observation. If W is

a finite reflection group, then W fixes a point and Lin(W ) ∼= W . So we view W as a linear
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group of isometries. Therefore, if W is finite reflection group, we can view it as a group

generated by central reflections.

2.3.1. Finite Real Reflection Groups

The theory of roots and chambers is used to study an irreducible finite real reflection

group W . In this theory, we define a chamber C to be a connected component of the

compliment in V of the union of all the hyperplanes given by W . Now there exists a set

of vectors {αi}ni=1 such that C = {v ∈ V | (ai, v) > 0, 1 ≤ i ≤ n}, called a system of

fundamental roots of W . Each root α determines a reflection sα with the property that

sα sends α to −α and fixes all the vectors orthogonal to α. It can be shown that W is

generated by the set {sαi
| 1 ≤ i ≤ n}, called a set of simple reflections. Therefore, the set

of all possible reflection groups can be understood by determining all possible fundamental

root systems.

The Coxeter graph of W is determined by a fundamental system of roots and give a

shorthand notation for a presentation of W . First, the nodes of the graph are in one-to-one

correspondence with the simple reflections of the fundamental system. Next we draw a edge

between the nodes corresponding to the reflections si and sj if (sisj)
mij = 1 and mij ≥ 3.

(It is always true for each pair of simple reflections si and sj that (sisj)
mij = 1 for some

mij ∈ Z). We write mij above the edge if mij > 3; we omit the label mij = 3 because

it occurs quite frequently. This graph gives a presentation of W by taking the free group

on the generators {si}ni=1 and requiring that the generators satisfy the relations s2
i = 1 and

(sisj)
mij = 1.

2.3.2. Infinite Real Reflection Groups

An infinite irreducible reflection group W is called an affine Weyl group. The sub-

group of translations Tran(W ) = {bw ∈ W | w ∈ W} forms a lattice of rank n when W

acts on Rn, and Lin(W ) fixes Tran(W ). Therefore, since Lin(W ) is reflection group, it must

be a Weyl group. In this case, W ∼= Lin(W ) n Tran(W ) [14], and in this sense, infinite

real reflection groups are well behaved in comparison to infinite complex reflection groups
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which may not have such a semidirect product structure. (Note: Given a finite Weyl group

G There is an affine Weyl group W such that Lin(W ) = G.)

We recall now the theory for affine Weyl groups, similar to the theory for finite

real groups with a few changes. An alcove B for the affine Weyl group W is a connected

component of the compliment in V of the union of all the hyperplanes given by W . Now

there exists a chamber C of Lin(W ) such that B ⊂ C. If {ai}ni=1 are the vectors that form

C, as above, there exists one vector an+1 such that

B = {v ∈ V | (ai, v) > 0, 1 ≤ i ≤ n} ∩ {v ∈ V | (an+1, v) < 1}.

Therefore, the set of reflections {si}n+1
i=1 generate W . Thus, the Coxeter diagram of W is the

same as that of Lin(W ) with one single node added and the edges emerging from this node

weighted mi(n+1).

2.3.3. Finite Complex Reflection Groups

These groups were classified by Shephard and Todd [21] through case-by-case argu-

ments and then again by Cohen [9] using a unified method. The classification consists of one

3 parameter infinite family with members denoted by G(r, p, n) and 34 exceptional groups

denoted by Gi for 4 ≤ i ≤ 37.

The 3 parameter family has a very simple description. Let p divide r. Then A(r, p, n)

consists of all the diagonal n-by-n matrices with r-th roots-of-unity entries on the diagonal

such that the product of all nonzero entries is an (r/p)-th root-of-unity. Then G(r, p, n) is

the set of products of elements of A(r, p, n) and the permutation matrices of size n.

Now A(1, 1, n) is only the identity matrix. Thus, G(1, 1, n) merely consists of the

permutation matrices mentioned above. Therefore, G(r, p, n) = A(r, p, n) o G(1, 1, n) and

G(r, 1, n) = (Z/rZ)noG(1, 1, n). Some of these groups are in fact finite real reflection groups,

i.e., finite Coxeter groups: G(1, 1, n + 1) are the Weyl groups of type An, G(2, 1, 2) are the

Weyl groups of type Bn, G(2, 2, n) are Weyl groups of type Dn, and G(r, r, 2) are the dihedral

groups of order 2r (not Weyl groups when r is not 2, 3, 4, or 6).
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Example 2.8. G = G(r, 1, 1) consists of the r-th roots-of-unity and forms a cyclic group.

All the elements of G are reflections and there is only one hyperplane, namely, the origin

{0}.

Example 2.9. G = G(4, 1, 2) is generated by the matrices

i
1

 ,

0 1

1 0

 .

The only types of reflections are diagonal matrices with only one entry not equal to 1 and

anti-diagonal matrices where the two nonzero entries are inverses, for example: 0 i

−i 0

 .

Therefore, if we let x1 and x2 be the dual basis to the standard basis (1, 0) and (0, 1) of

V = C2, then the only hyperplanes of G are Hj = ker(xj) for j ∈ {1, 2} and H12(ε) =

ker(x1 − εx2) for all 4-th roots of unity ε.

There seems to be missing a cononical way to construct chambers for finite complex

reflection groups. The compliment of a hyperplane in complex space is connected unlike the

compliment of a hyperplane in real space. Therefore, it seems difficult to construct simple

reflections and create Coxeter graphs as for real groups. However, in 1999, Broue, Malle,

and Rouquier [8] gave explicit presentations for all the finite irreducible complex reflection

groups. Each presentation was given by a diagram. See [8] for the diagrams.

2.3.4. Infinite Complex Reflection Groups

The final collection of groups is the least well studied. They were classified by

Popov [20], and, even though they are similar to the infinite real reflection groups, they

exhibit behavior not found among the real infinite groups.

Example 2.10. Let W = G(4, 1, 1)nZ[i]. Then we can realize this group as acting on V = C

in the usual way through the identification of A(V ) and GL(V ) n V . It is easy to see that

9



every element of W which fixes a point is a reflection and the set of reflecting hyperplanes

of W is 1
2
Z[i].

Proposition 2.11 (Popov [20]). If W is an infinite irreducible complex reflection group,

then Tran(W ) = {bw ∈ W | w ∈ W} is a lattice of rank n or 2n.

A crystallographic group is a reflection group W such that V/W is compact. Oth-

erwise, a group is noncrystallographic. Popov showed that our choices for the linear parts

of noncrystallographic reflection groups are restricted.

Proposition 2.12 (Popov [20]). If W is an irreducible noncrystallographic complex reflec-

tion group, then Lin(W ) is a real reflection group and the rank of Tran(W ) is n.

Theorem 2.13 (Popov [20]). If W is an irreducible crystallographic complex reflection

group, then Lin(W ) fixes Tran(W ) and is one of the following finite complex reflection groups:

G(1, 1, n), G(2, p, n), G(3, p, n), G(4, p, n), G(6, p, n), G4, G5, G8, G12, G24, G25, G26, G28,

G29, G31, G32, G33, G34, G35, G36, G37.

Theorem 2.14 (Popov [20]). Suppose W is a irreducible crystallographic reflection group

with W 6∼= Lin(W )oTran(W ). Then Lin(W ) is the finite complex reflection group G(4, 2, n),

G12, or G31.

Remark 2.15. It was shown in [13] that there is at least one more group that is not a

semidirect product of its linear and translational parts. Following the convention used by

Popov, [20], it is labeled [G(6, 2, 2)]∗.

Note that every real reflection group W acting on Rn acts on Cn by extension of

scalars, i.e., Cn = C⊗ Rn. It is useful to make a distinction between these groups, and new

phenomenon. We recall from Malle [18].

A genuine complex reflection group is a reflection group such that Lin(W ) is

finite complex reflection group which is not a Coxeter group. In other words, a complex

reflection group is genuine when its linear part is not merely the complexification of a real

10



reflection group.

Remark 2.16. Some comments on terminology:

• For infinite irreducible complex reflection groups, genuine implies crystallographic.

• If a reflection group is finite (real or complex), then it cannot be crystallographic.

• We use the term “irreducible genuine crystallographic” in the statements of results

following tradition. The term “infinite irreducible genuine” is equivalent since we

assume our reflection groups act discretely.

Malle [18] gave presentations of the irreducible genuine complex reflection groups

through the use of Coxeter like diagrams that were extensions of the diagrams in [8].

We will use many Malle’s presentations and diagrams but with a small alteration:

we add a redundant generator occasionally in order to prove Malle’s conjecture and prove

the Braid Theorem for certain crystallographic groups. The key property of the diagrams

we wish to keep is this: The diagram of W should be easily obtained from the diagram of

Lin(W ), that is, we should be able to recover the diagram of W by adding nodes to Lin(W )

and the subsequent edges implied by these nodes. See Subsection 7.5.2 for new diagrams.
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CHAPTER 3

BRAID GROUPS AND STEINBERG GROUPS

Malle [18] conjectured that the Braid Theorem given in the introduction (Theo-

rem 1.1) holds for irreducible genuine crystallographic complex reflection groups, i.e., the

presentations of the reflection group and its braid group coincide after removing finite or-

der relations on generators. We call this the Braid Conjecture. Malle confirmed the Braid

Conjecture for some infinite families of groups; see Table 3.1. We explain some subtleties in

defining the braid group for crystallographic complex reflection groups in this section, prove

the first main theorem determining the Stienberg groups, and state the second main theo-

rem. Every real reflection group is also a complex reflection group by extension of scalars,

therefore we assume that all of the groups in this chapter are acting on a complex vector

space V = Cn.

3.1. Regular Elements

Definition 3.1. Let W be a reflection group acting on Cn and Fix(g) ⊂ Cn be the fixed

point space of g ∈ W . The space of regular elements is

NW = Cn −
⋃
g∈W

Fix(g).

Note that the orbit of an element in NW is in bijection with the group W , i.e., every

element of NW has full orbit. If the reflection group W is finite, a theorem of Steinberg [22]

states that any vector in V stabilized by a group element lies on some reflecting hyperplane

of W ; we will call any reflection group W satisfying this property a Steinberg group.

Theorem 3.2 (Steinberg [22]). Let W be a finite reflection group acting on Cn and

MW = Cn −
⋃
r∈R

Hr,

where R is the collection of reflections of W. Then MW = NW .

12



Remark 3.3. See also Bourbaki [6] in 1968 and the more recent proof by Lehrer [16] in

2009.

The statement is also true when W is an infinite real reflection group: affine Weyl

groups that Steinberg groups. This is another example where infinite real and infinite com-

plex reflection groups differ: some genuine crystallographic complex reflection groups W are

not Steinberg groups, i.e., MW 6= NW . We will determine those groups built on the infinite

family of complex reflection groups G(r, p, n) that are Steinberg. (We record the results in

Table 3.1). First we need the following lemma which we will use without mention in all that

follows.

Lemma 3.4. Suppose W is an infinite complex reflection group acting on V . An element

g ∈ W has finite order if and only if g fixes a point.

Proof. If g has finite order, then since g is an affine transformation it must fix the average

of the elements of the orbit of the zero vector under the cyclic group 〈g〉. If g fixes a point u,

then u = g(u) = Lin(g)(u) + Tran(g). Thus, g(v) = Lin(g)(v) + Tran(g) = Lin(g)(v− u) + u

for all v ∈ V , and 〈g〉 is conjugate to the group 〈Lin(g)〉 which is a subgroup of a finite

group. �

3.2. First Main Theorem (Determination of Steinberg Groups)

We are now ready for Theorem 1.2 from the Introduction.

Theorem 3.5. Suppose W is an irreducible genuine crystallographic complex reflection

group acting on Cn such that Lin(W ) = G(r, p, n) and W = Lin(W ) n Tran(W ). Then

MW = NW if and only if r 6= p.

Remark 3.6. By the theorem, W = G(r, p, n) n Tran(W ) is a Steinberg group if and only

if Lin(W ) is one of the following groups:

G(3, 1, n), G(4, 1, n), G(6, 1, n), G(4, 2, n), G(6, 2, n), and G(6, 3, n).
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Note that the groups [G(1, 1, n)] and [G(2, p, n)] are not genuine, as they are the complexi-

fications of affine Weyl groups of type An, Bn, and Dn.

Proof. Let η be a primitive r-th root-of-unity. Suppose that g ∈ W fixes a point and is

not the identity. If W is one-dimensional, then every g ∈ W that fixes a point has to be

a reflection by definition. Thus we assume W is at least two-dimensional. We may assume

that g(x) = PD(x) + b for all x ∈ Cn with P ∈ Lin(W ) a permutation matrix, D ∈ Lin(W )

a diagonal matrix, and b ∈ Tran(W ). Without loss of generality, we may assume that P is a

cycle. We will show the fixer of gm is contained in a hyperplane of W for some m, and since

Fix(g) ⊂ Fix(gm), the claim follows.

First, let us assume that W = [G(r, 1, n)]1. Let e be the order of P . Then we have

two cases: (PD)e = 1 or (PD)e 6= 1.

If (PD)e 6= 1, then (PD)e = λ · 1 for some λ in C. Thus let h be the element of W

such that Lin(h) is the diagonal matrix with ones along the diagonal except for the first entry

λ and Tran(h) is the vector with all coordinates zero except for the first, which is the first

coordinate of Tran(ge). Then Tran(h) ∈ Tran(W ) and thus h ∈ W . And Fix(ge) ⊂ Fix(h).

If (PD)e = 1, then we can show that g must be conjugate to some h ∈ W with

Lin(h) = P. Indeed, g fixes a point so this implies that b ∈ Im(1−PD) = Ker(1−PD)⊥. We

have that Ker(1−PD) = Fix(PD) = Cv where vi1 = 1 and vik+1
= di1i1 ...dikik for ik+1 in the

support of P and zero elsewhere. Then we may conjugate g by the diagonal matrix h′ with

h′ikik = d−1
i1i1
...d−1

ikik
to obtain h. This matrix sends ker(1− PD) to the set Cv′, where v′k = 1

for 1 ≤ k ≤ n. Therefore, h′ must send Im(1 − PD) to Im(1 − P ). Now Tran(ge) ∈ W ,

and thus Tran(ge) ∈ Tran(W ). So h′(Tran(ge)) must be in Tran(W ) ∩ Im(1 − P ). Now,

Tran(W ) ∩ Im(1 − P ) = ⊕n−1
i=1 Z[η](ei − ei+1) where ei is the standard i-th basis vector.

Suppose Tran(h) = Σn−1
i=1 ai(ei − ei+1). Then Fix(h) ⊂ H where H is the hyperplane defined

as the zero set of the polynomial equation x1 − x2 − a1 + a2. So we have shown the theorem

for W = [G(r, 1, n)]1.

Now suppose that W = [G(r, 1, n)]2. Let g ∈ W fix a point. We can assume Lin(g) =

PD as before, where P is a cycle and D is diagonal. Thus, Lin(g)e is a diagonal matrix.
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So Lin(g)e = 1 or Lin(g)e 6= 1. If Lin(g)e = 1, then (as before) it is conjugate to an

element h such that Fix(h) is contained in a hyperplane by the same argument as above. If

Lin(g)e 6= 1, then Lin(g)e = λ · 1 where λ is a product of the nonzero entries of Lin(g). By

definition of Tran(W ), b1 and b2 must be in the set (1/(1− η))Z[η]. Therefore it must be the

case that Fix(ge) is contained in the hyperplane defined to be the zero set of the polynomial

x1 − x2 = b1 − b2.

In [18], it is show that [G(4, 2, n)]2 ⊂ [G(4, 1, n)]1 and [G(4, 2, n)]1 ⊂ [G(4, 1, n)]2.

Also, it was shown that [G(4, 2, n)]2 and [G(4, 1, n)]1 have the same set of hyperplanes and

[G(4, 2, n)]1 and [G(4, 1, n)]2 have the same set of hyperplanes. (Note: [G(4, 1, n)]1 and

[G(4, 1, n)]2 do not have the same set of hyperplanes.) Therefore, the statement is true when

W = [G(4, 2, n)]1 or W = [G(4, 2, n)]2. Indeed, since W is a subgroup of a group W̃ that

satisfies the theorem, the fixer of any element in W must be contained in some hyperplane

of W̃ , but this hyperplane is in W since W has the same hyperplanes as the group W̃ .

We now assume that W = [G(6, p, n)]1. As before, let g ∈ W fix a point and Lin(g) =

PD. For now, assume P 6= 1. Now (PD)e is either the identity or not. If (PD)e = 1 then

it is conjugate to some element h ∈ G(6, 1, n) with Fix(h) contained in the a hyperplane H

of [G(6, 1, n)]1. This matrix h is actually an element of [G(6, 6, n)] and this hyperplane H is

also a reflecting hyperplane for [G(6, 6, n)]. Therefore, H is a hyperplane of [G(6, p, n)]1 and

h ∈ [G(6, p, n)]1 since [G(6, 6, n)] is a subgroup of [G(6, p, n)]1. Thus Fix(ge) is contained in

some hyperplane of [G(6, p, n)]1.

If (PD)e 6= 1, then (PD)e = λa1 for λ = ηp and a ∈ {1, 2}. Note that every reflection

r with Tran(r) ∈ Tran(W ) such that Lin(r) is a diagonal matrix with λ as the only diagonal

entry different from 1 is contained in [G(6, p, n)]1. Thus, the fixer of ge must be contained in

a hyperplane which is the fixer of one of these reflections.

If P = 1, we must have Lin(g) = D. Thus, we examine Dp. If any of the diagonal

elements of Dp is λ then the fixer of ge is contained in a hyperplane by the statements of

the last paragraph. If the diagonal matrix Dp does not have any element equal to λ, then

Dp = 1. Thus we can see that the diagonal elements of D must consist of p-th roots-of-unity.
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Suppose that Dii 6= 1. Then if Tran(g)i is zero, any point that is fixed by g must have its

i-th coordinate equal to 0. So if Tran(g)i = 0 , Fix(g) is contained in a hyperplane given

by a reflection r in the previous paragraph. Thus we can assume that Tran(g)j nonzero

if Djj 6= 1. We can explicitly solve for the coordinates of such a point that is contained

in Fix(g). These coordinates are some of the points of C that are fixed by elements of

[G(6, 1, 1)]. For p = 3, these coordinates consist of the set (1/2)Z[η] that are not in the orbit

of zero under [G(6, 1, 1)]. For p = 2, these coordinates consist of the (1/(1 + η))Z[η] that

are not in the orbit of zero under [G(6, 1, 1)]. For either value of p, these coordinates are

in the same orbit under [G(6, 1, 1)]. Now the product of the nonzero elements of D must

be (6/p)-th root-of-unity. Therefore, we must have that either all diagonal elements of D

are 1, in which case g is the identity of W , or, at least two diagonal entries are not 1. Say,

g(u) = u for some u ∈ Cn and uk and uj are the coordinates of u such that Dkk 6= 1 6= Djj.

Then these coordinates are conjugate under [G(6, 1, 1)]. That is, for some m ∈ Z and and

q ∈ Z[η], we have ηm(uj) + q = uk. This equation defines a hyperplane in W. So Fix(g) is

contained in a hyperplane. So we have proved the theorem for [G(6, p, n)]1.

The fact that [G(6, 3, 2)]2, [G(6, 2, 2)]2, and [G(4, 2, 2)]3 satisfy the claim is proven

similarly to the above cases.

Now we must show that the theorem fails for [G(r, r, n)]. For n = 2, [G(r, r, n)] is

not a genuine complex reflection group so we do not discuss it. Now for n = 3, we see

that the following group elements fix a point that is not contained in a hyperplane for the

corresponding group.

[G(3, 3, n)] :


ω

ω

ω



x1

x2

x3

+


1

−1

0



[G(4, 4, n)] :


i

−1

i



x1

x2

x3

+


1

−1

0
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[G(6, 6, n)] :


ω

−1

−ω2



x1

x2

x3

+


1

−1

0


The reason that Fix(g) = {u} is not contained in a hyperplane is that none of

the coordinates of u are in the same orbit in [G(r, 1, 1)]. Indeed, all of the hyperplanes of

[G(r, r, n)] are the zero set of a polynomial xj = (η)mxk + q for m ∈ Z and q ∈ Z[η].

This polynomial relationship is precisely when two elements of C are in the same orbit of

[G(r, 1, 1)]. Thus the claim follows for n = 3. For larger n, we can create a similar group

element g′ by adjoining 1’s along the diagonal of Lin(g) and zeroes to Tran(g). The fixer of

g′ is not contained in a hyperplane of W . This completes the proof.

�

Remark 3.7. There are also non-Steinberg groups with Lin(W ) 6= G(r, p, n). Indeed, the

genuine crystallographic group [G4] statisfies NW 6= MW ; see Cote and McCammond [10].

3.3. Braid Groups and the Canonical Isomorphism

In this section, we define the braid group of a reflection group. Recall,

MW = Cn −
⋃
r∈R

Hr

where R is the collection of reflections of W . This leads to the main definition of the entire

discussion.

Definition 3.8. Let W be a reflection group acting on Cn. Then the braid group BW

associated to W is

BW = π1(MW/W ).

This is the space which has been studied for all the finite reflection groups and infinite

real reflections groups, but from the discussion in the previous section, we know that for

some infinite genuine complex reflection groups, NW 6= MW . Thus although it is historically

traditional to call π1(MW/W ) the braid group of W , the space MW may not consist of regular
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points (with p : MW → MW/W not a regular cover), and we need to analyze π1(NW/W ).

Thus we make the following definition.

Definition 3.9. The braid group of regular orbits of a reflection group acting on Cn

is π1(NW/W ).

We will see the natural projection p : NW → NW/W is a regular cover in Chapter 5,

giving an exact sequence

1→ π1(NW )→ π1(NW/W )→ W → 1.

(A good source on covering maps is [15].) This sequence is vital for the proof of the main

result of this thesis. We will show that up to homotopy, the two braid groups π1(MW/W )

and π1(NW/W ) are canonically equal.

Theorem 3.10. If W is a infinite irreducible crystallographic genuine complex reflection

group, then the canonical injection from NW to MW induces isomorphisms of the braid

groups

π1(MW/W ) ∼= π1(NW/W ) and π1(MW ) ∼= π1(NW ).

Proof. Let j : NW →MW be the natural injection. We show that j∗ : π1(NW )→ π1(MW )

is an isomorphism. Suppose γ in MW is a loop based at x ∈ NW . Since W is discrete, for each

point y ∈ Cn there is an open neighborhood Uy of y such that the set {g ∈ W | gUy ∩ U 6= ∅}

is finite. Since γ(I), is compact there is a finite set {Uyi | 1 ≤ i ≤ m} that covers γ(I). Now

let A be the set of reflection hyperplanes of W and let

B = {Fix(g) ⊂ Cn | g ∈ W, Fix(g) * H ∈ A}.

Then we see that both A and B are both a union of finitely many orbits. Therefore, there are

only finitely many elements of A∪B that intersect Uy for each y. Thus the set U = ∪mi=1Uyi

meets only finitely many elements of A ∪ B. Now U , being an open set of the manifold Cn,

is a manifold and each element of A ∪ B is an affine subspace of Cn. Therefore, it is an

embedded submanifold of Cn that is also closed in Cn. Now let Ā be the set of elements of A
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that meet U and B̄ be defined similarly for B. Thus for any A ∈ A∪B, the set U − (A∩U)

is open in Cn, so it is a manifold. Therefore,

U −
⋃
H∈A

(H ∩ U) = U −
⋃
H∈Ā

(H ∩ U)

is a manifold, because ∪H∈ĀH is closed in Cn. Now for any A ∈ B̄, the set A∩U is a closed

submanifold of U . Thus, by [12], we must have that

π1

(
U −

⋃
H∈Ā

(H ∩ U)

)
∼= π1

((
U −

⋃
H∈Ā

(H ∩ U)

)
− (A ∩ U)

)
,

since codimC(A ∩ U) ≥ 2. So by induction we must have that

π1

(
U −

⋃
H∈Ā

(H ∩ U)

)
∼= π1

((
U −

⋃
H∈Ā

(H ∩ U)

)
−

(⋃
A∈B̄

(A ∩ U)

))
.

Thus there is a path, which is unique up to homotopy,

γ1 ∈ π1

((
U −

⋃
H∈Ā

(H ∩ U)

)
−

(⋃
A∈B̄

(A ∩ U)

))

such that γ1 ' γ in U − ∪H∈Ā(H ∩ U). But by definition of U , we must have that γ1 ∈ NW

and that j∗(γ1) = γ. Therefore, j∗ is surjective.

Now suppose that j∗(γ) = x (the constant path). Then by the argument above there

is an open set V containing the path γ such that give any path γ1 ' x in V then γ1 ' x in

NW . Thus, γ ' x in NW . Thus, we must have j∗ is injective. So j∗ is an isomorphism.

Now in order to show that

π1(MW/W ) ∼= π1(NW/W ),

we must prove that the map ι : NW/W →MW/W which takes W -orbits in NW to W -orbits

in MW induces an isomorophism ι∗ from π1(NW/W ) to π1(MW/W ).

So let us fix a base pointWx inNW/W. Consider the natural projections p : MW →MW/W

and q : NW → NW/W . Then it follows that p ◦ j = ι ◦ q.

Now to show that the map ι∗ is onto, let γ be a loop based at Wx in MW/W. Then

by [1], since W acts discretely, we can lift this loop γ to a path γ̃ in MW starting at x. Now

let λ be a path in NW from ˜γ(1) to x. So, we have that γ̃ ∗ λ is a loop based at x in MW .

19



Now let J(γ̃) = −1
∗ (γ̃ ∗λ) ∗ λ̄. Then j(J(γ̃)) ' γ̃. Thus, γ = p(γ̃) ' p(j(J(γ̃))) = ι(q(J(γ̃))).

Therefore, γ = ι∗(q(J(γ̃))).

We now show that ι∗ is one-to-one. Let γ be an arbitrary loop based at Wx in

NW/W . Suppose that ι∗(γ) = Wx (the constant loop in MW/W ). This loop γ lifts to a

path γ̃ in NW that starts at x. Now p(j(γ̃)) = ι(q(γ̃)) ' Wx. Therefore, since j(γ̃) is also a

path and Wx is discrete, j(γ̃) must be the constant path x. So we must have that γ̃ is also

a constant path based at x. Thus Wx = q(x) = q(γ̃) = γ. �

Therefore, regardless of the fact that p : MW →MW/W is not a regular cover, we

have the following exact sequence:

(1) 1→ PW → BW → W → 1

where PW = π1(MW ).

3.4. Braid Reflections (Generators of the Monodromy)

Next we construct the braid reflections. (See also Looijenga [17].) This construction

leads to a fundamental correspondence. Every reflection r determines a set of braid reflection.

Let x0 be the basepoint of the fundamental group BW . Fix a hyperplane H such that s ∈ W

generates the stabilizer of H in W . Choose r > 0 and h such that the closed r-ball centered

at h, Br(h), does not intersect any other hyperplane of W . Let H0 be the central hyperplane

parallel to H. Then choose h0 ∈ H⊥0 . We may choose h0 so that xH = h0 + h ∈ ∂Br(h),

and take a path γ in MW starting at x0 and ending at xH such that γ([0, 1]) does not

intersect Br(h) except at xH . Now let eH be the order of s and choose δ to be the path

defined by δ(t) = h + exp(2πit/eH)h0. Then we can see that δ is loop in MW/W since

s(xH) = h+ exp(2πi/eH)h0. We define the braid reflection σγ,H to be γ−1δγ.

The following fact was shown by Broue, Malle, and Rouquier [8] when W is a finite

reflection group. We extend this fact to some of the infinite irreducible crystallographic

genuine complex reflection groups W .
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Remark 3.11. We do not use this theorem in the proof of Theorem 3.13, but it is more

natural to state this theorem now then after 3.13.

Theorem 3.12. Let W be an infinite genuine complex reflection group such that Lin(W ) =

G(r, p, n) excepting [G(4, 2, 2)]3, [G(6, 2, 2)]2, [G(6, 3, 2)]2, [G(4, 2, n)]∗, [G(3, 3, n)], [G(4, 4, n)],

and [G(6, 6, n)]. Then

(1) the collection of all braid reflections over all paths and hyperplanes generates BW ,

(2) the image of σγ,H ∈ BW under the map in Exact Sequence (1) is sH , and

(3) there is a set of braid reflection {σγ0,H}, one for each reflecting hyperplane H, that

generates BW .

Proof. Part 2 follows from the definition of the mondromy action on fibers and the fact

that the projection map q : NW → NW/W is a regular cover as in [15]. Part 1 and Part 3

will follow from the result of Theorem 3.13 in Chapter 6, and the previous results of Malle

[18]. �

The last theorem gives a natural correspondence between W and BW : every braid

reflection in BW determines a reflection in W . A loop “around” a hyperplane determines

the (generating) reflection about the hyperplane.

3.5. Statement of Second Main Theorem (Braid Conjecture)

Now that we have highlighted the geometric relationship between a reflection group

and its associated braid group, we can describe the braid group completely. This is the main

result of this discussion. We call the diagrams in [18] determining a reflection presentation

of the irreducible genuine crystallographic complex reflection groups Malle diagrams and

the group presentation they determine the Malle reflection presentation. Note that he

gives an addition relation for each presentation along with the diagram. We are now ready

for Theorem 1.3 from the Introduction.

Theorem 3.13. Let W be an genuine crystallographic complex reflection group such that

Lin(W ) = G(r, p, n) excepting W equal to [G(4, 2, 2)]3, [G(6, 2, 2)]2, [G(6, 3, 2)]2, [G(4, 2, n)]∗,
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[G(3, 3, n)], [G(4, 4, n)], and [G(6, 6, n)]. Then a presentation of BW is obtained from a

reflection presentation by removing the order relations of the generators and the additional

relation.

Proof. The proof of this theorem will be in Chapter 6. �

The theorem has been shown when W is a real reflection group and when W is

finite complex reflection group. Malle [18] proved the above braid conjecture for the groups

[G(r, 1, n)]1; the ideas in the next chapters give an alternative approach that should be useful

for showing the Braid Conjecture for all the irreducible genuine crystallographic complex

reflection in the infinite family, i.e., all groups of the form [G(r, p, n)], not just for the groups

[G(r, 1, n)]1 and some others.

The importance of this presentation is that it gives a simple algebraic way to deduce

the presentation of BW , namely, removal of order of the generators gives the correct presen-

tation of W . The most important fact is that the diagrams given for the complex reflection

groups given by Broue, Malle, Rouquier, have the same property as the Coxeter diagrams

for the real reflection groups. The presentations given by the diagrams for the complex re-

flection groups are in some sense the most natural as they exhibit the same behavior as the

Coxeter presentations of the real reflection groups using simple reflections. Therefore, the

reflections represented in the diagrams for the complex reflection groups could be considered

as the analogs of simple reflections for real groups but with one change: the set of generating

reflections may not be a minimal set nor the entire set of reflections.

The following table indicates

• the groups Malle showed satisfy the Braid Conjecture,

• the groups that are Steinberg groups,

• the groups that satisfy the Braid Conjecture using the proof in Chapter 6, and

• the groups for which the Braid Theorem holds after adding an extra generator to

their reflection presentation. (See Subsection 7.5.2).

(Note: Only groups W = G(r, p, n) n Tran(W ) are listed. Groups such that W 6=
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Table 3.1. State of Malle’s Conjecture

Group Malle Confirmed Steinberg Group Confirmed in Ch. 6 Extra gen needed

[G(3, 1, n)]1 3 3 3 7

[G(3, 1, n)]2 3 3 7

[G(4, 1, n)]1 3 3 3 7

[G(4, 1, n)]2 3 3 7

[G(4, 2, n)]1 3 3 7

[G(4, 2, n)]2 3 3 7

[G(6, 1, n)]1 3 3 3 7

[G(4, 2, 2)]3 7 3

[G(6, 2, 2)]2 7 3

[G(6, 2, n)]1 3 3 7

[G(4, 4, n)] 7 7

[G(3, 3, n)] 7 7

[G(6, 6, n)] 7 7

[G(6, 3, n)]1 7 3 3 3

[G(6, 3, 2)]2 7 3

G(r, p, n) n Tran(W ) are not listed).
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CHAPTER 4

EQUIVARIANT SEMICOMPLEXES

4.1. Overview of Previous Work

There has been much work already done in regards to the Braid Conjecture. In the

case of real reflection groups, Brieskorn [7] proved the Braid Theorem for the finite groups

and Nguyen Viet Dung [11] proved the theorem for the infinite real groups (affine Weyl

groups). See also Looijenga [17]. In the case of finite complex reflection groups, the theorem

came in three steps. First it was shown for the infinite family of groups G(r, p, n) in [8],

next for the exceptional groups of dimension 2 by Bannai [3], and lastly for all the remaining

groups by Bessis and Michael [5]. The theorem remains a conjecture for the general case of

genuine crystallographic complex reflection groups. Malle [18] proved the conjecture for some

of the infinite families of irreducible genuine crystallographic complex reflection groups; we

address some case Malle did not cover. To this end, we find an alternative way to compute

the braid group.

The methods used to prove the Braid Theorem for the finite reflection groups relied on

the theory of invariants of finite reflection groups and the general Van Kampen method [4],

which is a theorem of algebraic topology involving algebraic geometric structures. There

are no invariant polynomials for the genuine crystallographic complex reflection groups.

Therefore, we only mention these techniques for the finite reflection groups in passing and

give no specifics or details. The goal, with some forsight, is to somehow modify the technique

of Dung [11] to suit our purposes. Dung uses the theory of alcoves to endow the vector

space V with an special cell complex. He then uses the theory of n-paths and n-loops to

compute the fundamental group which is the braid group. As we stated, alcoves are a natural

construction for infinite real reflection groups but the same exact construction will not yield

a useful result when the group in question is an genuine crystallographic complex reflection

group. The problem lies in the fact that the compliment of a real hyperplane is not connected

while the compliment of a complex hyperplane is connected. Therefore, we modify Dung’s
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technique. The main idea is realizing an essential property of alcoves that can also be defined

for an arbitrary group. This allows us to use a unified method to compute the braid group

of any complex reflection group, that is, this method will work for finite and infinite complex

reflection groups. The rest of this chapter is devoted to explaining this realization in detail.

4.2. Semicell Complexes

We now recall the details of the theory of cellular complexes, which is the theory that

Dung used in his discussion.

Definition 4.1. An open k-cell is any topological space that is homeomorphic to the open

k-ball.

Definition 4.2. A semicell complex (X,Σ) is a Hausdorff space X with an open cell

partition Σ such that for each k-cell e ∈ Σ with k ≥ 1, there is an open set Se ⊆ Sk−1 and

continuous map ϕe : B̊k ∪ Se −→ X such that ϕe|B̊k a homeomorphism onto e, and ϕe(Se)

is mapped to the union of cells of smaller dimension than k.

Definition 4.3. A CW semicell complex (X,Σ) is a semicell complex such that:

(1) for each e ∈ Σ, there is a finite set of cells whose union contains the closure of e,

and

(2) the topology on X is coherent with the set {e | e ∈ Σ}.

For the rest of this chapter, let every semicell complex have dimension n. That is, we

assume the largest dimension of any cell is n.

Definition 4.4. A CW-semicomplex (X,Σ) of dimension n is 1-codimensionally regular

if, for every cell e of degree n or (n− 1), the map ϕe : B̊k ∪ Se −→ X is a homeomorphism

and e is a semicomplex.

An interesting fact from [11] is that every (n − 1) cell in a 1-codimesionally regular

CW-semicomplex is in the border of exactly two n-cells. This allows us to put an orientation

on every (n− 1)-cell through the following definition.
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Definition 4.5. An n-interval [C, S, C ′] is a collection of two n-cells C and C ′ and an

(n−1)-cell S that is contained in the border of both. Without loss of generality or ambiguity,

we may write [S] = [C, S, C ′] and [S]−1 = [C ′, S, C] since S determines C and C ′ uniquely.

Definition 4.6. An n-path is a collection of n-intervals {[Ci, Si, C ′i]}
j
i=1 such that C ′i =

Ci+1. We write Πj
i=1[Si] to symbolize this path.

Definition 4.7. An n-loop is an n-path Πj
i=1[Si] such that C1 = C ′j and all the Si contain

a (n− 2)-cell E.

We are now ready for the main theorem relating semicell complexes and fundamental

groups. But first we need the following fact which can be found in [11].

Lemma 4.8. An n-tree is a simply connected set consisting of n and (n − 1)-cells. Every

n-dimensional 1-codimensionally regular CW-semicomplex contains a maximal n-tree. A

maximal n-tree contains all the n-cells.

Therefore, we have the following (also see Looijenga [17]):

Theorem 4.9 (Dung [11]). Let X be a connected manifold, let Σ be an n-dimensional 1-

codimensionally regular CW-semicomplex, and let T be a maximal n-tree. Let B̃ be the

group generated by the symbols σS for all the (n− 1)-cells S ∈ Σ with the following defining

relations:

(1) σS = 1 if S ∈ T,

(2) Πj
i=1σSi

= 1 if Πj
i=1[Si] is an n-loop.

Then π1(X) ∼= B̃.

This theorem gives us a valuable tool in calculation of the braid group. It is now the

goal to use this theorem for our purposes of calculating the braid group, but to do this we

need to discuss group actions in relation to this previous theorem, since the space of interest

is in fact an orbit space X/G.

Definition 4.10. A group G acts properly discontinuously on a space X if for each
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point x there is some open set U containing x such that for all g ∈ G, we have gU ∩ U = ∅.

Let G act freely and properly discontinuously on the manifold X with an n di-

mensional 1-codimensionally regular CW-semicell structure that is equivariant under G.

If p : X → X/G is the standard projection map, then for each (n − 1)-cell S̃ of X/G there

is some (n − 1)-cell S of X such that p(S) = S̃. Therefore, we can define an n-interval [S̃]

in X/G by the equation

[S̃] = [p(C), p(S), p(C ′)].

This is well defined since X is G-equivairant. Now, we can define n-paths and n-loops on

X/G similarly. Therefore, we have the following theorem.

Theorem 4.11 (Dung [11]). Let G be a group acting freely and properly discontinuously

on a connected manifold X with a G-equivariant n-dimensional 1-codimensionally regular

CW-semicomplex Σ. Let T be a maximal n-tree in X/G and let B̃ be the group generated by

the symbols σS̃ for all the (n− 1)-cells S̃ with the following defining relations:

(1) σS̃ = 1 if S̃ ∈ T,

(2) Πj
i=1σS̃i

= 1 if Πj
i=1[Si] is an n-loop.

Then we have that π1(M/G) ∼= B̃.

This theorem has the following corollary which gives us a way to completely calculate

the braid group of a reflection group.

Corollary 4.12 (Dung [11]). With the same assumptions as above on X and G, let K be a

G-invariant CW-subsemicomplex of dimension n− 2 and be T be a maximal n-tree of X/G.

Now let B̃ be the group generated by the symbols σS̃ for all the (n− 1)-cells S̃ of X/G with

the following defining relations:

(1) σS̃ = 1 if S̃ ∈ T,

(2) Πj
i=1σS̃i

= 1 if s Πj
i=1[Si] is an n-loop in M −K.

Then we have that π1((M −K)/G) ∼= B̃.
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CHAPTER 5

FUNDAMENTAL DOMAINS

5.1. Voronoi Region

In this chapter, we describe how to form a W -equivariant CW-semicell complex on

an n-dimensional complex vector space V when W is a reflection group.

Remark 5.1. In what follows, W is an arbitrary reflection group unless quantified.

When W is an infinite real reflection group acting on Cn, we can define a W -

equivariant semi-complex Cn with knowledge of a chamber or alcove ofW acting Rn (see [11]),

but since chambers and alcoves do not exist for complex reflection groups, we must find a

new way to create a cell partition. We remember that chambers and alcoves are used to

create fundamental domains.

Definition 5.2. Let G be group acting on a set X. A fundamental domain of the action

of G is a closed connected set F ⊂ X such that:

(1) ∀x ∈ Int(F ), if gx = y and y ∈ Int(F ) then y = x .

(2) G · F = X.

Recall that, except on small subset of X, a fundamental domain contains a unique

representative from each orbit of G in X. Therefore, it is, in some sense, the smallest subset

of X that contains any new information of the action of G on X. Now in the case that G = W

is a real reflection group acting on real vector space X = Rn, the closure of chambers and

alcoves are fundamental domains, and using Definition 4.1, every chamber and alcove is an

n-cell. We will explicitly construct a cell complex associated to a fundamental domain of a

complex reflection group later in this chapter, but we first construct fundamental domains.

For this next definition, it is important to remember that every real or complex reflection is

an isometry.

Definition 5.3. Let get G be discrete group of isometries acting on X, an arbitrary metric
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space. The Dirichlet set

Xy =
⋂
g∈G

{x ∈ X : |x− gy| ≥ |x− y|}

is called the Voronoi region of X given by G.

There are a few things to note after this definition. First, recall every finite complex

reflection group can be realized as a group of isometries, i.e., they can be represented as

a set of unitary matrices. Second, the standard metric on Cn is the same as the standard

metric of R2n. Therefore, we see that all complex reflection groups, regardless of cardinality,

can be viewed as a group of real isometries acting on R2n. And finally, we notice that Xy

is the intersection of half spaces created by real hyperplanes. This because the boundary of

the set {x ∈ X : |x− gy| ≥ |x− y|} must be the set {x ∈ X : |x− gy| = |x− y|}, which is

a real hyperplane because the metric is real. Therefore, in this discussion, real hyperplanes

appear naturally. Thus, it is important to keep in mind which type of hyperplane is being

discussed: real hyperplanes will never be reflecting hyperplanes of the particular group we

are working with at anytime.

Proposition 5.4. If G is a discrete group of isometries acting on X = Rn or X = Cn and

y is not fixed by any of the elements in G, then Xy is a convex fundamental domain for the

action of G on X.

Proof. Since Xy is the intersection of closed half spaces, Xy is closed and convex. Suppose

that v ∈ X. Now the set Wv is a discrete set, therefore, there is a point v′ ∈ Wv such that

distance to y is minimum. Thus v′ ∈ Xy. Now v′ = g0v, by definition of Wv. So v ∈ g−1
0 Xy.

Now if v ∈ g Int(Xy)∩ Int(Xy), then v is in the bisector Bis(y, gy) which is a real hyperplane.

Bisectors are nowhere dense. Therefore, they cannot contain an non empty open set. Thus,

g Int(Xy) ∩ Int(Xy) = ∅. �

We use the last proposition to create a fundamental domain for any of the complex

reflection groups. Also, a Voronoi region of a finite real reflection group is the closure of a

chamber, and a Voronoi region of an affine real reflection group is an alcove.
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5.2. Covering Maps

We first verify that p : NW → NW/W is regular.

Corollary 5.5. Let W be an irreducible genuine crystallographic reflection group. The

projection map p from NW to NW/W is a regular covering map.

Proof. Let U = Int(Vx) for every x ∈ NW . Then gU ∩U = ∅ for all g ∈ W . This condition

imples p is regular since the action of W is properly discontinuous. See [15]. �

5.3. The Semicell Complex ΣF

With this fundamental domain, we are thus ready to define the CW-semicomplex we

have partially defined, but first we need to clarify some notation. Let F be a fundamental

domain defined as a Voronoi region as above in Section 5.1 and let g ∈ G. We are thus

interested in the set F ∩ gF when it is nonempty.

Remark 5.6. In some of the paragraphs that follow, we assume that highest dimension of

the cells is n for simplicity, but we offer the following reminder. If X is a real n-dimensional

vector space, then the dimensions of the cells we construct will always be 1 through n. If

X is a complex n dimensional vector space, then the cells will have possible dimensions 1 to

2n.

Before the previous, remark we stated we are interested in the set F ∩ gF. If F ∩ gF

is a single point, then it is single 0-cell. Thus we assume that F ∩ gF has more than one

point. Now the first thing to notice is that F ∩ gF must be a manifold of dimension less

than or equal (n − 1) since it a subset of real hyperplane of X. This manifold F ∩ gF is

closed in X; therefore, abstractly, it has a boundary and an interior as a manifold. Thus we

let Int(F ∩ gF ) stand for the interior as a manifold (but not necessarily as a subspace of X).

We can now define the cell complex given by a Voronoi region.

Definition 5.7. Let F be a Voronoi region (Definition 5.3) of a group of isometries G acting
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on Rn or Cn discretely. Then the set

ΣF =

{
Int

(⋂
g∈G

gF

)∣∣∣∣∣ G ⊂ G |G| <∞

}
− {∅}

is called the cell structure given by F on V .

And now, not surprisingly, we have the follow two results.

Proposition 5.8. If G is a finite complex reflection group with Voronoi region L, then ΣL

is G-equivariant CW-semicomplex that is 1-codimensionally regular.

Proof. The cell complex ΣL is G-equivariant since g Int

(⋂
g′∈G

g′F

)
= Int

( ⋂
gg′∈G

g′F

)
. By

the definition of L, we see that L is the intersection of the sets {x ∈ X : |x− gy| ≥ |x− y|}.

Each of these sets is a half space of Cn = R2n. This is because the set {x ∈ X : |x− gy| =

|x− y|} is a real hyperplane being the bisector of two points. All of these hyperplanes must

contain zero since we can assume that G is a linear group of isometries. Therefore, following

Dung [11], the collection ΣL must be a 1-codimensionally regular CW-semicomplex. �

Theorem 5.9. Let W be an irreducible genuine crystallographic complex reflection group

such that W = Lin(W )nTran(W ). If T is the Voronoi region of Tran(W ) centered at 0 and

L is any Voronoi region of Lin(W ), then F = T ∩L is a fundamental domain of W and ΣF

is a W -equivariant CW-complex that is 1-codimensionally regular.

Proof. First we show that F is a fundamental domain. It is closed and convex because its

is the intersection of a collection of half spaces. Note that F must trivially satisfy the first

condition since both L and T are fundamental domains for their respective groups. Therefore,

we only have to show the second condition. Now since Tran(W ) is Lin(W )-invariant, Lin(W )

fixes T . Therefore, we have Lin(W )(L ∩ T ) = V ∩ T , and thus V = Tran(W )(Lin(W )F ) ⊆

WF .

Next to show that ΣF is equivariant, we use the fact that Lin(W ) fixes Tran(W ) and

T. Indeed, every cell of ΣF contained in the boundary of T will be translated to another cell

of ΣT contained in the boundary of T , since each cell is defined as the intersection of the
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sets {x ∈ Cn : |x+ b| ≥ |x|}, for b ∈ Tran(W ). If g ∈ Lin(W ), then g(b) ∈ Tran(W ), and

since g fixes T , the set {x ∈ Cn : |x+ g(b)| ≥ |x|} must intersect the boundary of T as well.

So Lin(W ) permutes the cells of ΣF contained in T. Now Lin(W )F = T . Therefore, T is

a collection of cells equivariant under Lin(W ). Now Tran(W ) must act equivariantly on the

cells of ΣT and the cell complex ΣF is W -equivariant.

Lastly, we show that ΣF is a CW-complex that is 1-codimensionally regular. T

is bounded, and thus F is bounded. So T and F are compact. Now W acts properly

discontinuously on Cn which implies that every compact set K of Cn only intersects finitely

many of its translates gK. Thus ΣF is locally finite. Now since each cell is bounded, ΣF

is a 1-codimensionally regular cell complex, and since ΣF is locally finite, it must be a

CW-complex.

�

Thus we have constructed a CW-semicomplex ΣF for the genunine crystallographic

group W. We discuss a vital fact of ΣF regarding n-loops. It can be seen that every (2n−1)-

cell is determined by one and only one element of W . That is to say that for every (2n−1)-cell

S, there is one and only g ∈ W such that S is contained in gF ∩ F . This follows from the

fact that every (2n− 1)-cell is contained in the boundary of only two 2n-cells [11]. This also

implies that every (2n − 2)-cell can only have at most one 2n-loop containing it. (These

statements are also true when W is a finite complex reflection group with the fundamental

domain L).

5.4. Subcomplex of Hyperplanes

Thus, we constructed an adequate cell complex ΣF for the purposes of using Theorem

4.12. The last thing we must check is that ∪g∈W Fix(g) is a (2n− 2)-cell complex. For real

groups, this fact is trivial in comparison to complex groups since the boundaries of chambers

and alcoves are always subsets of hyperplanes of the real group being discussed. When the

group is an irreducible genuine crystallographic complex reflection group, there is something

to show.
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Proposition 5.10. Let G be an irreducible finite reflection group acting on Cn with funda-

mental domain L. Then a hyperplane H of G is the union of the cells in ΣL it contains if

the order of the stabilizer in G of H is larger than 2.

Proof. We wish to show that H is a union of cells of ΣF . Without loss of generality, since

F is a fundamental domain of G, we can assume H ∩ F 6= ∅. Then if r generates WH , the

stabilizer of H in G, we see that (H ∩ F ) ⊂ (H ∩ (
⋂eH

j=1 r
jF )), where eH is the order of r.

Now F ∩ rjF ⊂ {v ∈ Cn : |v − rjv0| = |v − v0|} . For simplicity, let

Rj = {v ∈ Cn :
∣∣v − rjv0

∣∣ = |v − v0|}

for 1 ≤ j ≤ eH − 1. This bisector is a real hyperplane. Now, for any h ∈ H, we must

have that h ∈ {v ∈ Cn : |v − rjv0| = |v − v0|} since r(h) = h. Thus H ⊂ Rj for all

integers j. Suppose that p is a polynomial for H = ker(p). Then there is some root-of-

unity α such that R1 = ker(Re(α1p)), where Re(α1p) is the real part of α1p ∈ C. To

see this, consider a real line l in C passing through the origin. This line l can always be

represented as {z ∈ C|Re(βz) = 0}, for the root-of-unity β such that β−1 rotates the line

{z ∈ C|Re(z) = 0} to l. The same is true when a central complex hyperplane is contained

in a central real hyperplane, as in the situation with H and R1. Now Rj = ker(Re(αjp)) for

some other root-of-unity αj. Since all the hyperplanes Rj are different, and contain H, it

must be the case that ∩eH−1
i=1 Rj = H. Thus we must have that

⋂eH

j=1 r
jF ⊂ ∩eH−1

i=1 Rj = H.

Now
⋂eH

j=1 r
jF is the disjoint union of cells contained in H. Therefore, given a point x ∈ H,

we must have that x ∈ gF for some translate of F. By the argument above, this is contained

in some cell that is completely contained in H. Thus H is a union of cells. �

We now discuss reflecting hyperplanes that are not of the kind in the above theorem

for groups G that are finite reflection groups. If the order of the stabilizer of the hyperplane

H is 2, then it may be possible that H is contained in the union of cells such that H there

is a cell that intersects H and the compliment of H. That is, it could be possible that R1 as

defined the above proof is the only cell that contains H. We want H to be a subcomplex of

ΣL.
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Therefore, let R2 be the elements of G above that are reflections of order two. Now

for each r ∈ R2, the set F ∩ rF is contained in {v ∈ Cn : |v − rv0| = |v − v0|} = Rr. Since

Rr contains Hr = ker(1− r), we can decompose Hr as follows. Let pr be a polynomial such

that Hr = ker(pr). Then, as above, there is some αr such that Rr = ker(Re(αrpr)). Then Rr

is the disjoint union of R+
r = {v ∈ Rr | Im(αrpr) > 0}, R0

r = {v ∈ Rr | Im(αrpr) = 0}, and

R−r = {v ∈ Rr | Im(αrpr) < 0}. Thus, we have H = R0
r and the action of r on Rr permutes

R−r , R
+
r , and R0

r . So we define (F ∩ rF )+ = R+
r ∩ F ∩ rF, (F ∩ rF )− = R−r ∩ F ∩ rF, and

(F ∩ rF )0 = R0
r ∩ F ∩ rF. Let Z = {(F ∩ rF )−, (F ∩ rF )+, (F ∩ rF )0 | r ∈ R}.

Now we define a new subcomplex Σ′L. This complex adds these new cells just con-

structed in the preceding paragraph.

Definition 5.11. Let G irreducible finite complex reflection, with Voronoi region L. Then

the set

Σ′L =

{
Int

(⋂
g∈G1

gL ∩
⋂

Y ∈Z, g∈G2

gY

)∣∣∣∣∣ Gj ⊂ W, Z ⊂ Z, |G|, |Z| <∞

}
− {∅}

is call the modified cell structure of L.

This semicomplex Σ′L is obtained by subdividing cells of ΣL. The new cells are also

G-equivariant. Therefore, Σ′L is a 1-codimensionally regular CW-semicomplex. More impor-

tantly, we have the fact we wanted about the union of all the hyperplanes of W :

Theorem 5.12. Let G be a irreducible finite reflection group acting on Cn. Let Σ′L be the G-

equivariant 1-codimensionally regular CW-semicomplex as described above. Then the union

of all hyperplanes in G,
⋃
r∈RHr, is a (2n− 2)-dimensional subcomplex of Σ′L.

Proof. We proved in Proposition 5.10 that all hyperplanes H of G such the stabilizer of H

in G has order greater than 2 are the union of the cells that H contains. Now for hyperplanes

Hr such that the order of the stabilizer of H is 2, the same argument applies since Hr = R0
r .

Thus every hyperplane of W is the union of the semicells it contains. So
⋃
r∈RHr is a

subcomplex of Σ′L.

�
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Now if W = Lin(W ) n Tran(W ) is an irreducible genuine crystallographic complex

reflection group we remember that F = L∩T is a fundamental domain of W. We can create

Σ′F as in Definition 5.10. Thus we have the following:

Theorem 5.13. Let W be a irreducible infinite genuine crystallographic reflection group

acting on Cn. Let Σ′F be the W -equivariant 1-codimensionally regular CW-complex given by

F . Then the union of all hyperplanes in W ,
⋃
r∈RHr, is a (2n− 2)-dimensional subcomplex

of Σ′F .

Proof. The same argument used in Theorems 5.12 and 5.10 can be used to show that the

union,
⋃
r∈RHr, is a union of the cells that it contains. Now since the collection {Hr} is

locally finite,
⋃
r∈RHr is closed. Therefore,

⋃
r∈RHr is a subcomplex of Σ′F .

�

At this point, we would like to apply the same proof to the union of all the fixers

of elements of W ,
⋃
g∈W Fix(g), but the argument used above in Proposition 5.10 may not

work for Fix(g) with real comdimension higher than 2. Thus, in the next chapter we restrict

our attention to groups that are Steinberg groups.
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CHAPTER 6

PROOF OF BRAID CONJECTURE

6.1. Main Idea

In this chapter, we complete the proof of Theorem 3.13. The main method of calcu-

lation is through the use of Corollary 4.12. In Chapter 5, we constructed a W -equivariant

CW-semicomplex Σ′F for an irreducible genuine crystallographic complex reflection group.

We will use Dung’s Corollary 4.12, and restrict ourselves to Steinberg groups. To this end,

we discuss this cellular complex and create a way to quickly compute the braid group.

From here on, we assume that W is an irreducible genuine crystallographic complex

reflection acting on the space V = Cn such that W ∼= Lin(W ) o Tran(W ) and W is a

Steinberg group. Let L be a Voronoi region of Lin(W ), and let T be the Voronoi region of

Tran(W ) centered at zero as defined in Chapter 5. Set F = T ∩ L.

Remark 6.1. This chapter develops a theoretical proof of the Braid Conjecture, but some

of the results in this chapter rely on explicit knowledge of the group W and its fundamen-

tal domain F . When we arrive at such a result, we state it only for the infinite families

[G(r, 1, n)]1 and [G(6, 3, n)]1. (The proof will mention that the necessary facts are confirmed

in a case-by-case fashion in the last chapter.) The rest of the cyrstallographic groups with

linear part G(r, p, n) require an improved case-by-case analysis which is currently in progress,

with similar results expected.

Definition 6.2. For any g in W , if F ∩ gF contains a (2n − 1)-cell, then we say that the

(2n− 1)-cell corresponds to g.

Remark 6.3. By Dung, generators of any braid group BW correspond to (2n − 1)-cells in

the cell complex Σ′F . In this chapter, we identify every (2n− 1)-cell with a generator of BW .

Thus, we may speak of (2n− 1)-cells satisfying relations.

Let Σ′F be the W -equivariant CW-complex generated by a fundamental domain F
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for W as in Chapter 5. An important fact about this cell complex is that every 2n-cell is

in the orbit of every other 2n-cell. Therefore, in NW/W , the maximal tree only consists of

one cell, and we need not worry ourselves with discussion of trees beyond this paragraph.

Thus, at this point we could do the following. First, we could find all the (2n− 1)-cells and

(2n − 2)-cells. Second, we could calculate all the 2n-loops around the (2n − 2)-cells. And,

lastly, we could reduce the relations given by the loops in the previous step to the relations

desired by the presentations in Theorem 3.13. Now although straightforward, this approach

is tedious and time consuming.

Therefore, we use a new method that utilizes the fact that the Braid Conjecture has

been proven for the finite complex reflection groups. Here is the procedure. First, we show

that every relation in BLin(W ) implies a similar relation in BW . Then we show that there are

points v ∈ V such that the relations in BWv , where Wv is the stabilizer of v in W , are also

relations in BW . Then we show that all other relations in BW are implied by these relations.

6.2. Development of the Cellular Complex

We will use the next fact repeatedly.

Lemma 6.4. If e is a d-cell in Σ′L, then e ∩ T is d-cell in Σ′F .

Proof. Let b be the element of Tran(W ) with the smallest absolute value. Then the sphere

centered at zero with radius |b|/2 is contained in T . This sphere intersects any cell of Σ′L at

the same dimension as T , because e is a positive cone, being the intersection of half spaces

containing 0. Thus dim(e) = dim(e ∩ T ). �

If XLin(W ) is the collection of (2n− 1)-cells of Σ′L, then the collection XW of (2n− 1)-

cells of Σ′F contains a subset which is in bijection with XLin(W ) through the map e 7→ e ∩ T .

This map has an important property: If R = Πei is a word in the elements of XLin(W ) with

R = 1 in BLin(W ), then the word R̃ = Π(ei ∩ T ) in the elements of XW is 1 in BW . That is,

relations in BLin(W ) give similar relations in BW through the map e 7→ e ∩ T .

Corollary 6.5. Every relation in BLin(W ) is also a relation in BW .
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Proof. Every 2n-loop of Σ′L gives a similar 2n-loop of Σ′F by the map above, using the last

lemma. �

Now we need to make sure we have the correct set of generators for the braid group

BW , and we want all the generators of Lin(W ) to be represented in BW .

Lemma 6.6. Suppose W = [G(r, 1, n)]1 or W = [G(6, 3, n)]1. Then there is a choice of

fundamental domain L of Lin(W ) such that a subset of the collection (2n − 1)-cells in Σ′L

correspond to generators of Lin(W ) in the diagram of [8].

Proof. This is done on a case-by-case basis in the next chapter. �

Since generators of BLin(W ) correspond to (2n − 1)-cells in Σ′L and these cells cor-

respond to cells in BW , the relations among these (2n − 1)-cells in BLin(W ) also hold in

BW . Now we need to find all other relations. To do this, we need to find the (2n − 1)-cell

generators of Σ′F that are not (2n− 1)-cell generators of Σ′L.

Lemma 6.7. Suppose W = [G(r, 1, n)]1 or W = [G(6, 3, n)]1. Let B be the set of generators

of W corresponding to the nodes in the Malle diagram for W = [G(r, 1, n)]1 and diagram of

Subsection 7.5.2 for W = [G(6, 3, n)]1 that do not correspond to generators of Lin(W ). There

is a fundamental domain L of Lin(W ) that satisfies the previous lemma such that there is a

(2n− 1)-cell of Σ′F that corresponds to each element of B.

Proof. This is done on a case-by-case basis in the next chapter. �

6.3. Full Points

Now we want to make sure all the relations implied by the Malle diagram of W are

relations in BW . To this end, we employ a technique that is similar to the way we were able

to obtain that the relations in BLin(W ) are relations in BW . That is, we want use the fact that

the Braid Theorem holds for finite reflection groups in order to not have find the explicit

2n-loops. Therefore, we want a finite reflection subgroup of W to imply the relations we

want in BW . To see how to do this, we look at the following example.
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Example 6.8. Let W = [G(2, 1, 2)]1. Then W has the following hyperplane arrangement in

R2 :

Even though this is a real vector space, this group exhibits some phenomena of the general

case. The origin is a (2n− 2)-cell and the walls of the alcove correspond to generators of the

braid group. Thus we see that there must be a relation implied by a 2n-loop around this

(2n− 2)-cell in the braid group. Also, we see that there are two other (2n− 2)-cells that are

implied by this arrangement. These correspond to the points (1/2, 0) and (1/2, 1/2). They

also have 2n-loops around them. Now it is simple to see that the finite group that stabilizes

the origin is Lin(W ) = G(2, 1, 2). Therefore, any relation implied by the loop around the

origin must be a relation in Lin(W ) among the corresponding generators. We can also extend

this observation to the stabilizers of the two other points above, and we know what relations

will be implied in the braid group. Our goal is to do this with all reflection groups. So we

must focus on the properties of these extra two points that correspond to (2n− 2)-cells.

Definition 6.9. A point v ∈ F is called a full point of the fundamental domain F if

v ∈ gF only when g ∈ Wv, the stabilizer of v in W .

Example 6.10. Let W = [G(4, 1, 1)], we have the following equivariant CW-cell structure:
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Here, F is a square which is the convex hull of points 0, 1/2, (1 + i)/2, and i/2. The interior

of F is a 2-cell. There are four 1-cells, the edges of F , and four 0-cells the vertices of F .

Now the point (1 + i)/2 is a full point of F , but the point 1/2 is not. The set iF + 1 contains

1/2, but i(1/2) + 1 6= 1/2.

Note that Int(F ) consists entirely of full points, but we are interested in the points

on the boundary of F. A useful property shared by all full points is the following:

Lemma 6.11. If v ∈ V is a full point, then v ∈ Int(WvF ).

Proof. It must be the case that
⋃
g∈W−Wv

gF is closed since the collection {gF | g ∈ W}

is locally finite, which follows from the fact that W acts discretely. Now v is not an element

of
⋃
g∈W−Wv

gF. Therefore, there is an open set U that is disjoint from
⋃
g∈W−Wv

gF and

contains v. This set must be contained in WvF. Thus, v ∈ Int(WvF ). �

This next two lemmas tell us that relations implied by full points are the only ones

that can exist, and these relations are also relations in the braid group.

Lemma 6.12. Suppose W = [G(r, 1, n)]1 or W = [G(6, 3, n)]1. Then for the choice of F

in Lemma 6.6, every relation in the Malle diagram for W = [G(r, 1, n)]1 or the diagram of

Subsection 7.5.2 for W = [G(6, 3, n)]1 is a relation among the generators of the stabilizer Wv

of some full point v.
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Proof. The choice of full point is simple. Find the set of maximal elements in the poset of

intersections of the hyperplane arrangement of W. These maximal elements are single points.

Some of these points will be full points. In the next chapter, we will determine these full

points and we will see that all the relations come from these full points. �

Lemma 6.13. Let W be an irreducible genuine crystallographic complex reflection. Any

relation in BWv is also a relation in BW for any full point v of W , provided that the stabilizer,

Wv, of each v is a reflection group.

Proof. Let Σ′F be the cell complex given above and v be a full point. Then let U be a ball

centered at v that is contained in WvF. We see that Fv = F ∩ U must be a fundamental

domain for the action of Wv on U. Thus we construct the cell complex Σ′Fv
of U using Fv.

Every cell in this cell complex is contained in some cell of Σ′F . Also, if e ∈ Σ′Fv
, then the

corresponding cell Σ′F has the same dimension, because the corresponding cell of e in Σ′F

is obtained from e by extending e radially from v. Therefore, following the same argument

we had for the zero vector in Lemma 6.3, every relation in BWv implies a similar relation in

BW . �

Lemma 6.14. Suppose W = [G(r, 1, n)]1 or W = [G(6, 3, n)]1. Then Wv is a reflection group

for each full point of W given in the next chapter.

6.4. Proof of Braid Conjecture

Now we are ready for the proof the second main result.

Proof. (of Theorem 3.13) By Lemma 6.7, we know that every generator of W in the Malle

diagram corresponds to a generator of BW . Choose a full point that implies relation ρ in W,

as we have proved we can do this. Now XW is the set of (2n − 1)-cells that correspond to

nodes in the diagram of W. Thus, we will show that BWv is generated by XWv , the subset of

XW that corresponds to generators of Wv. Indeed, let YWv be the collection of all (2n− 1)-

cells of Σ′Fv
. Then we know Wv is a finite reflection group and that BWv has a presentation

where the generators of BWv correspond to braid reflections which has a diagram that is a
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subdiagram of the diagram of BW . Let the set of generators in this presentation be X ′Wv
. Now

by Lemma 6.7, YWv contains a (2n−1)-cell for each of the braid reflection in the presentation.

That is, given a braid reflection σ that maps to s under the canonical map from BWv , the

set Fv ∩ sFv is a (2n − 1)-cell in YWv . This set of (2n − 1)-cells is precisely XWv . Thus we

see that since the braid reflections X ′Wv
generate BWv , then XWv also generates BWv . Thus

every relation of elements of BWv is a consequence of the relations among the cells of XWv .

The relations among the elements of XWv are the same as the relations among the elements

of X ′Wv
, including the relation ρ. Now for each element of ev ∈ XWv , which is a collection of

(2n − 1)-cells of the cell complex Σ′Fv
, there is a corresponding (2n − 1)-cell e ∈ XW given

in Lemma 6.13, which is a cell of the cell complex ΣF . By Lemma 6.13, ρ is now a relation

of BW . Thus, we have show that all the braid relations of W are relations in BW . Now all

that is left to show is that all the relations among the elements of XW are implied by these

braid relations. This last fact will be proved in the next “Van Kampen” lemma, relegated

to the last section of this chapter. �

6.5. Van Kampen Lemma

We end with the last lemma used in the proof above of the second main theorem.

Recall that A is the arrangement of hyperplanes of W, and L(A) is the set of intersects of

the hyperplanes of W ordered by reverse inclusion. See [19] for details.

Lemma 6.15. Suppose W = [G(r, 1, n)]1 or W = [G(6, 3, n)]1. Let XW be the set of (2n−1)-

cells of Σ′F that correspond to the nodes of the Malle diagram [18] or the diagram given in

Subsection 7.5.2 for W = [G(6, 3, n)]1. Suppose the elements of XW satisfy all the braid

relations of W of this diagram. If every maximal element of L(A) is a single point, and the

stabilizer of each of these maximal elements in W is a reflection group, then every relation

of BW is implied by the braid relations of W.

Proof. We give an outline of the steps taken to show the claim. First, we recall that W has

the prescribed presentation of the diagram given by Malle or, in the case of W = [G(6, 3, n)],

the diagram in the next chapter. Then we determine the type of relations that can exist
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between the elements of XW that generate BW . It will be shown that the only possible

relations that can exist among the elements of XW , besides the assumed relations in the

statement of the lemma, will be that of pure braid relations, i.e., elements of the pure braid

group of W . Next, we calculate a presentation of the pure braid group of W. And finally, we

show that relations in the pure braid group PW are a consequence of the braid relations of

BW .

Now we assume that W is generated by the set of reflections {si | 1 ≤ i ≤ k}, where

each si is a node in the diagram given by Malle or the one given in the next chapter. There

are two types of relations: finite order relations or braid relations. Finite order relations give

the order of a generator or the order of an element that is the product of positive powers

of the generators. That is, finite order relations are of the form smi
i or (Πi∈Isi)

mI . The

braid relations are thus the other relations in the presentation. We will label each braid

relation as fj(s1, ..., sk, s
−1
1 , ..., s−1

k ) which represents a word in the elements s1, ..., sk and

their inverses. This description completely characterizes the presentation of W and thus we

move our attention to the braid group.

By assumption, BW is generated by the set {σi | 1 ≤ i ≤ k}. Remembering the exact

sequence

1→ PW → BW → W → 1,

we have a well defined surjective homomorphism q : BW → W. The second part of Theo-

rem 3.12 is true for W described above. Thus we see that q(σi) = si. Also, by assumption,

we know that fj(σ1, ..., σk, σ
−1
1 , ..., σ−1

k ) is a relation in BW . We wish to show that any other

relation among the σi’s will be implied by these fj.

To this end, let F = 〈ci | 1 ≤ i ≤ k〉 be the free group on k generators. Then there

are the two canonical surjective homomorphisms:

p1 : F → BW and p2 : F → W .

These homomorphisms have the property that q ◦ p1 = p2. Now, if g(σ1...σk, σ
−1
1 ...σ−1

k ) is a
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relation in BW , then we must have p1(g(c1, ..., ck, c
−1
1 , ..., c−1

k )) = 1 in BW . Therefore,

p2(g(c1, ..., ck, c
−1
1 , ..., c−1

k )) = q(p1(g(c1, ..., ck, c
−1
1 , ..., c−1

k )) = 1 ∈ W .

Since we know the presentation of W , we know explicitly what elements are in ker(p2). If

p2(h(c1, ..., ck, c
−1
1 , ..., c−1

k )) = 1, then h(c1, ..., ck, c
−1
1 , ..., c−1

k ) lies in the normal subgroup of

F generated by cmi
i , (Πi∈Ici)

mI , and fj(c1, ..., ck, c
−1
1 , ..., c−1

k ).

The goal now is to take the word g(c1, ..., ck, c
−1
1 , ..., c−1

k ) above and show that

g(c1, ..., ck, c
−1
1 , ..., c−1

k )

lies in the normal subgroup of F generated by the words fj(c1, ..., ck, c
−1
1 , ..., c−1

k ). Towards

a contradiction, assume that g(c1, ..., ck, c
−1
1 , ..., c−1

k ) is not in the normal subgroup of F

generated by fj(c1, ..., ck, c
−1
1 , ..., c−1

k ). Then it must be in the normal subgroup in F generated

by cmi
i and (Πi∈Ici)

mI . The elements σmi
i and (Πi∈Iσi)

mI are elements of BW . By definition,

these elements are in the pure braid group, PW , because the sequence above is exact and

q(σmi
i ) = smi

i = 1 ∈ W and q((Πi∈Iσi)
mI ) = smi

i = 1 ∈ W. Therefore, if we can show that

any relation of the pure braid group is implied by the braid relations fj we are done. To this

end, we calculate the pure braid group.

To calculate PW , we will use the Van Kampen Theorem carefully, multiple times.

The use of the Van Kampen Theorem requires a space to have an open cover where we have

knowledge of the fundamental group of the each element in the cover. We create this cover

in the following way. Let A be the arrangement of hyperplanes of W and be the lattice

of intersections L(A), ordered by reverse inclusion. Since the intersection of all the linear

hyperplanes is {0}, we must have that the maximal elements of L(A) are sets that consist

of only one point. Let J(A) be the set of maximal points of the lattice L(A). For each

y ∈ J(A), we define the following set

Vy =
⋂

x∈J(A)

{v ∈ Cn : |v − x| ≥ |v − y|}.

This set is a Voronoi region. Thus Int(Vy) ∩ Int(Vx) = ∅, and ∪x∈J(A)Vy = Cn. Now each of

these Vy must be convex closed and compact since W stabilizes a full rank lattice Tran(W ).

44



Therefore, since Vy is compact, there must be an open convex set Uy that contains Vy that

does not contain any of the other elements of J(A). The set {Uy | y ∈ J(A)} is an open

cover of Cn. At this point, we can not use the Van Kampen theorem with this cover, as

the hypothesis of the theorem requires that all the sets in the open cover contain the same

basepoint. Before we address this, we calculate

π1

Uy − ⋂
H∈Ay

H


where Ay is the subset of A that contained the point y ∈ J(A).

Since Uy is convex and bounded, it is a deformation retract of Cn, as we can push

any path radially into Uy along a ray starting at y. Thus since all of the hyperplanes in Ay

contain y, we can push any path radially in Uy−
⋂
H∈Ay

H along a ray starting at y without

intersecting any hyperplanes in Ay. So we must have that

π1

Uy − ⋂
H∈Ay

H

 ∼= π1

Cn −
⋂

H∈Ay

H

 .

By assumption, the collection of hyperplanes Ay is a finite reflection arrangement. Thus, we

have the following exact sequence:

1→ PWy → BWy → Wy → 1,

where Wy is the stabilizer subgroup of W of y. So we know that since Wy is a finite reflection

group, the pure braid group is generated by the set of all pure generators of monodromy

around the hyperplanes of Ay. That is,

π1

Uy − ⋂
H∈Ay

H

 = 〈σmH
H | H ∈ Ay〉 ,

and all of the relations among the pure braid reflections (the pure generators of monodromy)

are implied by the braid relations of BWy .
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Now suppose we are given Uy and Ux such that Uy ∩ Ux 6= ∅. Then we see that by

the Van Kampen Theorem,

π1

(Uy ∪ Ux)−
⋃

H∈(Ay∪Ax)

H

 = π1

Uy − ⋃
H∈Ay

H

 ∗N π1

(
Ux −

⋃
H∈Ax

H

)
,

where N = π1

(
(Uy ∩ Ux−) ∪H∈Ay∩Ax H

)
and the product ∗N is the amalgamated product

between π1

(
Uy−∪H∈AyH

)
and π1

(
Ux−∪H∈AxH

)
along N . Since π1(Uy ∩Ux−∪H∈Ax∩AyH)

is generated by the pure braid reflection around the hyperplanes in Uy ∩ Ux, we must have

π1

(Uy ∪ Ux)−
⋃

H∈(Ay∪Ax)

H

 = 〈σmH
H | H ∈ Ay ∪ Ax〉 .

Also, if Rx is the set of relations among the elements of Mx = {σmH | H ∈ Ax} in the group

π1(Ux−∪H∈AxH) and Ry is the set of relations among the elements of My = {σmH | H ∈ Ay}

in π1(Uy − ∪H∈AyH), then

π1

(Uy ∪ Ux)−
⋃

H∈(Ay∪Ax)

H

 = 〈Mx ∪My | Rx ∪Ry〉.

Now given Uy, Ux, and Uz with Uy ∩ Ux 6= ∅ 6= Uy ∩ Uz and Ux ∩ Uz = ∅, we see that

π1

(Uy ∪ Ux)−
⋃

H∈(Ay∪Ax)

H

 = 〈Mx ∪My | Rx ∪Ry〉 .

So after choosing a different basepoint in
(
(Uy ∪ Ux) ∩ Uz

)
−
(⋃

H∈(Ay∪Ax)∩Az
H
)
, we have

π1

(Uy ∪ Ux ∪ Uz)−
⋃

H∈(Ay∪Ax∪Az)

H

 = π1

(Uy ∪ Ux)−
⋃

H∈(Ay∪Ax)

H

∗N ′π1

(
Uz −

⋃
H∈Az

H

)
,

where N ′ = π1

(
(Uy ∪ Ux) ∩ Uz)− ∪H∈(Ay∪Ax)∩AzH

)
. Thus, as before, we have

π1

(Uy ∪ Ux ∪ Uz)−
⋃

H∈(Ay∪Ax∪Az)

H

 = 〈Mx ∪My ∪Mz | Rx ∪Ry ∪Rz〉 ,

where Mx, My, Mz, Rx, Ry, and Rz are defined similarly as in the above paragraph. There-

fore, we can use the Van Kampen Theorem when an open cover is finite even when the

intersection of all the open sets in the cover is empty. This is an important fact. We use it

repeatedly in what follows.
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At this point, we are finally ready to calculate the pure braid group of W. To this end,

we create an infinite sequence of open sets Ti that cover Cn. The cover {Ti} is a collection of

nested open sets each of which is a union of finitely many of the open sets Ux. We then apply

the Van Kampen Theorem to each of the Ti which we can do by the above arguments. And

finally, we use the Van Kampen Theorem on the collection {Ti} and we obtain a presentation

of PW .

In this paragraph, we construct the sets Ti. Let T be the Voronoi region of Tran(W )

about the zero vector, and U(T ) = {y | Uy∩T 6= ∅}. This set is finite because T ⊂ ∪y∈U(T )Uy

and T is compact. Thus we set

T1 =
⋃

Uy∈ U(T )

Uy.

Now let T̃1 = {b ∈ TranW | (b+ T ) ∩ T 6= ∅}. Define

T2 =
⋃
b∈T̃1

(T1 + b).

This set T2 is a finite union of translates of T1. We define Ti similarly, i.e., Ti =
⋃
b∈T̃i−1

(T1+b),

where T̃i−1 = {b ∈ TranW | (b+ T ) ∩ (T + c) 6= ∅, for c ∈ T̃i−2}, for i ≥ 3.

We wish to calculate

π1

T1 −
⋃

H∈
⋃

y∈U(T )Ay

H

 ,

but by the argument in the preceding paragraphs, we see that

π1

T1 −
⋃

H∈
⋃

y∈U(T )Ay

H

 =

〈 ⋃
y∈U(T )

My |
⋃

y∈U(T )

Ry

〉
.

So since T1 + b is homeomorphic to T1, we have that

π1

(T1 + b)−
⋃

H∈
⋃

y∈U(T+b)Ay

H

 ∼= π1

T1 −
⋃

H∈
⋃

y∈U(T )Ay

H

 .
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Under this homeomorphism, pure braid reflections in T1 get sent to pure braid reflections in

T1 + b. Now

π1

T2 −
⋃

H∈
⋃

b∈T̃1
(
⋃

y∈U(T+b)Ay)

H

 =

〈 ⋃
b∈T̃1

⋃
y∈U(T+b)

My |
⋃
b∈T̃1

⋃
y∈U(T+b)

Ry

〉
.

So by induction,

π1

Ti − ⋃
H∈

⋃
b∈T̃i−1

(
⋃

y∈U(T+b)Ay)

H

 =

〈 ⋃
b∈T̃i−1

⋃
y∈U(T+b)

My |
⋃

b∈T̃i−1

⋃
y∈U(T+b)

Ry

〉
.

Therefore, since the collection {Ti} is nested we can use the Van Kampen Theorem

to calculate the fundamental group of the union over all Ti. That is,

PW = π1

(
Cn −

⋃
H∈A

H

)
=

〈 ⋃
y∈J(A)

My |
⋃

y∈J(A)

Ry

〉
.

What does this presentation give us? First, we see that the pure braid group is

generated by the pure braid reflections or rather the generators of monodromy around the

hyperplanes of W and there is one and only one pure braid generator around each hyperplane

of A in this generating set. Also, any relation among these generators of PW is a relation

given by a finite reflection arrangement of the group Wy for some maximal point y in the

poset of intersections L(A). In fact, every relation among these pure braid reflections is

implied by some braid relation of the finite group Wy. Thus if we can prove that every Wy

braid relations is a conjugate of the braid relations fj of BW , we have shown that every

relation among the pure braid reflections must be a consequence of the braid relations fj

and we are done. We show that every braid relation of Wy is conjugate to a braid relation

of W in a case-by-case fashion for the groups in the next chapter.

�

Remark 6.16. For W = [G(r, 1, n)]1 or [G(6, 3, n)]1. In the next chapter, we prove on a case-

by-case basis that the maximal points in the poset L(A) have stabilizers that are reflection

subgroups of W , and every braid relation in these stabilizers is conjugate to some braid

relation of W.
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The following corollary of was stated in the proof above, but it is a useful and inter-

esting result on its own, so we state it here. (Recall again that Malle [18] proved the braid

conjecture for the groups [G(r, 1, n)]1).

Corollary 6.17. Suppose W = [G(r, 1, n)]1 or W = [G(6, 3, n)]1. The pure braid group

of W , PW , is generated by the pure braid reflections around the hyperplanes of W , and

each relation among these pure braid reflections is the product of relations all of which are

relations arising from a pure braid group of a reflection subgroup of W conjugate to a subgroup

of Lin(W ).
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CHAPTER 7

CASE-BY-CASE BASIS ANALYSIS

In this last chapter, we give an explicit description of the fundamental domains for

some of the infinite reflection groups W = [G(r, p, n)]k and finish the proof of Theorem

3.13 (Braid Conjecture) by finding the stabilizer subgroup of the maximal points of the

poset L(A). Remember, L(A) is the set of intersections of the hyperplanes of W ordered by

reverse inclusion.

7.1. One-Dimensional Groups

It is important to discuss the one-dimensional groups W = [G(r, 1, 1)] for r = 3, 4, 6 to

aid us in discussion in the higher dimensional groups. Let η = e2πi/r be an r-th root-of-unity.

We have that [G(r, 1, 1)] = G(r, 1, 1) n Z[η]. The fixed points of W is the set{
k

1− ηj

∣∣∣∣ 1 ≤ j ≤ r − 1, k ∈ Z[η]

}
.

Note that the elements z1, z2 ∈ C are in the same orbit under W if and only if z1 = ηj ·z2 +k

for some integer j and k ∈ Z[η].

7.2. Fundamental Domain of Linear Part

For the finite groups G(r, p, n), we use an explicit Voronio region throughout this

chapter. Therefore, set L to be the following fundamental domain for G(r, p, n) acting on

Cn, where η = e2πi/r:

L =


(xi) ∈ Cn

∣∣∣∣∣∣∣∣∣∣∣∣∣

Re((1− ηj)xk) ≥ 0, 1 ≤ k ≤ n− 1 j ∈ {−1, 1};

Re((1− ηph)xn) ≥ 0, h ∈ {−1, 1};

Re((xl − xl+1) ≥ 0, 1 ≤ l ≤ n− 2;

Re(xn−1 − ηmxn) ≥ 0, 1 ≤ m ≤ r


.

In what follows, L will always be this set for the specific group in question, and T

will always be the Voronio region of Tran(W ) about the zero vector.
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7.3. Groups [G(3, 1, n)]1

Let W = [G(3, 1, n)]1 and set η = ω. Then we see that

Tran(W ) = ⊕nj=1Z[ω]ej .

7.3.1. Maximal Points of [G(3, 1, n)]1

Let k ∈ Z[ω]. The reflecting hyperplanes of W are Hj(k) = ker
(
xj − k

1−w

)
and

Ha
jm(k) = ker (xj − ωaxm − k) . A maximal point of L(A) will be a point in the intersection

of some of these hyperplanes. We can calculate the coordinates of these points explicitly by

solving the system of linear equations given by the hyperplanes. A point is maximal if all of

its coordinates are of the form:

{
k

1− ωj

∣∣∣∣ 1 ≤ j ≤ 2, k ∈ Z[ω]

}
.

That is, if we take the intersection of all the hyperplanes that contained a point of this form,

the intersection will consist only of this point. Now let v be such a maximal point, and let e

be the number of orbits of among the coordinates of v under [G(3, 1, 1)]. By noticing the form

of the coordinates above, for each coordinate there is a subgroup of W that is isomorphic to

[G(3, 1, 1)] that will stabilize that coordinate of v. Thus we must have that G(3, 1, 1)n ⊂ Wv.

Now let VO an orbit of the coordinates of v. Then there is a subgroup of W isomorphic to

G(3, 1, nd) where nd ≤ n that fixes these coordinates of v. The number nd is the size of the

orbit VO. Thus the stabilizer subgroup Wv must be a direct product of groups of the form

G(3, 1, nd). That is,

Wv = ⊕ed=1G(3, 1, nd).

Notice that Σe
d=1nd = n. Thus we can see that the stabilizer subgroup of all the maximal

points is a reflection group. Also, every relation in this stabilizer subgroup must be conjugate

to a braid relation of W, because the diagram of G(3, 1, nd) is a subdiagram of the diagram

for W.
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7.3.2. Fundamental Domain of [G(3, 1, n)]1

In this case,

L =

(xi) ∈ Cn

∣∣∣∣∣∣ Re((1− ωj)xk) ≥ 0, 1 ≤ k ≤ n, j ∈ {−1, 1};

Re(xl − xl+1) ≥ 0, 1 ≤ l ≤ n− 1

 ,

and

T =
{

(xi) ∈ Cn
∣∣∣ Re((−ω)jxk) ≤ 1/2, 1 ≤ j ≤ 6, 1 ≤ k ≤ n

}
1.

Now to determine the (2n − 1)-cells of the cell complex given by F , we label the

following reflections of W . Let tk be the reflection that sends the vector ek to ωek and fixes

all the other standard basis vectors, let sk be the reflection that permutes ek and ek+1 and

fixes all the other standard basis vectors, and let t′1 be the reflection that sends the vector

e1 to ωe1 + 1 and fixes all the other standard basis vectors. Then it can be seen that the

following sets are cells of the cell complex Σ′F given by F :

τk = F ∩ tkF, σk = F ∩ skF, τ ′1 = F ∩ t′1F .

Now the full points associated to F are the points

v1 = (∩ni=1Hsi) ∩Htn , v2 = (∩ni=1Hsi) ∩Ht′1
, v3 = (∩ni=2Hsi) ∩Htn ∩Ht′1

.

Each one of these points is a maximal point of L(A). Therefore, by Theorem 3.13 we know

that B([G(3, 1, n)]1) satisfies the Braid Conjecture.

7.4. Groups [G(4, 1, n)]1 and [G(6, 1, n)]

IfW is either [G(4, 1, n)]1 or [G(6, 1, n)]1, then the argument is similar to the argument

above for [G(3, 1, n)]1. Now it can be seen that

Tran(W ) = ⊕nj=1Z[η]ej .

When determining maximal points of L(A), we consider [G(4, 1, n)]1 and [G(6, 1, n)] sepa-

rately.

1Note the unusual range of j.
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7.4.1. Maximal Points of [G(4, 1, n)]1

Let k ∈ Z[i]. The hyperplanes of W are Hj(k) = ker
(
xj − k

1−i

)
, H ′j(k) = ker

(
xj − k

2

)
,

and Ha
jm(k) = ker (xj − iaxm − k) . To find the maximal points of L(A), we solve the system

of equations given by the hyperplanes. Thus we see that the maximal points have coordinates{
k

1− ij

∣∣∣∣ 1 ≤ j ≤ 3, k ∈ Z[i]

}
.

Given a maximal point v, for each coordinate vj, there is a subgroup of W that

fixes coordinate vj and is isomorphic to G(4, 1, 1) or G(2, 1, 1). At this point, we can argue

similarly as we did above for [G(3, 1, n)] to show that

Wv = ⊕ed=1G(ad, 1, nd),

where ad is 2 or 4. And, every relation in this stabilizer subgroup must be conjugate to a

braid relation of W, because the diagram of G(ad, 1, nd) is a subdiagram of the diagram for

W.

7.4.2. Maximal Points of [G(6, 1, n)]

Let k ∈ Z[−ω]. The hyperplanes ofW areHj(k) = ker
(
xj − k

1−ω

)
, H ′j(k) = ker

(
xj − k

2

)
,

and Ha
jm(k) = ker (xj − (−ω)axm − k) . To find the maximal points of L(A), we solve the

system of equations given by the hyperplanes. Thus we see that the maximal points have

coordinates: {
k

1− (−ω)j

∣∣∣∣ 1 ≤ j ≤ 5, k ∈ Z[−ω]

}
.

With the same argument as for [G(4, 1, n)]1, given a maximal point v of L(A), the

stabilizer Wv is the following:

⊕ed=1G(ad, 1, nd)

where ad is either 2, 3, or 6. And, every braid relations of G(ad, 1, nd) is conjugate to some

relation in G(6, 1, n).
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7.4.3. Fundamental Domain of [G(4, 1, n)]1 and [G(6, 1, n)]

In this case,

L =

(xi) ∈ Cn

∣∣∣∣∣∣ Re((1− ηj)xk) ≥ 0, 1 ≤ k ≤ n, j ∈ {−1, 1};

Re(xl − xl+1) ≥ 0, 1 ≤ l ≤ n− 1


and

T =
{

(xi) ∈ Cn
∣∣∣ Re(ηjxk) ≤ 1/2 1 ≤ j ≤ r 1 ≤ k ≤ n

}
.

Now let tk be the reflection that sends the vector ek to (−1)ek and fixes all the other standard

basis vectors, let sk be the reflection (k (k + 1)), and let t′1 be the reflection that sends the

vector e1 to (−1)e1 + 1 and fixes all the other standard basis vectors. Then it can be seen

that the following sets are cells of the cell complex given by F :

τk = F ∩ tkF, σk = F ∩ skF, τ ′1 = F ∩ t′1F .

Now the full points associated to F are the points

v1 = (∩ni=1Hsi) ∩Htn , v2 = (∩ni=1Hsi) ∩Ht′1
, v3 = (∩ni=2Hsi) ∩Htn ∩Ht′1

.

Each one of these points is a maximal point of L(A). Therefore, we know that B([G(4, 1, n)]1)

and B([G(6, 1, n)]1) satisfies the Braid Conjecture.

7.5. Groups [G(6, 3, n)]1

For W = [G(6, 3, n)]1, we replace the presentation in [18] with our own reflection

presentation and then we prove that removing the order of the generators in the presentation

of W gives presentation of BW . The presentation given in [18] is the following:

W = 〈si, s̃n−1, t1 | r 〉
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with r the list of relations

s̃n−1sn−2s̃n−1 = sn−2s̃n−1sn−2, t21 = s̃2
n−1 = s2

i = 1, for 1 ≤ i ≤ n− 1;

t1s1t1s1 = s1t1s1t1, t1si = sit1, for 2 ≤ i ≤ n− 1;

s̃n−1t1 = t1s̃n−1, sisj = sjsi, for |i− j| ≥ 2;

s̃n−1sn−1s̃n−1 = sn−1s̃n−1sn−1, si+1sisi+1 = sisi+1si, for 1 ≤ i ≤ n− 2;

(sn−1s̃n−1sn−2...s1t1s1...sn−2)6 = 1, (s̃n−1sn−1sn−2)2 = (sn−2s̃n−1sn−1)2 .

Let W̃ be the group with the following presentation:

W̃ =
〈
si, s

′′
n−1, t1 tn

∣∣ r′ 〉
with r′ the list of relations

s′′n−1sn−2s
′′
n−1 = sn−2s

′′
n−1sn−2, t21 = t2n = (s′′n−1)2 = s2

i = 1, for 1 ≤ i ≤ n− 1;

t1s1t1s1 = s1t1s1t1, t1si = sit1, for 2 ≤ i ≤ n− 1;

s′′n−1t1 = t1s
′′
n−1, sisj = sjsi, for |i− j| ≥ 2;

s′′n−1sn−1s
′′
n−1 = sn−1s

′′
n−1sn−1, si+1sisi+1 = sisi+1si, for 1 ≤ i ≤ n− 2;

(sn−1s
′′
n−1sn−2...s1t1s1...sn−2)6 = 1, (s′′n−1sn−1sn−2)2 = (sn−2s

′′
n−1sn−1)2,

sn−1s
′′
n1
sn−1tn = tnsn−1s

′′
n−1sn−1, s′′n−1sn−1tn = tns

′′
n−1sn−1,

tnsi = sit1, tnt1 = t1tn, for 1 ≤ i ≤ n− 1.

.

These two groups are in fact isomorphic. The following map between generators

extends to explicit isomorphism between these two groups: si 7→ si, t1 7→ t1,

s′′n−1 7→ sn−2...s1t1s1...sn−2s̃n−1sn−2...s1t1s1...sn−2,

tn 7→ s′′n−1sn−2...s1t1s1...sn−2s
′′
n−1sn−1sn−2...s1t1s1...sn−2s

′′
n−1sn−1...s1t1s1...sn−1s

′′
n−1sn−1.

Here are the diagrams associated with the presentation for W = [G(6, 3, n)]1 that we

will use in determining the Braid Conjecture. These diagrams are in the style of [8], but are

not the diagrams of Malle in [18]. The presentation the next diagrams corresponds to is the

second presentation of the two presentations given above.
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[G(6, 3, 2)]1

t2

s′′1

s1

t12

2

2

2
4

[G(6, 3, 3)]1

t3

s′′2

s2

s1 t1

2

2

2

2 2

4

[G(6, 3, n)]1

tn

s′′n−1

sn−1

sn−2 sn−3 t1

2

2

2

2 2 2

4
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Here are the associated diagrams for the braid groups B([G(6, 3, n)]1) that will be

seen to give the correct presentation in the next section.

B([G(6, 3, 2)]1)

τ2

σ′′1

σ1

τ1

4

B([G(6, 3, 3)]1)

τ3

σ′′2

σ2

σ1 τ1

4

B([G(6, 3, n)]1)

τn

σ′′n−1

σn−1

σn−2 σn−3 τ1

4
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As a reminder, we put the diagrams of the groups G(6, 3, n) found in [8] which are

the linear parts of [G(6, 3, n)]1. Notice that the diagram of [G(6, 3, n)]1 is obtained by adding

one node to the diagram of G(6, 3, n).

G(6, 3, 2)

t2

s′′1

s1

2

2

2
4

G(6, 3, 3)

t3

s′′2

s2

s1

2

2

2

2

4

G(6, 3, n)

tn

s′′n−1

sn−1

sn−2 sn−3 s1

2

2

2

2 2 2

4
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7.5.1. Maximal Points of [G(6, 3, n)]1

Let k ∈ Z[−ω]. The reflecting hyperplanes of W are Hj(k) = ker
(
xj − k

2

)
and

Ha
jm(k) = ker (xj − (−ω)axm − k) . A maximal point of L(A) will be a point at the in-

tersection of these hyperplanes. If a point v is an element of one of these hyperplanes, it

must satisfy the linear equations defining the hyperplane. So we may explicitly solve the set

of linear equations to find the coordinates of a maximal point. Therefore, the coordinates of

a maximal point must be

{
k

1− (−ω)j

∣∣∣∣ 1 ≤ j ≤ 5, k ∈ Z[−ω]

}
.

Now let v be a maximal point of L(A) and {Oa} be the set of orbits of the coordinates

of v under the group [G(6, 1, 1)]. At most there can be three distinct orbits under [G(6, 1, 1)],

because there is only three distinct orbits of the points in C of the form k
1−(−ω)j

. For clarity,

suppose that O1 is the set of coordinates of v that are in the same orbit as 1/2, O2 is the

set of coordinate of v that are in the same orbit as 1/(1− ω), O3 is the set of coordinate of

v that are in the same orbit as 0. Now, if na be the order of Oa, then we must have that

Wv = G(2, 1, n1)⊕G(3, 3, n2)⊕G(6, 3, n3).

So, Wv is a reflection group and, thus every braid relations of G(2, 1, n1), G(3, 3, n2), or

G(6, 3, n3) is conjugate to some relation in G(6, 3, n).

7.5.2. Fundamental Domain of [G(6, 3, n)]1

First, we remember that

Tran(W ) = ⊕nj=1Z[−ω]ej .

Therefore,
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L =


(xi) ∈ Cn

∣∣∣∣∣∣∣∣∣∣∣∣∣

Re((1− (−ω)j)xk) ≥ 0, 1 ≤ k ≤ n− 1, j ∈ {−1, 1};

Re(xn) ≥ 0;

Re((xl − xl+1) ≥ 0, 1 ≤ l ≤ n− 2;

Re(xn−1 − (−ω)mxn) ≥ 0, 1 ≤ m ≤ 6;


,

and

T =
{

(xi) ∈ Cn
∣∣∣ Re((−ω)jxk) ≤ 1/2 1 ≤ j ≤ r 1 ≤ k ≤ n

}
.

Now let tn be the reflection that sends the vector en to (−1)en, and fixes all the

other standard basis vectors, let si be the reflection (i (i + 1)), let t1 be the reflection that

sends the vector e1 to (−1)e1 + 1, and fixes all the other standard basis vectors, and let s′′n−1

be reflection that send en−1 to (−ω)2en, en to (−ω)en−1 and fixes all other standard basis

vectors. Then the following sets correspond to (2n− 1)-cells of the cell complex given by F :

τ1 = F ∩ t1F, σi = F ∩ siF, τn = F ∩ tnF σ′′n−1 = F ∩ s′′n−1F.

And the full points associated to F are the points

v1 = (∩n−1
i=1 Hsi) ∩Ht1 , v2 = (∩n−2

i=1 Hsi) ∩Htn ∩Hs′′n−1
, v3 = (∩n−3

i=2 Hsi) ∩Htn ∩Ht1 ∩Hs′′n−1
.

Each one of these points is a maximal point of L(A). Therefore, we know that

B([G(6, 3, n)]1) satisfies the Braid Conjecture.
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