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CHAPTER 1

INTRODUCTION AND MOTIVATION

The goal of this short chapter is to introduce the reader to basic concepts that are

prerequisites to understand the remaining part of this work. This general overview aims to

create an intuitive background that will act as a solid foundation on which the concepts that

will be developed in the subsequent parts of the dissertation can be anchored.

Man has studied many aspects of nature for thousands of years. It is no wonder that

what we call “complex systems” in modern terms, being very common, have been investigated

since ancient times (for instance, the ancient Greeks’ qualitative studies about society or

weather). However, a quantitative approach to these facets of nature is very recent when

compared to other branches of science, as it dates back only to the 20th century. Interest

in this field of study has increased exponentially because it was found helpful in addressing

many of today’s challenges, from markets (e.g. ref. [4]) to earthquakes and from biology to

social sciences [5] and the study of the brain [6, 7].

The focus of this dissertation is on the interaction between complex systems, a topic

that is at the cutting edge of current research and that will play a very important role in

the future.

1.1. Brief Introduction to Complex Systems

A complex system is composed of units that interact. Even though the interactions

and the units themselves are usually “simple,” they can generate interesting properties that

need to be analyzed at a higher level. These properties are called emergent properties in the

literature because they are not exhibited by the basic constituents of the system.

A good example to visualize the above is a flock of birds: it is composed of many

units (the single birds) that interact (one factor in determining the direction in which to

fly for a single bird is the direction of flight of neighboring birds). This system is capable
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of generating emergent properties, like the general shape of the flock or the time distance

between sudden changes in the direction of flight of the flock as a whole [8].

Downward causality can also be present: the behavior of the units might be influenced

by the global state of the system. For instance, the activity of single neurons might depend

on the general state of the whole brain. By combining the concepts of emergent properties

and downward causality we see that the complex behavior of the system can be interpreted

as the result of a mutual influence between dynamics that occur on different scales.

Common to most complex systems is the concept of scale invariance: intuitively,

some properties remain roughly the same when zooming in or out. Later we shall see that

this is related to the fact that the quantities associated with the emergent properties of

the system tend to be described by power laws. In many cases, there is some parameter(s)

(called the order parameter(s)) that has to be tuned in order to have the system express

scale invariance. We consider the system to be at criticality or in a critical state when the

order parameter has been tuned so as to have the system express the longest power laws.

For instance, it might be necessary to set the temperature to a well-defined value. If the

system shows criticality for a range of values of the order parameter, then it is customary to

say that it expresses extended criticality [9].

There are systems that don’t require any fine-tuning of parameters to express power

laws: they evolve towards the critical state by themselves. These systems show self organized

criticality [10]. One final characteristic of complex systems is that they tend to act as a whole

when they are at criticality: the transmission of information between the units is maximal

in this state. This is a very important feature that can be visualized using the example of

the flock of birds one more time. If each bird in the flock were acting independently from

the others, one would see random movement with no regular structures. In nature, however,

birds in a flock do interact while flying. A consequence of this is that the movement of a bird

tends to be correlated to the movement of its neighbors. In a complex system at criticality,

the distance at which this correlation is effective can be as large as the system itself.

In the following chapters I will expand and quantify the above concepts, so that this
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work will be as self-contained as possible.

1.2. Interacting Complex Systems

Complex systems in the real world are subject to perturbations. A visual perturbation

might be a predator chasing food in the example of the flock of birds. Other examples of

perturbation are immigration (where the perturbed system is the society of the receiving

nation) and listening to music (where the perturbed system is the brain [11]).

The response of a complex system to perturbation can be surprising: it may amplify

some small input (think about identifying a camouflaged predator) or it might filter out a

periodic perturbation.

A quantitative study of the response of complex systems to perturbation is becoming

more and more important and urgent: the Internet, the increased mobility of people and

the increased need for energy are among the factors that greatly increased the links between

different parts of our planet that were practically isolated until a few years ago. A con-

sequence of this is that different complex systems came in contact and started perturbing

each other. This is a qualitative indication that the system as a whole is evolving towards

a critical state, since the typical length of the correlations is increasing thanks to the above

mentioned factors. Thus, a theory of the perturbation of complex systems might help in

directing this process for the good of mankind.

Previous studies in this field were based on the ergodic assumption, which is one of the

cornerstones of statistical physics. In a nutshell, it states that if we consider a large number

of replicas of the system (an ensemble), we allow all of them to evolve in time, we measure

the quantity of interest on each of them and we take the average of these measurements, then

the value that we obtain is the same as the value that we would get by taking the average

value of the same quantity measured on a single system over a sufficiently long period of

time.

The remarkable work of G. Aquino [12] is devoted to evaluating the correlation be-

tween the response of a complex system and a perturbation from another complex system.
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This work is based on the ergodic assumption.

As will become more clear in subsequent chapters, some complex systems break the

ergodic assumption. This means that the theoretical predictions made using an ensemble

average are not valid for a single system. Moreover, it might not be possible to create an

ensemble for some complex systems (think about making copies of a brain or of a society).

Chapter 4 will be devoted to overcoming this strong limitation and constitutes one of the

main achievements of this dissertation [3].

1.3. Organization of the Dissertation

The next chapter introduces the theory of renewal processes. The quantities defined

in this chapter and their relations are used throughout the dissertation, so it is important

to have a good command of them in order to understand the rest.

A chapter with the analysis of perturbations of various complex systems follows. This

chapter is inserted with the main purpose of allowing the concepts developed in Chapter 2

to settle down.

Chapter 4 is dedicated to overcoming the intrinsic limitations of the remarkable theory

developed in [12] by G. Aquino for the perturbation of a complex system by another complex

system using ensemble averages. This is the central chapter of the dissertation. In it I show

the theory and the results of the numerical simulation that I developed for the perturbation

of a complex system by another complex system using a single time series.

In Chapter 5 I report on preliminary experiments that I performed on in vitro neural

networks. These experiments were conceived to validate the theory developed in Chapter 4

and to give indications on possible real-life application.

A further extension of Chapter 4 is explored in Chapter 6, where the perturbation

of a complex system by another complex system is analyzed from the point of view of

multifractality.

There are important examples of systems that exhibit both complexity and period-

icity, and the brain is one of these [13]. Chapter 7 is mainly devoted to some preliminary

4



studies of this case. It ends with indications for future work.
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CHAPTER 2

THEORY OF RENEWAL PROCESSES

The theory of renewal processes has been successfully applied to the description of

various complex systems, from weak turbulence in liquid crystals [14] to the brain [7] and

the heart [15].

This chapter is devoted to the discussion of this theory, so that this work will be as

self-contained as possible.

Since this dissertation might be of interest also to people who don’t have a strong

mathematical background, I will try to give plenty of examples. For the same reason, I will

also try to give an intuition regarding the meaning of many of the formulas using common

language. Despite the tutorial nature, this chapter should also be of interest to readers with

a strong mathematical background, as the most important symbols that will be used in the

remaining part of the dissertation will be introduced.

2.1. Basic Definitions

One of the cornerstones of the theory of renewal processes for complex systems is

the concept of renewal events. This idea originated in the observation that many complex

systems exhibit some form of intense activity that lasts for a relatively short time, interleaved

with relatively longer times of calmness. The latter are called laminar regions in literature.

One of the most effective ways to visualize the above behavior is to think about

earthquakes: the duration of the earthquake can be considered to be instantaneous when

compared to the periods in which no activity is recorded.

The nature of the renewal events depends on the study being conducted: in the above

example it might be an earthquake, or an earthquake that has at least a certain magnitude.

If one is studying financial markets, it might be a crash or a boom of the market itself. If

studying the brain, a renewal event might be a cascade of neuronal activity.
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The word renewal has a very specific meaning in this theory: it indicates that the

lengths of two laminar regions are unrelated. In other words this means that, knowing the

length of one laminar region doesn’t give any advantage in predicting the length of the

subsequent ones.

At a first sight, this basic assumption seems to be in contrast with the widespread idea

that complex systems have some sort of long memory. In order to overcome this apparent

discrepancy between the theory and real complex systems, it is sufficient to note that within

the laminar regions the system is strongly self-correlated, thus it has a strong memory.

The renewal property is related only to the length of the laminar regions and unrelated

characteristics of the systems are not affected by it. These concepts will be quantified in

Section 2.2. In order to intuit the above concept, one might imagine a complex system

as having internal metastable structures. A renewal event happens when these metastable

structures collapse and the system reorganizes itself by creating new ones.

It’s worth noticing that in a large system there might be local renewal events: collapses

of local structures that are not big enough to trigger a reorganization of the whole system.

Another basic concept for complex systems is scale invariance. Intuitively, this means

that some quantitative properties don’t change if we “zoom in” or “zoom out”. Mathemat-

ically this can be written as

f(λx) = λδf (x)

which is a homogeneous function of degree δ. It is important to note that a power

law (defined as f(x) = x−µ) satisfies the above equation:

f(λx) = (λx)−µ = λ−µx−µ = λ−µf(x),

with δ = −µ. A power law is depicted in Figure 2.1.

Power laws emerge in all complex systems that have been mentioned so far and in

many others. The index µ is called the index of complexity, or just the complexity of the

system, and will play a very important role in this dissertation.
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Figure 2.1. Power law with µ = 1.5 in normal, log and log-log plot

There are many different quantitative measures that can be taken from a complex

system. In the example of earthquakes, for instance, one might be interested in their magni-

tudes or in the time distance between two of them. If a system exhibits a power law for the

time duration of the laminar regions then it is customary to say that it expresses temporal

complexity.

2.2. Fundamental Quantities and Their Relations

2.2.1. Waiting Time Distribution

From the previous sections we can deduce that the main properties of complex systems

in the theory of renewal events can be defined only through statistics, since there is no

relation between two consecutive laminar regions. A fundamental quantity is the waiting

time distribution ψ(t). By definition, ψ(t) dt is the probability for the length of a laminar

region to be between t and t + dt. This is the same as asking which is the probability that

the next event will occur between time t and t+ dt, given the fact that an event occurred at

t = 0. ψ(t) is also called brand new waiting time distribution, in order to distinguish it from

the aged waiting time distribution (see Section 2.2.5).

The theory of renewal processes is concerned with systems that have events sooner

or later. This implies that ψ(t) must obey the following normalization equation:

(2.1)

∫ ∞
0

ψ(t) dt = 1.
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Equation 2.1 states that we are certain (probability equal to 1) that there will be

an event in the system, as the sum of the probabilities of having a laminar region of length

between t and t+ dt is equal to 1 for t ranging from 0 to ∞.

As a consequence of the basic definition of ψ(t), we notice that the probability that

an event will occur between times t1 and t2, is given the following integral:∫ t2

t1

ψ(t) dt.

2.2.2. Survival Probability

Closely related to ψ(t) is the survival probability Ψ(t). It is the probability that no

event will occur up to time t, given the fact that an event just occurred. This is equal to

one minus the probability that an event occurs between now (t = 0) and time t. It is also

equal to the probability that the length of the next laminar region will be between time t

and infinity. In mathematical terms we have:

(2.2) Ψ(t) = 1−
∫ t

0

ψ(t′) dt′ =

∫ ∞
t

ψ(t′) dt′.

Using the fundamental theorem of calculus, we have:

(2.3) ψ(t) = −dΨ(t)

dt
= −Ψ′(t).

This means that ψ(t) can be interpreted as the ”instantaneous variation” at time t

of the probability of having a laminar region that lasts at least t.

2.2.3. Instantaneous Failure Rate

Another important quantity can be defined using Ψ(t) and ψ(t). This quantity is the

answer to the question: which is the probability g(t) dt of having an event between time t

and time t+ dt conditioned by the fact that no event occurred up to time t (after an event

at t = 0). The conditional probability formula gives:

g(t) dt =
ψ(t) dt

Ψ(t)
,
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from which we have

(2.4) g(t) =
ψ(t)

Ψ(t)
.

The quantity g(t) is called the age dependent failure rate in engineering. The differ-

ence between ψ(t) dt and g(t) dt is that the former gives the probability of having an event

at a time between t and t+ dt given the fact that an event just happened (we are observing

the system at t = 0 in this case), while the latter gives the probability of having an event

between time t and t+ dt given the fact that an event happened at t = 0 and no other event

happened up to time t (we are observing the system at time t in this case and we know that

no event happened between 0 and t).

By combining eq. 2.3 with eq. 2.4 we have:

(2.5) g(t) =
ψ(t)

Ψ(t)
= −Ψ′(t)

Ψ(t)
.

Eq. 2.5 can be integrated to obtain Ψ(t) from g(t):

−Ψ′(t)

Ψ(t)
= −d (log[Ψ(t)])

dt
= g(t) ⇐⇒ d log(Ψ(t)) = −g(t) dt,

from which we obtain

log[Ψ(t)]− log[Ψ(0)] = log

[
Ψ(t)

Ψ(0)

]
= −

∫ t

0

g(t1) dt1,

and finally

(2.6) Ψ(t) = Ψ(0)e−
∫ t
0 g(t1) dt1 = e−

∫ t
0 g(t1) dt1 ,

where the last equality is due to the fact that, by definition, Ψ(0) = 1−
∫ 0

0
ψ(t1) dt1 = 1.

2.2.4. Instantaneous Events Rate

ψ(t), Ψ(t) and g(t) deal with a single laminar region: they are related to the occur-

rence of the first event after a renewal at t = 0. An important question that we can ask is:

Given an event at t = 0, what is the probability R(t) dt of an event happening at a time

between t and t + dt, with the understanding that this event might be the first, the second
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or the nth? The answer to this question will lead to the definition of another quantity that

will be very important for the theory that will be developed in following chapters.

Let’s start by defining ψn(t) dt as the probability that, after an event at t = 0, the

nth event will occur at a time between t and t + dt. Let’s investigate the properties of this

function.

First of all, by definition, we have ψ1(t) = ψ(t). To find the correct expression for

ψ2(t) it is convenient to consider ψ2(t, t1) dt, which is the probability of having an event at

a time between t and t + dt given the fact that an event happened at t = 0 and another

one happened at t1, with 0 < t1 < t. As the lengths of two consecutive laminar regions are

unrelated, we have that the probability of a second event at time t is the product of the

probability of having one laminar region of length t1 times the probability of having another

laminar region that lasts as the remaining part, t− t1. By definition of ψ(t) dt we have:

ψ2(t, t1) dt = ψ(t1) dt1ψ(t− t1) d(t− t1) = ψ(t1) dt1ψ(t− t1) dt.

The last equality is due to the fact that for a fixed t1, as in this case, we have that

d(t− t1) = dt. Thus:

ψ2(t, t1) = ψ(t1) dt1ψ(t− t1).

To obtain ψ2(t) is sufficient to consider that the event t1 might happen at any moment

between 0 and t, so we have:

ψ2(t) =

∫ t

0

ψ2(t, t1) dt1 =

∫ t

0

ψ(t1)ψ(t− t1) dt1.

We can follow the above reasoning to find ψ3(t). We immediately find:

ψ3(t) =

∫ t

0

ψ2(t1)ψ(t− t1) dt1.

By induction, we have:

(2.7) ψn(t) =

∫ t

0

ψn−1(t1)ψ(t− t1) dt1.

It’s worth remembering that ψn(t) is a probability density: the probability of having

the nth event happen at a time between t and t+ dt is ψn(t) dt.
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The integral on the right side of equation 2.7 is called a convolution. In order to

simplify the notation, in many textbooks we find the following definition for the convolution

operation:

(2.8) (f(t) ∗ g(t))(t) :=

∫ t

0

f(t1)g(t− t1) dt1 =

∫ t

0

f(t− t1)g(t) dt1.

The last equality is derived in A.1. Thus, we can write ψn(t) = ψn−1(t) ∗ ψ(t).

It is possible to obtain a nice form for ψn(t). In order to do so, we must consider the

following function:

(2.9) L{f(t)} = L{f}(s) =

∫ ∞
0

f(t)e−st dt.

L{f}(s) is called the Laplace transform of f(t). Among the many properties of the

Laplace transform, we are now interested in the following one (see A.2):

(2.10) L{f(t) ∗ g(t)} = L{f(t)}L{g(t)}.

This means that the Laplace transform of a convolution is equal to the product of

the Laplace transforms of the single functions. Applying eq. 2.10 to eq. 2.7 we have:

(2.11) L{ψn(t)} = L{ψn−1(t) ∗ ψ(t)} = L{ψn−1}(s)L{ψ}(s).

Since we also have ψn−1(t) = ψn−2(t) ∗ ψ(t), then L{ψn−1(t)} = L{ψn−2}(s)L{ψ}(s).

With iterated substitutions in 2.11 we have:

(2.12) L{ψn(t)} = L{ψn−1}(s)L{ψ}(s) = L{ψn−2}(s)L{ψ}2(s) = ...

= L{ψn−(n−1)}(s)L{ψ}n−1(s) = L{ψ}(s)L{ψ}n−1(s) = L{ψ}n(s).

Equation 2.12 has a very simple and attractive form: the Laplace transform of the

waiting time distribution for the n-th event is equal to the n-th power of the Laplace trans-

form of the waiting time distribution.

We are now ready to answer the original question that brought us to 2.12: given an

event at t = 0, which is the probability R(t) dt of another event happening at a time between

t and t+ dt?
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To get the desired expression we have to sum the probabilities that the event is the

first, the second or the nth one, up to infinity (duration of a single event is supposed to be

negligible).

(2.13) R(t) dt :=
∞∑
1

ψn(t) dt ⇐⇒ R(t) =
∞∑
1

ψn(t).

The Laplace transform of R(t) as defined in 2.13 is very simple and attractive:

(2.14) L

{
∞∑
1

ψn(t)

}
=
∞∑
1

L{ψn(t)} =
∞∑
1

L{ψ}n(s) =
L{ψ}(s)

1− L{ψ}(s)
.

See A.3 for details about the last equality.

2.2.5. Aged Waiting Time Distribution

Let’s consider an ensemble of systems prepared so that they have an event at t = 0.

Let’s have them evolve and let’s start observing them again after a certain time ta. The wait-

ing time distribution that we obtain in this case is called the aged waiting time distribution

and is usually written as ψ(ta, t).

This definition implies that ψ(ta, t) dt is the probability of having an event at time

between t and t+ dt if we start observing a system at time ta. It is important to notice that

the times of the aged waiting time distribution still refer to t = 0 and not to t = ta, thus

its values are meaningful only for times larger than the moment in which the observation

of the system is resumed: t ≥ ta. In order to obtain a general formula for ψ(ta, t) we

start by noticing that if no events occur up to time t, then ψ(ta, t) = ψ(t). If events

occur before time ta, we can use R(t) to solve the problem. Let’s consider a time t1 so

that 0 < t1 < ta. As we have seen in Subsection 2.2.4, the probability of having an event

between time t1 and t1 + dt is R(t1) dt1. Thus, from the definition of ψ(t), we have that

R(t1) dt1ψ(t− t1) d(t− t1) = R(t1) dt1ψ(t− t1) dt is the probability of having an event at

time t given that the last event was at time t1 (we have d(t− t1) = dt since t1 is fixed). Now

we just have to consider all t1 between 0 and ta to obtain what we were searching for. This
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operation corresponds to the integration over t1 from 0 to ta:

ψ(ta, t) dt = ψ(t) dt+

∫ ta

0

R(t1) dt1ψ(t− t1) dt,

from which we have:

(2.15) ψ(ta, t) = ψ(t) +

∫ ta

0

R(t1)ψ(t− t1) dt1.

It’s important to notice that the integral in the expression for ψ(ta, t) is not a convo-

lution, since it runs up to ta and not up to t. This implies that we cannot use the theorem

for the Laplace transform of a convolution to get a better expression.

As expected, when ta = 0 we have ψ(0, t) = ψ(t). When ta 6= 0, if ψ(ta, t) 6= ψ(t),

then it is customary to say that ψ(t) undergoes aging. As we will see in Section 2.3, this

happens when g(t) is not constant. If g(t) decreases with time, then it is customary to say

that there is negative aging : this happens when, given no events happened between 0 and

t, it is less and less probable that another event will happen. Positive aging is when g(t)

increases with time. The latter case is when, given no events happened between 0 and t,

it is more and more probable that another event will happen. There is no aging when the

age-dependent failure rate is constant.

2.3. Fundamental Quantities in Common Systems

This section is devoted to give a visual basis to the quantities that were defined above.

In order to better appreciate the peculiarities of the complex systems, I will first show the

results in the case of the usual Poisson distribution. Then I will show the same quantities

in the case of complex systems.

2.3.1. Poisson Distribution

The Poisson distribution is characterized by the fact that the age dependent failure

rate is constant. This means that the probability of having an event at time between t and
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t + dt doesn’t depend on t. With the definitions of the last section, we have g(t) = λ, with

λ constant. Using eq. 2.6 we have:

(2.16) Ψ(t) = e−
∫ t
0 λ dt1 = e−λt.

Using eq. 2.3 we obtain:

(2.17) ψ(t) = −
d
(
e−λt

)
dt

= λe−λt.

We also have (see A.4 and A.5):

(2.18) R(t) = λ,

(2.19) ψ(ta, t) = λe(ta−t)λ.

These last results were expected. Regarding R(t), intuitively, since the age dependent

failure rate is constant, the instantaneous rate of events should also be constant. Regarding

ψ(ta, t), we recover the relation ψ(0, t) = ψ(t). Furthermore, since there is no relation

between how long one has to wait for an event and how long ago the last event happened,

we have ψ(ta, t+ ta) = ψ(t): if we shift to the left the aged waiting time distribution of time

ta by a quantity ta, we obtain the brand new waiting time distribution. In other words, the

Poisson distribution doesn’t undergo aging. The graph of all these quantities are shown in

Figure 2.2.

2.3.2. Power Laws

As I discussed in Section 2.1, power laws are a hallmark of complexity. In Sec-

tion 2.3.1 we have seen that the Poisson distribution is not suitable to describe com-

plex systems, since it is exponential. Thus, we can say that we are mainly interested in

Non-Poisson renewal events .

A wide variety of systems follow a power law for the waiting time distribution:

(2.20) ψ(t) ∝ t−µ.
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Figure 2.2. Log and log-log plot of functions related to the Poisson distri-

bution. λ = 2 and ta = 1. (red) g(t) and R(t). (orange) Ψ(t). (green) ψ(t).

(blue) ψ(ta, t).

Equation 2.20 can’t be normalized as required by 2.1. Various experiments show that

a good choice is to have ψ(t) ∝ (T + t)−µ, where T is a parameter that can be found by

looking at the characteristic time at which the system starts to exhibit a power law behavior

in a log-log plot of the function. Applying the normalization 2.1, we have, finally:

(2.21) ψ(t) =
(µ− 1)T µ−1

(T + t)µ
.

The survival probability is given by eq. 2.2:

(2.22) Ψ(t) = 1−
∫ t

0

(µ− 1)T µ−1

(T + t1)µ
dt1 =

(
T

T + t

)µ−1

,

the age dependent failure rate is given by (eq. 2.4):

(2.23) g(t) =
µ− 1

T + t
.

The plot of Figure 2.3 gives a visual representation of these quantities. Note the

different behavior of these functions with respect to the second panel of Figure 2.2.

Evaluating R(t) is not as straightforward as in the case of the Poisson distribution

because the Laplace transform of ψ(t) is not as simple:

(2.24) L
{

(µ− 1)T µ−1

(T + t)µ

}
= esT sµ−1T µ−1(µ− 1)Γ(1− µ, sT ),
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Figure 2.3. Log-log plot of functions related to complex systems. µ = 2.5

and T = 10. (blue) g(t). (orange) Ψ(t); (green) ψ(t).

where Γ(a, z) is the incomplete gamma function:

(2.25) Γ(a, z) =

∫ ∞
z

ta−1e−t dt.

For completeness we introduce also the gamma function, a generalization of the factorial:

(2.26) Γ(a) =

∫ ∞
0

ta−1e−t dt,

The gamma function has the property Γ(z + 1) = zΓ(z). If n is a natural number, then

Γ(n+ 1) = n!. A consequence of eq. 2.24 is that L{R} (s) from eq. 2.14 is difficult to invert

to obtain R(t).

For t→∞, Feller [16] and Allegrini et al. [17] proved that:

(2.27) R(t) ∼ 1

T µ−1Γ(2− µ)Γ(µ− 1)t2−µ
, 1 < µ < 2,

and

(2.28) R(t) ∼ 1

t̄

[
1 +

(
T

t

)µ−2
]
, 2 < µ < 3,

where t̄ = T
µ−2

is the average duration of the laminar regions. See A.6 for details. The

analysis of these formulas shows that when 2 < µ < 3 the rate of events tends to a constant
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value that is reached only in the infinite time limit. When 1 < µ < 2 the rate of events keeps

decreasing forever. The fact that the expression for R(t) is not the same for 1 < µ < 2 and

2 < µ < 3 reflects a deep difference in the properties of the systems in these two cases. The

causes and the implications of this will be discussed in Section 2.4.

Also the evaluation of the aged waiting time distribution ψ(ta, t) is not as easy as in

the Poisson case, because there is no explicit expression for R(t), valid for all t, to substitute

in eq. 2.15. Some general properties can be deduced by considering equations 2.28 and 2.27

in conjunction with the definition of ψ(ta, t) given in 2.15. When 2 < µ < 3, R(t) tends

to a constant (even though it reaches it in the infinite time limit). This implies that it is

possible to consider ta → ∞ to obtain a sort of stationary condition for ψ(ta, t): ψ(∞, t).

When 1 < µ < 2, R(t) keeps decreasing forever and no stationary condition for ψ(ta, t) can

be obtained with ta → ∞; this phenomenon is called perennial aging : The system keeps

aging forever.

An approximated formula for ψ(ta, t) can be obtained using the indication of Aquino

et al. in [18]. They suggest to make the assumption that the start of the laminar region that

contains the moment in which we resume the observation, happens with equal probability

between t = 0 and ta (instead of being R(t) dt). The formula that is obtained following this

simplification is the following (see A.7 for details):

(2.29)

ψ(ta, t) = (µ− 2)
(T + t)1−µ − (T + ta + t)1−µ

T 2−µ − (T + ta)2−µ

[
1−

(
T + ta
T

)1−µ
]

+ (µ− 1)
(T + ta + t)−µ

T 1−µ .

An analysis of formula 2.29 indicates that ψ(ta, t) ∼ 1
tµ−1 when t� ta and ψ(ta, t) ∼ 1

tµ

when t� ta.

A visual representation of R(t) and ψ(ta, t) in various cases is given in Figure 2.4.

Notice how R(t) tends to a constant when 2 < µ < 3 in contrast with the fact that it keeps

decreasing when 1 < µ < 2. Notice also the change in the slope of ψ(ta, t) around t = ta.
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Figure 2.4. Log-log plot of functions related to complex systems.

(orange) R(t) with µ = 2.5 and T = 10; (blue) R(t) with µ = 1.5 and T = 10;

(green) ψ(ta, t) with µ = 2.5, T = 10 and ta = 1E4.

2.4. Ergodicity Breaking

In Section 1.2, I anticipated that some complex systems break the ergodic assumption.

This section is dedicated to the analysis of the causes and the consequences of this important

feature.

2.4.1. Visualization of Ergodicity Breaking

It’s convenient to refresh the concept of ergodicity before starting the discussion, so

that the meaning of its breaking will be clearer. In order to do so, we must consider many

copies of the system that we are analyzing. This collection of systems is called an ensemble.

We prepare all systems at t = 0 and we let them evolve up to time t. Then we measure

the value of the quantity of interest for each system and we take an average of these values.

The value that we obtain with this procedure is called the ensemble average for the quantity

of interest. Another way to study the value of the quantity of interest is the following: we

start by preparing a single system at t = 0, then we let it evolve for a sufficiently long time
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during which we record the value of the quantity of interest. Then we take the average of

the recorded values. The value that we obtain with this second procedure is called the time

average. The ergodic assumption is that the ensemble average is equal to the time average.

In order to visualize this procedure let’s imagine a system that can move on a straight

line with speed equal to either 1 or −1. The initial position is 0 and the initial speed is chosen

randomly. The times at which the system changes speed are taken from a distribution, which

might be 2.17 or 2.21. Some sample trajectories are shown in Figure 2.5.

Figure 2.5. Sample trajectories. (black) Poissonian with λ = 1/20.

(red) Power law with µ = 3.5 and T = 20. (green) Power law with µ = 2.5

and T = 20.

Let’s consider the average speed of the system as our variable of interest. Figure 2.6
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shows the average speed distribution at t = 10000. It was created considering an ensemble

of 10000 systems. We notice that there is a high peak around 0 for the Poissonian case. In

the case of power laws, the central peak diminishes and becomes broader as µ diminishes

from 3.5 to 2.5. When µ = 1.5 there is no central peak anymore, but we have two peaks

around −1 and 1.

Figure 2.6. Average speed probabilities at t = 10000. (black) Poissonian

with λ = 1/20. (red) Power law with µ = 3.5 and T = 20. (green) Power law

with µ = 2.5 and T = 20; (blue) Power law with µ = 1.5 and T = 20.

Fig. 2.7 shows the average speed probabilities at t = 100000. Comparing this Figure

to Figure 2.6 we notice that the central peaks are sharper when the time is larger. The

plotting for µ = 3.5 is more similar to the plotting for the Poissonian distribution, while
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the plotting for µ = 2.5 is still very different. On the contrary, the plotting for µ = 1.5 is

practically unchanged.

Figure 2.7. Average speed probabilities at t = 100000. (black) Poissonian

with λ = 1/20. (red) Power law with µ = 3.5 and T = 20. (green) Power law

with µ = 2.5 and T = 20; (blue) Power law with µ = 1.5 and T = 20.

Fig. 2.6 and Figure 2.7 greatly help in understanding ergodicity breaking. Let’s first

consider a Poissonian system. Since the distribution of the average speeds is symmetric

around 0, the ensemble average for our quantity of interest is 0. If we considered a single

system and we let it evolve for long times, the value for the average speed that we would get

would be very close to 0: the longer the time of evolution the higher the probability of being

close to 0. Since the time average of a single system coincides with the ensemble average,
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we can say that our system in the Poissonian case is ergodic.

Let’s now consider a system with µ = 1.5. Also in this case the distribution of the

average speeds is symmetric around 0, so that the ensemble average for the quantity of

interest is 0. However, if we consider a single system, we see that its speed is most probably

either 1 or −1, not 0. This implies that the system is non ergodic, since the time average is

with great probability different from the ensemble average. This fact doesn’t change if we

wait longer: the distribution doesn’t change if we wait up to t = 100000. The distribution

of the non-ergodic case is called Lamperti distribution and will be discussed in greater detail

in Chapter 4.

Let’s consider the case in which µ = 2.5. Figure 2.6 shows that the distribution is

symmetric, so the ensemble average is 0 also in this case. However, it is quite wide: a system

has high probability of having an average that is significantly different from 0. Waiting for

longer times, however, the distribution gets narrower, as we can see in Figure 2.7: the system

evolves towards ergodicity and reaches it in the infinite time limit. Note that the distribution

in this case is not a Gaussian, as will be discussed in the next section.

Another way to understand ergodicity breaking stems from the fact that the quantities

of interest are linked to the events in a complex system. If the rate of events decreases with

time, then the associated quantities change with time. This implies that an ensemble average

will experience a certain range in the decrease of the rate of the events while the time average

will experience a wider range, since it is performed over a longer time. As a consequence of

this, the measure of the associated quantities will be different. When 2 < µ < 3 the rate

of events tends to a constant when t → ∞, this implies that in the very long time limit

ergodicity can be recovered. However, when 1 < µ < 2, the rate of events keeps decreasing

forever: ergodicity is never recovered.

It’s important to notice that all these results were obtained considering waiting time

distributions given by power laws of the form 2.21. These power laws have no truncation. If

a truncation is present, as in most real-world complex systems, then the ergodic behavior is

recovered in the appropriate long time limit [19].
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2.4.2. Moments and Central Limit Theorems

There is one more way to approach the causes of ergodicity breaking. It involves the

moments of the waiting time distribution. The first moment m1 for a generic distribution

ψ(t) is defined as:

(2.30) m1 =

∫ ∞
−∞

tψ(t) dt,

and it is the mean value of the distribution. The generic nth central moment besides the

first is defined as:

(2.31) mn =

∫ ∞
−∞

(t−m1)nψ(t) dt.

The second moment in particular is useful in quantifying how spread around the mean

the distribution is.

When µ > 3 the first and second moments of 2.21 are finite. In this case the central

limit theorem is valid: the sum of independent random fluctuations that have a distribution

with a finite second moment tends to a Gaussian distribution (A.8). The red curve in figures

2.6 and 2.7 derives from a system that obeys the central limit theorem.

When 2 < µ < 3 the first moment is finite, but the second moment is infinite. This

can be seen in Figure 2.5: the oscillations of the green trajectory are much larger than the

other ones and the calculations show that their square will eventually diverge to infinity. In

this case the central limit theorem is no longer valid. A generalized version, the generalized

central limit theorem, states that in this case the limit distribution is not a Gaussian, but

a Lévy stable distribution, characterized by heavy tails [20]. The green curve in figures 2.6

and 2.7 derives from a system that follows the generalized central limit theorem.

When 1 < µ < 2 also the first moment becomes infinite. This means that the average

time between events is infinite. This kind of trajectory wasn’t plotted in Figure 2.5 because

it exited from the plot almost immediately with a straight line. In this case, even the

generalized version of the central limit theorem is not applicable. As anticipated in the last

section, the result is a Lamperti distribution. The fact that central limit theorems are not

applicable is closely related to ergodicity breaking: the ensemble average (that more visually
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can also be called the center of gravity) of the resulting distribution doesn’t coincide with

the value at which it has its maximum in the long time limit. The blue curve in figures 2.6

and 2.7 is a Lamperti distribution.

2.5. Consequences

Aging and ergodicity breaking have deep consequences for the behavior of complex

systems. Theories that are based on the stationarity of the production of events must be

modified to take into account the phenomena of aging. While for µ > 2 the old theories

might be valid in the infinite time limit (when the system reaches a fixed rate of events),

they are certainly not valid when µ < 2 because no stationary event rate is reached in this

case. As we will see in Chapter 4, the linear response theory must be modified to take these

phenomena into account. These modifications lead to surprising results.
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CHAPTER 3

VARIOUS COMPLEX SYSTEMS

In this chapter I will briefly review some complex systems that I’ve investigated. This

should help in giving a more solid intuitive ground to the theoretical notions of Chapter 2. For

this reason, I won’t go into extensive details and technicalities, with the exception of the last

section. I will limit myself to describe the complex system(s) of interest and the ways they

show complex behavior. The first section is dedicated to the transmission of information in

a two-dimensional lattice of units that follow an altruistic-selfish model. The second section

explores the transmission of information in the decision making model (DMM). A section

dedicated to the criticality in the susceptible-infected-recovered model (SIR model) follows.

In this section, I will also investigate the consequences of the interaction between DMM and

SIR using a two-layer system. The last section, more theoretical, is devoted to the discussion

of the emergence of power laws in a DMM system with few units.

3.1. Altruistic-Selfish Model

Let’s consider a two-dimensional lattice of units that can be either “altruistic” (A)

or “selfish” (S). The initial state of the units is chosen randomly. At each time step, the

probability for a selfish unit to become altruistic is given by:

ω = K
MA

M
,

where MA is the number of neighbors in the altruistic state, M is the number of neighbors

(4 for units not at the border of the lattice) and K is an order parameter, the intensity of

imitation. The probability for an altruistic unit to become selfish is:

γ = γ0 − β
MA

M
.

Here γ0 indicates a constant rate for becoming selfish: the model supposes that human

beings are selfish and become altruist only thanks to imitation. β has the same role as K.
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Intuitively, it is possible to see that if the values of β and K aren’t high enough, altruism

would become extinct. In this study I set γ0 = 0.01 and K = 1.7. The transmission of

information within the system was studied as a function of β. In order to do so, I forced

the central units of the lattice (1% of the total) to periodically switch states and stay in the

assigned state between switchings. I then averaged over time the response of the units at

the same distance d (in reality I did something a bit more sophisticated, but these details

are not essential for the purpose of this section). Figure 3.1 shows the response of the units

in time as a function of distance. The black line represents the central cluster, the source of

the signal. The response attenuates with distance, as expected.

Figure 3.2 quantifies the attenuation as a function of the distance, for varying β.

When β is 0 (lower red line) the system is subcritical and the signal decays exponentially.

Increasing this order parameter has the effect of diminishing the decay of the signal with

distance. When β = 0.033 the decay of the signal becomes very similar to a power law with

µ = 1.28. Further increasing β has the effect of increasing the decay again. In this case, we

can define the system to be at criticality when K = 1.7 and β = 0.033, since the transmission

of information within the system is maximal with these values for the order parameters. An

interesting graph (that wasn’t created at the time) would be the distance at which the signal

reduces to a fixed value as a function of K and β. This would most probably evidence a

ridge.

3.2. DMM and Transmission of Information

The decision making model [21, 22] simulates the behavior of units whose decisions

are influenced by neighbors. The units have two states that can be labeled as state “1” and

state “-1” and the probability for a unit to switch from one to the other increases if the

fraction of neighboring units that are in the opposite state increases. The chosen expression

for the transition rate to the opposite state is the following:

(3.1) g = g0e
K
MO−MS

M ,
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Figure 3.1. Transmission of information in the altruistic-selfish model, from

[1]. The black line is the signal. The figure clearly shows that it is attenuated

with distance.

where g0 regulates the speed of the dynamics, MO is the number of neighboring units in

the opposite state, MS is the number of neighboring units in the same state, M is the total

number of neighboring units and K regulates the strength of imitation.

In this model, the order parameter is K: for a two-dimensional lattice the system is

at criticality when K is about 1.65. Let’s consider the sum of “ones” and “minus-ones” as

our quantity of interest and let’s consider the crossing of 0 of this sum as the renewal events

of the system, as it evolves in time starting from a random distribution for the states of the

units. For K � 1.65 the system is subcritical : it has fast oscillations around the mean value
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Figure 3.2. Intensity of the response in the altruistic-selfish model as a func-

tion of distance, for different values of β, from [1]. (black) β = 0.033, critical

value. (gray) Fitting of the critical line with µ = 1.28. (red) From the lower

line towards the critical line, the values for β are 0.0, 0.02, 0.027 and 0.03.

(blue) From the top line, away from the critical line , the values for β are

0.036, 0.04 and 0.08.

(that is 0) and the waiting time distribution between events is an exponential. For K � 1.65,

almost all the units are either in state “1” or in state “-1” after a while, depending on the

simulation. Intuitively, this happens because the units are strongly imitating each other and,

as soon as the system is slightly unbalanced towards one state or the other because of some

fluctuation, then all the other units will follow. In this case, there will be no renewal events
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Figure 3.3. Waiting times histogram for a two-dimensional DMM near crit-

icality. The system expresses a power law with µ = 1.5

in practice. Finally, when K = 1.65 the system is critical: clusters of units in state “1” and

in state “-1” form and change with time. The waiting time distribution is a power law with

µ = 1.5. Figure 3.3 shows the waiting time histogram for a simulation of a two-dimensional

DMM near criticality (in fact it is slightly supercritical).

Figure 3.4 shows typical states for the DMM lattice. In the supercritical state (left),

the system switches from prevalently “1” to prevalently “-1”. In the critical state (right), a

cluster structure for units in states “1” and “-1” is more evident.

I performed some analysis of the transmission of information in a two-dimensional

decision making model. The setup was similar to the one for the altruistic-selfish model: the

central units were forced to assume the state “1” or “-1,” switching at regular intervals, and

measures of the correlation as a function of distance were taken. However, the focus shifted

to the analysis of the delays in the propagation of information and to the effects of the size

of the lattice (that has non-periodic boundary conditions).
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Figure 3.4. Clusters and criticality for DMM. Left: DMM slightly in the

supercritical regime , K = 1.7 Right: DMM at criticality, K = 1.65.

Figure 3.5 shows a first interesting result: if the system is small, then the correlation

between a unit in the middle - between the source of the signal and the border - is stronger

for the slightly supercritical system, even though the peak is reached later. This reverses

when the dimensions of the system are doubled and the distance from the source of the

signal is the same. Intuitively, if the system is small and supercritical, it takes a while to the

central units to convince the others to switch accordingly, but, once this happens, all units

stay in the same state. When the system is large, the transmission of information in the

supercritical regime is not strong enough to convince all the units in the system to change

state. The unit feels the field of units that aren’t carrying the signal and this reduces the

correlation. If the system is at criticality, the information instead reaches farther and the

correlation of the unit with the signal is stronger.

These considerations about the intensity of the correlation for K = 1.7 and K = 1.65

are confirmed by Figure 3.6. As we can see, the correlation decays faster when the system

is supercritical, with the exception of a system composed by a small number of units.

Another aspect that I analyzed was the delay of the peak of the correlation with

distance. It is interesting to see (Figure 3.7) that this quantity has a behavior that is much

more regular when the system is at criticality.

Having established the virtues of the DMM at criticality with respect to the supercrit-

ical condition, I moved my attention to the signal. The first test that I did was to compare
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Figure 3.5. DMM model. Left: Correlation with the signal for a unit. The

black line is for K = 1.7 and the red one is for K = 1.65. Small system. Right:

Correlation with the signal for the same unit. The black line is for K = 1.7

and the red one is for K = 1.65. The system is four times larger.

a complex signal with µ = 1.5, to a periodic one with period equal to the average switching

time of the complex one (so as to have the same number of events). Figure 3.8 shows the

results. As we can see, a complex signal moves slower (note that the axes of distance and

time are inverted with respect to usual representations, so a steeper curve implies smaller

speed), but it propagates further and is less dependent on the size of the system.

One final test that I performed was to compare signals with different µ. The results

are summarized in Figure 3.9. The signal with µ = 1.8 shows the worst performance of the

group: the correlation decays faster than the others for large systems and the delay depends

strongly on the size. The only plus is that it is the fastest. Among the other two, it seems

that the signal with µ = 1.5 is slightly preferable because it is a bit faster and more reliable

for large systems. This last observation is important, as the µ of an unperturbed DMM is

also 1.5 (see 3.3).
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Figure 3.6. Correlation peak as a function of the distance for different sizes

of a two-dimensional DMM model. Left: Supercritical, K = 1.7 Right: Criti-

cal, K = 1.65. In the critical case the signal reaches farther, with the exception

of a small system.

3.3. SIR Model

The susceptible-infected-recovered model is used to simulate the spreading of epi-

demics. As the name suggests, every unit can be in one of 3 different states.

Susceptible units can become infected. The probability is β ∗MI/M , where MI is the

number of infected neighboring units, M is the total number of neighboring units and β is an

order parameter. In the variation of the model that I simulated, susceptible units can also

immunize directly: there is the possibility for them to become part of the recovered group

without going through the illness. For this reason “vaccinated” will be used as a synonym for

recovered. The probability to become vaccinated is K ∗MV /M , where MV is the number of

vaccinated neighboring units, M is the total number of neighboring units and K is another

order parameter. The model is based on the assumption that the decision to vaccinate is

taken on the basis of imitation.
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Figure 3.7. Delay of the peak of the correlation as a function of the distance

for different sizes of a two-dimensional DMM model. Left: Supercritical, K =

1.7. Right: Critical, K = 1.65. The critical case is more regular, although

slower.

Infected units can recover with probability γ (thus become vaccinated) or can die and

become a susceptible unit again with probability d. The latter possibility preserves the total

number of units.

Vaccinated units can die and become a susceptible unit again with probability d. As

before, this preserves the total number of units.

In this dissertation, I will report on tests done with γ = 0. This means that it is

not possible to recover from the illness modeled. This choice makes the roles of infected

and vaccinated symmetric, since a susceptible unit can become either one or the other and

“dying” is the only way to become a susceptible unit again in both cases.

Starting from an equal number of units in each state, I let the system evolve for

a long time, so as to allow it to reach equilibrium. Figures 3.10 and 3.11 show the final

fraction of units in each state as a function of the order parameters (d = 0.1 was used in

these simulations). When β and K are small, there will be only susceptible units: if the
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Figure 3.8. Complex signal versus periodic signal in a two-dimensional

DMM model for increasing sizes of the lattice. The complex signal is transmit-

ted farther and with more regular speed. (top row) Peak intensity vs distance.

(bottom row) Peak delay vs distance. (left column) Periodic signal. (right

column) Complex signal.
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Figure 3.9. Comparison of signals with different µ’s in a two-dimensional

DMM model. The signal with µ = 1.5 is more regular than the others. (top

row) Peak intensity vs distance. (bottom row) Peak delay vs distance. (left

column) µ = 1.2. (mid column) µ = 1.5. (right column) µ = 1.8.

illness doesn’t spread easily and the push to imitate others in being vaccinated isn’t strong

enough, both states will decay with time as newborns are in the susceptible state. As we can

see, the infected and vaccinated conditions aren’t compatible: in the long time limit only

one of them will be present (if β and/or K are large enough).

The left panel of Figure 3.11 shows that the susceptible-infected subsystem is at

criticality when β=0.15, as for larger values there will be infected units in the long time

limit. The same stands for the susceptible-vaccinated subsystem for K = 0.15. My intuition

told me that an interesting condition for the system as a whole would be 0.15 < β < K,

so that it would be (slightly) supercritical for both the susceptible-infected and susceptible-
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Figure 3.10. Fraction of susceptible units in the long time limit as a function

of the order parameters.

Figure 3.11. Fraction of infected units (left) and vaccinated units (right) in

the long time limit as a function of the order parameters in SIR model.
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Figure 3.12. Number of infected units in time in SIR model. The right

panel shows the first 10000 steps of the left panel. Notice the qualitative self

similarity.

vaccinated subsystems, but with 0 infected units in the long time limit. In order to run the

simulation for as long a simulated time as I needed, I randomly created a new infected unit

as soon as no more of them were present in the system. Figure 3.12 shows the evolution

in time of the number of infected units and was created using d = 0.01, β = 0.017 and

K = 0.025. The right panel shows the initial 10000 steps of the left panel. As we can see,

the graph is qualitatively self similar. Figure 3.13 is the waiting time distribution. The

fitting is obtained using the distribution 2.21 and gives T = 49.6 and µ = 1.48. Thus, the

system shows temporal complexity for the durations of epidemics (considering the start of

an outbreak to be when the number of infected units is larger than one).

3.3.1. Multilayer

I also ran some simulations that combined the decision making model with the SIR

model. The idea was to simulate the influence of a debate on health. In order to do so I

created a two-layer system. One layer followed the DMM and was simulating the debate

(whether to adopt safe sex or not, whether to vaccinate or not...). The other layer followed
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Figure 3.13. Waiting time distribution for Figure 3.12. The system shows

temporal complexity. Fitting with formula 2.21 gives T = 49.6 and µ = 1.48.

the SIR model. The influence of DMM over SIR was done by changing the value of K of the

SIR model. If a unit was in favor of vaccination (or safe sex), then the value of K for that

unit would be set to K+ > K0, where K0 is the unperturbed value. This implies that that

unit is more prone to become a vaccinated unit. If a unit was contrary, then its value for K

would be set to K− < K0.

In the simulations, I used K− = 0.02, K+ = 0.03, K0 = 0.025 and all the other values

as before. The perturbation of the DMM over SIR is very small: in the most extreme cases

(all units in favor of vaccination or all units contrary) T of the waiting time distribution for

the outbreaks would differ by just 9 units (45.7 in one case and 54.9 in the other). However,

these extreme cases are very unlikely, since usually about half of all the units will be in favor

and half of them will be contrary.

In order to evaluate the influence of the DMM over SIR, I needed to create a time

series for both subsystems and evaluate the correlation between them (see A.9). The time
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series for the DMM was created by setting its value to 1 when the majority of the units were

pro-vaccination and 0 otherwise. For the SIR model, I decided to set the value to 1 for times

when the length of the outbreak was larger then the mean value and 0 in the other cases.

With these values for the series, a correlation of 0.5 would indicate that the systems are

unrelated, a correlation of 0 would indicate perfect anti-correlation and a value of 1 would

indicate total correlation.

The simulations showed that when the DMM is either subcritical or supercritical we

are in the ergodic regime (figure 3.14), as the peak for the average in time for one system

corresponds to the average over all systems (the latter is represented by the thick black line on

the bottom). Moreover, there is practically no influence on the SIR model as the correlation

is very close to 0.5. When the DMM is at criticality (figure 3.15) there is ergodicity breaking,

since the correlation for the average in time has two peaks, and neither of them is equal to

the ensemble average of the correlation, represented by the think black line on the bottom.

This means that evaluating the value of the correlation in time with high probability gives a

result that is different from the value of the ensemble average of the correlations. Moreover,

and most interestingly, DMM and SIR are slightly anti-correlated in this case: this means

that, despite the weakness of the perturbation, an influence of the first layer on the second

is present. There is anti-correlation because of the choices for the values in the time series:

when the DMM is positive more people are in favor of vaccination and this shrinks the length

of the outbreak, resulting in a negative value for the SIR.

I also introduced feedback in the simulation, so that it would be more probable for a

DMM unit to become in favor of vaccinations when surrounded by infected units. Describing

the details of the evolution in time of this system goes beyond the goals of this dissertation.

It is sufficient to say that it generated interesting dynamics that could be related to real-

world situations. For instance, there is social inertia: the tendency to change one’s mind

only after an outbreak has occurred. Figure 3.16 is a still from a video produced by the

simulation.
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Figure 3.14. Histogram of the correlation in time between the DMM and

SIR models when the DMM is subcritical (left), and when it is supercritical

(right). τ is the delay of the cross correlation. In both cases we are in the

ergodic regime: the peak for the average in time corresponds to the average

over all systems, given by the think black line on the bottom.

3.4. DMM With Few Units

I was interested in determining how many units were needed for a DMM system to

express temporal complexity, considering the sum of the values associated to the state of

the units as the variable of interest (this variable is sometimes called the mean field). The

events are when the variable changes its sign. I considered a one dimensional system and

in my first test I found that 51 units were sufficient (figure 3.17). In subsequent tests, I

found that just 5 units were sufficient, even though the length of the power-law regime was

shorter. More surprisingly, the power-law regime was present for a large range of the control

parameter: the system was showing extended criticality! (figure 3.18). A system with just 3

units is also interesting because one can see the embryo of the power-law regime, although

it is very short.

Since five units are very few, I started wondering if an analytical treatment was possi-

ble. I came up with the following one, that perfectly explains the waiting time distributions
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Figure 3.15. Histogram of the correlation in time between the DMM and

SIR when both are at criticality. τ is the delay of the cross correlation. In

this case, there is ergodicity breaking as there are two peaks for the average

in time. The ensemble average of the correlation is given by the thick black

line on the bottom.

also for extreme values of K and for constant perturbation of the system.

The general idea is to consider all the states of the system and write the master

equation, which is a set of equations that describe the evolution in time of the probability

for the system to be in each of its states. The second step is to write a set of self-consistent

equations for the waiting time distribution, stating from a state. The final step is to properly

combine the solution for the master equation at equilibrium with the solution of the self-

consistent set of equations.

For brevity, I will show the procedure in the case of a one-dimensional DMM system

with 3 units and non-periodic boundary conditions. Figure 3.19 shows all the states of a such
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Figure 3.16. Still from a video of the evolution in time of the DMM-SIR

multilayer system with feedback. The yellow dots are susceptible units, the

red are infected and the green are vaccinated. The gray halo is where the

DMM layer is in favor of vaccination.

a system. Since only one unit can change at a time, the arrows indicate the only possible

ways to go from one state to the other. For instance, when the system is in the state 1a,

the first unit is in state “1,” the second one is in state “1” and the third one is in state

“-1”. From this state it can move to state “-1a” with probability λ1a.−1a, to state “-1b” with

probability λ1a.−1b and to state “3a” with probability λ1a.3a. λ1a.−1b is not written in Figure

3.19 for clarity. Note that the number in the name that identifies the state of the system is

equal to the sum of the values associated to the states of each unit. Figure 3.19 shows that

events are associated with moving from one state in the left side to the one on the right side

and vice-versa as the sum of the values associated to the state of the units switches from

positive to negative and vice-versa. The values for the transition rates λ are given by directly

applying the rule 3.1. For instance, we have λ1a.3a = eK since the unit that is changing state
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Figure 3.17. Waiting time distribution for a one-dimensional DMM system

with 51 units at criticality.

Figure 3.18. Waiting time distribution for a one-dimensional DMM system

with 5 units for different values of K. The system expresses extended critical-

ity, as the length of the power-law regime doesn’t change much for a range of

values of the order parameter.

is in contact with only one neighbor and that neighbor has the opposite value. Figure 3.20

shows the resulting master equation.
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Figure 3.19. All possible states for a one-dimensional DMM system with 3

units and non-periodic boundaries. The arrows indicate the only possible ways

of moving between the states, as only one unit can change state at a time.

Figure 3.20. Master equation for a one-dimensional DMM system with 3

units and non-periodic boundaries. The transition rates are calculated using

the rules of the DMM (formula 3.1)

In order to solve for the equilibrium probabilities I set the derivatives with respect to

time equal to 0. The resulting values for the probabilities are shown in Figure 3.21.

As an aside, the solutions for the master equation at equilibrium allow one to evaluate

the probability for the mean field as a function of K: The probability that the sum of the

values of the units is 1 is given by p1a(K) + p1b(K) + p1c(K), the probability that it is 3 is
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Figure 3.21. Solution of the master equation of Figure 3.20

Figure 3.22. DMM with 3 units. Left: Probability for the mean field as a

function of K. Right: Energies (arbitrary units) associated to the states as a

function of K

given by p3a and so on. Moreover, if we use the Boltzmann distribution, we have p ∝ e−cE,

where p is the probability for the state, c is a constant and E is the energy. Inverting the

relation we have E ∝ − log(p), which allows us to evaluate the energy of the states. Figure

3.22 shows both the probabilities and the energies of the states of the system as a function

of K.

The second step towards obtaining the desired analytical formula is to write a set of

self-consistent equations for the waiting time distributions of each state, where the waiting

time distribution of a state is defined to be the time until an event (of the mean field)

given that the system starts in that state at t = 0. Let’s consider again the state 1a. If

the system goes to state −1a or −1b then the laminar region ends, since it would move
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Figure 3.23. Self consistent set of equations relative to Figure 3.20. The

unknowns are the waiting time distributions indicated by ψxy(t)

from the left side to the right side of Figure 3.19. The probability to go to state −1a

at time t is given by the probability of still being in state 1a at time t (to exclude that

the system went to other states) times the probability for the second unit to switch to

−1 at time t. The formula is Ψ1a(t)λ1a.−1a dt. Every element of the previous formula is

known: λ1a.−1a is given by the DMM (rule 3.1) and Ψ1a(t) is given by equation 2.16 with

λ = λ1a.−1a + λ1a.−1b + λ1a.3a. Similarly, the probability of ending the laminar region by

going from state 1a to state −1b at time t is Ψ1a(t)λ1a.−1b dt. The probability of ending the

laminar region by going to state 3a from state 1a requires a bit more thought. In fact, it is

equal to the probability of going to state 3a at time t′ (which is Ψ1a(t
′)λ1a.3a dt

′) times the

probability of ending the laminar region starting from state 3a in a time equal to t−t′ (which

is ψ3a(t− t′) d(t− t′) = ψ3a(t− t′) dt, because t′ is fixed). Since t′ can vary from 0 to t, the

final formula is
∫ t

0
Ψ1a(t

′)λ1a.3aψ3a(t− t′) dt′ dt. In this formula the form of the function ψ3a

is the only unknown. Summing all the possible mutually exclusive ways in which a laminar

region could end starting from state 1a we have:

(3.2) ψ1a(t) = Ψ1a(t)λ1a.−1a + Ψ1a(t)λ1a.−1b +

∫ t

0

Ψ1a(t
′)λ1a.3aψ3a(t− t′) dt′,

where dt was simplified and the unknowns are ψ1a(t) and ψ3a(t). Following the same reason-

ing for all the states produces the system of equations of Figure 3.23, which can be solved

using Laplace transforms. It is possible to go back from Laplace space, since the solutions

are ratios of polynomials.

The last step to obtain the analytical formula for the waiting time distribution is to

47



properly combine the solutions of the system of Figure 3.23 with the solutions of Figure 3.21.

We can consider only the left part of Figure 3.19 because the system is symmetric. Since a

laminar region of the left side starts with the system in one of the states 1a, 1b or 1c, the total

waiting time distribution will be a combination of the waiting time distributions relative to

these states. The combination is performed by weighting the waiting time distributions with

the probabilities of the respective states. We have:

(3.3) ψ(t) =
p1aψ1a(t) + p1bψ1b(t) + p1cψ1c(t)

p1a + p1b + p1c

.

For instance, a value of K = 1.8 produces the following waiting time distribution:

(3.4) ψ(t) = 0.000149331e0.0018206t + 0.0000848278e−0.000749684t + 0.0000126317e0.000015695t

Figure 3.24 shows a very good agreement between the theory and the simulation for

different values of K.

The whole reasoning can be adapted to the case of a constant perturbation by properly

updating the probabilities for the transitions of the units. As a result, the energy for the

states is twisted, as shown in Figure 3.25, where the probability to go to negative values

has been reduced by 1/3. Figure 3.26 shows the waiting time distributions for the same

perturbation for different values of K. Also in these cases the analytical solution (the black

line) is in excellent agreement with the numerical simulations.

The main problem with this approach is that the number of equations to solve in-

creases as 2n, where n is the number of units. Using symmetries in the system, however, it is

possible to considerably reduce the calculations (for instance, only 4 self-consistent equations

were used here, exploiting the fact that Figure 3.19 is symmetric).
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Figure 3.24. Waiting time distribution for a one-dimensional DMM system

with 3 units for K = 0.1 (top left), K = 0.8 (top right), K = 1.2 (bottom left)

and K = 1.5 (bottom right). The black line in each graph is the analytical

solution of the system.

Figure 3.25. Energies (arbitrary units) associated to the states of a one-

dimensional DMM with 3 units as a function of K for a constant perturbation.
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Figure 3.26. Waiting time distribution for a one-dimensional DMM system

with 3 units under constant perturbation, for K = 0.1 (top left), K = 0.8 (top

right), K = 1.2 (bottom left) and K = 1.5 (bottom right). The black line in

each graph is the analytical solution of the system.
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CHAPTER 4

PERTURBATION OF A COMPLEX SYSTEM

This is a central chapter of this dissertation. It is dedicated to the perturbation of a

complex system by another complex system. As I evidenced in the Introduction, complex

systems are widespread in nature and many of them are also very important to us (market,

ecology, weather, society...). Moreover, many complex systems that were practically isolated

until a few years ago are now in closer contact and are perturbing each other. Having a

theoretical framework that allows prediction of the response of a complex system to a per-

turbation is becoming of fundamental importance, so to be able to influence their evolution

for the better. It’s important to notice that, in general, a strong perturbation is not needed:

a high-energy complex system might be controlled by a low-energy one. This happens when

the low-energy system is high in information content when compared to the high-energy sys-

tem. This is Wiener’s Rule [23], which has been improved and elucidated by the Principle

of Complexity Management [12, 2, 3]. In the first section, I will review the relevant parts

of linear response theory and show how it needs to be modified for complex systems. The

second section is dedicated to the important results of [2], which uses ensemble averages to

determine the consequences of the perturbation of a complex system by another one. As I

discussed in Chapter 2, the results obtained using ensemble averages can’t be directly trans-

lated into results regarding a single system if aging is involved (and we are not considering

the infinite time limit) or in the case of ergodicity breaking. Furthermore, in many cases it

is impossible or not practical to create copies of a physical system to have an ensemble to

study (think about duplicating a brain or a society). Section 4.3 is devoted to overcoming

these limitations by presenting the theory and the results of the perturbation of a complex

system by another complex system in the case of single time series.
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4.1. Linear Response Theory

Linear response theory (LRT) is a cornerstone of statistical physics. It can be sum-

marized by the following equation:

(4.1) ξs(t) =

∫ t

−∞
χ(t− t′)ξp(t′) dt′.

Eq. 4.1 states that the response ξs(t) (assumed to be 0 in absence of perturbation)

of the system s at time t depends linearly on the perturbations ξp(t
′) performed at at time

t′ < t. χ(t − t′) is the linear response function. It is important to notice that the linear

response function depends only on the difference between the time of observation t and the

time of the perturbation t′. The theory of Kubo [24] shows that χ(t− t′) is the derivative of

the autocorrelation function Φs(t− t′) of the unperturbed system s. Obviously, in this case,

deriving by t or by t′ implies only a change in sign. More details about the autocorrelation

function can be found in A.10.

As I discussed in Chapter 2, the complex systems in which we are interested undergo

the phenomenon of aging. Since the rate of production of events changes with time, also the

self-correlation function is not stationary. In mathematical terms, we have Φs(t
′, t) instead

of Φs(t − t′) (and a direct consequence of this is that we have χ(t′, t) instead of χ(t − t′)).

This means that deriving Φs(t
′, t) by the time of observation, t, might produce very different

results from the ones obtained by deriving Φs(t
′, t) by the time of perturbation, t′. The

authors of [25, 26, 27, 28] analyze the consequences of these two possible choices. Taking

χ(t′, t) = dΦs(t′,t)
dt′

is called the phenomenological choice, while taking χ(t′, t) = −dΦs(t′,t)
dt

is

called the dynamical choice.

4.1.1. Phenomenological Choice

In order to understand how the phenomenological perturbation works it is necessary

to understand how the time series ξs(t) is constructed from the events of the complex system.

A two-state system is considered and the states can be labeled as state “1” and state “−1” for

convenience. When an event occurs, the system has the possibility to move from one state to
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the other. In absence of perturbation, the state will be changed 50% of the time, according

to the tossing of a fair coin. The perturbation in the phenomenological case corresponds

to using a biased coin. Note that this way of perturbing doesn’t change the waiting time

distribution of the perturbed system.

As I stated before, the phenomenological perturbation is equivalent to choosing

χ(t′, t) = dΦs(t′,t)
dt′

. A proof of this equivalence can be found in [28].

4.1.2. Dynamical Choice

The equation for the waiting time distribution for complex systems (2.21) shows that

there are two parameters that can be perturbed: µ and T . The index of complexity µ is

a principal property of the system: It is the result of the nature of the interactions among

the units. Because of this, changing the µ of a complex system implies affecting the nature

of the complex system itself. In other words, a perturbation that changes µ is a strong

perturbation. Perturbing T , on the other hand, is not a strong perturbation, as it affects

only the time length at which the power law starts to be perceived (in log-log plot): It

doesn’t affect the nature of the system itself.

In order to extract a time series from the events of the system, also in this case a two

state system is considered and a fair coin is tossed to decide whether to change state or not.

The length of the next laminar region is then taken from a distribution 2.21 with T = T+ or

T = T− according to the perturbation scheme adopted.

Perturbing T affects the length of the laminar region in a statistical way. This cor-

responds to a perturbation of the time t at which the next event will occur. Intuitively, this

is why we have χ(t′, t) = −dΦs(t′,t)
dt

in the dynamical case. A formal derivation of this fact is

given in [28].

4.1.3. Experimental Results

A very surprising result of the theory of perturbation of complex systems is that

the response to a constant periodic perturbation vanishes with time. Interestingly, this

53



result can be related to the phenomenon of habituation. The vanishing of the response to

a periodic perturbation was experimentally observed in nematic crystals [29, 30]. Since the

phenomenological model and the dynamical model give different results for an harmonic

perturbation, the authors of [29] were able to show experimentally that the preferred model

is the dynamical one. In keeping with this result, I will stick with the dynamical model in

the following parts.

4.2. Response Cube - Ensemble

In this section, I will show the results of the perturbation of a complex system by

another complex system using ensemble averages in the dynamical case, and I will also sketch

how to obtain them. See [2] for more details.

We start by rewriting eq. 4.1 as:

(4.2) 〈ξs(t)〉 = ε

∫ t

0

χ(t′, t)ξp(t
′) dt′,

where ε is the intensity of the perturbation and 〈ξs(t)〉 is the average of the fluctuations of

the perturbed system over a Gibbs ensemble. It is important to notice that both systems

must be prepared, so as to have an event at t = 0.

The authors of [31] show that Φs(t
′, t) = Ψs(t

′, t), where Ψs(t
′, t) =

∫∞
t
ψs(t

′, x) dx.

In other words: the correlation function of a system s between t′ and t >= t′ is given by

the aged survival probability of s of age t′. The aged survival probability of age t′ describes

the probability of not having an event up to time t if the observation is started at time

t′ < t. See eq. 2.15 for details on ψs(t
′, x). In summary, in the dynamical case we have:

χ(t, t′) = − d
dt

Ψs(t
′, t) = ψs(t

′, t). Unfortunately, for historical reasons, the notation of this

dissertation is different from the notation of [31]: the arguments of the functions ξ and Ψ

are inverted.

Equation 4.2 evaluates the response of an ensemble of systems to the same pertur-

bation ξp(t). Since we are interested in the response of the system to a generic complex
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perturbation that follows eq. 2.21 and has an event at t = 0, we have to evaluate the average

of the above quantity over a Gibbs ensemble for the perturbations:

〈〈ξs(t)〉〉 = ε

∫ t

0

ψs(t
′, t) 〈ξp(t′)〉 dt′.

It can be demonstrated ([31]) that 〈ξp(t′)〉 = Ψp(t) when the system p has an event

at t = 0. In other words, the ensemble average of the perturbation is equal to the survival

probability of the perturbing system (see eq. 2.22 for the explicit form of the survival

probability). Hence, we have:

(4.3) 〈〈ξs(t)〉〉 = ε

∫ t

0

ψs(t
′, t)Ψp(t

′) dt′.

The authors of [2] show that the correlation function between the perturbation and

the response in the long time limit is given by:

(4.4) Φ∞ =
limt→∞ 〈ξs(t)ξp(t)〉

ε
= lim

t→∞

∫ t

0

ψs(t
′, t)Ψp(t

′, t) dt′.

By using formula 4.4, and considering the consequences of aging and perennial aging

(2 < µ < 3 and 1 < µ < 2, see Chapter 2), the following results are obtained:

(4.5) Φ∞ =
sin(πµp)

π

Γ(µp + µs − 1)

(µp − 1)Γ(µp + 1)Γ(µs − 1)
×

× F [{µp − 1, µp − 1, µp + µs − 1} , {µp, µp + 1} , 1] 1 < µp < 2, 1 < µs < 2,

(4.6) Φ∞ = 0 2 < µp < 3, 1 < µs < 2,

(4.7) Φ∞ = 1 1 < µp < 2, 2 < µs < 3,

(4.8) Φ∞ =
µs − 2

µs + µ− p− 4
2 < µp < 3, 2 < µs < 3,

where F ({a} , {b} , z) is a special function, called a generalized hypergeometric function. Fig-

ure 4.1 shows these important results. It is important to remember that Φ∞ is the ratio be-

55



Figure 4.1. Φ∞ as a function of µp and µs in the case of ensemble averages.

Reprinted Figure with permission from [2]. Copyright (2017) by the American

Physical Society.

tween the correlation of the systems and the intensity of the perturbation; so that the value

1 on the z axis doesn’t mean that there is a perfect correlation between the two signals. As

we can see, the plotting can be divided into 4 regions, that correspond to equations (4.5) –

(4.8). The main result is that the maximal response is obtained when a non-ergodic system

perturbs an ergodic system, while no response happens in the opposite case. When both

systems are ergodic or non-ergodic, the response changes with µs and µp.
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4.3. Response Cube - Single Time Series

This section is devoted to illustrating the results of the paper [3] of which I’m first

author. As I already suggested in the Introduction, the remarkable results summarized by

Figure 4.1 can’t be used to predict the behavior of a single complex system in the non-ergodic

case, as the work [2] is based on ensemble averages. Here I will show how to overcome this

difficulty which, in principle, makes it impossible to reliably predict the response of a brain

to a complex stimulus.

4.3.1. Perturbation Schema

The perturbation is performed following the dynamical choice. As we’ve seen in

previous sections, this implies that the length of the laminar regions of the perturbed system

are extracted from a waiting time distribution that has the form of eq. 2.21, in which

T changes. As before, let’s consider the two-state systems s (perturbed system) and p

(perturbing system). ξs(t) and ξp(t) represent the states of the system in time and might

assume the values “-1” or “1”. Let’s also fix T+ = T (1 + ε) and T− = T (1 − ε). The

perturbation is performed as follows: when s has an event, if the new state of the system

will have the same sign as the current state of p, then the length of the next laminar region

for s will be taken from the distribution 2.21 with T = T+. Otherwise, the length of the

next laminar region for s will be taken from the distribution 2.21 with T = T−. This choice

implies that, statistically, the perturbed system will stay for longer times in the same state

as the perturbing system.

4.3.2. Naive Correlation Function

A natural way to quantify the influence of the perturbing system on the perturbed

one starts from evaluating the following quantity:

(4.9) C(t0, TW ) =
1

TW

∫ t0+TW

t0

ξs(t
′)ξp(t

′) dt′.
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C(t0, TW ) gives a measure of the correlation between s and p during a time window

that starts at t0 and ends at t0 + TW . C(t0, TW ) = 1 would mean that the two systems

were always in the same state, while C(t0, TW ) = −1 would mean that they were always in

opposite states. Since we have only one time series, once TW is fixed, we can move t0 from

0 to L− TW (where L is the length of the time series), so as to obtain many values for the

correlation C. The density of these values can be plotted and the center of gravity (COG)

of the resulting graph can be evaluated. The shift of this center of gravity from 0 is a good

measure of the influence of p over s.

This whole procedure can be repeated for different values of µs and µp in order to

assess the effects of the indexes of complexity on the transmission of information. This makes

possible a comparison to Figure 4.1. The results of this approach can be seen in Figure 4.2.

As we can see, the region 1 < µs, µp < 2 is totally erratic, in contrast with Figure 4.1. The

landscape in that region changes in a random way if the program is run again. The reason

for this behavior can be easily understood by considering that in that region both systems

are non-ergodic. The average length of the laminar regions is infinite: for each run with fixed

µs and µp, after a few events both systems will be trapped in a long laminar region with

values that might be concordant (which would imply C = 1) or discordant (which would

imply C = −1) in a totally random way. Thus, the COG tends either to 1 or −1.

4.3.3. Solution

The first contribution of the paper of which I’m first author [3] is to provide a solution

that allows one to obtain smooth values for the COG when 1 < µs, µp < 2, thus allowing

one to make predictions in this case. The second contribution is to provide an analytical

justification for the solution given. The intuition that is at the basis of the solution takes

advantage of the fact that in this region both systems are non-ergodic, thus, when one system

has an event, there is a high probability that is embedded in a very long laminar region of

the other system. For this reason, some of the subsequent events from the same system will

happen during the long laminar region of the other one. If the system that has an event is the

58



Figure 4.2. COG as a function of µp and µs for a single time series.

Reprinted Figure with permission from [3]. Copyright (2017) by the American

Physical Society.

perturbed one, then it will undergo a constant perturbation from the perturbing system. If

the system that has an event is the perturbing, then the correlation that has to be evaluated

is the correlation of an unperturbed system (the perturbing one undergoes no perturbation)

with a constant value.

The solution to the problem of random correlation in 1 < µs, µp < 2 is to evaluate

the quantities of eq. 4.9 starting at times at which one of the systems has an event.

Let’s first consider the case in which the system that has an event is the perturb-

ing one. Since ξs(t) can be considered constant, it can be demonstrated [32, 33] that the
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probability density for C(0, TW ) is the Lamperti distribution:

(4.10) Π(ξ) =
2

π

(1− ξ2)
α−1

sin πα

(1− ξ)2α + (1 + ξ)2α + (1− ξ2)α cosπα
,

where α = µ− 1 and −1 < ξ < 1. Eq. 4.10 is symmetrical around 0, so the center of gravity

is 0.

Let’s now consider the case in which the system that has an event is the perturbed

one. As I discussed above, we can assume that the perturbation is constant in this case. In

[34, 35] it is shown that the resulting probability density for C(0, TW ) is the skewed Lamperti

distribution:

(4.11) Π(ξ) =
2

π

(1− ξ2)
α−1

sin πα

(1− ξ)2α η + (1 + ξ)2α 1
η

+ (1− ξ2)α cos πα
,

where α = µ− 1 as before and the parameter η, responsible for the asymmetry, is linked to

the intensity of the perturbation by the following relation:

η ≡
[

1 + ε

1− ε

]µ−1

.

The center of gravity in this case is given by ε(1 − η)/(1 + η). Figure 4.3 shows a

perturbed and an unperturbed Lamperti distribution.

Since the windows on which the time averages are performed start either on an event

of the perturbing system or on an event of the perturbed one, the above results about the

center of gravity must be put together so that the probabilities of s and p of having an event

are considered. The probability for an event of s at time t is:

(4.12) Ws(t) =
Rs(t)

Rs(t) +Rp(t)
,

while the probability for an event of p at time t is given by switching s and p in the above

formula.

The line of reasoning that led to the expressions for the centers of gravity and to eq.

4.12 stands also in the cases in which one of the systems is ergodic and the other one is not:

also in these cases the events of the ergodic system will most likely be embedded in long

laminar regions of the non-ergodic system. In the case in which both systems are ergodic,
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Figure 4.3. Unperturbed and perturbed (ε = 0.5) Lamperti distributions

with µ = 1.5. Reprinted Figure with permission from [3]. Copyright (2017)

by the American Physical Society.

the results from Section 4.2 are recovered because in this region the equivalence between

ensemble and time averages stands. The combination of eq. 4.12 with the expressions for

the center of gravity produce the red stripes of Figure 4.4, that are in good accord with

the experimental results, in yellow. Fig. 4.4 is the principal result of this dissertation: its

importance consists in the fact that thanks to it and to the prescription of starting the

averaging windows from an event, it is possible to make predictions regarding the results of

the perturbation of a complex system by another complex system using single time series

in the non-ergodic case. Comparing Figure 4.4 to Figure 4.1 we notice that there is a main

difference in the region 1 < µp, µs < 2: In the case of time averages no response happens

when µp > µs.
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Figure 4.4. COG as a function of µp and µs. Reprinted Figure with permis-

sion from [3]. Copyright (2017) by the American Physical Society.

4.4. Conclusions and Overview of the Chapter

In this chapter, I summarized the important results of [2] and illustrated the short-

comings of the ensemble average approach that prevented Figure 4.1 from being applied

to non-ergodic systems. The naive analysis of single time series showed a totally erratic

behavior for the results of the perturbation of a non-ergodic complex system by another

non-ergodic complex system. I gave an explanation for this behavior, and I presented the

solution to this problem: The start of the windows on which time averages are performed

must coincide with an event either of the perturbing or of the perturbed system. I also gave

a theoretical explanation for this solution to the problem, which resulted in good agreement
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with the experimental results. A new phenomenon was also discovered (and justified analyt-

ically): There is no response by a non-ergodic complex system when its index of complexity

is smaller than the index of the perturbing non-ergodic complex system.

Thanks to these results, summarized by Figure 4.4, it is possible to predict the result

of the perturbation of a complex system by another complex system even in the case in

which only a single time series is available, as, for instance, in the case of a brain subject to

some perceptual stimuli.

63



CHAPTER 5

APPLICATIONS TO REAL NEURONS

5.1. Introduction

This chapter is dedicated to the application to a physical system of the theory for the

perturbation of a complex system developed in Chapter 4.

The brain satisfies the basic requisites of definition of “complex system” given in

Chapter 1, as it is composed of units (neurons) that interact. Moreover, various experiments

show that it exhibits power laws (see, for instance, [6, 7]). Some pathological conditions,

epilepsy in particular, are associated with a reduction of the complexity of the system, which

translates to an increase of the index of complexity of these power laws. The findings of Chap-

ter 4 open the exciting theoretical possibility of preventing or alleviating these conditions by

using proper stimuli that allow the brain to continue working in a normal way thanks to a

direct application of Wiener’s Rule. With this goal in mind, I performed some experiments

on in vitro neural networks as a preliminary confirmation of the theory.

After a basic introduction to neurons and their functioning I will show the experimen-

tal setup and the results that I obtained in Dr. Guenter Gross’ laboratory at the University

of North Texas.

5.2. Neurons

This section is devoted to giving basic information on neurons and their functioning,

so that the remaining part of the chapter can be understood also by readers that have no

background in neuroscience. See [36] for more information.
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5.2.1. Anatomy

The human body is composed of roughly 1014 cells. If we exclude viruses, a cell is

the smallest living unit. A very important characteristic of cells is that they are enclosed

in a membrane made of a phospholipid bilayer. The importance of the membrane for this

dissertation will be clarified in subsequent sections. Cells specialize and aggregate together

to form organs. The human brain is probably the most complex organ in nature and is

composed of roughly 86 ∗ 109 neurons and the same number of glial cells (or glia), though

the estimate for the latter varies greatly. Glial cells are fundamental for the functioning of

the brain and recent studies have shown that some of them can also transmit information

[37] in a way similar to neurons. A detailed discussion of glia cells is beyond the scope of this

dissertation. It is sufficient to say that they mainly support, insulate and nourish neurons.

The nervous system is divided into two parts: the central nervous system and the

peripheral nervous system. The former is composed of the brain and the spinal cord, while

the latter is composed of all the other parts of the nervous system (ganglia and nerves that

are not protected by bones).

A neuron is a very specialized cell. Figure 5.1 shows the schema of a neuron of the

peripheral nervous system. The swollen central part is the cell body or soma. It contains

the nucleus (where DNA is kept) and many different structures that are necessary for the

functioning of the cell. Thin tubes called neurites radiate from the soma. There are two types

of neurites: the dendrites and the axon. Usually there are many dendrites extending from

the cell body. They tend to taper and they are rarely longer than 2 mm. On the contrary,

only one axon usually extends from the soma. The axon might branch (and usually the

branches form right angles with the main trunk) but its diameter is practically constant for

its whole length. Axons can be longer than one meter.

It’s already possible to understand the general picture of how a neuron works using

the few anatomical elements that I have described. In one sentence: signals received from

other neurons are integrated and, if the perturbation is strong enough, a signal propagates

on the axon towards other neurons. When the signal propagates, it is customary to say that
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Figure 5.1. Neuron schema. Source: wikimedia commons

(https://commons.wikimedia.org /wiki/File:Neuron-figure.svg). Author:

Nicolas Rougier. I modified the figure by changing the text “Schwann’s cell”

to “Schwann cell”

the neuron spikes or fires. In the peripheral nervous system, the propagation of the signal is

facilitated by the myelin sheath created by Schwann cells around the axons. Oligodendrocytes

(a type of glial cell) have the same role of Schwann cells in the central nervous system.

5.2.2. Membrane and Action Potential

As I anticipated, the membrane of a neuron is very important. In fact, it is responsible

for the transmission of information along the neuron itself, thanks to its unique properties.

The phospholipid bilayer encloses the cell and prevents water and ions from entering or
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exiting. In general, however, ions and other things can go through the membrane via channels

or transporters that span the membrane barrier. Specialized structures give the neurons their

unique capabilities of signal transmission. Also these structures span the membrane. In order

to understand their origin, a brief review of their basic components, the amino acids, follows.

Amino acids are chemical composites that have a central carbon atom to which the

following are covalently bonded:

- a hydrogen atom

- an amino group (NH+
3 )

- a carboxyl group (COO−)

- a variable group (the R group)

There are 20 different amino acids, each with a different R group. Amino acids can

be linked together by having the amino group of one amino acid form a peptide bond with

the carboxyl group of another one. Simplifying a bit, we can say that the cell creates chains

of amino acids, the proteins, following the instructions in the DNA. Specialized protein

structures span the membranes of neurons and give neurons their unique capabilities. Some

of the membrane spanning proteins have a central pore that is selectively permeable to ions:

these are the ion channels. For instance, there are ion channels that are permeable only to

K+ and others that are permeable only to Na+. Some ion channels are gated: this means

that they open or close according to the local environment (difference in potential, presence

of chemical messengers). Another class of membrane-spanning proteins that neurons create,

which are vital for the transmission of information, are ion pumps. The most important

pumps for this dissertation are the calcium pump that actively transports Ca2+ out of the

cell, and the sodium-potassium pump that brings K+ in and takes Na+ out.

We now have the basic elements required to understand the resting membrane po-

tential. Let’s start by considering a situation in which there is only a phospholipid bilayer

separating an inner region with a neutral solution containing a higher concentration of K+

than the neutral solution that fills the region outside the bilayer. Since both solutions are

neutral, the electric potential between the inside and the outside is 0. If we add an ion
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channel that is permeable to K+, then some K+ will flow outside, due to the concentration

gradient. This will create an electric field between the more positive region outside and

the more negative region inside. Eventually, an equilibrium will be reached in which the

concentration gradient is balanced by the electric field. This equilibrium is dynamic: K+

will move across the membrane, but, on average, the number of ions entering will be roughly

the same as the number of ions exiting. For a typical neuron, the concentration of K+ inside

is 20 times larger than the concentration of K+ outside, and this creates a potential of −80

mV. The potential is always measured by considering the inside with respect to the outside.

Besides K+, other ions that are important in determining the resting membrane po-

tential are Na+, Ca2+ and Cl−. All of them have different relative concentrations between

the outside and the inside of the membrane (K+ is the only one that has a higher concen-

tration within the neuron). Moreover, the membrane is more permeable to some ion species

than to others, and this implies that the final value for the resting membrane potential will

be more influenced by some ion species than by others. All these factors contribute to the

final resting membrane potential which is about −65 mV for a typical neuron. The concen-

tration gradients are maintained by the ion pumps, which move the ion species against their

gradient and consume energy in doing so.

As I will explain later, input from other neurons can depolarize the dendrites and the

soma. This means that the membrane potential becomes less negative. If a depolarization

threshold is reached at the base of the axon (the axon hillock), then an action potential is

generated. The action potential is the electrical pulse that carries information to subsequent

neurons. It is important to notice that input from other neurons can also hyperpolarize

the dendrites and the soma. When this happens, the membrane potential becomes more

negative, so an action potential is less likely to occur.

Here is how an action potential works:

- The depolarization threshold is reached. This allows for the opening of voltage-gated

sodium channels. Since the concentration of sodium is larger outside than inside, and since

the interior is negatively charged, sodium rushes in.
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- The interior becomes positively charged and sodium channels close. Potassium

channels open (this occurs about 1 ms after the depolarization threshold is reached in the

previous step). Because of the concentration gradient and because of the fact that the interior

is now positively charged, potassium rushes out. Sodium channels are inactivated in this

phase and they cannot be opened again until the membrane becomes sufficiently negative:

this is called the absolute refractory period, as no action potential can be generated. It lasts

about 1 ms.

- The potential becomes more negative than when at rest. Potassium channels close.

Sodium channels can be opened again (they de-inactivate). This is the relative refractory pe-

riod : a stronger depolarization is needed to generate an action potential, since the membrane

is more negative than when at rest.

- The resting condition is recovered.

It takes a few ms for all the above steps to complete. The action potential travels

along the axon because the influx of Na+ depolarizes the adjacent regions, but it can go

only in one direction, since the part that was just depolarized is in its refractory period. The

traveling action potential can be seen on an oscilloscope.

It’s very important to notice that there are different types of sodium and potassium

gated channels. They mainly differ in permeability and in delays of opening and closing.

Also, de-inactivation thresholds might change. Moreover, every neuron builds them in dif-

ferent numbers. These facts imply that the shape of the action potential varies among

neurons.

The transmission of the action potential along the axon is sped up by the myelin

sheaths that envelope it. The axon is not fully covered by myelin: every 0.2-2.0 mm there

are breaks, the nodes of Ranvier. Voltage-gated channels are present only in the nodes of

Ranvier. This allows for the action potential to “jump” from one node to the next, increasing

its speed of travel along the axon.

It’s important to remark that the above mechanism is at work only in the axon:

in general, the dendrites have too few voltage-gated sodium channels to trigger the whole
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process.

An action potential can be artificially triggered by injecting a depolarizing current. If

the potential is continuously kept near the threshold, a series of action potentials is produced.

Increasing the depolarization only has the effect of increasing the frequency with which the

action potentials are created. The maximum frequency is given by the absolute refractory

period and is about 1000 Hz, depending on the neuron. It is worth noticing that, given the

variety of gated channels and the uniqueness of each neuron, a variety of behaviors for the

succession of spikes exist. For instance, the neuron might fire at regular intervals or with

succession of bursts.

5.2.3. Synapses

At the end of the axon there is a junction called a synapse that links the neuron to

another cell. I will limit myself to considering the case in which the second cell is another

neuron and the synapse is between the axon and a dendrite.

There are two types of synapses: electrical and chemical. The former allow ions to

go from one neuron to the next; this creates a post-synaptic potential in the second one.

A single post-synaptic potential is in general not strong enough to depolarize the second

neuron to threshold: many of them, maybe even coming from other dendrites, are necessary.

Chemical synapses are more complex than electrical synapses. For the goals of this

dissertation is sufficient to know that when an action potential reaches the end of the axon, it

allows for the release of chemical substances, the neurotransmitters, in the space (the synaptic

cleft) between the first neuron and the dendrite of the second one. On the surface of the

dendrite there are receptors for the neurotransmitters. Among them, the most important for

this discussion are the transmitter-gated ion channels. As the name suggests, these are ion-

specific channels that open when in contact with some specific neurotransmitter. Opening

of the transmitter-gated ion channels can result in excitatory (if they cause a depolarization

of the membrane) or inhibitory effects (in the opposite case). The latter usually bind the

GABA neurotransmitter.
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Acting on the receptors is an important way to alter the functioning of the brain. A

compound that will be important in our discussion is bicuculline, which blocks the action of

GABA receptors. Thus, when it is present, there is less inhibition in the membrane, so that

action potentials are more probable. An important consequence of this is that a neuronal

network might become epileptic.

5.3. In Vitro Neuronal Networks

Neuronal networks can be grown in vitro. Moreover, the container can have an array

of electrodes from which it is possible to both record and stimulate [38]. The details of

creating a culture go beyond the scope of this dissertation. For the reader who has no

background in neurobiology, it is sufficient to know that the process is difficult, because

many variables are involved in the creation of a good sample. Some of these variables are

known but they don’t guarantee a 100% success rate in creating a good in vitro neural

network as other factors are involved. Among them there is, for instance, contamination.

It can be greatly reduced by adopting standard sterile procedures during the creation and

manipulation of the sample, but it is very difficult to avoid contamination.

Once the neural network is created, it must be kept alive. This means that vari-

ous parameters of the fluid must be controlled, both when it is resting in the incubation

chamber and during the experiments. Temperature and pH are parameters of fundamental

importance.

Usually neurons mature on the array of electrodes with no active guidance: This

means that there is not a one-to-one correspondence between electrodes and axons generating

action potentials. As I showed in Section 5.2.2, the shape of an action potential is different

from neuron to neuron because of the different kinds and numbers of voltage-gated ion

channels that each of them expresses. This fact is used by computer software to distinguish

action potentials from different neurons that are picked up by the same electrode. Another

characteristic that helps in distinguishing signals from different neurons on the same electrode

is the intensity of the signal itself, which is usually stronger for cells that are closer to the
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electrode.

5.4. General Experimental Setup

As I noted in Section 5.3, neural cultures need proper temperature and pH to live.

As these parameters affect the creation of action potentials, they should be kept constant

in order to have time series that can be compared among different trials. For this purpose,

a negative-feedback circuit capable of maintaining constant temperature in the culture was

present. pH was measured at regular intervals and regulated using CO2.

It was possible to check the culture using a microscope, to see where the neurons were

in relation to the electrodes. The microscope was also used to check whether contamination

was present.

Software from Plexon was used in recording from 64 electrodes. It was possible

to instruct it to distinguish between signals coming from different neurons, exploiting the

differences in shape and intensity of action potentials. The same software was able to send

notifications about timings of action potentials and neurons that had produced them, to

third party computer programs.

A computer-programmable waveform generator was also present to generate signals

for stimulating the neurons. It was possible to direct the output of the waveform generator

to any combination of electrodes using dedicated software and hardware. Unfortunately, the

software that came with the generator didn’t allow stimulation of the network with signals

that had intervals between them that would reproduce the distribution 2.21, so I created

my own. This allowed for a much improved control over the process of stimulating and

measuring the response of the network. Figure 5.2 shows the main screen of the computer

program that I developed. The program interfaces with both the Plexon software and the

waveform generator. It can produce pulses with different shapes, durations and amplitudes

and can send them just once, at regular intervals, at intervals taken from distribution 2.21

or as a response to some network event. It is also able to analyze the data in real time.
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Figure 5.2. Main screen from the program I developed to stimulate and

record from the neuronal networks.

Another important feature of the software is that it allows comments to be inserted in the

recording, to keep track of actions performed on the sample.

5.5. Experiments

I conducted preliminary experiments on in vitro neural networks in the laboratory of

Prof. G. Gross. These preliminary experiments were meant to prepare the ground for more

extended ones. Unfortunately, it was impossible to obtain good cultures for the extended

experiments before the closing of the laboratory, due to maintenance on the building. For

these reasons, I will only report on the preliminary experiments that I made. All the pre-

liminary experiments were performed on a network with 11 active neurons, which is still far

from optimal, that allowed me to draw some interesting conclusions.
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Figure 5.3. Sample waiting time histograms for single neurons, 100 µs units

5.5.1. Waiting Time Distributions

I first recorded a baseline from which I extracted various waiting time distributions,

this was very helpful in testing the setup of the experiment. This recording was also intended

to define the potential renewal events for the purpose of testing the theory developed in

Chapter 4.

Single neurons exhibit a variety of behavior for the waiting time distribution between

action potentials. Fig. 5.3 shows samples of waiting time histograms for single neurons in

the network. As we can see, different neurons express different indexes of complexity. This

means that single neurons (when in contact with a network) can potentially be considered

complex systems on their own, according to the characteristics identified in Chapter 1. It
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Figure 5.4. Histogram for the waiting times between the firings of at least

one neuron of the sample, 100 µs units. The fit with a power law, in red, gives

µ = 1.5.

remains to be verified that the events are renewal: The lengths of the inter-spike intervals

should not be related. Interestingly, some of them evidence a bump for long times: This

might be a sign of periodicity. Artifacts are present in some graphs but not in all of them;

this indicates that the experimental setup still needed to be fine-tuned. It is intriguing that

some neurons, not shown here, didn’t exhibit any complexity at all.

Fig. 5.4 shows the histogram for the waiting times between the firings of at least one

neuron in the whole network. A power law with µ around 1.5 applies in this case. Thus,

the waiting times between firings of at least one neuron is also a good candidate to test the

theory of Chapter 4 (after verifying that the events are renewal).

The left panel of Figure 5.5 shows the number of active units in a 3 ms window as a

function of time (tens of ms). The right panel is obtained by evaluating the waiting times

between times in which at least 3 units are active in the same 3 ms window. Also in this

case a power law is obtained, with a µ around 1.22. There is a strong indication of periodic
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Figure 5.5. Left: Number of active units in a 3 ms window as a function of

time, tens of ms. Right: Waiting time distribution between times in which at

least 3 units are active in a 3 ms window.

behavior for long times.

5.5.2. Simple Perturbation of a Normal Network

The capabilities of the experimental setup to perturb the network and record the

perturbation itself needed to be tested. Notice that in this case I wasn’t trying to directly

test the theory in Chapter 4 (those experiments are discussed in Section 5.6). Instead, I was

only checking the experimental apparatus and acquiring more information in doing so.

All the pulses sent to the network were bipolar step functions, with amplitude 500

mV and duration 300 ms.

First, a periodic pulse with interval 1 s was sent to all the electrodes. The resulting

waiting time histogram of the firings of at least one neuron is the green plotting in Figure

5.6. It shows that the network was affected by the perturbation, which was most probably

too strong, as the power-law regime of the baseline is destroyed and only the exponential

part remains.

A complex perturbation was also used to perturb the network. Also in this case, the

perturbation was sent to all the electrodes. The intervals between pulses were taken from
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Figure 5.6. Waiting times histogram for at least one neuron firing, in 100

µs units. (black) baseline. (red) complex perturbation. (green) periodic per-

turbation

the distribution 2.21 with µ = 2.2, T = 30 and a minimum interval of 10 ms. The waiting

time histogram of the firings of at least one neuron is the red plotting Figure 5.6. Also in this

case, the perturbation was probably too strong, as it significantly affected the complexity

of the system, changing it to an exponential, like in the case of periodic perturbation.

The left panel of Figure 5.7 shows how the periodic perturbation affects the waiting time

distribution of a sample neuron. As we can see, the periodic bump is still present, but it is

quenched. The right panel of the same figure shows the result of a complex perturbation. In

this case, we can see that a (short) power law regime seems to be produced as a consequence

of the perturbation. Moreover, the periodic component is strongly quenched. However, it is

difficult to draw general conclusions from this data because of noise. Moreover, the picture

shows the effect on a single neuron, other neurons might behave differently.

I also tried to analyze the waiting time distribution that results from the time dis-

tances between the contemporaneous firings of two or more neurons. Unfortunately, too few
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Figure 5.7. Comparison of waiting times histograms for a single neuron,

100 µs units. Left: baseline (black) vs periodic perturbation (green). Right:

baseline (black) vs complex perturbation (red).

data points were present to draw any valid conclusion. However, the data seemed to indicate

that power laws would be present in this case, contrary to Figure 5.6.

Another important indication that emerged from this analysis is that complex per-

turbations might be more effective in disrupting the contemporary firing of many neurons.

This is due to the fact the number of data points for the complex perturbation was larger

than the number of data points for the periodic perturbation (given the same number of

perturbations over the same time). This means that events with a large number of neurons

firing together are split into one or more event with a small number of neurons firing together

when a complex perturbation is present.

5.6. Planned Experiments

This section is devoted to illustrating the experiments that were planned but weren’t

carried out because of a lack of good networks: Unfortunately, the not-so-good network on

which the preliminary tests were performed turned out to be the best network that was ever

available.
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5.6.1. Testing the Theory of Chapter 4

The results of Section 5.5 indicate that a good candidate for the definition of renewal

events in this system is the distance between the contemporaneous firing of a fraction of all

neurons. In order to properly test the theory of Chapter 4, a way of perturbing the network

that doesn’t change its µ, but changes its T must be identified. In order to do so, I planned

to run tests that perturbed one (or a few) electrode(s) at a time to check which of them

(if any) produced a reduction of T and which of them (if any) resulted in an increasing of

T . Simplifying, the latter might happen, for instance, when a neuron that forms inhibiting

links to other neurons is stimulated.

If no electrode able to produce an increasing of T was identified, then I planned to

perform a test in which a slightly depolarizing current was continuously injected. The idea

was to reduce T using this current and use this new condition as a baseline. Stimulation

would still be able to further reduce T, while removing the current would have the effect of

increasing T .

Another planned test was to perturb T by using a slightly polarizing current (in order

to increment it) and a slightly depolarizing current (in order to reduce it).

Once the best way to perturb the network was established, a set of experiments with

different µ of the perturbation were planned to see if the system responded as expected, by

following a line of constant µs (given by the µ of the baseline) in Figure 4.4.

An important difficulty in performing these experiments is that the network is dy-

namic: synapses change with time. Care should be taken in testing if the baseline was

changed by the perturbations. This last consideration indicates another very interesting

experiment that could be done: Checking whether neurons adapt their synapses faster with

complex signals or with periodic ones.

Unfortunately, as I said, none of these experiments could be performed.
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5.6.2. Perturbation of an Epileptic Network

This section describes some experiments intended to shed light on the feasibility of

one of the most exciting consequences of the theory: controlling epilepsy using complex

perturbations.

The epileptic condition is characterized by an increase in the regularity of the spikes

of the network. This implies that its information content decreases and µ increases. As I

discussed in previous chapters, Wiener’s Rule states that a system low in information content

can be controlled by a system high in information content. This influence is quantified by

Figure 4.4. With enough information transfer from the perturbing complex system to the

less complex epileptic one, the epileptic condition might be alleviated or removed.

The first experiment that I planned to perform needed a network to be brought to

the edge of epileptic behavior. Injecting the right amount of bicuculline into the medium

is a good way to obtain that condition; as I illustrated in Section 5.2.3, it blocks inhibitory

receptors, thus increasing the overall excitation. Once this condition was reached (and

verified by the real time data analysis capabilities of the software that I wrote), I planned

to perturb the culture with different complex signals, to test which was the best one in

disrupting the epileptic regime (if any). I also planned to use periodic perturbations as a

control.

Another experiment I planned to perform was to test if a network that is being

stimulated by a complex perturbation is more resistant to the epileptic condition than a

network without perturbation. In this case, the concentration of bicuculline in the medium

would have been increased in time. A periodic stimulation would have been used as a control.

Another set of experiments aimed at checking whether complex perturbations are

effective in preventing the spreading of the epileptic condition. A special setup was needed

in this case, with special containers in which two cultures can grow separately. First, I

planned to test the spreading of the epileptic condition by adding bicuculline to the first

network and stimulating the second one according to the spikes of the first (thanks to the

computer program I created). Then I planned to check if the spreading could be prevented
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by sending a complex stimulus to the second network so as to “immunize” it, starting before

it would receive the epileptic stimulus from the first network. One final experiment that I

planned to do was to see if the signals produced by the immunized second network were able

to revert the epileptic condition of the first one.

As above, none of these experiments were performed. However, as I discussed at the

end of Section 5.5.2, the preliminary experiments that I performed gave some indications

that at least some of the above tests would have shown encouraging results.
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CHAPTER 6

LOOKING AHEAD - MULTIFRACTALITY

This chapter is dedicated to the analysis of the perturbation of a complex system by

another complex system from the point of view of multifractality. After an introduction to

the basic concepts, I will summarize a standard algorithm to evaluate the multifractality of

a series. As we will see, the direct application of the algorithm to time series derived from

complex systems is problematic. I will show a possible solution to overcome the difficulties

and finally I will apply the solution to quantify the result of the perturbation of a complex

system by another complex system. I will show that the final result of this method of analysis

allows one to better investigate the region µs > 2 and µp < 2, where Figure 4.4 is flat.

6.1. Fractal Dimensions and Multifractality

In this section I will provide an intuition for the basic concepts that are necessary to

understand the rest of this chapter. The interested reader can consult [39], for instance, for

more details.

6.1.1. Fractal Dimension

It is common knowledge that one of the characteristics of geometric objects is to have

a dimension. The dimension of a point, a line, a surface and a volume are respectively 0, 1,

2 and 3. These numbers are better understood from a mathematical point of view thanks

to the following equation:

(6.1)
N2

N1

=

(
U1

U2

)−D
.

In order to understand the meaning of the symbols in eq. 6.1, let’s consider two arbitrary

units of measurement. U1 is the size of the first arbitrary unit of measurement and U2 is

the size of the second one. N1 is the number of arbitrary units of measurement of length U1

needed to cover the geometrical object of dimension D. N2 has the same role for the same
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geometrical object of dimension D, but using the second arbitrary unit of measurement. For

instance, let’s consider a line. If the length of the first unit of measurement is 4 times the

length of the second one (U1/U2 = 4), then the number of the second units needed to cover

the same line is 4 times the number of the first units: N2/N1 = 4D, with D = 1, since the

dimension of a line is 1. If we were considering a surface instead (with the same conditions

for the length of the units of measurement), then 16 of the second units would have been

needed: N2/N1 = 4D, with D = 2, since the dimension of a surface is 2.

Fractal geometry deals with objects that are, for instance, “more than a line, but less

than a surface” [40]. There are cases in which a reduction of the size of the measuring unit

by a factor of 1/3 implies an increase of the number of units needed to cover the object by

a factor 4. Inverting formula 6.1, we have in this case:

D = −
log
(
N2

N1

)
log
(
U1

U2

) = − log 4

log 3
≈ 1.26186,

which is a fractal dimension. Figure 6.1 is the Koch snowflake, an example of an object

with fractal dimension. Another interesting visualization of the above process is given by

the problem of measuring the length of the coastline of Great Britain [41], that is shown in

Figure 6.2. An object with D close to 1 will be similar to a line, while and object with D

close to 2 will be more similar to a surface. Intuitively, this implies that D is also a measure

of the complexity of the object. Moreover, fractal objects are in general self similar : they

are (maybe only approximately) similar to parts of themselves.

This spatial intuition of the concept of fractal dimension can be translated to time

series. Let’s consider an ensemble of systems that are prepared at t = 0 so that x = 0 for

each of them. Each system undergoes a diffusion process and the variance 〈x2(t)〉 of the

ensemble at time t is measured. If we have (as in the case of fractional Brownian motion

[42])

(6.2)
〈
x2(t)

〉
∼ t2H ,

then H is the Hurst index or Hurst coefficient of the process. If H = 1/2, then the fluc-
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Figure 6.1. Koch snowflake. Source: wikimedia commons

(https://commons.wikimedia.org /wiki/File:KochFlake.svg). Author: Wxs.

Figure 6.2. Fractality of Great Britain coastline. Source: wiki-

media commons (https://commons.wikimedia.org/wiki/File:Britain-fractal-

coastline-combined.jpg). Author: Acadac.

tuations that originate the diffusion process are not correlated (or the correlation decreases

faster than any power with time). When 0.5 < H < 1 the fluctuations are positively corre-

lated and decay slowly, typically as a power law. When 0 < H < 0.5 the fluctuations are

anti-correlated; they decay slowly, typically as a power law, also in this case.
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For self-similar processes, there is a relation between the dimension D and the Hurst

coefficient [43, 40]:

D = n+ 1−H,

where n is the dimension of the space. Since I will consider one-dimensional time series, we

have:

(6.3) D = 2−H.

6.1.2. Multifractality

Intuitively, a single dimension D is not sufficient to describe the behavior of a multi-

fractal system: different parts express different values for this quantity.

Eq. 6.3 shows that there is a one-to-one correspondence between the fractal dimension

D of a one-dimensional time series and the Hurst coefficient H. For this reason, if a process

can’t be described by only one value for H, then the corresponding one-dimensional time

series is multifractal. There is more than one way in which this can happen. For instance,

the system might exhibit a Hurst coefficient up to a certain time scale and switch to another

one for larger time scales, it might change its Hurst coefficient in the middle of the time

series or it can have a more complicated behavior. The common factor is that the Hurst

index is not constant or, stated differently, no single value of H can accurately describe the

properties of the time series.

6.2. Kantelhardt Algorithm

6.2.1. Description of the Algorithm

Kantelhardt et al. [44] proposed an algorithm to evaluate the multifractality of a

time series of length N . The 6 steps of the algorithm follow:
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1) Determination of the “profile” Y (i):

(6.4) Y (i) ≡
i∑

k=1

[xk − 〈x〉] , i = 1, ..., N,

where xk are the values of the series and 〈x〉 is the mean.

2) Consider a length s < N . Divide the series in N/s (rounded to the smaller integer

value) intervals that don’t overlap and define Ns the number of intervals relative to the

length s. If, as it usually happens, N is not a multiple of s, then repeat the above procedure

starting from the end, so as to have 2Ns segments.

3) Consider the ν-th segment (1 ≤ ν ≤ 2Ns) and fit it with a polynomial yν(l), with

1 ≤ l ≤ s. Evaluate the variance

(6.5) F 2(ν, s) ≡ 1

s

s∑
l=1

{Yν(l)− yν(l)}2,

where Yν(l) are the values of the profile 6.4 in the segment being considered. The order of

the fitting polynomial determines the trends that will be eliminated from the time series. I

will always consider linear fittings, so that the order of yν(l) is 1.

4) Calculate

(6.6) Fq(s) ≡

{
1

2Ns

2Ns∑
ν=1

[
F 2(ν, s)

] q
2

} 1
q

.

Fq(s) is the qth order fluctuation function. q can take any real value. For instance, I usually

considered −15 ≤ q ≤ 15.

5) Typically it will be

(6.7) Fq(s) ∼ sh(q).

In other words, for a fixed q, Fq(s) increases with the length s of the segment as s to

an exponent that depends on q, h(q). The last step consists in determining h(q). In order

to do so, q is fixed and the relative Fq(s) is plotted on a log-log graph (the values of Fq(s)

are obtained by repeating the above steps with s varying from a minimum of 20 to N/4).

The value of h for this q is given by the slope of the line obtained. The procedure is then

repeated for different values of q.
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Figure 6.3. 50 Fq(s) curves in a log-log plot for the determination of h(q).

From q = −15 (lower line) to q = 15 (upper line)

The expression 6.2 is recovered when q = 2. For this reason h(q) is called the gen-

eralized Hurst exponent. However, it is important to notice that formula 6.2 refers to an

ensemble, while formula 6.7 comes from the analysis of a series. Because of this, given

the ergodicity breaking phenomenon discussed in Chapters 2 and 4, caution must be taken

when comparing results coming from Kantelhardt algorithm to results obtained performing

ensemble averages when the time series is the result of some non-ergodic process.

Fig. 6.3 shows 50 sample Fq(s). The lower line corresponds to q = −15 and the top

one corresponds to q = 15. Notice the log-log scale that allows one to evaluate the slope

h(q) of the curves.

6.2.2. Discussion of the Algorithm

Step 4 is the key to understanding the algorithm. Let’s first consider the case in which

q is positive. In this case, segments that have large F 2(ν, s) (a large detrended variance)

will dominate Fq(s). When q is negative, segments that have small F 2(ν, s) will dominate

87



Fq(s). So, Fq(s) with positive q allows the evaluation of the scaling of segments with large

fluctuations, while Fq(s) with negative q allows the evaluation of the scaling of segments

with small fluctuations. An important consequence is that h(q) will not be constant if and

only if large fluctuations scale differently from small fluctuations.

Figure 6.3 shows that the slope of Fq(s) diminishes when q increases: large fluctuations

tend to have a smaller h(q). This can be intuitively understood by considering what happens

to Fq(s) for small and large values of s. In the limiting case of s = N , eq. 6.6 shows that

Fq(s) is independent of q, as there is only one segment on which F 2(ν, s) has to be evaluated,

and Fq(s) will be equal to the square root of the detrended variance over the whole time

series. This implies that all Fq(s) tend to converge to a single point for large s. When s is

small and q < 0, step 4 will average over the small fluctuations (thus giving a small value).

When s is small and q > 0, step 4 will average over the large fluctuations (thus giving a

large value).

With some algebra it can be shown [44] that the scaling exponent of the series xk,

τ(q) is given by:

(6.8) τ(q) = qh(q)− 1.

A way to visualize the multifractal spectrum that will be used extensively in the

remaining part of this chapter is the singularity spectrum, f(α). Intuitively, f(α) shows how

strong is the exponent α in the multifractal spectrum. Typically, the plotting of f(α) has a

shape similar to an inverted parabola, as in Figure 6.4. The broader the parabola, the more

multifractal a system is. A narrow parabola centered on α = 0.5 indicates a monofractal

ergodic system. The relations between α, f(α) and τ(q) are the following:

α = τ ′(q), f(α) = qα− τ(q).

Considering eq. 6.8, we also have:

α = h(q) + qh′(q), f(α) = q [α− h(q)] + 1.
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Figure 6.4. f(α) from Figure 6.3

6.2.3. Problems With Series From Complex Systems

Let’s consider a time series created from the events of a complex system as in Chapter

4. This time series will have long sequences of “1” followed by long sequences of “-1”. The

first big problem encountered when applying Kantelhardt algorithm to such a series is that

segments that are fully embedded in a laminar region have detrended variance equal to 0.

This means that F 2(ν, s) = 0 for some ν. This implies that it is impossible to use negative

values for q in step 4, as it would correspond to dividing by 0.

The first possible solution implies using values for s that are larger than the longest

laminar region. However, this solution is impractical since the average length of the laminar

regions is infinity when µ < 2.

Another possible solution comes directly from [44], where the author shows that one

can perform a preliminary integration (that corresponds to repeating step 1 two times),

follow the steps of the algorithm and then subtract 1 from the h(q) found in this way. This

modified version of the algorithm solves the problem due to F 2(ν, s) = 0 because an exact
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fitting of a parabola (created by repeating step 1 twice) is impossible with a straight line

(recall that the order of the fitting polynomial was 1). I tried this solution, but I found that

it suffered from 2 other big problems. The first one was high variability: different plots for

f(α) were likely to be generated when repeating the calculation with the same parameters

for the complex system. The second one was due to artifacts in the inverted parabola.

These happened because the Fq(s) weren’t as nice as the ones in Figure 6.3: they contained

non-linearities that implied a non-decreasing h(q).

Since my goal was to compare the multifractal spectra of a complex system perturbed

by another complex system as a function of the respective µs (as in Chapter 4), I needed a

very stable way to generate the singularity spectrum from the events of the complex systems.

None of the above solutions were good enough in this respect.

6.3. Proposed Solution

6.3.1. Description

The solution to the above problems consists in two parts. The first one involves

how the time series is created. Instead of having long sequences of “1” followed by long

sequences of “-1,” I decided to use the lengths of the laminar regions as the values for the

sequence itself. Moreover, these values are inserted in the time series with alternate signs.

For instance, if the lengths of the first four laminar regions are 2, 7, 8 and 11, the first four

values of the series would be 2, -7, 8 and -11. This solves the problem of segments with 0

variance, as it is extremely unlikely to extract 20 (the minimum length s of the segment that

I used) consecutive laminar regions from distribution 2.21 of the same length, considering

that the program I created uses double-precision numbers. This way of creating the time

series allowed me to obtain good results, but I needed greater stability of the algorithm in

order to be sure that I was comparing real measures of multifractality and not fluctuations.

This is why I added a second part to the solution.

Let’s consider Figure 6.3. This is where the singularity spectrum comes from. The
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randomness in the transformation from Figure 6.3 to Figure 6.4 comes from the fitting of the

Fq(s). For this reason I decided to do the following steps instead of the usual fitting. First,

I evaluate the mean of Fq(smax) (where smax is the maximum value of s). This identifies the

point (s, F̄q(smax)). The slope of each q is evaluated as the slope between the points Fq(smin)

and (s, F̄q(smax)). In other words, I substitute the graphs of the Fq(s) in Figure 6.3 with

lines that go from the leftmost point of each Fq(s) to a point to the right that is the same

for all qs, which is the average between the Fq(smax).

This last step enlarges the multifractal spectrum, more evidently for monofractal time

series, but it also stabilizes the results. Since stability is more important when comparing

the response of a system under different conditions, I decided to include this second step in

my tests.

6.3.2. The Proposed Solution and Multifractality

Creating the time series as detailed in Section 6.3.1 is equivalent to creating a Lévy

process. This creates an apparent problem: using the generalized central limit theorem it is

possible to conclude that Lévy processes are monofractal. Why, then, does the algorithm of

Kantelhardt produce wide parabolas like the one in Figure 6.4, an indication of multifractal-

ity? The reason is that the constant fractal exponent that comes from the generalized central

limit theorem is tied to the fact that ensemble averages are performed, while the Kantelhardt

algorithm evaluates averages on a single time series. In a condition of non-ergodicity (like

the ones that are of interest to this dissertation) the results are different, as I discussed in

chapters 2 and 4.

Moreover, some preliminary calculations that use code written for the “Mathematica”

computer program and some semi-analytical arguments show the necessity of obtaining a

multifractal spectrum when using the Kantelhardt algorithm on a series generated as in

Section 6.3.1. The idea behind this empirical demonstration is to fix a probability p close

to 1 that a series with values from 2.21 smaller than a certain t will be produced in the

experiment. This links the maximum value of a laminar region tmax(p, s) to the length of
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the segment s by the following implicit relation:(∫ tmax(p,s)

0

ψ(t′) dt′

)s

= p.

The mean value tavg(s) for the waiting time distributions of duration up to tmax(p, s) can be

evaluated. At this point a simplification is be made: segments with laminar regions shorter

than tavg(s) are classified as having small F 2(ν, s), while segments with laminar regions larger

than tavg(s) are classified as having large F 2(ν, s). The preliminary numerical calculation

that I performed shows that the small fluctuations scale differently than the large fluctuations

and this implies that Kantelhardt’s algorithm produces a multifractal spectrum, like that

exhibited in Section 6.2.2.

6.3.3. Effects of Truncation

Figure 6.5 shows the multifractal spectrum obtained for various µ. The spectrum for

µ close to 1 is very broad, while the spectrum for µ = 1.5 is still broad, but less so. As

expected, when µ is increased the graphs become narrower and their peaks move towards

0.5, as the systems become more and more ergodic.

Introducing a truncation in 2.21 has a dramatic effect, as we can see in Figure 6.6.

While systems with µ > 2 are almost unaffected, systems with µ < 2 behave in the op-

posite way than before: the smaller the µ the more the parabola is shifted to the left and

peaked around 0.5. The reason behind this change becomes clear when we consider that the

truncation mainly affects systems that have a long tail (µ < 2). Moreover, the truncation

affects the scaling of the large fluctuations (since it acts on the tail of the distribution) and

leaves the scaling of the small ones unaffected, thus changing the multifractal properties

of these systems. When µ < 2, the average length of the laminar regions would diverge,

but the truncation prevents it from doing so, this has the effect of bringing the peak of the

singularity spectrum close to 0.5.
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Figure 6.5. f(α) for various values of µ, without truncation. When µ is

close to 1, the spectrum is very broad. As µ is increased, it becomes narrower

and narrower and its peak moves to 0.5.

6.4. Main Results

I used the truncation for practical reasons in this preliminary study, as it shortened

the times needed to run the simulations. The perturbation is carried over exactly as in

Chapter 4, the only difference is that the results are analyzed with the modified algorithm

illustrated in Section 6.3.1. In order to have an idea of the effects of the perturbation on the

multifractal spectrum of a complex system, I ran some preliminary tests. The left pane of

Figure 6.7 shows the perturbation of a system with µ = 3.4 by a system with µ = 2.4. The

inverted parabola becomes broader and shifts to the right, so the perturbed system is more

multifractal and less ergodic. One can think of this result as saying the perturbed system

acquired some of the characteristics of the perturbing one. This result was expected, since

the response of the perturbed system is high for these µs and µp, as one can extrapolate from
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Figure 6.6. Effects of truncation. Left: Increasing µ from 1.1 to 2.0 the

peak moves to the right, in contrast with figure 6.5. Right: Increasing µ from

2.0 to 3.5 the peak moves to the left

Figure 4.4. The right pane of Figure 6.7 shows what happens when a system with µ = 2.4

is perturbed by a system with µ = 3.4. The multifractal spectrum is changed only slightly

in this case. Also this result was qualitatively expected, since the response very low in this

case. The left pane of Figure 6.8 shows the effects of a system with µ = 1.2 perturbing a

system with µ = 3.4. As I discussed in Section 6.3.3, the truncation gives a multifractal

spectrum whose peak is close to 0.5 for µ close to 1. However, the multifractal spectrum

of the system with µ = 3.4 is moved to the right also in this case. This behavior can be

understood by considering that, as the result of the perturbation, the system with µ = 3.4

acquires some of the characteristics of the system with µ = 1.2. Comparing the parabola of

the perturbed system of the left pane of Figure 6.8 with the parabolas of the right pane of

Figure 6.6, we can see that it is close to the one generated by a system with µ = 2.6.

The right pane of Figure 6.8 shows a system with µ = 3.4 perturbing a system

with µ = 1.2. As we can see, the multifractal spectrum is affected only slightly. This

asymmetric result for the effects of perturbation was expected for the same reasons as before:

extrapolating from Figure 4.4, we see that in the first case the response of the perturbed
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Figure 6.7. Effects of perturbation on the multifractal spectrum. Left: Sys-

tem with µ = 2.4 perturbing a system with µ = 3.4 Right: System with

µ = 3.4 perturbing a system with µ = 2.4. The spectrum of the perturbed

system is strongly affected in the first case, in contrast to the second case.

system is maximal, while in the second case it is minimal.

Figures 6.8 and 6.7 suggest various different ways to measure the response of a complex

system from the point of view of multifractality. Among the many possible ones, I tested

the shift of the peak of the perturbed system and the area under the inverted parabola of

the perturbed system that is not covered by the area under the inverted parabola of the

same system without perturbation. Since the results of these two methods are very similar,

I will limit myself to show the former in Figure 6.9. Also in this case there is no response

by a system with µ > 2 to a system with µ < 2, as in Figure 4.4. The most interesting

part of Figure 6.9 is where it greatly deviates from Figure 4.4, in the region 1 < µp < 2 and

µs > 2. For these values of the complexity indexes, the figure that represents the main result

of Chapter 4 is flat, while the analysis of the multifractal response is not.

Thanks to this result a new class of experiments is now possible. Consider having a

test system with known unperturbed multifractal spectrum. If an unknown complex pertur-

bation is applied to this test system, the µ of the unknown perturbation can be determined
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Figure 6.8. Effects of perturbation on the multifractal spectrum. Left: Sys-

tem with µ = 1.2 perturbing a system with µ = 3.4 Right: System with

µ = 3.4 perturbing a system with µ = 1.2. Also in this case the perturbation

significantly changes the spectrum only when the index of complexity of the

perturbed system is larger than the index of complexity of the perturbing one.

by analyzing the changes in the multifractal spectrum.

Figure 6.9 indicates a simple dependence of the peak shift as a function of µs and µp.

This fact raises hopes for a theory of multifractal perturbation for complex systems, which

still needs to be done.
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Figure 6.9. Peak shift of the multifractal spectrum of the perturbed system

as a function of µs and µp. This is the analogue of Figure 4.4.
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CHAPTER 7

LOOKING FURTHER AHEAD

In this short chapter, I will suggest some future work on the issue of interacting

complex systems. In the first section, devoted to systems that exhibit both complexity and

periodicity, I will show some results of simulations that I performed. In the second section, I

will point out future studies that are needed to have a more complete picture of interacting

complex systems.

7.1. Complexity, Periodicity and the Study of the Brain

7.1.1. Motivation

In Chapter 5, I presented some empirical results that are an indication of a bigger

picture: the brain exhibits both complex and periodic behavior [13]. All the theory presented

so far deals with systems that are complex but have no periodicity. How does the latter

affect the complexity of a system? Does periodicity have any role in the interaction between

complex systems? In order to shed some light on these questions, I developed a model and

ran some simulations. In the following sections I will show some preliminary results. A

general theory remains to be developed.

7.1.2. Model

The idea is to simulate the statistical properties of a system that can express both

complexity and periodicity. For the waiting time distribution exhibiting the complex behav-

ior I used 2.21, as before, while for the periodic behavior I used a Gaussian one. I decided

to focus my attention on two among the many possible ways to switch from one behavior to

the other.

The first one is linked to the length of the laminar regions: If the system is expressing

complexity and if the length of the laminar region is close to the period of the periodic
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behavior, then there is a high probability that the system will start to express periodicity

starting with the next laminar region. On the contrary, if the system is in its periodic

phase, the farther from the period the current laminar region is, the higher the probability

of switching to complex behavior. The rationale for this way of switching is that the system

might change from expressing one behavior to the other because of resonance.

The second way of switching is that the system stays in each phase for a time that

is taken from two power-law distributions, that might be the same or different for complex

versus periodic behavior. The rationale for this choice is that the system might undergo

external perturbation or some kind of internal renewal events that force it to change behavior.

The waiting time histogram for a system with µ = 1.5, a periodicity around t = 1000

and the first way of switching is shown in the left pane of Figure 7.1. The size of the bump

can be easily adjusted to fit any real data by changing the parameters. The right side of

Figure 7.1 shows the waiting time distribution for a similar system, but the switching is

performed using the second prescription. Also in this case the size of the bump can be

adjusted by changing the parameters. If we wanted to investigate which way of switching an

unknown system exhibits, the waiting time distribution wouldn’t be helpful as both might

be adjusted to fit the data.

I created a way to distinguish which kind of switching the system expresses. The

idea is to examine the statistical relations between the length of one laminar region and the

next one. If the events are renewal, the lengths of two consecutive laminar regions should be

unrelated, by definition. This means that the probability for the length of the next laminar

region should be independent of the length of the last one. This can be shown in a graph

like that of Figure 7.2. The “Length 1” axis is the length of the last laminar region and the

“Length 2” axis is the length of the next laminar region. The “Normalized intensity” axis is

proportional to the probability of having the next laminar region last “Length 2” given that

the one lasted “Length 1”. The values of the z axis have been rescaled so that they start

from 1.

Figure 7.2 is a clear example of a renewal process, as the shape of the distribution for
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Figure 7.1. Waiting time distributions for systems that exhibit both com-

plexity and periodicity. Left: Switching linked to the length of the last laminar

regions. Right: Switching according to power-law distributions.

the values of the next laminar region (“Length 2”) doesn’t depend on the value of the last

one (“Length 1”).

Figure 7.3 is obtained by applying this analysis to processes that exhibit both com-

plexity (µ = 1.5, T = 10) and periodicity, with period around 1000. The left side of Figure

7.3 is obtained with values from a system that follows the way of switching that is linked to

the length of the last laminar region. As we can see, this system is not renewal because the

probability for the length of the second laminar region has a different shape when the length

of the first laminar region is around 1000. In this case the probability for the length of next

laminar region to be around 1000 is larger than for any other lengths of the last laminar

region. The right side of Figure 7.3 shows the results for a system that follows the second

way of switching. Also in this case the system is not renewal because of the different shape

for the probability of the length of the second laminar region when the length of the first

one is around 1000.

Fig. 7.3 shows that with this visualization it is possible to distinguish between the

first switching and the second one, as the latter has a ridge for values of the second length

around 1000. This ridge is missing in the figure for the first way of switching. This ridge is
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Figure 7.2. 3D renewal test for a system whose events are totally renewal.

The distribution of the lengths of the next laminar region (Length 2) doesn’t

depend on the length of the last one (Length 1).

due to the fact that, in this case, the probability of having the next laminar region in the

periodic regime is enhanced for every length of the last laminar region when the system is

expressing complexity. In fact, the switch to periodicity can happen independently from the

length of the last laminar region. On the contrary, when the first switching method is used,

the probability of having the length of the next laminar region around 1000 is enhanced only

if the length of the last laminar region was around 1000.

7.1.3. Perturbation

I ran some preliminary simulations to evaluate the influence of periodicity on the

perturbation of a complex system that also expresses periodic behavior. For these tests I

adopted the first way of switching, the one related to the length of the last laminar region.
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Figure 7.3. 3D renewal test for systems that exhibit both complexity and

periodicity. Left: Switching linked to the length of the last laminar region.

Right: Switching according to power-law distributions. In both cases the

system is not renewal (compare with figure 7.2). Moreover, the differences

between the left and the right panel allow to distinguish the two ways of

switching.

When the perturbed system has an event, if it is expressing complexity, then the

perturbation works as in Chapter 4: If the next laminar region will have the same sign as

the perturbing system, then T+ is adopted for drawing a value from the distribution 2.21.

T− < T+ is adopted if the sign of the next laminar region is not the same as the sign of the

perturbing system.

I decided to perturb only the width of the Gaussian distribution if the system is

exhibiting periodicity. This choice is motivated by the fact that the length of the period

is supposedly the result of the interaction of the units that constitute the system. Thus,

changing the period would correspond to a very strong perturbation. When the system is in

the periodic regime and it has an event, a value from a narrower Gaussian distribution (with

respect to the unperturbed one) will be chosen if the sign of the next laminar region will be

the same as that of the perturbing system. This implies that in this case the system has a
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Figure 7.4. Perturbation of a system that expresses both complexity and pe-

riodicity. Left: Perturbation by system that expresses only complexity. Right:

Perturbation by a system that expresses both complexity and periodicity.

higher probability of staying in the periodic regime. If the sign of the next laminar region

will be different from the sign of the perturbing system, then a value will be chosen from a

broader Gaussian distribution. This implies that there is a higher probability to return to

the complex behavior.

The panes of Figure 7.4 were created using the time-averaging procedure described

in Chapter 4 to obtain Figure 4.4. In both panes the perturbed system expresses both

complexity and periodicity. The perturbing system of the left pane expresses only complexity,

while the perturbing system of the right pane expresses both complexity and periodicity. As

we can see, the general structure of Figure 4.4 is preserved in both cases. Moreover, it

seems that the periodic component of the perturbation is not important, as the graphs are

almost identical. However, this conclusion is valid only for the parameters that I used for

this preliminary test: changing the width and the importance of the periodic component to

values closer to real systems might indicate an important role for the periodic component

of the perturbing system. Another key factor in increasing the importance of the periodic

component might be the inclusion of truncation for the complex behavior: this would limit
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the importance of the power-law regime that now extends beyond the periodicity Gaussian.

7.1.4. Future Work on Complexity and Periodicity

A first fundamental step towards further investigation of the role of periodicity in

the interaction between complex systems would be to develop a theory that can predict the

results of Figure 7.4 and that is also valid for cases in which the periodic behavior is more

important. The inclusion of truncation for the complex behavior in the theory might be an

important element to generate more accurate predictions for real-world systems.

Comparing the predictions of the theory to data coming from real systems will be a

crucial step: It might validate the model or indicate ways to improve it (maybe by using

different ways of switching between the complex and the periodic behavior).

Another important aspect that needs to be investigated is the influence of periodicity

on the multifractality of the systems. How would Figure 6.9 change if periodicity were

included? Is it possible to develop a theory that can explain these results?

All these open questions indicate that there is still a lot of engaging work to do on

these issues.

7.2. Systems in Interaction

Finally, I wanted to indicate another big aspect of the interaction between complex

systems that has not been thoroughly investigated, yet. Let’s consider the brain. It can be

thought of as one big network, from a certain point of view. However, a closer look shows

that it can be divided into sub-networks that interact, maybe forming loops. This scale

of analysis is important for a variety of issues that span from illness to the emergence of

cognition.

Let’s consider again the consequences of increased personal mobility and the ease

of creating contacts thanks to the Internet. These facts allow for mutual perturbation of

complex systems that were previously largely isolated.
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These examples point to the necessity of investigating the consequences of mutual

perturbation of complex systems. This would be a first step towards the larger theory of

networks of complex systems in interaction. The tools discussed in this dissertation can help

in creating this important theory.
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APPENDIX

MATHEMATICAL DETAILS

106



A.1. Property of convolution

Demonstration of the second equality of eq. 2.8:

(A.1)

∫ t

0

f(t1)g(t− t1) dt1 =

∫ t

0

f(t− t1)g(t) dt1.

Using the substitution τ = t− t1, we have: dτ = −dt1 and t1 = t− τ . Furthermore,

t1 = 0⇒ τ = t and t1 = t⇒ τ = 0. Applying these identities to the left side of eq. A.1 we

have: ∫ t

0

f(t1)g(t− t1) dt1 = −
∫ 0

t

f(t− τ)g(τ) dτ =

∫ t

0

f(t− τ)g(τ) dτ,

where the last passage follows from a property of integrals. Since τ is a dummy variable, we

can rename it t1 without affecting the integral:∫ t

0

f(t− τ)g(τ) dτ =

∫ t

0

f(t− t1)g(t1) dt1.

In conclusion, we have:

(f(t) ∗ g(t))(t) =

∫ t

0

f(t1)g(t− t1) dt1 =

∫ t

0

f(t− t1)g(t) dt1 = (g(t) ∗ f(t))(t).

A.2. Laplace transform of a convolution

Here is the demonstration of eq. 2.10:

L{f(t) ∗ g(t)} = L{f(t)}L{g(t)}

Applying the definition of Laplace transform (2.9) to the left hand side we have:

(A.2) L{f(t) ∗ g(t)} = L
{∫ t

0

f(t1)g(t− t1) dt1

}
=

∫ ∞
0

e−st
(∫ t

0

f(t1)g(t− t1) dt1

)
dt.

The variable of integration of the internal integral in eq. A.2 is t1 and it runs from 0

to t, while the variable of integration of the external integral is t and it runs from 0 to ∞.

The area on which the double integral is performed is shown in the figure. A.1. If we switch

the order in which the double integrals are performed, we have to cover the same area. Thus,
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Figure A.1. Area for the double integral of eq. A.2

the integration variable of the internal integral, t, will run from t1 to ∞ and the integration

variable of the external integral, t1, will run from 0 to ∞:∫ ∞
0

e−st
(∫ t

0

f(t1)g(t− t1) dt1

)
dt =

∫ ∞
0

f(t1)

(∫ ∞
t1

e−stg(t− t1) dt

)
dt1,

where e−st had to be moved to the internal integral (since it depends on t) and f(t1) could

be moved outside of the internal integral because it doesn’t depend on t. We can now use

the substitution t − t1 = y, that implies t = y + t1 and dt = dy (since t1 is a parameter in

the internal integral). Regarding the extrema of integration we note that when t = ∞ also

y =∞ and when t = t1 we have y = 0. So we have:∫ ∞
0

f(t1)

(∫ ∞
0

e−s(y+t1)g(y) dy

)
dt1 =

∫ ∞
0

e−st1f(t1)

(∫ ∞
0

e−syg(y) dy

)
dt1.

Now, the inner integral doesn’t depend on t1, so it can be taken outside. Also, since

the variables of integration can be freely renamed, we can change both t1 and y to t. In

conclusion, we have

∫ ∞
0

e−st1f(t1)

(∫ ∞
0

e−syg(y) dy

)
dt1 =

(∫ ∞
0

e−stf(t) dt

)(∫ ∞
0

e−stg(t) dt

)
=

= L{f(t)}L{g(t)}.
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A.3. Infinite sum

In order to prove 2.14, we start by proving that

∞∑
i=1

ai =
a

1− a
,

where |a| < 1.

Let’s consider the following quantity:

(1− a)
n∑
i=1

ai =
n∑
i=1

ai − a
n∑
i=1

ai = (a+ a2 + ..+ an)− a(a+ a2 + ..+ an) =

= (a+ a2 + ..+ an)− (a2 + ..+ an+1) = a− an+1.

From the first and the last term of the above equality we have, after dividing by

(1− a):
n∑
i=1

ai =
a− an+1

1− a
.

When n→∞, an+1 → 0. Thus we have:

∞∑
i=1

ai =
a

1− a
.

It’s now sufficient to notice that this result can be applied to eq. 2.14 because

L{ψ}(s) =
∫∞

0
ψ(t)e−st dt < 1 when s > 0. This is a consequence of the normalization

2.1 and the fact that the integrand is multiplied by a factor (e−st) that is smaller than 1.

A.4. R(t) in the Poisson case

In order to prove eq. 2.18, we start by evaluating the Laplace transform of ψ(t):

(A.3) L{ψ(t)} =

∫ ∞
0

e−stλe−λt dt =
λ

s+ λ
.

The Laplace transform of R(t) is obtained by substituting eq. A.3 in eq. 2.14:

(A.4) L{R(t)} =
λ
s+λ

1− λ
s+λ

=
λ

s
.
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Since

L{λ} =

∫ ∞
0

e−stλ dt =
λ

s
,

we can conclude that the inverse Laplace transform of A.4 is:

(A.5) R(t) = λ

A.5. ψ(ta, t) in the Poisson case

Eq. 2.19 is obtained by direct application of eq. 2.15 with R(t) = λ and ψ(t) = λe−λt:

(A.6) ψ(ta, t) = λe−λt +

∫ ta

0

λλe−λ(t−t1) dt1 = λe−λt + λe−λt(eλta − 1) = λe(ta−t)λ.

A.6. R(t) for complex systems

The main difficulty for finding R(t) here is that its Laplace transform can’t easily

be inverted. We can nevertheless use the following property of the Laplace transform to

investigate the behavior of R(t) for t→∞: the behavior of L{R}(s) for s→ 0 is the same

as the behavior of R(t) for t → ∞. The demonstration of this fact (one of the Tauberian

theorems) can be found in [16]. The first step to demonstrate eq. 2.27 and eq. 2.28 is to

demonstrate 2.24. We have:

(A.7) L{ψ(t)} =

∫ ∞
0

e−st(µ− 1)
T µ−1

(T + t)µ
=

= (µ− 1)T µ−1eµT
∫ ∞
T

e−sx

xµ
= (µ− 1)T µ−1 e

µT

s1−µΓ(1− µ, sT )

where the second equality comes from the substitution T + t → x, and the last equality

comes from the following relation (see [45]):∫ ∞
a

xb−1e−cv dx =
1

cb
Γ(b, ca),
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with a = T , b = 1 − µ and c = s. The incomplete gamma function Γ(a, b) is defined in eq.

2.25. By using 2.26, we can write eq. 2.25 in a more convenient way in view of an expansion

around 0 of the Laplace transform of R:

(A.8)

Γ(α, x) = Γ(α)−
∫ x

0

e−ttα−1 dt = Γ(α)−
∫ x

0

∞∑
n=0

(−1)n

n!
tntα−1 dt = Γ(α)−

∞∑
n=0

(−1)n

n!

xα+n

α + n

We can now substitute eq. A.8 with α = 1− µ and x = sT in eq. A.7:

L{ψ}(s) = esT (sT )µ−1(µ− 1)

[
Γ(1− µ)−

∞∑
n=0

(−1)n

n!

(sT )1−µ+n

1− µ+ n

]
=

=

[
1 + sT +

(sT )2

2
+

(sT )3

6
+ ...

]
×

×(sT )µ−1(µ− 1)

[
Γ(1− µ)− (sT )1−µ

1− µ
+

(sT )2−µ

2− µ
− (sT )3−µ

2(3− µ)
+

(sT )4−µ

6(4− µ)
+ ...

]
=

=

[
1 + sT +

(sT )2

2
+

(sT )3

6
+ ...

]
×

×
[
−Γ(2− µ)(sT )µ−1 + 1 +

(µ− 1)(sT )

(2− µ)
− (µ− 1)(sT )2

2(3− µ)
+

(µ− 1)(sT )3

6(4− µ)
+ ...

]
=

=

[
1 + sT

(
1 +

µ− 1

2− µ

)
+ (sT )2

(
1

2
− µ− 1

2(3− µ)
+
µ− 1

2− µ

)
+ ...

]
×

×− Γ(2− µ)

[
(sT )µ−1 + (sT )µ +

(sT )µ+1

2
+

(sT )µ+2

6
+ ...

]
=

=

[
1 + sT

1

2− µ
+ (sT )2 1

(3− µ)(2− µ)
+ ...

]
− Γ(2− µ)

[
(sT )µ−1 + (sT )µ +

(sT )µ+1

2
+

(sT )µ+2

6
+ ...

]
=

=

[
1 +

Γ(2− µ)

Γ(3− µ)
sT +

Γ(2− µ)

Γ(4− µ)
(sT )2 + ...

]
− Γ(2− µ)

[
(sT )µ−1 + (sT )µ +

(sT )µ+1

2
+

(sT )µ+2

6
+ ...

]

(A.9)

When 1 < µ < 2 we have that sT → 0 faster than (sT )µ−1. So, according to A.9, we

have:

(A.10) L{ψ}(s) ∼ 1− Γ(2− µ)(sT )µ−1, s→ 0.
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Substituting A.10 in the Laplace transform of R (eq. 2.14), we obtain:

(A.11)

L{R}(s) ∼ 1− Γ(2− µ)(sT )µ−1

1− (1− Γ(2− µ)(sT )µ−1)
=

1− Γ(2− µ)(sT )µ−1

Γ(2− µ)(sT )µ−1
∼ 1

Γ(2− µ)(sT )µ−1
, s→ 0.

As was anticipated at the beginning of this section, we can now use a Tauberian

theorem to determine the behavior of R(t) as t → ∞. The Tauberian theorem that will be

used is the following (see [16] or [46]):

(A.12) L{f}(s) ∼ 1

uα
, s→ 0⇒ f(t) ∼ tα−1

Γ(α)
, t→∞

So, if we set α = µ− 1 in A.12 and use it in A.11, we obtain:

R(t) ∼ 1

T µ−1Γ(2− µ)

tµ−1−1

Γ(µ− 1)
=

1

T µ−1Γ(2− µ)Γ(µ− 1)t2−µ
, 1 < µ < 2, t→∞,

which is the same as eq. 2.27.

Let’s now consider the case 2 < µ < 3. As a preliminary step to simplify the notation,

we notice that in this case it is possible to define the average laminar region length:

(A.13) t̄ =

∫ ∞
0

t
(µ− 1)T µ−1

(T + t)µ−1
=

T

µ− 2
.

In this case sT → 0 slower than (sT )µ−1, so, using A.9 again, we have:

(A.14) L{ψ}(s) ∼ 1 +
sT

2− µ
− Γ(2− µ)(sT )µ−1 = 1− st̄− Γ(2− µ)(sT )µ−1, s→ 0.

Substituting eq. A.14 in eq. 2.14 as we did before for 1 < µ < 2, we obtain:

(A.15) L{R}(s) ∼ 1− st̄− Γ(2− µ)(sT )µ−1

1− (1− st̄− Γ(2− µ)(sT )µ−1)
∼ 1

st̄+ Γ(2− µ)(sT )µ−1
=

=
1

st̄

1

1 + Γ(2− µ) (sT )µ−1

st̄

∼ 1

st̄

(
1− Γ(2− µ)(sT )µ−1

st̄

)
=

1

st̄
− Γ(2− µ)T µ−1

t̄2s3−µ , s→ 0.

Using the Tauberian theorem A.12 as before, we obtain:

(A.16) R(t) =
1

t̄
− Γ(2− µ)T µ−1

t̄2Γ(3− µ)tµ−2
=

1

t̄
− T µ−1

t̄2(2− µ)tµ−2
=

=
1

t̄

[
1 +

(
T

t

)µ−2
]
, t→∞,

that coincides with eq. 2.28.
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A.7. ψ(ta, t) for complex systems

In order to obtain formula 2.29, we start by considering a system that has an event

at time −ta, with ta > 0. The observation of the system starts at t = 0. By definition of

ψ(ta, t), we are interested in the laminar region that contains t = 0. Adapting definition 2.15

to this situation, we have:

(A.17) ψ(ta, t) = ψ(t+ ta) +

∫ ta

0

R(ta − y)ψ(t+ y) dy.

Formula 2.29 is obtained by making the assumption that the start of the laminar

region that contains t = 0 happens with equal probability between t = −ta and t = 0. Thus,

we can write:

(A.18) ψ(ta, t) = ψ(t+ ta) +N

∫ ta

0

ψ(t+ y) dy,

where N is a normalization constant. Normalizing A.18 we have:

1 =

∫ ∞
0

ψ(ta, t1) dt1 =

∫ ∞
0

ψ(t1 + ta) dt1 +N

∫ ∞
0

∫ ta

0

ψ(t1 + y) dy dt1 =

=

∫ ∞
ta

ψ(t2) dt2 +N

∫ ta

0

∫ ∞
0

ψ(t1 + y) dt1 dy = Ψ(ta) +N

∫ ta

0

∫ ∞
y

ψ(t2) dt2 dy =

= Ψ(ta) +N

∫ ta

0

Ψ(y) dy ⇐⇒ N =
1−Ψ(ta)∫ ta
0

Ψ(y) dy
.

So that:

(A.19) ψ(ta, t) = ψ(t+ ta) +
1−Ψ(ta)∫ ta
0

Ψ(y) dy

∫ ta

0

ψ(t+ y) dy,

Substituting eq. 2.21 and eq. 2.22 in A.19 we obtain, after some algebra:

(A.20)

ψ(ta, t) = (µ− 2)
(T + t)1−µ − (T + ta + t)1−µ

T 2−µ − (T + ta)2−µ

[
1−

(
T + ta
T

)1−µ
]

+ (µ− 1)
(T + ta + t)−µ

T 1−µ
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A.8. Central limit theorem

In this section, I will give a demonstration of the central limit theorem: the limiting

distribution of the sum of independent random variables that have finite second moment is a

Gaussian. For simplicity, I will consider the random variables to have the same distribution

Π(ξ) for their values. p(x, n) is the probability to be between x and x + dx after adding

n random variables. If we consider the variables to be the size of steps taken at regular

intervals by a walker on a one-dimensional path, then the p(x, n) can be interpreted as the

probability of being between x and x+ dx at time n. A fundamental relation for p(x, n) and

Π(ξ) is:

(A.21) p(x, n) =

∫ ∞
−∞

p(x− ξ, n− 1)Π(ξ) dξ.

Equation A.21 says that the probability being between x and x + dx at time n is

equal to the product of the probability of being in a generic position x − ξ at time n − 1

times the probability of making a step of length ξ (so that the position at time n will be x).

Using the convolution property of the Fourier transform with respect to x we have:

(A.22) p̂(k, n) = p̂(k, n− 1)π̂(k) = p̂(k, n− 2)π̂2(k) = ... = p̂(k, 0)π̂n(k).

If the initial position is the origin, we have p̂(k, 0) = 1. Substituting in A.22:

(A.23) p̂(k, n) = π̂n(k) = en log(π̂(k)).

Let’s now focus on π̂(k).

(A.24) π̂(k) =

∫ ∞
−∞

eikξΠ(ξ) dξ =

∫ ∞
−∞

∞∑
l=0

(ikξ)l

l!
Π(ξ) dξ =

∞∑
l=0

(ik)l

l!

∫ ∞
−∞

ξlΠ(ξ) dξ.

The integral ml =
∫∞
−∞ ξ

lΠ(ξ) dξ is the l-th moment of Π(ξ). When l = 0, ml = 1

since Π(ξ) is normalized. I will consider m1 = 0: A value of m1 6= 0 would just give a drift

term (the walker prefers one direction in this case) that can be compensated by adopting an

appropriate reference system. Finally, we have:

(A.25) π̂(k) = 1− k2

2
m2 + o(k2),
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where o(k2) is an expression that goes to 0 faster than k2. Substituting A.25 in A.23 we

have:

(A.26) p̂(k, n) = en log(1− k
2

2
m2+o(k2)) ≈ en(− k

2

2
m2+o(k2)) ≈ e−n

k2

2
m2 .

It is possible to prove that the last term of A.26 is the Fourier transform of

p(x, n) =
1√

2πnm2

e
− x2

2nm2 .

In this demonstration it was assumed that the moments of Π(ξ) were finite. This is

not true when Π(ξ) has the form of 2.21 with µ < 3. In this case a generalized version of

the theorem must be used [20].

A.9. Autocorrelation function

I evaluated

(A.27) Φ(τ) =
1

L− τ

∫ L−τ

0

(ξDMM(t)− ξDMM)(ξSIR(t+ τ)− ξSIR) dt,

for τ ≥ 0 and

(A.28) Φ(τ) =
1

L− τ

∫ L−τ

0

(ξDMM(t+ τ)− ξDMM)(ξSIR(t)− ξSIR) dt,

for τ ≤ 0. ξDMM is the average of the time series of the DMM and ξSIR is the average of the

time series of SIR.

A.10. Autocorrelation function

Usually the autocorrelation of ξ(t) with vanishing average for a sequence of length L

is defined as:

(A.29) Φ(τ) =

∫ L−τ
0

ξ(t)ξ(t+ τ) dt

σ2
ξ

where σ2
ξ is the variance of ξ(t). The autocorrelation function affords a statistical relation

between the value of ξ(t) and the value ξ(t+ τ).
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