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Low-density parity check (LDPC) codes are very popular among error correction codes 

because of their high-performance capacity. Numerous investigations have been carried out to 

analyze the performance and simplify the implementation of LDPC codes. Relatively slow 

convergence of iterative decoding algorithm affects the performance of LDPC codes. Faster 

convergence can be achieved by reducing the number of iterations during the decoding 

process. In this thesis, a new approach for faster convergence is suggested by choosing a 

systematic parity check matrix that yields lowest second smallest Eigenvalue modulus (SSEM) of 

its corresponding Laplacian matrix. MATLAB simulations are used to study the impact of 

eigenvalues on the number of iterations of the LDPC decoder. It is found that for a given (n, k) 

LDPC code, a parity check matrix with lowest SSEM converges quickly as compared to the parity 

check matrix with high SSEM. In other words, a densely connected graph that represents the 

parity check matrix takes more iterations to converge than a sparsely connected graph.
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Communication is the most vital part of human life. In most simple way, communication 

means transmission of information or data from one point to another point. Communication 

system has wide range of applications varying from as deep as marine application to as high as 

communication in space. Although there are different types of communication, an efficient and 

reliable digital communication is highly demanded. Due to noisy channel, the information 

received at the receiver end may be erroneous. This error is undesired at the receiver end. 

Different error correcting coding techniques are available to detect the errors and correct them 

at the receiver end. However, almost all techniques work on the same principle of adding 

redundancy to information to correct the errors. Low density parity-check codes (LDPC) and 

turbo codes are most popular error correcting coding techniques due to their significance 

performance which is very close to Claude Shannon’s channel capacity limit.  

1.2 Low Density Parity Check Codes (LDPC) 

Low density parity-check codes (also called as linear block codes) were first introduced 

by Robert G. Gallager in 1960 [1]. Due to computational difficulty in implementing decoding 

part, LDPC codes were overlooked for quite a long time until 1993 when turbo codes were 

invented using iterative decoding concept. However, rediscovery of LDPC codes by Mackay and 

Neal in 1996 [2] has drawn attention back to LDPC codes because of their improved 

performance with lower bit error rate (BER) for long block length codes while turbo codes 

performs well for intermediate block length [3]. The decoder structure of LDPC codes is more 
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appropriate for high-speed hardware implementation and requires less computation per 

decoded bit. 

LDPC codes are used in wireless and mobile communications, deep space 

communications, satellite communications, military communications, data storage. Specifically, 

LDPC codes are used in DVB-S2 / DVB-T2 / DVB-C2 standard for satellite transmission of digital 

transmission, 10GBase-T Ethernet and also part of Wi-Fi 802.11 standard. Other applications of 

LDPC are WiMAX(802.16e), G.hn/G.9960 (ITU-T Standard for networking over power lines, 

coaxial cable and phone lines), CMMB(China Multimedia Mobile Broadcasting).  

LDPC codes are specified by a parity check matrices which are sparse (contains less 

number of 1’𝑠 as compared to 0’𝑠). Size of parity check matrix is ′𝑚 𝑥 𝑛‘ where 𝑚 = 𝑛 − 𝑘 

redundant bits are added to 𝑘 information bits and n is the total length of the code, resulting in 

(𝑛, 𝑘) linear block code. Since the density of non-zero elements in parity check matrix is quite 

low, they are called as low density parity check codes. The low-density condition of parity check 

matrix can be satisfied especially for larger block lengths. The parity check matrix represents a 

set of linear homogeneous modulo 2 equation called as parity-check equations. This matrix is 

better represented by a graph called as Tanner graph. 

1.3 Tanner Graph 

Tanner graphs are introduced by Michael Tanner in 1981 and are used as an effective 

graphical representation for LDPC codes. In coding theory, tanner graphs are bipartite graph. 

Nodes in a bipartite graph are partitioned into two classes and no edge connects two nodes 

from the same class [5]. Tanner graph consists of n variable nodes which are connected to 

(𝑛 − 𝑘) check nodes satisfying the parity check equations. Each parity bits yields in a parity 

https://en.wikipedia.org/wiki/DVB-S2
https://en.wikipedia.org/wiki/DVB-T2
https://en.wikipedia.org/wiki/DVB-C2
https://en.wikipedia.org/wiki/G.hn
https://en.wikipedia.org/wiki/CMMB
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equation that helps to validate the received code. If the entry in the parity check equation is 

one, ℎ𝑖𝑗 = 1, then the corresponding element 𝑐𝑖 in check nodes is connected to 𝑣𝑗 element in 

variable node. The parity-check matrix (𝐻) is given in equation 1.1 and its corresponding 

Tanner graph representation is given in Figure 1.1. 

H = [

0 1 0 1 1 0 0 1
1 1 1 0 0 0 1 0
0 0 1 0 1 1 1 0
1 0 0 1 0 1 0 1

]                                          (1.1)    

 

 

 

 

        

Figure 1.1 Tanner Graph 

 

1.4 Regular and Irregular LDPC Codes 

LDPC codes are called as regular codes if each column and row of parity check matrix 

has constant weight 𝑤𝑐 and 𝑤𝑟 respectively and no two rows have more than one component 

in common. Also, both weights 𝑤𝑐 and 𝑤𝑟 are small as compared to the code length [4]. Regular 

codes can also be found out from the tanner graph. If all the variable nodes have same number 

of incoming/outgoing edges, also if all the check nodes have same number of 

incoming/outgoing edges then the LDPC codes are said to be regular codes [5]. Tanner graph 

C1 C2 C3 C4 

𝑉2  𝑉1 𝑉3  𝑉4  𝑉5  𝑉6  𝑉7  𝑉8  
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shown in Figure 1.1 is an example of regular LDPC code. On the other side, LDPC codes are 

known as irregular codes if the column weights and/or row weights of parity check matrix are 

varying. Michael G. Luby [6] demonstrated with results that irregular low density parity check 

codes perform better than regular LDPC codes especially for larger block length codes. 

1.5 Motivation, Goal of Thesis and Contribution 

LDPC codes are very popular among recent experiments and analyses because of their 

high-performance capacity. While the implementation of coding part is simple because of use 

of parity-check matrix, lot of research have been done to implement new decoding algorithms 

and/or simplifying the implementation of existing decoding algorithms for LDPC codes. 

Relatively slow convergence of iterative decoding algorithm affects the performance of LDPC 

codes and can make these codes less useful in practical scenarios by generating high delay in 

the system. Investigating the convergence characteristics and accelerating the convergence 

speed of LDPC decoding is one of the hot topics in research area since long time. Faster 

convergence can be achieved by reducing the number of iterations during decoding process. 

The demand for reducing the number of iterations and faster convergence speed motivates the 

investigation of the performance of LDPC decoding algorithm with less number of iterations. 

The goal of the thesis is to evaluate how fast the LDPC decoding can converge based on 

the number of iterations and eigenvalues of System and Laplacian matrix using the link 

between the consensus building in wireless networks and LDPC decoding. So, the first aim of 

this research is to study the LDPC decoding process and its convergence meticulously and find 

out the number of iterations LDPC decoding algorithm takes to converge and then figure out 

the process by which we can reduce the number of iterations to accelerate the convergence 



5 
 

rate in LDPC codes. The second aim of this research is to design good LDPC codes, which 

requires smaller number of iterations to converge and hence less convergence time. 

For ease of experimentation, we have developed graphical user interface (GUI) using 

MATLAB for simpler use of LDPC coding and decoding algorithm based on specific user input. 

This GUI played major role while experimenting and analyzing the performance of LDPC codes. 

For example, we tested the Bit Error Rate (BER) as a function of Signal-to-Noise Ratio (SNR) at 

the decoder with different block lengths of encoding. 

1.6 Outline of Thesis 

In chapter 2, review of different literatures is provided along with different decoding 

algorithms and some basic concepts related to LDPC codes. In chapter 3, the relation between 

number of iterations involved in decoding and the Eigen values of system matrix is discussed 

and studied which leads towards faster convergence analysis. Chapter 4 shows all experimental 

results carried out using MATLAB code for LDPC codes with different block lengths. Chapter 5 

summarizes the results and states the future work. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Belief Propagation & Gossiping 

Belief propagation (BP) is a message-passing strategy, and it was first introduced to 

computer science discipline in 1982 by Judea Pearl. Since then, BP is successfully used in 

applications of information theory and artificial intelligence to perform inference on general 

graphs. Some cases of BP are specially designed for specific applications like the iterative 

decoding algorithm for error correcting codes, transfer matrix approach in physics and others. 

For LDPC codes with higher block length, it becomes very difficult to decode the correct 

transmitted code word. However, we can reduce the incorrectly decoded number of bits by 

considering their marginal probabilities, and then computing their most probable value based 

on their thresholds. BP calculates the marginal and conditional distributions of random 

variables, which are represented by a factor graph [7]. BP provides Maximum-Likelihood 

decoding and performs well on bipartite graphs used in LDPC codes. Hence, an efficient and 

systematic BP algorithm is used to decode LDPC codes and achieve near-Shannon limit 

performance.  

Gossiping is like BP except that in BP each node shares its information with all its 

neighboring nodes, and in gossiping, a node shares the information with only one of its 

randomly selected neighbor node, and the neighbor node again shares the information with 

one of the randomly selected neighbor node. BP follows the broadcast communication model 

while gossiping follows the peer-to-peer communication model. Thus, gossiping is slower as 

compared to BP but easy to implement [8].  
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2.2 LDPC Encoding 

LDPC codes are denoted as (𝑛, 𝑘) block codes, where 𝑘 is the information bits or 

message bits, and 𝑛 is the number of coded bits called a codeword. Codeword ‘𝐶’ is defined as a 

product of the generator matrix 𝐺 and given message 𝑝. 

𝐶 =  𝐺𝑝                                                                   (2.1) 

A codeword contains a set of vectors (𝐶1, 𝐶2. . . . 𝐶𝑛) and parity check matrix (𝐻) can be found 

for all sets of vectors in codeword using the equation below: 

𝐻𝐶𝑇  =  0                                                                  (2.2) 

Parity check matrix (𝐻) is a sparse matrix of size (𝑛 − 𝑘) by 𝑛 and can be written in the form 

𝐻 =  [𝐼𝑛−𝑘 𝑃
𝑇]                                                               (2.3) 

    

Figure 2.1 Parity check matrix (𝑯)   
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Where 𝑃 is a binary matrix of size (𝑛 − 𝑘) by 𝑘 and I is the identity matrix of size (𝑛 − 𝑘). 

Figure 2.1 represents pictorial view of a sparse parity check matrix with 48 rows and 96 

columns. Using parity check matrix, the systematic generator matrix 𝐺 can be given as 

𝐺 =  [𝑃 𝐼𝑘]                                                                 (2.4) 

Hardware implementation of LDPC encoder for larger block length codes can be 

complex, but to simplify, shift registers can also be used for encoding purposes. Encoding can 

be more simplified using generator matrix 𝐺 and parity check matrix, where the cost depends 

on the hamming weights of generator matrix [8]. 

2.3 LDPC Decoding 

Decoding techniques are used to recover an original transmitted codeword at the receiver end 

over a noisy channel. Several different algorithms have been introduced and studied for the 

LDPC decoding process, namely the BP algorithm, the sum-product algorithm and the message 

passing algorithm. These iterative decoding algorithms are almost the same. LDPC decoding 

algorithms are broadly classified into main types: Hard decision decoder and Soft decision 

decoder. Though the efficiency of the decoder does not depend on the selection of the decoder 

type, the computational complexity and the output reliability depends on the code as well as 

the type of decoder. 

2.3.1 Hard Decision Decoder 

Hard decision algorithm is based on the message-passing algorithm and uses the 

majority-rule to decode the codeword. The hardware implementation of this algorithm is very 

simple. Throughout the decoding process, only binary values are used, involving binary 



9 
 

structure and binary memories. This algorithm uses the bipartite graph consisting of variable or 

message nodes, and check nodes or parity check matrix that shows the connection between the 

check nodes and the message nodes. Using BP, message nodes receive a binary value and all 

message nodes send the received bit to their connected check nodes [9]. Check nodes check 

the parity of the data received from the message nodes connected to it. Check nodes perform 

mod2 operation, and if the parity equation is satisfied, then it transmits the same data to its 

connected message nodes. In case the parity equation at the check node is not satisfied, 

corresponding message bits are adjusted to satisfy the parity equation. In LDPC, the number of 

parity equations corresponds to the number of check nodes in the Tanner graph of LDPC code. 

This algorithm will terminate when the parity check equation at all the check nodes are satisfied 

and a valid codeword is found. If the parity equations cannot fix the bit value of message nodes, 

then the message nodes use the majority rule to fix the bit value out of all the message bits 

they receive. This hard decision is again sent to the respective check nodes by their connected 

message bits, and the check nodes follow the same process of satisfying the parity check 

equation again until a certain number of iterations are passed [10]. Hard decision decoding uses 

the Bit Flipping algorithm.  

For example, let us consider Tanner graph from Figure 1.1 for understanding Hard 

decision decoding algorithm. The parity check equations for all check nodes in Figure 1.1 are  

𝐶1 =  𝑣2 ⊕ 𝑣4 ⊕ 𝑣5  ⊕ 𝑣8 

𝐶2 =  𝑣1 ⊕ 𝑣2 ⊕ 𝑣3 ⊕ 𝑣7 

𝐶3 =  𝑣3 ⊕ 𝑣5 ⊕ 𝑣6 ⊕ 𝑣7 

𝐶4 =  𝑣1 ⊕ 𝑣4 ⊕ 𝑣6 ⊕ 𝑣8          (2.5)  
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The original codeword is expressed as 𝑣 = [𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8]. An error free 

codeword of H in equation 1.1 will be 𝑣 = [1 1 0 1 0 0 0 0]𝑇. Suppose we receive 𝑦 =

[1 1 0 1 0 1 0 0]𝑇, then 𝑣6 was flipped. Let us see how the bit 𝑣6 is hard coded to correct value 

using Hard decision decoding algorithm.  

Initially, all the message nodes send their received value or message to their connected 

check nodes; for instance, message node 𝑣1 sends 1 to check nodes 𝐶2 and 𝐶4. In the second 

step, all the check nodes calculate the response of the messages they receive from their 

connected message nodes. To satisfy the parity check equation at the check node, the modulo 

2 sum of all the messages received from their connected message nodes should be zero. So, 

from equation 2.5 and received codeword 𝑦, we will calculate the response at the check nodes 

as 𝐶1 = 0, 𝐶2 = 0, 𝐶3 = 1, 𝐶4 = 1. The parity check equation for 𝐶3 and 𝐶4 are not satisfied. So, 

in the third step, 𝐶3 and 𝐶4 will flip values of their connected message nodes whereas 𝐶1 and 𝐶2 

will send the same message back to their connected message nodes without flipping it. This 

communication of messages is illustrated in Table 2.1. 

Table 2.1 Check Nodes and Their Activities 

Check Nodes Check node activities 

𝐶1 Receive 𝑣2  → 1 𝑣4  → 1 𝑣5  → 0 𝑣8  → 0 

Send 1 → 𝑣2 1 → 𝑣4 0 → 𝑣5 0 → 𝑣8 

𝐶2 Receive 𝑣1  → 1 𝑣2  → 1 𝑣3  → 0 𝑣7  → 0 

Send 1 → 𝑣1 1 → 𝑣2 1 → 𝑣3 0 → 𝑣7 

𝐶3 Receive 𝑣3  → 0 𝑣5  → 0 𝑣6  → 1 𝑣7  → 0 

Send 1 → 𝑣3 1 → 𝑣5 0 → 𝑣6 1 → 𝑣7 

𝐶4 Receive 𝑣1  → 1 𝑣4  → 1 𝑣6  → 1 𝑣8  → 0 

Send 0 → 𝑣1 0 → 𝑣4 0 → 𝑣6 1 → 𝑣8 
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Now all the message nodes use their initial values and the value they receive from check 

nodes to decide their bit value based on majority rule. This step is well explained in Table 2.2.  

Table 2.2 Message Nodes with Their Initial Values and Hard Decision Values 

Message nodes 𝑦𝑖 Messages from check nodes Decision 

𝑣1 1 𝐶2  → 1 𝐶4  → 0 1 

𝑣2 1 𝐶1  → 1 𝐶2  → 0 1 

𝑣3 0 𝐶2  → 0 𝐶3  → 1 0 

𝑣4 1 𝐶1  → 1 𝐶4  → 0 1 

𝑣5 0 𝐶1  → 0 𝐶3  → 1 0 

𝑣6 1 𝐶3  → 0 𝐶4  → 0 0 

𝑣7 0 𝐶2  → 0 𝐶3  → 1 0 

𝑣8 0 𝐶1  → 0 𝐶4  → 1 0 

 

Decoding can be explained in a simplified form as, 𝑐𝑜𝑑𝑒𝑤𝑜𝑟𝑑.𝐻𝑇 = 𝑠𝑦𝑛𝑑𝑟𝑜𝑚𝑒. If 

syndrome is zero, a valid codeword is found and the decoding is terminated, otherwise 

decoding is continued till syndrome is zero or a maximum number of iterations are reached. 

2.3.2 Soft Decision Decoder 

Soft decision decoding operates on a BP idea. Unlike Hard decision decoding where the 

messages are binary values, in Soft decision decoding the messages are the conditional 

probabilities of the received bit being 0 or 1 in the given received vector. Soft decision 

algorithm is more efficient as compared to the Hard decision decoding in terms of ability to 

correct more errors and robustness, making it a preferred method. The sum product algorithm 

is the Soft decision algorithm.  

Let the conditional probability of 𝑣𝑖 being 1 given the value of 𝑦 be 𝑃𝑖  =  𝑃𝑟[𝑣𝑖 = 1|𝑦]. 

Then the probability of 𝑣𝑖 being 0 will be 𝑃𝑟[𝑣𝑖 = 0|𝑦]  =  1 − 𝑃𝑖 .  Let the message sent by 
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message node 𝑣𝑖  to check node 𝑐𝑗 at round 𝑡 be 𝑞𝑖𝑗
(𝑡)

. Each message has a pair that stands for 

amount of belief that 𝑦𝑖 is 1 or 0 such that 𝑞𝑖𝑗
(𝑡)(1) + 𝑞𝑖𝑗

(𝑡)(0) = 1 and their probabilities are 

given as 𝑞𝑖𝑗
(𝑡)

(1)  =  𝑃𝑖 and 𝑞𝑖𝑗
(𝑡)

(0) = 1 - 𝑃𝑖. Also, let the message sent by check node 𝑐𝑗 to 

message node 𝑣𝑖  at round 𝑡 be 𝑟𝑗𝑖
(𝑡)

. Again, each message has a pair that stands for amount of 

belief that 𝑦𝑖 is 1 or 0 such that 𝑟𝑗𝑖
(𝑡)(1) + 𝑟𝑗𝑖

(𝑡)(0) = 1 [10]�. 

The probability that there are even numbers of ones on all the message nodes given 

that 𝑞𝑖   is the probability that there is a 1 at message node 𝑣𝑖  can be generalized as  

Pr[𝑣1 ⊕⋯⊕ 𝑣𝑛 = 0] =
1

2
+

1

2
∏ (1 − 2𝑞𝑖

𝑛
𝑖=1 )                                      (2.5) 

Thus, the message sent by 𝑐𝑗  to 𝑣𝑖 at round 𝑡 is 

𝑟𝑗𝑖
(𝑡)(0) =  

1

2
+

1

2
∏ (1 − 2𝑞𝑖′𝑗

(𝑡−1)
(1)𝑖′𝜖𝑈𝑗≠𝑖 )                                          (2.6) 

𝑟𝑗𝑖
(𝑡)

 (1) = 1 − 𝑟𝑗𝑖
(𝑡)(0)                                                             (2.7) 

In the above equation, 𝑈𝑗  denotes the set of all message nodes that are connected to check 

node 𝑐𝑗. The message sent by 𝑣𝑖 to  𝑐𝑗  at round 𝑡 is 

𝑞𝑖𝑗
(𝑡)(0) =  𝑘𝑖𝑗 (1 − 𝑃𝑖)∏ 𝑟𝑗′𝑖

(𝑡−1)
(0)𝑗′𝜖𝐹𝑖≠𝑗                                        (2.8) 

𝑞𝑖𝑗
(𝑡)(1) =  𝑘𝑖𝑗 𝑃𝑖 ∏ 𝑟𝑗′𝑖

(𝑡−1)
(1)𝑗′𝜖𝐹𝑖≠𝑗                                              (2.9) 

In the above equation, 𝐹𝑖 denotes the set of all check nodes connected to message node 𝑐𝑖 and 

𝑘𝑖𝑗 is the constant selected such that it satisfies the equation below 
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𝑞𝑖𝑗(0) + 𝑞𝑖𝑗(1) = 1                                                           (2.10) 

For every message node, the effective probabilities of message node having 0 or 1 at round 𝑡 

are calculated as 

𝑄𝑖
(𝑡)(0) =  𝑘𝑖 (1 − 𝑃𝑖)∏ 𝑟𝑗𝑖

(𝑡)
(0)𝑗𝜖𝐹𝑖

                                          (2.11) 

𝑄𝑖
(𝑡)(1) =  𝑘𝑖 𝑃𝑖 ∏ 𝑟𝑗𝑖

(𝑡)
(1)𝑗𝜖𝐹𝑖

                                                (2.12) 

Based on the calculation of estimated probabilities, values are assigned to message 

nodes. So, the estimated value of 𝑣𝑖 𝑖𝑠 1 if  𝑄𝑖
(𝑡)(1) >  𝑄𝑖

(𝑡)(0) otherwise 𝑣𝑖 is 0. The decoding 

algorithm terminates if the corresponding parity check equations are satisfied with these 

estimated values of message nodes. If not, the algorithm continues to perform until it reaches 

the maximum number of iterations. 

Since the use of multiplication in computation increases the complexity and thereby the 

cost of implementation, logarithmic likelihood ratios are used to convert multiplication into 

addition to make the hardware implementation much cheaper. Let 𝐿𝑖 be the likelihood ratio 

and 𝑙𝑖 be the log likelihood ratio of message node 𝑣𝑖, then 

𝐿𝑖 = (
Pr [𝑣𝑖=0|𝒚]

Pr [𝑣𝑖=1|𝒚]
) =

1−𝑃𝑖

𝑃𝑖
                                                     (2.13) 

𝑙𝑖 = ln 𝐿𝑖 = ln (
Pr [𝑣𝑖=0|𝒚]

Pr [𝑣𝑖=1|𝒚]
)                                                   (2.14) 

𝑃𝑖 =
1

1+𝐿𝑖
                (2.15) 
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The message sent by  𝑣𝑖 to  𝑐𝑗  at round  𝑡 is 

𝑚𝑖𝑗
(𝑙)

= ln
𝑞𝑖𝑗

(𝑙)
(0)

𝑞𝑖𝑗
(𝑙)

(1)
= ln [

1−𝑃𝑖

𝑃𝑖
∏

𝑟
𝑗′𝑖

(𝑙−1)
(0)

𝑟
𝑗′𝑖

(𝑙−1)
(1)

𝑗′𝜖𝐹𝑖≠𝑗 ]    (2.16) 

= 𝑙𝑖 + ∑ 𝑚
𝑗′𝑖

(𝑙−1)
𝑗′𝜖𝐶𝑖≠𝑗      (2.17) 

The message sent by 𝑐𝑗 to  𝑣𝑖 at round  𝑡 is 

𝑚𝑖𝑗
(𝑡)

= ln
𝑟𝑖𝑗

(𝑡)
(0)

𝑟𝑖𝑗
(𝑡)

(1)
= ln

1

2
+

1

2
∏ (1−2𝑞

𝑖′𝑗

(𝑡)(1))𝑖′𝜖𝑈𝑗≠𝑖

1

2
−

1

2
∏ (1−2𝑞

𝑖′𝑗

(𝑡)(1))𝑖′𝜖𝑈𝑗≠𝑖

= ln

1+∏ tanh(
𝑚

𝑖′𝑗

(𝑡−1)

2
)𝑖′𝜖𝑈≠𝑖

1−∏ tanh(
𝑚

𝑖′𝑗

(𝑡−1)

2
)𝑖′𝜖𝑈𝑗≠𝑖

   (2.18) 

𝑒
𝑚

𝑖′𝑗 =
1−𝑞

𝑖′𝑗
(1)

𝑞𝑖′𝑗(1)
        (2.19) 

Hence 

𝑞𝑖′𝑗(1) =
1

1+𝑒
𝑚

𝑖′𝑗
     (2.20) 

1 − 2𝑞𝑖′𝑗(1) =
𝑒

𝑚
𝑖′𝑗−1

𝑒
𝑚

𝑖′𝑗+1
= tanh (

𝑚
𝑖′𝑗

2
)     (2.21) 

Finally, log likelihood ratio is given as 

𝑙𝑖
(𝑡)

= ln
𝑄𝑖

(𝑡)
(0)

𝑄𝑖
(𝑡)

(1)
= 𝑙𝑖

(0)
+ ∑ 𝑚𝑗𝑖

(𝑡)
𝑗𝜖𝐹𝑖

                                  (2.22) 

From above equation, if  𝑙𝑖
(𝑙)

> 0  then  𝑣𝑖 = 0 otherwise 𝑣𝑖 = 1 . This is how the codeword is 

decoded using Soft decision algorithm. 
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2.4 Consensus Building 

Consensus building is a simple strategy for decision-making in distributed systems based 

on collective information. The concept of consensus building emerged from the BP approach 

[11], [12]. It has a wide range of applications like the co-ordination of autonomous agents, data 

fusion problems, self-synchronization of coupled oscillators, sensor network applications, 

mobile applications, load balancing in parallel computing, civilian and homeland security 

applications and many others. In sensor networking, each sensor node communicates locally 

with its neighbor nodes to compute the average of an initial estimate of measurements. 

Consensus algorithm involves low complexity iterations by updating estimates at each node and 

sharing the updated information to its neighbor nodes to reach the agreement [13]. Consensus 

algorithms can be synchronous as well as asynchronous depending on whether the nodes 

update their values at the same instant or a different one.   

Consensus building has been studied broadly to achieve the average consensus in 

different agreement problems. Laplacian graphs are used as an important part of a dynamic 

graph theory in [14]. Laplacian graphs are also used for a group of agents with linear dynamics 

for the task of formation stabilization in [15] and [16]. The leader-follower model is the special 

case of this method and it has been broadly used by many researchers. In [17] and [13], the 

convergence time and convergence condition for autonomous sensor networks have been 

studied. The authors used the semi-definite programming approach to work on fast 

convergence of sensor networks. In [18], the impact of multi-group network structure on the 

performance of consensus building strategies has been studied and its consensus value and 

condition for convergence have been estimated. 
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2.5 Convergence of LDPC Decoding 

Convergence in LDPC decoding can be viewed as a process which is similar to 

convergence in consensus building. Because of wide applications of LDPC codes and its practical 

implementation, it is important to improve its decoding convergence rate. Convergence in LDPC 

is achieved when all the check nodes satisfy the parity check equations. This can be given in the 

form of condition as HCT = 0, where 𝐻 is the parity matrix and 𝐶 is the codeword. The number 

of decoding iterations controls the speed of the convergence as well as the decoding 

complexity. The lesser number of decoding iterations results in faster convergence. The 

decoding complexity also depends on the number of check nodes and variable nodes involved 

in each iteration. Much research has been done on how we can achieve fast convergence for 

LDPC decoding without degrading the error performance, and many researchers are still 

working on it.  

Flooding schedule is the conventional decoding technique, but the convergence rate is 

low as the updated messages cannot be used until the next iterations. The number of decoding 

iterations can be reduced and decoding speed can be accelerated [19] by using Layered BP 

algorithm, Grouped BP algorithm and Semi-serial decoding algorithm, as compared to BP 

algorithm. In Grouped BP algorithm, the check nodes are partitioned into groups with a set of 

check nodes. Layered BP algorithm can be considered as a special case of Grouped BP 

algorithm, where each set contains only one check node and these check nodes are updated 

sequentially in both the algorithms. Semi-serial decoding algorithm is the combination of serial 

schedule and flooding schedule, where all the check nodes in one set are updated first and then 

the neighbored variable nodes are updated concurrently. In [20], the authors proposed the fast 
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convergence technique of using asynchronous parallelization of the iterative message-passing 

algorithm for the regular LDPC decoder and obtained 30% reduction in the average number of 

decoding iterations by grouping the check nodes. In [21], the author presented a shuffled BP 

algorithm where the high column weight variable nodes get updated first, and then the low 

column weight variable nodes are updated. This method improved the convergence speed with 

the higher maximum variable node degree of LDPC codes operating in Rayleigh fading and 

AWGN channel. Also, Linear programming, pseudocodewords, stopping sets and trapping sets 

play an important role in determining the convergence of the iterative decoder for LDPC codes. 

These concepts are discussed in detail further in the following subsection. 

2.5.1 Linear Programming Decoding 

Linear programming (LP) decoding is an alternative to the message-passing technique 

and can be successfully applied to LDPC codes. LP was proposed by Feldman, Wainwright and 

Krager [22] and is based on linear programming relaxation of the Maximum Likelihood (ML) 

decoding problem. The LP decoder uses a linear objective function and a polytope which 

contains all the valid codewords for a given code [23]. The output of the LP decoder is the valid 

codeword from polytope which is obtained by minimizing the objective function defined by the 

constraints over the codeword polytope. LP decoding is successful when the codeword decoded 

is exactly the Maximum Likelihood codeword. Consider a linear code 𝐶 of binary length 𝑛. The 

probability that any codeword â ϵ C was transmitted over a binary input memoryless channel 

given that the received sequence is 𝑏 can be given as Pr [â|b]. Let â𝑖 be the 𝑖th symbol of 

transmitted codeword â and y𝑖 be the 𝑖th symbol of received sequence 𝑦, then the ML 

decoding problem [23] if the codewords are equally likely is given as: 
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argmax
â ϵ C

Pr[𝑏|â] = argmaxâ ϵ C ∑ log Pr[𝑏𝑖|â𝑖]
𝑛
𝑖=1     (2.23) 

= argmaxâ ϵ C ∑ log
Pr [𝑏𝑖|𝑎=1]

Pr [𝑏𝑖|𝑎=0]

𝑛
𝑖=1 â𝑖 + log Pr[𝑏𝑖|𝑎 = 0]         (2.24) 

From the above equation, the linear programming relaxation of the ML decoding problem is 

given as:  

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝛾𝑇�̂�, 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 â 𝜖 𝐶                                                               (2.25) 

where 𝛾 for each 𝑖th symbol is defined as 

𝛾𝑖 = 𝑙𝑜𝑔
Pr [𝑏𝑖|𝑎=1]

Pr [𝑏𝑖|𝑎=0]
        (2.26) 

The number of constraints in the LP decoding problem is exponential in the maximum 

check node degree. Hence the complexity of the LP decoder increases with an increase in 

maximum check node degree, and practical implementation becomes very difficult for large 

size LDPC codes. Even though LP decoding is more complex, it is used to decode LDPC codes 

because of its advantage that the decoded codeword will be surely an ML codeword. Hence 

various other methods have been proposed to decompose the LP decoding process such as low 

complexity LP decoding, Adaptive LP decoding, Hybrid LP decoding, Mixed integer adaptive LP 

decoding and others.  

2.5.2 Pseudocodewords 

Pseudocodewords of a Tanner graph have an important role to play in determining the 

convergence of the iterative decoding algorithm, which is the same as the role of codewords in 
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ML decoder. In LP decoding, the vertices of the relaxed polytope (fundamental polytope) are 

called pseudocodewords. The notation of pseudocodeword has great similarity with a local 

codeword. Pseudocodeword is defined as the vector of non-negative integers say, ℎ =

(ℎ1, ℎ2, … . ℎ𝑛) such that, for every parity check, the neighborhood is the sum of all local 

codewords [22]. In the local codeword, vector ℎ needs to satisfy the condition that, ℎ ∈ {0,1} 

whereas in the pseudocodeword, vector h can have any arbitrary positive values. A 

pseudocodeword is nontrivial if it is not a codeword. So, all codewords are trivially a 

pseudocodeword, but not all pseudocodewords are a codeword. In the Tanner graph, a 

pseudocodeword that does not correspond to a codeword is known as a non-codeword 

pseudocodeword [24]. Also, if a pseudocodeword cannot be expressed as a sum of two or more 

pseudocodewords or codewords, then it is irreducible. These irreducible pseudocodewords are 

known as minimal pseudocodewords. The performance of the iterative decoder can also be 

characterized by the distance of the pseudocodeword. The distance of the pseudocodeword is 

the weight of the pseudocodeword with respect to the all-zero codeword. [24] also talks about 

the lower bound of any pseudocodeword weight, for different channels like BSC, BEC and 

AWGNC, which is the minimum weight of its irreducible pseudocodewords. These irreducible 

pseudocodewords are more likely to cause the failure of the decoder in terms of convergence.  

2.5.3 Stopping Sets and Trapping Sets 

In case of binary erasure channel (BEC), iterative decoding performance of LDPC codes 

can be determined by certain combinatorial structures in a Tanner graph known as stopping 

sets. These stopping sets are the set of pseudocodewords that can potentially prevent the 

convergence of the iterative decoding algorithm and the minimal stopping set size is equal to 
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the minimal pseudocodeword weight. The average weight distribution of the stopping set is 

considered a useful performance measure of given parity check matrices ensembles.   

In case of binary symmetric channel (BSC) and additive white Gaussian noise (AWGN) 

channel, the error prone structures are called trapping sets. Trapping set can be defined as the 

collection of variable nodes that shows poor connectivity in the graph. Trapping sets depend on 

the decoding algorithm and the parity check matrix of LDPC codes. In [25], the notion of 

trapping sets to describe the failures of decoders was introduced, and the author proposed a 

semi-analytical method to estimate the error floors of LDPC codes transmitted over the AWGN 

channel, describing essential conditions for a subgraph to form trapping sets for regular LDPC 

codes. Similar method is used in [26], where the characteristics of trapping sets are studied and 

the relation between the trapping sets and FER of LDPC code is established by representing the 

trapping sets in terms of cycles and their unions. Also, the error floors are evaluated for binary 

symmetric channels. Another approach is used in [26] to identify the most appropriate trapping 

sets for decoding over BSC, by developing a database of trapping known as trapping set 

ontology, demonstrating the topological relations among trapping sets. 
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CHAPTER 3 

CONVERGENCE ANALYSIS OF LDPC DECODING 

3.1 Problem Formulation 

Convergence of LDPC decoding is quite a wide area to study. Given that there are so 

many decoding algorithms proposed by different researchers, the convergence depends on 

several factors since not only computation but also communication is involved in the decoding 

process. Different factors need to be considered for communication through different channels 

like BSC, BEC and AWGN. However, convergence is a very important aspect in LDPC decoding.  

So, the main aim of this research is to investigate the number of iterations that LDPC decoding 

algorithm takes to converge. Also, explore the influence of eigenvalues and connectivity of the 

Tanner graph on convergence time for fast LDPC decoding based on the number of iterations of 

LDPC decoder.  

The focus of this research is on number of iterations involved during decoding of (𝑛, 𝑘) 

LDPC codes. Hence, there is a need to find out all the factors that can vary the number of 

iterations and study their impact deeply. This will lead to the study of the convergence 

characteristics based on number of iterations for different codes. Each iteration in LDPC 

decoding process involves two operations – Forward operation and Backward operation. In 

Forward operation, each message node sends its binary value to its connected parity check 

nodes whereas in Backward operation, each parity check node sends the same binary value 

back or flipped binary value, depending on whether the parity check equation is satisfied or not 

respectively, to its connected message node. So, forward operation and backward operation 

along with equation check for each check node is considered as one iteration. And, the number 
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of times, the forward and the backward operations are performed specifies the total number of 

iterations taken by decoder to reach to a valid codeword. To analyze the trend of number of 

iterations and convergence, prior knowledge of various entities is helpful. Some of them are 

Laplacian matrix, System matrix, Eigenvalues and Eigenvectors, Signal-to-noise ratio (SNR) and 

others. All these concepts are explained in detail further in this chapter. 

3.2 Eigenvalues and Eigenvectors 

Eigenvector is well defined in linear algebra. For linear transformation, an eigenvector is 

a non-zero vector that does not change its direction during linear computation. For a square 

matrix 𝐴, the equation for eigenvector 𝑣 and eigenvalue 𝜆 is given as 

𝐴𝑣 = 𝜆𝑣          (3.1) 

Eigenvalue 𝜆 is also known as characteristics value. Eigenvector and eigenvalue can also 

be expressed using 𝑛 by 𝑛 identity matrix as  

(𝐴 − 𝜆𝐼)𝑣 = 0                                                               (3.2) 

Eigenvalues of matrix 𝐴 are the values that satisfy the determinant equation |𝐴 − 𝜆𝐼| =

0. Some basic properties of eigenvalue are studied such as, eigen value 𝜆 is same for matrix 𝐴 

and its transpose matrix 𝐴𝑇. For inverse of matrix 𝐴, which is 𝐴−1, the eigenvalue is also inverse 

𝜆−1 and for matrix 𝐴𝑛, eigenvalue is 𝜆𝑛. Size of eigenvalue for matrix 𝐴 depends on size of 𝐴, 

for a square matrix of size 𝑛, the maximum number of eigenvalues is 𝑛. There are many other 

properties of eigenvalue, but these properties seem to be more relevant in case of LDPC codes. 

In LDPC codes, eigenvalue of a Tanner graph is defined by an eigenvalue of Laplacian matrix or 
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Adjacency matrix of a graph. These eigenvalues have significant impact on the number of 

iterations and thereby on the convergence of LDPC decoding. So, eigenvalues are studied 

intensely for different parity check matrices and several experiments are performed to 

originate the exact significance of eigenvalues on the convergence of LDPC decoding process for 

different LDPC codes.  

3.3 Laplacian Matrix 

In general, Laplacian (L) matrix is a matrix representation of a graph. For LDPC codes, 

Laplacian matrix can be used to represent the Tanner graph in matrix form for both check 

nodes and message nodes separately. Unlike parity check matrix, Laplacian matrix is a square 

matrix of dimension ‘𝑛 𝑥 𝑛’ for given block code of length 𝑛, if only message nodes are 

considered. Otherwise when only check nodes are considered, the dimensions of Laplacian 

matrix will be ‘𝑚 𝑥 𝑚’, where 𝑚 is the number of parity bits for (𝑛, 𝑘) LDPC code. In a very 

simple form, Laplacian matrix 𝐿 is defined as 

𝐿 =  𝐷 –  𝐴       (3.3) 

Where D represents degree matrix and A represents adjacency matrix for a given graph. Degree 

matrix is a diagonal matrix containing information about the degree of each vertex, which 

indicates the number of edges attached to each vertex in a graph. An adjacency matrix is also a 

square matrix that indicates whether pair of vertices in a graph are adjacent or not. In an 

adjacency matrix, element 𝐴𝑖𝑗 is 1 if there is an edge from vertex 𝑖 to vertex 𝑗, and 0 if there is 

no edge. Adjacency matrix is like 𝐻 matrix except that the diagonal elements of adjacency 
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matrix are all zero and parity check matrix is not a square matrix. Elements of Laplacian matrix 

are given as:          

Li,j = {
deg(𝑣𝑖)

−1
0

if i = j
 if i ≠ j and vi & vj are adjacent

otherwise

       (3.4) 

Where 𝑑𝑒𝑔(𝑣𝑖) represents the degree of the verterx i. 

The sum of every row and column in Laplacian matrix is always zero. Also, Laplacian 

matrix is singular, symmetric and diagonally dominant matrix. Laplacian matrix can be 

effectively used in case of LDPC codes. The spectrum of Laplacian matrix signifies the 

convergence characteristics of LDPC decoding.        
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L =

[
 
 
 
 
 
 
 

6 −1 −1 −1 0 −1 −1 −1
−1 6 −1 −1 −1 0 −1 −1
−1 −1 5 0 −1 −1 −1 0
−1 −1 0 5 −1 −1 0 −1
0 −1 −1 −1 6 −1 −1 −1

−1 0 −1 −1 −1 6 −1 −1
−1 −1 −1 0 −1 −1 6 −1
−1 −1 −1 0 −1 −1 0 5 ]

 
 
 
 
 
 
 

          (3.5) 

 

Parity check matrix given in equation 2.1 represents the Tanner graph in Figure 1.1. This 

Tanner graph can be transformed from a bipartite graph to a unipartite graph by converting 

two-hop links as one-hop links [27]. Thus, the Tanner graph is redrawn with only variable nodes 

as shown in Figure 3.1. The projected graph of variable nodes is called a V-graph, that shows all 

two-hop links as one-hop connection links. The Laplacian matrix of V-graph is expressed in 

equation 3.5, which shows the connection between all the variable nodes as well as the degree 

of each variable node.                         

                                      

 

 

 

                Figure 3.2 C- graph 

 

L = [

4 −1 −1 −2
−1 4 −2 −1
−1 −2 4 −1
−2 −1 −1 4

]                               (3.6) 
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Similarly, the Tanner graph is redrawn with only check nodes called as C-graph, and it is 

shown in Figure 3.2 with its corresponding Laplacian matrix is expressed in equation 3.6. These 

projected V-graph and C-graph are easy to analyze as compared to Tanner graph since loops in 

Tanner graph are converted into multiple links in the projected graph. And, these multiple links 

can be easily expressed in Laplacian matrix for futher computation. 

Apart from this, the eigenvalues of Laplacian matrix also provide a lot of valuable 

insights, about the projected graph and thereby LDPC decoder, like stablility, connectivity and 

the convergence properties. The smallest eigenvalue of Laplacian matrix is always zero. The 

second smallest eigenvalue of Laplacian matrix is significant and shows the algebraic 

connectivity of the graph. It also signifies the robustness and stability of the graph [27]. The 

eigenvalues of Laplacian matrix for different (𝑛, 𝑘) LDPC codes have been evaluated and their 

impact on average number of iterations for LDPC decoder have been studied. The trend of 

average number of iterations for different eigenvalues (different parity check matrix) is 

explained with the help of experiments in Chapter 4. 

3.4 System Matrix 

System matrix (A), along with its properties, is well defined in [18] and the impact of its 

eigenvalues on the convergence rate of consensus in wiresless sensor networks is analyzed 

profoundly and the convergence time is inferred. System matrix is a stochastic matrix (sum of 

each row is 1) and it contains all non-negative values. The eigenvalues of system matrix lies 

between 0 and 1. The maximum eigenvalue of system matrix is always equal to 1. The second 

largest eigenvalue of system matrix should be minimized to quickly reach to consensus in case 
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of wireless sensor networks. From [18], system matrix can be expressed in terms of parity check 

matrix as 

𝐴 =  𝐾1
1/2

𝐻𝑇𝐾2𝐻𝐾1
1/2

                                                             (3.7) 

Where 𝐾1 and 𝐾2 are diagonal matrix and are expressed as 

𝐾1 = [𝑑𝑖𝑎𝑔(𝐻𝑇1𝑚𝑥1)]
−1                                                       (3.8) 

𝐾2 = [𝑑𝑖𝑎𝑔(𝐻1𝑛𝑥1)]
−1                                                          (3.9) 

In equation 3.8 and 3.9, m is the number of parity bits and n is the total number of bits in LDPC 

code. From parity check matrix given in equation 1.1, 𝐾1, 𝐾2 and system matrix are 

K1 =

[
 
 
 
 
 
 
 
 
1/2 0 0 0 0 0 0 0
0 1/2 0 0 0 0 0 0
0 0 1/2 0 0 0 0 0
0 0 0 1/2 0 0 0 0
0 0 0 0 1/2 0 0 0
0 0 0 0 0 1/2 0 0
0 0 0 0 0 0 1/2 0
0 0 0 0 0 0 0 1/2]

 
 
 
 
 
 
 
 

                             (3.11)      

K2 = [

1/4 0 0 0
0 1/4 0 0
0 0 1/4 0
0 0 0 1/4

]                                                   (3.12) 

A =

[
 
 
 
 
 
 
 
 
1/4 1/8 1/8 1/8 0 1/8 1/8 1/8
1/8 1/4 1/8 1/8 1/8 0 1/8 1/8
1/8 1/8 1/4 0 1/8 1/8 1/4 0
1/8 1/8 0 1/4 1/8 1/8 0 1/4
0 1/8 1/8 1/8 1/4 1/8 1/8 1/8

1/8 0 1/8 1/8 1/8 1/4 1/8 1/8
1/8 1/8 1/4 0 1/8 1/8 1/4 0
1/8 1/8 0 1/4 1/8 1/8 0 1/4]

 
 
 
 
 
 
 
 

                             (3.10) 

Thus, based on parity check matrix, system matrix can be obtained and its eigenvalues 

can be used to explain the convergence rate in LDPC decoding. 
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3.5 Dependence of Number of Iterations on Eigenvalues 

In LDPC codes, the average number of iterations for different LDPC codes can be 

compared with the help of their eigenvalues. Even for the same (𝑛, 𝑘) LDPC code, there can be 

a number of combinations for valid parity check matrices. There are a few conditions for parity 

check matrix to be valid, such as no column or row should have all zero values. Different  parity 

check matrix signifies different connectivity between check nodes and message nodes for same 

block length code. Hence the eigenvalues varies from one matrix to another. Specifically, the 

second smallest eigenvalue modulus (SSEM) in case of Laplacian matrix and the second largest 

eigenvalue modulus (SLEM) in case of the system matrix, gives crucial information about the 

number of iterations in LDPC decoding.  

To study the trend of number of iterations for different LDPC codes, Matlab simulations 

are used and several observations are made. One of the observations is that in the case of 

Laplacian matrix, the parity check matrix with higher SSEM takes more average number of 

iterations as compared to the parity check matrix with lower SSEM for a given range of SNR. As 

described earlier, SSEM also shows the algebraic connectivity of the Tanner graph for LDPC 

code. For dense connectivity between check node and message node, SSEM is higher as 

compared to sparse connectivity. Thus, we can infer that for higher SSEM, the Tanner graph is 

more dense and it takes higher number of iterations to converge.  

This scenario is exactly opposite in the case of system matrix. In LDPC decoding, system 

matrix with smaller SLEM results in higher number of iterations, whereas in wireless sensor 

networks, SLEM should be less for faster consensus [18]. The criteria for SLEM seems to be 
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contradictory in both the cases. This eigen-analysis is done with the help of Matlab simulations 

for parity check matrices with different eigenvalues and the results are presented in Chapter 4.  

Apart from eigenvalues, there are other factors that can vary the number of iterations. 

One of them is signal to noise ratio (SNR). Small change in SNR value can have large impact on 

number of iterations. If SNR is bad, there will be more errors and decoding process takes higher 

number of iterations to converge. While if the SNR is good, the decoding process converges 

quickly, resulting in lower number of iterations. Different range of SNR has been considered 

during simulations to observe its impact on number of iterations. Also, it has been observed 

that if two parity check matrices have the same SSEM, the number of iterations might vary 

depending on the number of connections between check nodes and message nodes.  

3.6 Eigenvalue Analysis of Combinatorial Equivalent Matrix 

The parity check matrices that can be derived from each other by using row 

permutations are called Combinatorial equivalent matrices. Thus, equivalent matrices are 

linearly dependent and hold same error correcting properties. For parity check matrix 𝐻, 

equivalent parity check matrix 𝐻𝑒 can be found by replacing one of its rows with the 

combination of sum of other rows [28]. 𝐻𝑒 will also be a sparse matrix and satisfies the new set 

of parity check equations.  

 For experimental purpose of convergence analysis of LDPC decoding, a set of equivalent 

matrix is selected such that they have have different SSEM(L). It is observed that the equivalent 

matrices, after row operations, are not in a systematic form. So, by computing column 

operations equivalent matrices are arranged in a systematic form before calculating their 
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eigenvalues. The trend for the number of iterations required by equivalent matrices to 

converge are studied and compared using MATLAB simulations in Chapter 4. 
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CHAPTER 4 

EXPERIMENTS AND RESULTS 

4.1 Introduction 

            This chapter includes all the simulations conducted to study the trend of number of 

iterations, with different simulation parameters, that impact the convergence rate of LDPC 

decoder. These experiments are performed using MATLAB code for LDPC encoding and 

decoding. The decoding method used is hard decision decoding. The code rate used is 𝑘/𝑛 and 

the modulation scheme used here is BPSK with 𝑁0/2 spectral density. 

            First set of experiment is performed on (7,4) code and the simulation parameters are 

changed to observe their impact on the trend of number of iterations. Next set of experiments 

are conducted using different parity check matrices other than those used in first set of 

experiments to verify the results. Then same experiment is done for (31,26) code. Later, an 

equivalent parity check matrices are used to study the eigenvalue analysis. 

4.2 Number of Iterations Vs Snr for (7,4) LDPC Code – Example 1 

In first set of experiments, eigenvalue analysis for (7,4) LDPC code is performed using 

three different parity check (H) matrices and the graph for their average number of iterations 

are plotted. Each experiment differs from each other in terms of either number of trials or 

range of SNR or maximum number of decoder iterations. Since the parity check matrices 𝐻1,  𝐻2 

and 𝐻3 remains the same in first set of experiments, so their simulation results can be 

compared with each other. Three parity check matrices 𝐻1,  𝐻2 and 𝐻3 and their respective 

Tanner graphs are as given below: 
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H1 = [
1 0 0 1 0 0 1
0 1 0 0 1 1 0
0 0 1 0 0 1 1

]                                                  (4.1) 

 

      s 

 

 

 

Figure 4.1 Tanner graph for matrix H1 

 

H2 = [
1 0 0 0 0 0 1
0 1 0 0 1 1 1
0 0 1 1 1 1 1

]                                                 (4.2) 

 

s 

 

 

 

 

Figure 4.2 Tanner graph for matrix H2 

 

H3 = [
1 0 0 1 1 0 1
0 1 0 1 1 1 0
0 0 1 1 1 1 1

]                                                  (4.3) 
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s 

 

 

 

 

Figure 4.3 Tanner graph for matrix H3 

 

 

Figure 4.4 Average number of Iteration vs SNR for 1000 Trials and 100 max iter 

 

The SSEM(L) for 𝐻1, 𝐻2 and 𝐻3 are 0.5505, 1.00, 2.69 respectively. Figure 4.4 shows the 

trend for average number of iterations require for convergence of LDPC decoding over a given 

range of SNR for parity check matrices, where data1 refers to 𝐻1, data2 refers to 𝐻2 and data3 
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refers to 𝐻3. The number of trials used is 1000 and the decoder is set for 100 maximum number 

of iterations. The range of SNR is given between -1 to 5dB. Since it is (7,4) LDPC code, the code 

rate is 4/7. It can be observed from the figure that the average number of iterations for 𝐻1 is 

less as compared to 𝐻2 and 𝐻2 takes less number of iterations to converge as compared to 

𝐻3. Also, another important observation is that the SSEM(L) for 𝐻1 is less as compared to 𝐻2 

and 𝐻3. So, even though all three parity check matrices are valid for (7,4) LDPC code, they 

differ in the number of iterations they take to converge. SSEM(L) is one of the factor to make 

the difference among the three parity check matrices. 

 

Figure 4.5 Average number of Iteration vs SNR for 4000 Trials and 100 max iter 

 

Figure 4.5 shows the trend for average number of iterations for same data 𝐻1, 𝐻2 and 

𝐻3 and same range of SNR between -1 to 5dB. The decoder is also set to 100 maximum 
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iterations. The only difference in Figure 4.5 is that the number of trials is increased to 4000. 

After comparing Figure 4.4 and 4.5, it is observed that by increasing the number of trials, the 

number of iterations is reduced for poor signal to noise ratio. Also, with increase in number of 

trials, the trend obtained has fewer variations as compared to the trend obtained with 1000 

trials. 

Figure 4.6 also shows the trend for number of iterations for a SNR range of -1 to 5dB 

and 4000 trials. But in this case, the decoder is set to 200 maximum number of iterations. And 

due to this change, the LDPC code takes more number of iterations for each parity check 

matrices for poor SNR as compared to Figure 4.5, in which the decoder is set to 100 maximum 

iterations. As the SNR improves, the number of iterations follows same values as in Figure 4.5. 

 

Figure 4.6 Average number of Iteration vs SNR for 4000 trials and 200 max iterations 
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Figure 4.7 Average number of Iteration vs SNR for 4000 trials, 100 max iter and low SNR 

In Figure 4.7, the average number of iterations are plotted against different range of 

SNR as comapared to Figure 4.4, 4.5 and 4.6. The range of SNR used here is between -5 to 3 dB, 

so that we can observe the number of iterations for low SNR. It is observed in Figure 4.7, that as 

SNR decreases, the number of errors increases and thus the number of iterations of the 

decoder also increases. Thus, SNR also has an impact on the number of iterations. 

4.3   Number of Iterations Vs Snr for (7,4) LDPC Code – Example 2 

The next set of experiment uses three parity check matrices which are different than 

those used in first set experiments. This experiment shows that there are many other 

combinations for H matrices that can be used. Although, we have not considered all the 
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possible combinations for constructing different sets of parity check matrices, those used for 

experiments give enough idea about the relation between eigenvalues and the number of 

iterations. However, these H matrices can be replaced with any other valid H matrices with 

different eigenvalues. The next set of parity check matrices used in this experiment are 𝐻4,  𝐻5 

and 𝐻6 and they are expressed along with their Tanner graph as 

H4 = [
1 0 0 1 0 0 1
0 1 0 1 0 1 0
0 0 1 1 1 0 1

]                                                   (4.4) 

s 

 

 

 

 

Figure 4.8 Tanner graph for matrix H4 

 

H5 = [
1 0 0 1 1 0 1
0 1 0 1 1 1 0
0 0 1 1 1 0 1

]                                                         (4.5) 

 

s 

 

 

 

 

Figure 4.9 Tanner graph for matrix H5 
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H6 = [
1 0 0 1 1 1 1
0 1 0 1 1 0 1
0 0 1 1 1 1 1

]                                                   (4.6) 

 

s 

 

 

 

 

Figure 4.10 Tanner graph for matrix H6 

 

              The SSEM(L) for 𝐻4,  𝐻5 and 𝐻6 are 1.00, 2.00, 3.00 respectively. In Figure 4.11, 4.12, 

4.13 and 4.14, data1 refers to 𝐻4, data2 refers to 𝐻5, data3 refers to 𝐻6 and data4 refers to 𝐻7. 

Figure 4.11 and 4.12 shows the curve between the average number of iterations taken by 

𝐻4,  𝐻5 and 𝐻6 when SNR lies between -1 and 5dB. The maximum number of decoder iterations 

is set as 100. The only difference is that Figure 4.11 shows the graph for 1000 trials and Figure 

4.12 shows the graph for 4000 trials. As the number of trials is increased from 1000 to 4000, 

the curves for average number of iterations are much smoother and take fewer iterations even 

for poor SNR. However, the difference in the number of iterations for 𝐻4,  𝐻5 and 𝐻6 can be 

seen clearly. 
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Figure 4.11 Average number of Iteration vs SNR for 1000 Trials and 100 max iter 

 

 

Figure 4.12 Average number of Iteration vs SNR for 4000 Trials and 100 max iter 
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Figure 4.13 Average number of Iteration vs SNR for 4000 Trials and 200 max iter 

 

 

Figure 4.14 Average number of Iteration vs SNR for 4000 Trials, 100 max iter and low SNR 
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Figure 4.13 shows the curve for average number of iterations with 4000 trials and the 

decoder is set for 200 maximum iterations. The range of SNR used here, lies between -1 and 

5dB. Again, as the decoder maximum number of iterations increases, the average number of 

iterations that the decoder takes to converge also increases. 

  Figure 4.14 shows the graph with 4000 trials, 100 maximum iterations and the range of 

SNR is between -5 to 3dB. So, it can be seen in Figure 4.14 that lower SNR results into more 

number of iterations involved in decoding algorithm because of more errors. And higher SNR 

gives better convergence properties as the number of iterations are less. 

All the above experiments were conducted to study the impact of SSEM(L). However, 

these experiments also facilitate to study the impact of SLEM(A) on the number of iterations. 

Using equation 3.7, 𝐻 matrix can be converted into system matrix 𝐴. And their SLEM(A) values 

can be analyzed. Consider an example of matrix 𝐻4,  𝐻5 and 𝐻6, with SLEM(A) as 0.6848, 0.5 

and 0.3 respectively. As mentioned before, it is clear from Figure 4.11 that 𝐻4 takes less 

number of iterations than 𝐻5. But SLEM(A) for 𝐻4 is more as compared to SLEM(A) for 𝐻5. 

Similarly, 𝐻5 takes less number of iterations than  𝐻6 but 𝐻5 has higher SLEM(A) than 𝐻6. This 

shows that unlike SSEM(L), SLEM(A) needs to be higher for less number of iterations. 

4.4   Results for Parity Check Matrix with Same Eigenvalue 

This experiment considers a case of two (3,6) parity check matrices 𝐻7 and 𝐻8 that have 

same SSEM(L). The matrices 𝐻7 and 𝐻8 and their Tanner graphs are expressed as follows 

H7 = [
1 0 0 1 1 0 1
0 1 0 1 1 1 0
0 0 1 1 1 1 1

]                                                         (4.7) 
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s 

 

 

 

 

 

Figure 4.15 Tanner graph for matrix H7 

 

H8 = [
1 0 0 1 0 1 1
0 1 0 1 1 1 0
0 0 1 0 1 1 1

]                                                    (4.8) 

 

s 

 

 

 

 

 

Figure 4.16 Tanner graph for matrix H8 

 

In Figure 4.17, data1 refers to 𝐻7 and data2 refers to 𝐻8. It shows the curve of average 

number of iterations for two parity check matrices 𝐻7 and 𝐻8 with 4000 trials and 100 

maximum iterations. The observation made here is, even though 𝐻7 and 𝐻8 have same 

SSEM(L), their average number of iteration curves differs from each other. It can be seen that 

𝐻7 takes more number of iterations than 𝐻8. One possible reason could be the maximum 
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number of 1’𝑠 present is more in 𝐻7 than 𝐻8. However, this reason is not enough to conclude 

at this stage as it requires further investigation. 

          

Figure 4.17 Average number of Iteration vs SNR for 4000 Trials and 100 max iter 

 

4.5   Number of Iterations Vs Snr for different LDPC Code 

In this experiment, different (𝑛, 𝑘) LDPC codes are considered and the curve for their 

average number of iterations is plotted. Parity check matrices 𝐻9, 𝐻10, 𝐻11 and 𝐻12 are 

generated for (7,4), (15,11), (31,26) and (63,57) respectively using hamming code. 

Corresponding values of SLEM(L) for 𝐻9, 𝐻10, 𝐻11 and 𝐻12 are 2.69, 6.43, 14.26 and 30.22. This 

gives information that as the length of the block code increases, their SLEM(L) also increases. 

In Figure 4.18, data1 refers to 𝐻9, data2 refers to 𝐻10, data3 refers to 𝐻11 and data4 

refers to 𝐻12. It shows the comparison of the number of iterations for different LDPC codes 

over same range of SNR. Number of trials used are 4000 and the decoder is set to 100 

maximum iterations. SNR varies from -5 to 3dB. As per the computation, SLEM(L) for 𝐻12 is 
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highest and as seen from the Figure 4.18, 𝐻12 takes highest number of iterations to converge as 

compared to rest of the three parity check matrices. Similarly, 𝐻11 has higher SLEM(L) than 𝐻10 

and 𝐻9 and takes more number of iterations as compared to 𝐻10 and 𝐻9. 𝐻9 takes lowest 

number of iterations as it has lowest SLEM(L).  

 

Figure 4.18. Average number of Iteration vs SNR for different LDPC Codes 

 

4.6   Number of Iterations Vs Snr for Combinatorial Equivalent Matrix 

For this experiment, combinatorial equivalent matrices are chosen such that they differ 
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Hb = [
0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1

]                                                         (4.9) 

Now, add a row of ones and column of zeros in matrix Hb.  

Hb′ = [

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 1 1 1 1 1 1 1

] = [

h0

h1

h2

h3

]                                            (4.10) 

Addition of row and column, turned matrix Hb from (7,4) code to (8,4) code. Now, 

different parity check matrices can be obtained by performing linear computations on Hb′. 

However, we are interested in only those form of parity matrices that yields different SSEM(L) 

values. 

Case 1: Addition of two rows 

Consider that the fourth row of Hb′ is replaced by an addition of third and fourth row. 

So, the parity check matrix H13 will be 

H13 = [

h0

h1

h2

h2 + h3

] = [

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0

]                                          (4.11) 

Since H13 is not in a standard form as 𝐻 =  [𝐼𝑛−𝑘 𝑃
𝑇],  certain column operations are 

performed to convert H13 into appropriate format. These column operations and 

rearrangement of columns will not affect the eigenvalues. However, row addition will change 

the eigenvalues. So, new H13 and its Tanner graph representation will be 

H13 = [

1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 1 0 1 1 0 1
0 0 0 1 0 0 1 0

]                                                (4.1 
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Figure 4.19 Tanner graph for matrix H13 

Case 2: Addition of three rows 

Consider that the fourth row of Hb′ is replaced by an addition of second, third and 

fourth row. So, the parity check matrix H14 will look like 

H14 = [

h0

h1

h2

h1 + h2 + h3

] = [

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 0 0 1 1 0 0 1

]                               (4.13) 

After performing column operations and rearranging the columns of H14, the standard form of 

H14 and its Tanner graph will be 

H14 = [

1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 1 0 1 1 0 1
0 0 0 1 1 0 0 1

]                                                        (4.14) 

 

 

 

 

 

 

Figure 4.20 Tanner graph for matrix H14 
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Case 3: Addition of four rows 

Consider that the fourth row of Hb′ is replaced by an addition of first, second, third and 

fourth row. So, the parity check matrix H15 will look like 

H15 = [

h0

h1

h2

h0 + h1 + h2 + h3

] = [

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 0 0 1 0 1 1 0

]                      (4.14)                            

After performing column operations and rearranging the columns of H15, the standard form of 

H15 and its Tanner graph will be 

H15 = [

1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 1 0 1 1 0 1
0 0 0 1 1 1 1 0

]                                                     (4.15) 

 

 

 

 

 

 

 

Figure 4.21 Tanner graph for matrix H15 
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Figure 4.22 Average number of Iteration vs SNR for 4000 Trials and 100 max iter 

 

For above three cases of equivalent matrices 𝐻13,  𝐻14 and 𝐻15, the SSEM(L) are 0.95, 

1.95, 2.763 respectively. In Figure 4.22, data1 refers to 𝐻13, data2 refers to 𝐻14 and data3 

refers to 𝐻15. Figure 4.22 shows the curve for number of iterations for equivalent matrices with 

different eigenvalues. Number of trials used are 4000 and the decoder is set to 100 maximum 

iterations. SNR varies from -1 to 5dB. As seen from Figure, 𝐻13 has lowest SSEM(L) and it takes 

lower number of iterations to converge as compared to 𝐻14 and 𝐻15. It is observed that even 

though the equivalent matrices have same error correcting properties, their convergence rate 

can be different.  
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CHAPTER 5 

CONCLUSIONS AND FUTURE DIRECTIONS 

 The goal of this thesis was to analyze the convergence properties of Low density parity 

check code based on the number of iterations required by decoder. To reach this goal, several 

concepts are studied like LDPC encoding process, different types of decoding algorithms, graph 

theory and relevant matrices. MATLAB code is used for conducting experiments for encoding 

and decoding of different (𝑛, 𝑘) LDPC codes and observations are made based on the 

simulation results presented in Chapter 4. 

 Parity check matrices with different eigenvalues for same (𝑛, 𝑘) LDPC code are used to 

plot the curve between the average number of iterations and signal to noise ratio. Numerous 

graphs are obtained by varying the simulation parameters and the plots for average number of 

iterations are compared. Simulation parameters that vary are number of trials, maximum 

number of iterations, range of SNR. Simulation results implies that eigenvalues, specifically 

SSEM(L) and SLEM(A), depicts the trend of number of iterations.  

The parity check matrix with low SSEM(L) results into lower number of iterations. Hence 

parity check matrix should be chosen such that the second smallest eigenvalue of its 

corresponding Laplacian matrix should be minimum for lower number of iterations. As SSEM(L) 

defines the algebraic connectivity of the Tanner graph, it can be inferred that a densely-

connected graph takes more iterations to converge than a sparsely-connected graph. However, 

eigenvalue solely is not responsible for change in the number of iterations, so it is important to 

study the impact of other factors that can affect the rate of convergence.  
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On the other hand, exactly opposite observations are made when parity check matrix is 

converted into system matrix and SLEM(A) is studied. For lower number of iterations, the 

second largest eigenvalue of system matrix should be maximized. So, it can be inferred that 

same parity check matrix of (𝑛, 𝑘) code requires minimum SSEM(L) and maximum SLEM(A) for 

faster convergence. 

Similarly, in case of the combinatorial equivalent matrix, though the matrices have same 

error correcting properties, the matrix with lower SSEM(L) converges faster as compared to the 

matrix with higher SSEM(L) due to different algebraic connectivity. This shows that eigenvalue 

has significant impact on the rate of convergence, and based on eigenvalues a good LPDC code 

can be designed for faster convergence. 

The exact number of iterations required for LDPC code to decode is still unknown. So, 

future study includes investigation of the exact number of iterations and estimation of the 

convergence time for LDPC decoding. Also, a method can be developed to find out all possible 

combinations of parity check matrixes for same (𝑛, 𝑘) LDPC code with different eigenvalues and 

to choose the one with the lowest eigenvalue. Also, the impact of removing short cycles from C-

graph on eigenvalues can be investigated for change in convergence rate of LDPC. 
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