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CHAPTER 1

INTRODUCTION

We are interested in three types of homogeneity, one of which is given below.

Definition 1.1. A separable space X is countable dense homogeneous, abbreviated as CDH,

if given any two countable dense subsets D,E of X, there is a homeomorphism h : X → X

such that h(D) = E.

It all began with an investigation of Georg Cantor.

Theorem 1.2 (Georg Cantor, 1895, [7]). The open interval (0, 1) is CDH.

His proof began a template for what is now known as the ‘back and forth’ argument.

The ‘back and forth’ argument has appeared in many forms since then in more intricate

arguments and has evolved to be very complex in some cases. In an example of ‘back and

forth’ and clever organization and re-organization of elements, the following theorem extends

Cantor’s result.

Theorem 1.3 (Frechet, 1910, [15], Brouwer, 1913, [6]). Rn is CDH.

The canonical totally disconnected spaces 2ω, ωω are also CDH as well. Before we

move onto some interesting features of CDH, let’s state a more simple definition, for which

countable dense homogeneity appears to be an extension of.

Definition 1.4. A topological space X is homogeneous if for any x, y ∈ X there exists an

auto-homeomorphism of X which maps x to y.

Many nice spaces enjoy both properties. For example R,Rn, 2ω, ωω, Q are also homo-

geneous. The terms are not in a linear comparison though, there are counter-examples in

both directions.

To understand better the difference we give an example.

Example 1.5. X = (0, 1) ∪ {2} is not homogeneous but is CDH.
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There is a third definition which sometimes helps to bridge the gap to countable dense

homogeneity. It is as follows,

Definition 1.6. A topological space X is strongly locally homogeneous (SLH) if X has a

base of open sets U such that for any U ∈ U and for any x, y ∈ U there is a homeomorphism

h so that h(x) = y and h is only supported on U .

In terms of an attempt to put the three definitions in some sort of linear contest of

implication we note a couple of results.

Theorem 1.7 (Bennett,1970,[4]). Every connected CDH space is homogeneous.

Theorem 1.8 (Van Mill,2005,[25]). There is a connected, Polish, CDH space that is not

SLH.

Towards the goal of comparison we also contribute later by finding a class of subsets

of R for which their countable product (with the product topology) are homogeneous but

not CDH or SLH.

The following theorem in particular is cited as the most important result in the theory.

Theorem 1.9 (C. Bessaga; A. Pe lczyński, 1970, [5]). Let X be a Polish space that is strongly

locally homogeneous. Then X is countable dense homogeneous.

We will prove this result in section 3, along with the classical results of R,Rn, 2ω, ωω

and the Hilbert cube Q. Their proofs sometimes have ideas which we will use.

Some spaces are not homogeneous or CDH. Consider the closed interval [0, 1] for

which boundary points cannot be mapped to interior points and thus fails homogeneity, as

well as failing CDH. But as we said, or as M.K. Fort, Jr. proved in 1962, the Hilbert cube

[0, 1]ω is countable dense homogeneous (as well as homogeneous). This is a rather counter

intuitive result since there appear to be elements of a ‘boundary’ within Q that take values

of 0 or 1. These elements can apparently be mapped to points in the interior (0, 1)ω.

With this phenomena in mind we asked,
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Question 1. Given any X ⊂ R, is Xω homogeneous? SLH? CDH?

Given the Fort result on the Hilbert cube in section 3, we begin work on answering

the question. In section 4 we give a classification on exactly when do closed subsets of [0, 1]

have the property that their ωth power is homogeneous or CDH.

Theorem 1.10. Let X ⊂ [0, 1] be nonempty and closed. Then Xω is homogeneous if and

only if X is zero-dimensional or X is the disjoint union of a finite number of closed intervals.

We also give classification results for SLH and CDH. All of our results begin with the

closed sets, and then we work our way up the Borel heirarchy increasing in complexity at

each state. We have individual results for all three types of homogeneity at each level from

closed, to Gδ, to Borel, and finally a general result.

If we first make a definition, we can state one such result.

Definition 1.11. We say that a A ⊂ R is a discrete union of intervals In if

(1) Ij ∩ Ik 6= ∅ for j 6= k,

(2) each In is an open interval.

We must be more restrictive when dealing with SLH and CDH. Unions of more than

one closed interval do not allow Xω to be SLH or CDH.

Theorem 1.12. Let X ⊂ R be closed. Then Xω is CDH iff Xω is SLH iff X is zero-

dimensional or a closed interval.

Compactness changes nothing in the theorem above. Let’s move on to Gδ subsets,

i.e. Polish subsets. We now consider open subsets as well as others.

In section 5 we give results on homogeneity for the class of Gδ subsets of R.

Theorem 1.13. Let X ⊂ R be a Gδ. Then Xω is homogeneous if and only

(1) X is zero-dimensional, or

(2) X is a discrete union of finite or countably many closed intervals, or

(3) X is a discrete union of finite or countably many non-closed intervals.
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Theorem 1.14. Let X ⊂ R be a Gδ. Then Xω is CDH iff Xω is SLH iff X is a zero-

dimensional or an interval.

If we were to give an educated guess, it would appear that as the complexity of X ⊂ R

increases, it’s chance of having a countable product which is CDH/SLH decreases. It turns

out that this general trend was somewhat true, at least in the Borel heirarchy.

Theorem 1.15 (Hrušák-Avilés, 2005, [16]). Every Borel CDH space X is completely metriz-

able.

This allowed us to conclude with.

Theorem 1.16. Let X ⊂ R be a Borel set. Then Xω is CDH iff X is a Gδ zero-dimensional

set, or an interval.

Our analysis on CDH goes as far as Borel but stops at the projective hierarchy. But

there is still more to be said about homogeneity and SLH. We left off with X ⊂ R which was

a Gδ and we gave conditions for when exactly Xω was homogeneous. Consider the following

theorem.

Theorem 1.17 (Lawrence, 1998, [22]). For all zero-dimensional subsets X ⊂ R, Xω is

homogeneous.

Which was extended shortly after to arbitrary spaces.

Theorem 1.18 (Dow-Pearl, 1997, [10]). For all zero-dimensional, first countable X, Xω is

homogeneous.

And so finally we can give our most general result on homogeneity.

Theorem 1.19. Let X ⊂ R. Then Xω is homogeneous if and only

(1) X is zero-dimensional, or

(2) X is a discrete union of closed intervals, or

(3) X is a discrete union of non-closed intervals.

An easy result of Lawrence’s theorem above is that for all zero-dimensional X ⊂ R,

Xω is SLH. And so we give a final characterization of SLH.
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Theorem 1.20. Let X ⊂ R. Then Xω is SLH iff X is zero-dimensional, or an interval.
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CHAPTER 2

NOTATION, DEFINITIONS, STANDARD RESULTS, FOLKLORE

There are three purposes to the preliminaries section. First, to establish which of the

standard notations and definitions we are referring to when we call them by name. Second,

to write down theorems whose proof will be omitted on the basis that they are considered

standard (references will be given). Third, to communicate facts which are most likely known

but not given in the standard references, such as simple exercises, corollaries and moreovers;

these will be proved.

2.1. Notation

When more than one notation is given below, we use the left-most, giving the others

simply for clarification.

• R : the real numbers

• Q : the rational numbers

• P : the irrational numbers

• N, ω : the natural numbers

• ω1: the first uncountable ordinal

• C, 2ω, 2N, {0, 1}ω: the Cantor space

• N , ωω,NN: the Baire space (the elements of N are sometimes referred to as the

reals)

• cc(x): the connected component of x

• qc(x): the quasi-component of x

2.2. Relevant Topological Definitions

If not specified otherwise, X is a separable, metrizable topological space throughout

the thesis.

We adopt the convention that a neighborhood (nhood) of x is an open set containing

x (Some authors do not require the nhood to be open, [26], Pg 31).
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Definition 2.1. A space X is completely metrizable if it admits a compatible metric d such

that (X, d) is complete.

Definition 2.2. A space X is called separable if there is a countable dense subset D of X.

Definition 2.3. A space X is called Polish is it is separable and completely metrizable.

Definition 2.4. If x ∈ X, the largest connected subset Cx of X containing x is called the

component of x.

Definition 2.5. A space X is totally disconnected if the components in X are the points.

Some examples of totally disconnected spaces are Q and P.

Theorem 2.6. A product of totally disconnected spaces is totally disconnected.

Definition 2.7. A space X is zero-dimensional if each point of X has a nhood base con-

sisting of clopen sets.

Theorem 2.8. A locally compact Hausdorff space is totally disconnected if and only if it is

zero-dimensional.

A useful theorem when jumping back and forth between the two definitions but there

are cases in our discussions where a totally disconnected space X is not locally compact and

we must prove that X is zero-dimensional. The most common example is N , which is not

locally compact.

Definition 2.9. The quasi-component of x ∈ X, denoted qc(x), is the intersection of all

clopen subsets of X which contain x.

It is implied here that the components are not always equal to the quasi-components.

Indeed, take for example the subspace of R2 which is two parallel lines l1, l2 unioned together

with a countably infinite, nested collection of disjoint rectangles in between l1, l2 which

have left/right sides limiting towards infinity and top/bottom sides limiting towards l1, l2

(respectively). It can be checked that cc(x) = l1 whereas qc(x) = l1 ∪ l2.
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Fact 1. Let X be a compact Hausdorff space. Then for x ∈ X we have cc(x) = qc(x).

2.3. Homogeneity Definitions

Definition 2.10. A space X is homogeneous if for any x, y ∈ X there is a homeomorphism

h : X → X such that h(x) = y.

Definition 2.11. A topological space X is strongly locally homogeneous (SLH) if X has a

base of open sets U such that for any U ∈ U and for any x, y ∈ U there is a homeomorphism

h so that h(x) = y and h is the identity on X\U .

Definition 2.12. A separable space X is countable dense homogeneous, abbreviated as

CDH, if given any two countable dense subsets D,E of X, there is a homeomorphism h :

X → X such that h(D) = E.

2.4. The Cantor-Bendixson Analysis of a Set

Definition 2.13. A space X is perfect if it contains no isolated points.

Theorem 2.14 (Cantor-Bendixson). Let X be a Polish space. Then X can be uniquely

written as X = P ∪ C, with P a perfect subset of X and C countable open. We call P the

perfect kernel of X.

Definition 2.15. For a topological space X, let X ′ be the remainder after removing the

isolated points of X, we call X ′ the Cantor-Bendixson derivative of X. Setting X = X0

and using transfinite recursion we define for any ordinal α the iterated Cantor-Bendixson

derivatives Xα+1 = (Xα)′ and Xλ =
⋂
α<λX

α where λ is a limit ordinal.

Theorem 2.16. Let X be a Polish space. For some countable ordinal β we have Xα = Xβ

for all α ≥ β and Xβ is the perfect kernel of X.

In the theorem above, we call the least such β the Cantor-Bendixson rank of X and

denote this ordinal as |X|CB. For x ∈ X we say that x has Cantor-Bendixson rank α if α is

the greatest ordinal such that x ∈ Xα. For example, isolated points p have Cantor-Bendixson

rank 0 since p ∈ X0 = X but p 6∈ X ′. Limits of isolated points have Cantor-Bendixson rank
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1, etc. If x ∈ P , the perfect kernel of X, we say that x has Cantor-Bendixson rank ω1. The

theorem above implies that the Cantor-Bendixson rank of a point x is countable.

2.5. Functions Derived from a Hilbert Cube Map

For n ∈ N define ~n := {0, 1, ..., n}. Given a homeomorphism f : Q → Q there

are some good candidates for homeomorphisms on products (~n)ω × Q, or more generally,

(
∏

k∈N ~nk)×Q.

Fact 2. (Extending a Hilbert cube auto-homeomorphism uniformly) Let f : Q → Q be a

homeomorphism and let n0, n1, ... ∈ N. Let Y = ~n0 × ~n1 × .... Define g : Y × Q → Y × Q

by g(x) = g(λ(x), σ(x)) = (λ(x), f(σ(x))) for all x ∈ Y × Q. Then g is a homeomorphism.

Moreover, any of the ~ni can be taken to be ω.

Proof. It is easy to check that g is a bijection. Since Y × Q is a compact metric space

it suffices to show that g is continuous. Let (xn) be a sequence of elements belonging to

Y ×Q that converge to x ∈ Y ×Q. By definition we know that g(xn) = g(λ(xn), σ(xn)) =

(λ(xn), f(σ(xn))). We also know that (xn)→ x implies (σ(xn))→ σ(x) by the definition of

the product metric. Since f is continuous on Q we have that f(σ(xn))→ f(σ(x)). Hence as

n→∞ we have that g(xn)→ (λ(x), f(σ(x)), therefore g(xn)→ g(x) and g is continuous. �

Fact 3. (Extending a non-trivial Hilbert cube auto-homeomorphism onto a single branch,

identity elsewhere, fails) Let f : Q→ Q be a non-trivial homeomorphism and let n0, n1, ... ∈

N. Let Y = ~n0× ~n1× .... Fix α ∈ Y and define g : Y ×Q→ Y ×Q by g(x) = x if λ(x) 6= α

and g(x) = (λ(x), f(σ(x))) if λ(x) = α. Then g is not continuous.

Proof. Let z ∈ Q such that f(z) 6= z. Let x = (α, z) ∈ Y ×Q. Since f(z) 6= z, there exists

k ∈ N such that zk 6= f(z)k. Choose a sequence (xn) of elements of Y × Q, each agreeing

with x in the λ sense, and σ sense, up to the nth factor, at which point λ(xn) 6= λ(x) from

thereafter. It is obvious that (xn) → x. Given that each λ(xn) 6= α, we have g(xn) = xn.

To check whether (g(xn)) → g(x) we must check whether (xn) → g(x). But by definition

of (xn) → x, and in consideration of k, the kth-coordinates of (xn) converge to the kth-
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coordinate of x, and hence cannot converge to the kth-coordinate of g(x), of which these are

two strictly different values, by assumption. �

Fact 4. (Extending a Hilbert cube auto-homeomorphism to a clopen subset) Let f : Q→ Q

be a homeomorphism and let n0, n1, ... ∈ N. Let A ⊂ ~n0 and define g : (
∏

k ~nk × Q) →

(
∏

k ~nk ×Q) by

g(λ(x), σ(x)) =

 (λ(x), f(σ(x))) : λ0(x) ∈ A

(λ(x), σ(x)) : otherwise

Then g is a homeomorphism. Moreover A can be taken such that A ⊂ ~nk for any

k ∈ N as long as we change the definition of g so that it reads λk(x) ∈ A. Also, we can take

~ω in place of any of the ~ni.

Proof. It is easy to check that g is a bijection and so we only check continuity since

(
∏

k ~nk)×Q is a compact metric space.

We will check that g is continuous at every point. Let x, xn ∈ (
∏

k ~nk) × Q with

(xn)→ x.

Case 1: λ0(x) 6∈ A. Since (xn) converges to x, for every k ∈ N we must have that

σk(xn)→ σk(x) and in particular there exists N ∈ N such that for all n ≥ N , λ0(xn) = λ0(x).

Without loss of generality we can assume that λ0(xn) = λ0(x) for all n ∈ N. Thus λ0(xn) 6∈ A

and so (g(xn))n = (xn)n which implies that g(xn) → x. But since x = g(x) we have shown

that g(xn)→ g(x).

Case 2: λ0(x) ∈ A. Since (xn) converges to x we must have for each fixed k ∈ N,

σk(xn) → σk(x). For example, σ0(xn) → σ0(x). So we can see that for large enough n,

we have λ0(xn) = λ0(x). Without loss of generality we assume that λ0(xn) = λ0(x) for all

n ∈ N.

Because of the point-wise convergence σk(xn) → σk(x) we have σ(xn) → σ(x).

Considering that this is a sequence in Q, and that f is continuous on Q, we have that

f(σ(xn))→ f(σ(x)). We have
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lim
n→∞

(λ(xn), f(σ(xn))) = (λ(x), f(σ(x))) = g(x).

Thus g(xn)→ g(x). �

We can extend a homeomorphism of the Cantor space while maintaining the identity

Hilbert-wise.

Fact 5. Given a homeomorphism g : 2ω → 2ω we can define a map H : nω × Q such that

H(λ(x), σ(x)) = (g(λ(x)), σ(x)). Then H is a homeomorphism. Moreover, we can take

n = ω above.

Proof. H is simply a product map of two homeomorphisms. �
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CHAPTER 3

CLASSICAL RESULTS

3.1. R is CDH

The classical theorems of the topic are given through a historical timeline starting

first with a theorem of Cantor from 1895 which proved that R has the property of being

countable dense homogeneous (CDH).

A separable space X is countable dense homogeneous, abbreviated as CDH, if given

any two countable dense subsets D,E of X, there is a homeomorphism h : X → X such

that h(D) = E.

Example 3.1. [0, 1] is not CDH.

Proof. Consider D = [0, 1] ∩ Q and E = (0, 1) ∩ Q. Then D,E are countable dense in

[0, 1]. Any homeomorphism h of [0, 1] into itself is either increasing or decreasing. In the

increasing case it must be that h(0) = 0 and h(1) = 1, but this is a problem because h is

sending 0 7→ 0 and 0 6∈ E. In the decreasing case we must have h(0) = 1 and h(1) = 0,

which again is a problem because 0 only has one potential place to be mapped to and it is to

a point that is not in E. In either case we cannot send D to E since there is no appropriate

value in E to send 0 to. �

Theorem 3.2 (Cantor,1895,[7]). R is CDH.

Proof. The method used in the following proof, originally by Cantor, is called the ”back

and forth argument”. The original proof was for the general case of a linear ordered space,

with D,E being densely ordered, countably infinite and having no lower or upper bounds.

LetD = {d0, d1, ...} and E = {e0, e1, ...} be countable dense in R. Let d0 = d0, e0 = e0.

We will relabel D and E so that {d0, d1, ...} = {d0, d1, ...},{e0, e1, ...} = {e0, e1, ...} and so

that the homeomorphism h that is constructed satisfies h(di) = ei. Now let e1 = e1.

If e1 < e0 then choose some element of D, call it d1, such that d1 < d0. Otherwise, if
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e0 < e1 then choose d1 such that d0 < d1. It is important to note that d1 is not necesarily

equal to d1.

In order to make the next step clear let us assume wlog that e0 < e1. Then d0 < d1.

Now choose the least indexed element of D which is not an element of {d0, d1} and name it

d2.

If d2 < d0 < d1 then choose e2 such that e2 < e0 < e1.

If d0 < d2 < d1 then choose e2 such that e0 < e2 < e1.

If d0 < d1 < d2 then choose e2 such that e0 < e1 < e2.

This preserves the order between D and E.

Now choose the least indexed element of E which is not an element of {e0, e1, e2} and

name it e3. Then choose d3 accordingly (with respect to the order).

By recursion we have defined dn, en for all n ∈ N and because of the back-and-forth

method of choosing the least indexed elements from D,E, we have exhausted the elements

of D,E.

Now let h be defined by h(di) = ei for all i ∈ N. Then obviously h(D) = E and h

is an order isomorphism by construction. The following claim is a rehash of the proof that

every bijective order isomorphism is a homeomorphism with respect to the order topologies

(which coincides with the usual topology on R).

Claim 3.3. h is a homeomorphism (note: h is only defined on D so far)

Proof. To prove the continuity of h we use the fact that x < y ⇐⇒ h(x) < h(y). We

have h−1[(a, b)] = h−1[(h(a0), h(b0)] for some a0, b0 ∈ R using onto. Using the property

stated above,

h−1[(h(a0), h(b0)] = {x : h(a0) < h(x) < h(b0)} = {x : a0 < x < b0} = (a0, b0),

which is open. Similarly, h−1[(h(a),+∞)] = (a,+∞) and h−1[(−∞, h(b))] = (−∞, b), and

hence h is continuous.
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To show that h is an open mapping if suffices to consider that

h[(a, b)] = {h(x) : a < x < b} = {h(x) : h(a) < h(x) < h(b)} = (h(a), h(b)),

and similarly h[(−∞, b)] = (−∞, h(b)) and h[(a,+∞)] = (h(a),+∞). Hence h is a homeo-

morphism from D to E. �

To complete the proof all that is needed is to extend h to a function h∗ defined on all

of R. For x ∈ R\D choose (bk)k∈N, a monotone sequence from D converging to x from the

left. Let h∗(x) = limk h(bk). It will be important to show that this definition of h∗ is well

defined since it could be the case that different monotone sequences converging to x from

the left have their associated function values converging to different points, in which case

h∗(x) is not well-defined as a distinct point.

Limits exists: Since (bk)k∈N is monotone increasing, (h(bk))k∈N is monotone increasing

in the range, therefore bounded. To see this boundedness choose i so that x < di. Then for

any bk in our sequence, bk < x < di, hence h(bk) < h(di) for all k. The monotone convergence

theorem states that any monotone bounded sequence converges, hence h∗(x) = limk h(bk)

exists.

Well-defined: Let (dk)k∈N, (dk)k∈N be two monotone sequences converging to x from

the left. Consider the associated convergent sequences (h(dk))k∈N, (h(dk))k∈N. For brevity

let l := limk h(dk) and l := limk h(dk). The paragraph above proved that these limits exist,

but it remains to verify the well-definedness, i.e. l = l. Assume by way of contradiction

that l < l. Choose k0 ∈ N so that l < h(dk0). Then h(dk) < h(dk0) for all k ∈ N. Since h

preserves order this implies that dk < dk0 for all k ∈ N, and so dk0 is an upper bound of the

sequence (dk)k∈N. Hence x ≤ dk0 . But x ∈ R\D gives us x < dk0 , which is a contradiction.

Thus l = l.

This completes the definition of h∗ : R→ R. The next claim finishes the proof.

Claim 3.4. h∗ is a homeomorphism.

Proof.
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1-1: Let x, y ∈ R with x 6= y. Assume x < y. Assume for contradiction that

h∗(x) = h∗(y). Choose (xk), (yk) to be monotone sequences from D that converge to x and

y (respectively) from the left and satisfying x < yk for all k. Also, choose (xk), (yk) to be

strictly increasing and so that for all k, xk < x and yk < y. Then for all j, k, we have

xj < x < yk < y. Since h is order preserving we have h(xj) < h(yk) for all j, k. This implies

that for all j, k, h(xj) ≤ limk h(xk) ≤ h(yk) ≤ limk h(yk), i.e. h(xj) ≤ h∗(x) ≤ h(yk) ≤ h∗(y).

But since h∗(x) = h∗(y) we have that for all k, h(yk) = h∗(y). Since yk ∈ D for all k, and

each yk is distinct, and h is 1-1, we have that h(yk) is distinct for all k. But this is a

contradiction since h(yk) = h∗(y) for all k.

Onto: Let y ∈ R.

If y ∈ E then there exists x ∈ D ⊂ R with h(x) = y since h was a homeomorphism

between D and E. But h(x) = h∗(x) on D and so we are done.

Let y ∈ R \E. Let (yk) be a monotone, strictly increasing sequence in E such that

yk → y from the left. Then ∃(xk) a sequence in D monotone, strictly increasing (by h order

preserving) s.t h∗(xk) = h(xk) = yk.

We will show that (xk) is bounded above: Let y0 ∈ E with y < y0 = h(x0) for some

x0 ∈ D by h onto. Then for all k we have,

yk < y < y0 =⇒ h(xk) < h(x0) =⇒ xk < x0.

Hence (xk) is bounded above and so the Monotone convergence theorem implies that

xk → x for some x ∈ R. Now y = limk yk = limk h(xk) = h∗(x).

Claim 3.5. h∗ is order preserving.

Proof. Let x, y ∈ R.

Assume x < y. Choose strictly increasing sequences (xk), (yk) ⊂ D converging to x, y

respectively with the property that for all k x < yk. Then for all j, k we have xj < x < yk <

y. Since h is order preserving, for all j, k, h(xj) < h(yk). Hence for all k, limj h(xj) < h(yk).

So for all k, h∗(x) < h(yk), which implies that h∗(x) < limk h(yk) = h∗(y).
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Assume h∗(x) < h∗(y). By way of contradiction assume that either x = y or y < x.

If x = y then h∗(x) = h∗(y) since h∗ is well-defined. Let y < x. Choose strictly increasing

sequences (yk), (xk) ⊂ D converging to y, x respectively with the property that for all k

y < xk. Then for all j, k we have yj < y < xk < x. Since h is order preserving, for all j, k,

h(yj) < h(xk). Hence for all k,

h∗(y) = lim
j
h(yj) ≤ h(xk) < lim

k
h(xk) = h∗(x).

Hence h∗(y) < h∗(x), a contradiction. �

Now continuity and openness of h∗ follow since every 1-1, onto, order preserving

function is a homeomorphism (with respect to the order topology). We give the arguments

for the sake of completion.

Continuity of h∗: We have h∗−1[(a, b)] = h∗−1[(h∗(a0), h
∗(b0)] for some a0, b0 ∈ R

using onto. Using the order preserving property,

h∗−1[(h∗(a0), h
∗(b0)] = {x : h∗(a0) < h∗(x) < h∗(b0)} = {x : a0 < x < b0} = (a0, b0),

which is open. Similarly, h∗−1[(a,+∞)] = (h∗−1(a),+∞) and h∗−1[(−∞, b)] = (−∞, h∗−1(b)),

and hence h∗ is continuous.

h∗ is open: It suffices to consider that

h∗[(a, b)] = {h∗(x) : a < x < b} = {h(x) : h(a) < h(x) < h(b)} = (h(a), h(b)),

and similarly h∗[(−∞, b)] = (−∞, h∗(b)) and h∗[(a,+∞)] = (h∗(a),+∞). Hence h∗ is a

homeomorphism from D to E. �

�

3.2. Rn is CDH

This result was proved independently by Frechet [15] and Brouwer [6]. The ideas

which I relied on for the proof came from Hurewicz and Wallman [18].
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Let D be a countable dense subset of Rn. We say that the coordinate axes in Rn are

in general position with respect to D if no two points of D, lying on the same hyperplane,

have the property that the line between them is parallel to one of the axes. For example,

in R2, if D would contain the two points (1, 1) and (2, 1) then we could not claim that the

coordinate axes are in general position with respect to D.

Lemma 3.6. Let D and E be countable dense subsets of Rn. Then the axes can be assumed

to be in general position with respect to D and E.

Proof. Consider

L = {lxi,xj : lxi,xj is a line through xi and xj, where xi, xj ∈ D or xi, xj ∈ E}.

Then L is countable. Let r ∈ Rn \(D ∪ E) and select axes a1, ..., an containing r in

the following manner; Choose a1 such that the following n conditions hold,

(1) a1 is a line containing r and a1 6‖ l for any l ∈ L,

(2) there exists an a2 s.t. a2 ⊥ a1 and a2 6‖ l for any l ∈ L,

(3) there exists an a3 s.t. a3 ⊥ a1, a3 meets a1 ∩ a2, and a3 6‖ l for any l ∈ L,

...

(n) there exists an an s.t. an ⊥ a1, an meets a1 ∩ ... ∩ an−1, and an 6‖ l for any l ∈ L.

We can choose a1 in this manner since we are at most avoiding a finite product of a

countable set, which remains countable. �

We now define the notion of similarly placed points. Let c, d, e, f ∈ Rn. We say that

the points c, d are similarly placed to e, f in Rn if the vectors c−d and e−f are contained in

the same quadrant of Rn. Equivalently, if we treat c as the origin in a new axis orientation,

then whichever quadrant d lies in will be the same quadrant that f lies in if we treat e in

the same manner. We say that two countable dense sets D,E of Rn are similarly placed if

for fixed i, j, any pair di, dj of points of D is similarly placed to ei, ej.

Lemma 3.7. Let A and B be countable dense in Rn and the coordinate axes be in general

position with respect to A,B. Then A,B may be rearranged to be similarly placed.
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Proof. We will construct D and E, rearrangements of A and B, respectively, which are

similarly placed.

Define d1 = a1 and e1 = b1. Now let e2 = b2 and d2 = ai where i is the least index

such that d1, ai and e1, e2 are similarly placed.

Assume that d1, ..., d2k and e1, ..., e2k have been defined and are similarly placed.

Define d2k+1 to be the least indexed element of A not included in d1, ..., d2k. Define e2k+1 to

be the least indexed element of B so that d1, ..., d2k, d2k+1 and e1, ..., e2k, e2k+1 are similarly

placed, which after using the inductive hypothesis, all that is needed is to find e2k+1 so that

the following pairs of points are similarly placed,

(d1, d2k+1), (e1, e2k+1); (d2, d2k+1), (e2, e2k+1); ...; (d2k, d2k+1), (e2k, e2k+1).

This is possible since there is a nonempty subrectangle homeomorphic to In of points sat-

isfying this property and B is dense in Rn. Now let e2k+2 be the least indexed element of

B not yet appearing in e1, ..., e2k, e2k+1 and choose d2k+2 so that d1, ..., d2k, d2k+1, d2k+2 and

e1, ..., e2k, e2k+1, e2k+2 are similarly placed in a manner exactly as described above. �

Theorem 3.8 (Frechet, 1910, [15], Brouwer, 1913, [6]). Rn is CDH.

Proof. Let D = {d1, d2, ...} and E = {e1, e2, ...} be countable dense subsets of Rn that

are similarly placed. We will extend the bijection h : D → E defined by h(di) = ei to a

homeomorphism h : Rn → Rn. Let x = (x1, ..., xn) ∈ Rn\D. For every k ∈ N such that

1 ≤ k ≤ n, we will define yk so that y = (y1, ..., yn) = f(x). D can be partitioned into

DL := {d ∈ D : dk ≤ xk} and DR := {d ∈ D : xk < dk}. This also happens to partition

E into two disjoint classes via the bijection h. Let K be the set of all kth coordinates of

elements of E. Then, by construction, there are two disjoint classes of K. We note that K

is dense in this kth copy of R, denoted by Rk, since otherwise there would be an interval

I ⊂ Rk containing no element from K. But then the open subspace of Rn given by

R1 × R2 × ...× R(k−1) × I × R(k+1) × ...× Rn
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would contain no elements of E, a contradiction. Since D,E are similarly placed, every

element in one class of K is less than every element in the other class. So these two classes

uniquely define a real number (which can be thought of as lying ”between” the two classes).

We call this real number yk.

And so we have a well defined function on each coordinate and hence a function

h : Rn → Rn. It remains to show h is a homeomorphism.

1-1: Let x1, x2 ∈ Rn with x1 6= x2. Assume by way of contradiction that h(x1) =

h(x2). Then for every k, h(x1)k = h(x2)k. Since x1 6= x2, there is a k such that x1k 6= x2k.

Let us assume that x1k < x2k (wlog). Let di, dj ∈ D such that x1k < dik < djk < x2k. By the

construction in the proof this implies y1k ≤ eik, e
j
k and eik, e

j
k ≤ y2k, hence y1k = eik = ejk = y2k.

But then these two points of E have the same kth coordinate which contradicts that the axes

are in general position.

Onto: Consider y = (y1, ..., yn). Let 1 ≤ k ≤ n. Let ei1 , ei2 , ... and ej1 , ej2 , ... be

sequences of E whose kth coordinates are strictly increasing and strictly decreasing (respec-

tively) and converging to yk. Since for every m,n we have that eimk < ejnk it follows by

the similar placement of D,E that dimk < djnk . It follows that di1k , d
i2
k , ... is bounded above

and that dj1k , d
j2
k , ... is bounded below. Hence both sequences converge, say (d

ip
k )p → a and

(d
jp
k )p → b.

We claim now that a = b. Assume b < a. Then there exists p0 so that b < d
ip0
k .

Now there exists p1 so that d
jp1
k < d

ip0
k , which is a contradiction. Now assume a < b. Select

d, d∗ ∈ D so that a < dk < d∗k < b. Both dk, d
∗
k are to the right of the (d

ip
k )p sequence and

to the left of the (d
jp
k ) sequence. Therefore h(d) = e, h(d∗) = e∗ are to the right of the (e

ip
k )p

sequence and to the left of the (e
ip
k )p sequence. Hence ek = yk = e∗k. These two points of E

have the same kth coordinate, and hence we contradict that the axes were in general position.

Continuity of h and h−1: Since h was defined coordinate wise it suffices to show

that the kth coordinate mapping is continuous. Since the kth coordinate mapping was already

shown to be 1-1 and onto, it suffices to show that it preserves order.

19



Let x1, x2 ∈ Rn so that x1k < x2k. Denote the images of x1k, x
2
k under the coordinate

mapping by y1k and y2k. We wish to show that y1k < y2k. Select di, dj ∈ D such that x1k <

dik < djk < x2k. By the construction of y1k we have that x1k < dik =⇒ y1k < eik. Likewise,

dik < x2k =⇒ eik < y2k. So we have y1k < y2k.

Thus each kth coordinate map is a homeomorphism. Hence h is an autohomeomor-

phism of Rn with the property that h(D) = E. �

3.3. Every Polish, SLH Space is CDH

A topological space X is strongly locally homogeneous (SLH) if X has a base of open

sets U such that for any U ∈ U and for any x, y ∈ U there is a homeomorphism h so that

h(x) = y and h is the identity on X\U .

We will prove that every Polish SLH space is countable dense homogeneous. The

discussions here model that of Van Mill and Arhangel’skii [3] as well as Anderson and Bing

[2].

Let h1, h2, ... be a sequence of autohomeomorphisms of a space X. We are interested

in defining the infinite left product of h1, h2, ... to be the composition denoted by

h = lim
i→∞

hi ◦ ... ◦ h2 ◦ h1.

This composition is not necessarily well-defined and so we turn our attention to giving suffi-

cient conditions for such a product to be well-defined and simultaneously a homeomorphism

h : Y → X, where Y ⊂ X.

Let Y ⊂ X, G an open cover of X, and h a function from Y to X. We say that h is

limited by G if for each x ∈ Y there is a U ∈ G so that x ∈ U and h(x) ∈ U . Also, when

X is a metric space we define mesh G := supU∈G[diam U ]. Intuitively, when the mesh of an

open cover G is small and h is limited by G, we think of h as being ”close” to the identity

function in the sense that h maps elements to nearby places. If G1, G2, ... is a sequence of

open covers of X with meshes approaching 0, and h is limited by G1, G2, ..., then h is the

identity. Lastly, we define h(G) to be the collection {h(U) : U ∈ G}, which is a cover of the

range of h.
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Let h1, h2, ... be autohomeomorphisms of a metric space X. We say that the collection

{h1, h2, ...} satisfies the inductive convergence criterion if there is a sequence {G1, G2, ...} of

open covers of X such that for 1 ≤ i <∞ we have,

mesh Gi <
1

2i

mesh (hi ◦ ... ◦ h2 ◦ h1)−1(Gi) <
1

2i

hi+1 is limited by Gi (h1 is not limited).

Lemma 3.9 (Anderson-Bing, 1968, [2]). Let X be a complete metric space. If {h1, h2, ...} is

a sequence of autohomeomorphisms of X which satisfies the inductive convergence criterion

then limi→∞ hi ◦ ... ◦ h2 ◦ h1 is well-defined and is an autohomeomorphism of X.

Proof. Let d be the complete metric for X. Fix x ∈ X and define gi = hi ◦ ... ◦ h2 ◦ h1.

Since hi+1 is limited by Gi and gi+1(x) = hi+1(gi(x)), we have that gi(x) and gi+1(x) are

both contained in an element of Gi and thus within 1/2i distance of each other. Likewise,

gi+1(x) and gi+2(x) are within 1/2i+1 of each other. Let ε > 0 and choose N large enough

that 1/2N + 1/2N+1 + ... < ε. Then for all n,m ≥ N , gn(x) and gm(x) are within ε of each

other (triangle inequality). So for each x ∈ X, the sequence g1(x), g2(x), ... is Cauchy, and

hence convergent. Define h = limi hi ◦ ...◦h2 ◦h1 by h(x) = limi gi(x). Given any x ∈ X, the

convergent sequence (gi(x))i converges to a unique value h(x) since X is Hausdorff. Thus h

is well-defined.

Continuity of h: Each gi is continuous and so it suffices to show that the convergence

to h is uniform. The fact that the convergence is uniform could be seen in the first paragraph

since x ∈ X was arbitrary and the N that was chosen was independent of x. For the sake

of completion, let ε > 0. Choose N large enough that 1/2N + 1/2N+1 + ... < ε. Then for

any x ∈ X and n ≥ N we have |gn(x) − h(x)| ≤
∑∞

i=n 1/2i ≤
∑∞

i=N 1/2i < ε. Hence h is

continuous.

Note: We have used only the 1st and 3rd conditions of the inductive convergence

criteria along with the completeness and Hausdorff properties of X to define h as a continuous
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function. It is the 2nd condition that will give us that h is a homeomorphism.

We will prove that the sequence (g−1n (x))n = h−11 (x), h−11 (h−12 (x)), ..., h−11 (...h−1n (x)) is

Cauchy. To start, since h2 is limited by G1, there exists U1 ∈ G1 so that h−12 (x), x ∈ U1 and

thus d(h−11 (h−12 (x)), h−11 (x)) < 1/2. Also, there exists U2 ∈ G2 so that h−13 (x), x ∈ U2 and

thus d(h−11 (h−12 (h−13 (x))), h−11 (h−12 (x)) < 1/22. In general, there exists Un−1 ∈ Gn−1 so that

h−1n (x), x ∈ Un−1. Therefore,

d(h−11 (...h−1n (x)), h−11 (...h−1n−1(x)) < 1/2n−1.

So (g−1n (x))n is Cauchy.

Define φ(x) = limn(g−1n (x)). Then φ is well-defined and continuous (using the same

reasoning as we did for h). We now show that φ(h(x)) = x and h(φ(x)) = x. Let x ∈ X.

Using the continuity of h,

h(φ(x)) = h(limn g
−1
n (x))

= limn h(g−1n (x))

= limn(limk gk(g
−1
n (x)))

= limn(limk hk...(hn+1(x))).

For any n we have d(x, limk hk...(hn+1(x))) ≤
∑∞

j=n 1/2j. Taking the limit as n→∞

we see that d(x, h(φ(x))) ≤ 0, hence h(φ(x)) = x. In a very similar manner, φ(h(x)) = x.

So h−1 = φ turned out to be continuous and also have the property that (h−1)−1 = h.

Two functions who are inverses of each other are always 1-1 and onto. And thus h is an

autohomeomorphism of X. �

The following lemma follows from the Anderson-Bing lemma above and appeared as

Lemma 1 in ”Topological Hilbert Space and the drop-out effect” by Prof. dr. J. de Groot.

Lemma 3.10 (de Groot, 1969, [8]). Let (X, ρ) be a complete metric space and let {φn}n∈N be a

sequence of auto-homeomorphisms of X. If ρ(φn(x), φn+1(x)) < 1/2n and ρ(φ−1n (x), φ−1n+1(x)) <
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1/2n for every x ∈ X, n ∈ N, then {φn}n∈N converges to an auto-homeomorphism of X.

Proof. For fixed x ∈ X, {φn(x)}n is Cauchy and so we define φ(x) = limn φn(x). Likewise,

the sequence {φ−1n (x)}n is Cauchy and we define ψ(x) = limn φ
−1
n (x). φ and ψ are continuous

because they are both uniform limits of a sequence of continuous functions (similar to the

lemma above). All that remains is to show that φ and ψ are inverses of each other.

Note first that,

φ(ψ(x)) = φ(limn φ
−1
n (x))

= limn φ(φ−1n (x))

= limn [limk φk(φ
−1
n (x))].

Fix n. We have,

d(x, lim
k→∞

φk(φ
−1
n (x))) = d(φn(φ−1n (x)), lim

k→∞
φk(φ

−1
n (x))

≤
∑∞

j=n d(φj(φ
−1
n (x)), φj+1(φ

−1
n (x)))

=
∑∞

j=n 1/2j.

Taking the limit as n → ∞ we see that d(x, φ(ψ(x))) ≤ 0, hence x = φ(ψ(x)).

Likewise ψ(φ(x)) = x. �

Definition 3.11. For any set A we say that f ∈ (Ac)′ if f |Ac = id|Ac .

The following theorem is adapted from ”Conditions under which a connected repre-

sentable space is locally connected” by P. Fletcher and R.A. McCoy.

Theorem 3.12 (Bessaga-Pe lczyński,1970,[5]). Let X be Polish and SLH. Then X is CDH.

Proof. Let A = {a1, a2, ...} and B = {b1, b2, ...} be countable dense subsets of X. We

will define homeomorphisms φ1, φ2, ... that converge to a homeomorphism φ : X → X with

φ(A) = B. Let V be an SLH-base for X. We proceed with induction,

i=1

Let b1 ∈ V1 ∈ B(b1, 1/2
2) where V1 ∈ V . Let k(1) be the least positive integer

such that ak(1) ∈ V1. Let f1 ∈ (X − V1)
′ such that f1(ak(1)) = b1. For each j such that
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1 ≤ j ≤ k(1)− 1 we enact the following constructions;

• Since aj 6∈ V1 for any j, we choose V j
1 ∈ V to be pairwise disjoint and such that

aj ∈ V j
1 . We also require V j

1 ⊂ B(aj, 1/2
2).

Note: b1 6∈ V j
1 since aj 6∈ V1 which means that aj is not within 1/22 of b1, so b1

is not within 1/22 of aj.

• For every j we find integers p(1, j) > 1 such that bp(1,j) ∈ V j
1 . Let g1,j ∈ (X − V j

1 )′

be homeomorphisms with g1,j(aj) = bp(1,j).

Define

h1 := g1,k(1)−1 ◦ g1,k(1)−2 ◦ ... ◦ g1,1 ◦ f1.

Set φ1 = h1,m(1) = 1, and k(0) = 0.

Note: By the definition of φ1 and the spider-like nature of the V j
1 we can conclude

that for any x ∈ X, ρ(x, h1(x)) < 1/2.

i=2

Let m(2) be the least integer greater than 1 and not equal to any of the p(1, j).

Denote all of the points that have been used from A,B thus far as Y , i.e. set

Y = {b1} ∪ {bp(1,1), ..., bp(1,k(1)−1)} ∪ {a1, a2, ..., ak(1)−1} ∪ {ak(1)}.

Choose ε so that

B(bm(2), ε) ⊂ [B(bm(2), 1/2
3) ∩ φ1[B(φ−11 (bm(2)), 1/2

2)]]− Y.

Now choose V2 ∈ V containing bm(2) so that V2 ⊂ B(bm(2), ε). Let k(2) be the least positive

integer such that ak(2) ∈ V2. Let f2 ∈ (X − V2)′ such that f2(ak(2)) = bm(2). For each j such

that k(1) < j < k(2) define,

• V j
2 ∈ V to be pairwise disjoint such that

aj ∈ V j
2 ⊂ [B(aj, ε) ∩ φ1[B(φ−11 (aj), 1/2

2)]]− (Y ∪ {bm(2)}).
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• Distinct integers p(2, j) > m(2) and not equal to any of the p(1, j) such that bp(2,j) ∈

V j
2 .

• Homeomorphisms g2,j ∈ (X − V j
2 )′ with g2,j(aj) = bp(2,j).

Define,

h2 := g2,k(2)−1 ◦ g2,k(2)−2 ◦ ... ◦ g2,k(2)+1 ◦ f2.

Set φ2 = h2 ◦ φ1.

Note: For any x ∈ X, ρ(x, h2(x)) < 1/22.

We would like to check the conditions ρ(φ1(x), φ2(x)) < 1/2 and ρ(φ−11 (x), φ−12 (x)) <

1/2 and be certain that they generalize. Given any x ∈ X we noted above that ρ(x, φ1(x)) <

1/2 and ρ(x, h2(x)) < 1/22. The first follows easily from the definition since

ρ(φ1(x), φ2(x)) = ρ(φ1(x), h2(φ1(x)) < 1/22 < 1/2.

Towards the 2nd condition we define the ”second spider” by S2 := V2 ∪ V k(1)+1
2 , ..., V

k(2)−1
2 .

We consider two cases. If x 6∈ S2 then

ρ(φ−11 (x), φ−12 (x)) = ρ(φ−11 (x), φ−11 (h−12 (x))) = ρ(φ−11 (x), φ−11 (x)) = 0 < 1/2.

If x ∈ S2 then there exists y1, y2 such that

• φ−11 (x) ∈ B1 := B(φ−11 (y1), 1/2
2) for some y1 ∈ {ak(1)+1, ..., ak(2)−1, bm(2)}.

• φ−11 (h−12 (x)) ∈ B2 := B(φ−11 (y2), 1/2
2) for some y2 ∈ {ak(1)+1, ..., ak(2)−1, bm(2)}.

• y1 6= y2 and V y1
2 ∩ V

y2
2 6= ∅ (where we take V yi

2 = V2 if yi = bm(2) for i ∈ {1, 2}.

By the construction we have that V y1
2 ⊂ φ(B1) and V y2

2 ⊂ φ(B2). And since V y1
2 ∩

V y2
2 6= ∅ we must have that B1 ∩B2 6= ∅. Therefore

ρ(φ−11 (x), φ−12 (x)) = ρ(φ−11 (x), φ−11 (h−12 (x))) < diam (B1 ∪B2) ≤ 1/22 + 1/22 = 1/2.

�
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3.4. The Hilbert Cube is CDH

In this section we discuss the work of M.K. Fort, Jr. who proved that [0, 1]ω was

CDH by proving the more general result that is given below as a theorem. What we do here

is build intuition of the CDH property by reformulating the argument of Fort to the Hilbert

cube Q.

Theorem 3.13 (Fort, [19], 1962). Let Mn be a compact manifold with boundary for every

n ∈ N, and P =
∏

n∈NMn. If D and E are countable dense subsets of P then there is an

autohomeomorphism h of P so that h(D) = E.

It is worth noting that Fort implicitly connectivity in his definition of a compact

manifold; We come across an example later of a compact manifold with boundary, [0, 1]∪[2, 3],

whose countable product is not CDH.

Corollary 3.14. The Hilbert cube Q =
∏

n∈N[0, 1/n] is CDH.

Preliminary Notions: Let x, y ∈ Q. Then

d(x, y) =
∞∑
n=1

1

2n
|xn − yn|

is a metric on Q. We say that s :=
∏

n∈N(0, 1/n) is the psuedo-interior of Q. Also, H(Q)

is the set of all autohomeomorphisms of Q. Since Q is compact we can define the metric

ρ on H(Q) by ρ(f, g) = supx∈Q d(f(x), g(x)). Although (H(Q), ρ) is not complete, it is

topologically complete (i.e. homeomorphic to a complete metric space) and hence Baire, i.e.

of the 2nd category.

Lemma 3.15 (Fort, [19], 1962). For any x ∈ Q there is a non-meager Rx ⊂ H(Q) so that

for all h ∈ Rx, h(x)n ∈ (0, 1/n) for all n. In particular, for any x ∈ Q there is h ∈ H(Q)

such that h(x) ∈ s.

Proof. Let x ∈ Q. Let Kn = {h ∈ H(Q) : h(x)n ∈ {0, 1/n} }. The functions h ∈
⋃
nKn

have the property that on at least one coordinate, say the kth, h(x)k is 0 or 1/k. The

functions h ∈ [
⋃
nKn]c satisfy h(x)n ∈ (0, 1/n) for all n. So if

⋃
nKn is meager then we set

Rx = [
⋃
nKn]c and Rx is non-meager (since H(Q) is non-meager).
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We show that Kn is closed. Let f ∈ Kc
n. Then f(x)n 6∈ {0, 1/n}. Let δ =

min{|f(x)n − 1/n|, |f(x)n − 0|}. Then the open ball Bρ(f, δ) misses Kn since any func-

tion g ∈ Kn has the property that g(x)n ∈ {0, 1/n}. Hence d(f(x), g(x)) ≥ δ, which implies

ρ(f, g) ≥ δ.

Now we show int(Kn) = ∅. Let h ∈ Kn. It suffices to show that for every ε > 0 there

is g ∈ H(Q) − Kn such that ρ(h, g) < ε, and therefore Kn cannot contain any ε-ball. Let

ε > 0 and choose m 6= n large enough that 1/m < ε. Define M = [0, 1/n] × [0, 1/m]. Then

M is a manifold with boundary. We name the boundary,

B = ([0, 1/n]× {0, 1

m
})
⋃

({0, 1

n
} × [0, 1/m]).

Since h ∈ Kn, the point (h(x)n, h(x)m) ∈ {0, 1
n
} × [0, 1/m]. Let q ∈ {0, 1/m} such that q 6=

h(x)m. Then there is a line segment l1 joining (h(x)n, h(x)m) to (h(x)n, q) with diam (l1) <

1/m < ε. For any r ∈ (0, 1/n) , we can form the line segment l2 which joins (r, q) to

(h(x)n, q). Choose r with the property that the arc l1 ∪ l2 has diameter less than ε.

Claim 3.16. ∃φ ∈ H(M) such that φ[(h(x)n, h(x)m)] = (r, q) and d(x, φ(x)) < ε for all

x ∈M .

Given the claim, let φ be such a map. Let y ∈ Q be arbitrary and define g ∈ H(Q)

by g(y)k = h(y)k if n 6= k 6= m and letting g(y)n, g(y)m be defined by the following equation,

(g(y)n, g(y)m) = φ((h(y)n, h(y)m)).

Since g(x)n = φ(h(x)n) = r and r 6∈ {0, 1/n} we have that g 6∈ Kn. Also, ρ(h, g) < ε since g

matches h on all coordinates except the nth and mth, but on those the function values of g

are within ε of the function values of h. �

From lemma 1 we can easily prove that Q is homogeneous which was first proved by

Keller in 1931, [21].

Theorem 3.17. Q is homogeneous, i.e. for any x, y ∈ Q there is h ∈ H(Q) such that

h(x) = y.
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Proof. We first claim that for any x, y ∈ s ⊂ Q there is h ∈ H(Q) such that h(x) = y. Fix

n ∈ N. Note that xn, yn ∈ (0, 1/n) and so there exists hn ∈ H((0, 1/n)) with hn(xn) = yn.

Then h = h1 × h2 × ... is the homeomorphism required.

Now let x, y ∈ Q. By the previous lemma we have h1, h2 ∈ H(Q) such that

h1(x), h2(y) ∈ s. By the previous statement we have h3 ∈ H(Q) such that h3(h1(x)) = h2(y).

Then

(h−12 ◦ h3 ◦ h1)(x) = y. �

Lemma 3.18 (Fort, [19], 1962). If x, y ∈ Q then there is a nonmeager Rxy ⊂ H(Q) such

that for all h ∈ Rxy, h(x)n 6= h(y)n for all n.

Proof. Let Jn = {h : h ∈ H(Q) and h(x)n = h(y)n}. Then

⋃
n

Jn = {h : h ∈ H(Q) and h(x)n = h(y)n for some n}.

If
⋃
n Jn were meager then we could set Rxy = [

⋃
n Jn]c and be done.

We claim first that each Jn is closed. Let f ∈ J cn. Then f(x)n 6= f(y)n. Set

δ = 1
2
· |f(x)n − f(y)n|. Then for any g ∈ Bρ(f, δ) we will get |g(x)n − f(x)n| < δ and also

|g(y)n − f(y)n| < δ. Hence g(x)n 6= g(y)n and so g ∈ J cn.

We claim that int(Jn) = ∅. Let h ∈ Jn and ε > 0. We will find g ∈ H(Q) −

Jn with ρ(h, g) < ε so that Jn contains no ε-ball. By the previous lemma, A = {f :

f ∈ H(Q) and f(x)n ∈ {0, 1/n} for some n} is a meager set. Also, B = {f : f ∈

H(Q) and f(y)n ∈ {0, 1/n} for some n} is meager. Hence A ∪ B is meager, so there exists

f ∈ Bρ(h, ε/2) such that ∀n f(x)n 6∈ {0, 1/n} and ∀nf(y)n 6∈ {0, 1/n}. If f(x)n 6= f(y)n then

f 6∈ Jn and so we set g = f and we are done. Assume therefore that f(x)n = f(y)n. Since f

is 1-1 there must exist m 6= n so that f(x)m 6= f(y)m. Now define M = [0, 1/n] × [0, 1/m].

We have that (f(x)n, f(x)m) and (f(y)n, f(y)m) are on the same vertical slice in M but

have different heights. Neither point is on the boundary though by construction. It fol-

lows from the fact that R2 is homogeneous that ∃φ ∈ H(M) so that d(x, φ(x)) < ε/2 and

φ[(f(x)n, f(x)m)]1 6= φ[(f(y)n, f(y)m)]1. Let z ∈ Q be arbitrary and define g ∈ H(Q) by
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g(z)k =


f(z)k : n 6= k 6= m

φ[(f(z)n, f(z)m)]1 : k = n

φ[(f(z)n, f(z)m)]2 : k = m.

This way, by the construction of φ, we get g 6∈ Jn since g(x)n 6= g(y)n. Also, g is a

homeomorphism since on all coordinates except the nth and mth it equals f , and on the nth

and mth it equals φ◦f . In this way, |g(z)n−f(z)n| ≤ d( (f(z)n, f(z)m), φ[(f(z)n, f(z)m)] ) <

ε/2 and similarly |g(z)m − f(z)m| < ε/2, so that g ∈ Bρ(f, ε/2). Hence ρ(h, g) < ε as

required. �

Let X, Y be compact metric spaces and h : X → Y be a homeomorphism. For any

n ∈ N we define,

η(h, n) = 2−n · inf{d(h(x), h(y)) : x, y ∈ X and d(x, y) ≥ 1/n}.

Since X is compact η(h, n) > 0 for all n,h. Also note that for fixed h, η(h, n)→ 0 as

n→∞ since the infimum factor is decreasing as a function of n.

Lemma 3.19 (Fort, [19], 1962). If h1, h2, ... is a sequence of homeomorphisms from X into

Y satisfying ρ(hn, hn+1) < η(hn, n), then the sequence converges uniformly to an embedding

h : X → Y0, where Y0 ⊂ Y .

Proof. Since X, Y are compact metric spaces, they are complete and totally bounded,

hence bounded. Then diam (Y ) <∞. We claim that for every x ∈ X the sequence (hn(x))n

is Cauchy. First we note that,

d(hn(x), hn+1(x)) ≤ supy∈X d(hn(y), hn+1(y))

= ρ(hn, hn+1)

< η(hn, n)

= 2−n · infx,y∈X{d(hn(x), hn(y)) : d(x, y) ≥

1/n}

≤ 2−n · diam (Y )
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Let ε > 0. Choose N ∈ N s.t.
∑∞

j=N 2−j < ε/diam (Y ). Then ∀n,m ≥ N ,

d(hn(x), hm(x)) ≤
∞∑
j=N

d(hj(x), hj+1(x)) <
∞∑
j=N

2−j · diam (Y ) = diam (Y ) ·
∞∑
j=N

2−j < ε.

And so we define h(x) = limn hn(x).

To prove that hn → h uniformly we let ε > 0. Choose N ∈ N s.t. diam (Y ) ·∑∞
j=N 2−j < ε. Then ∀n ≥ N ,

ρ(hn, h) = supx∈X d(hn(x), h(x))

≤ supx∈X [
∑∞

j=n d(hj(x), hj+1(x))]

≤ supx∈X [
∑∞

j=N d(hj(x), hj+1(x))]

= supx∈X [
∑∞

j=N 2−j · diam (Y )]

=
∑∞

j=N 2−j · diam (Y )

= diam (Y ) ·
∑∞

j=N 2−j

< ε.

And so h is continuous.

1-1: Let u, v ∈ X with u 6= v. Choose n > 1 so that 1/n < d(u, v). By the triangle

inequality,

d(hk(u), hk(v)) ≤ d(hk(u), hk+1(u)) + d(hk+1(u), hk+1(v)) + d(hk+1(v), hk(v)).

Hence for all k ≥ n,

d(hk+1(u), hk+1(v)) ≥ d(hk(u), hk(v))− d(hk(u), hk+1(u))− d(hk+1(v), hk(v))

≥ d(hk(u), hk(v))− 2η(hk, k)

≥ d(hk(u), hk(v))− 2 · 2−k · d(hk(u), hk(v))

≥ d(hk(u), hk(v)) · (1− 2−k+1).

Hence,

d(h(u), h(v)) = limk→∞ d(hk(u), hk(v))

≥ limk→∞ d(hk−1(u), hk−1(v))(1− 2−(k−1)+1)
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≥ limk→∞ d(hk−2(u), hk−2(v))(1−2−(k−2)+1)(1−2−(k−1)+1)

...

≥ limk→∞ d(hn(u), hn(v)) ·
∏k−1

j=n(1− 2−j+1)

= d(hn(u), hn(v)) ·
∏∞

j=n(1− 2−j+1)

≥ d(hn(u), hn(v)) ·
∏∞

j=2(1− 2−j+1).

Fact 6. For any −1 < xk < 0 we have that (1+x1)(1+x2)...(1+xk) ≥ 1+x1 +x2 + ...+xk.

Proof. Base case: 1 + x1 ≥ 1 + x1.

Second case: (1 + x1)(1 + x2) = 1 + x1 + x2 + x1x2 ≥ 1 + x1 + x2.

Suppose that (1 + x1)(1 + x2)...(1 + xk) ≥ 1 + x1 + x2 + ...+ xk.

Then,

(1 + x1)(1 + x2)...(1 + xk)(1 + xk+1)

= (1 + x1)(1 + x2)...(1 + xk) + xk+1[(1 + x1)(1 + x2)...(1 + xk)]

≥ 1 + x1 + x2 + ...+ xk + xk+1[(1 + x1)(1 + x2)...(1 + xk)]

= 1 + x1 + x2 + ...+ xk + xk+1 · µ (where 0 < µ < 1)

≥ 1 + x1 + x2 + ...+ xk + xk+1. �

Therefore for any k,

(1− 2−1)(1− 2−2)...(1− 2−k) ≥ 1− 2−1 − 2−2 − ...−−2−k > 1/4.

Hence
∏∞

j=2(1− 2−j+1) > 1/4. And so d(h(u), h(v)) > d(hn(u), hn(v)) · 1/4.

So h is 1-1 and thus an embedding; it is a simple proof that a 1-1 and continuous

function of a compact space into a Hausdorff space is an embedding. �

Theorem 3.20 (Fort, [19], 1962). Q =
∏

n∈N[0, 1/n] is countable dense homogeneous.

Proof. Let D and E be countable dense subsets of Q.
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Claim 3.21. We can assume that D,E are positioned so that each projection mapping πn

maps both D and E in a 1-1 manner into (0, 1/n).

Proof. Let D = {d1, d2, ...} and E = {d1, d2, ...}. Using the notation of lemmas 4,5 we

consider the non-meager sets,

Rd1 , Rd2 , ...;

Re1 , Re2 , ...;

Rd1e1 , Rd1e2 , ...;Rd2e1 , Rd2e2 , ...; ...

Rd1d1 , Rd1d2 , ...;Rd2d1 , Rd2d2 , ...; ...

Re1e1 , Re1e2 , ...;Re2e1 , Re2e2 , ...; ...

In the lemmas it was proved that these sets were also comeager. Thus we have a

countable collection of comeager sets and so their intersection, R∗, is comeager. So ∃f ∈

R∗ ⊂ H(Q) such that for every xi, xj ∈ D ∪E we have f(xi), f(xj) ∈ s and f(xi)n 6= f(xj)n

for all n.

Now f(D), f(E) are countable dense in Q. If h ∈ H(Q) such that h(f(D)) = f(E),

then f−1 ◦ h ◦ f is the homeomorphism required by the theorem. �

Definition 1. Let d1, d2, ... and e1, e2, ... be elements of (0, 1). Furthermore assume that

there is a correspondence between di ↔ ei. Let e∗ ∈ (0, 1). We say that d∗ ∈ (0, 1) is chosen

to be in alignment with e∗ if we have that the set of indices I ⊂ N such that ei < e∗ for all

i ∈ I also satisfies di < d∗ for all i ∈ I.

Remove the indexed labeling of the elements of D and E, scramble the elements, and

assume a well order on both sets. We will relabel the elements as we call upon them. Let µD

denote the least-ordered element of D. Also, as d1, d2, ... are defined we say that D1 = D,

D2 = D − {d1},D3 = D − {d1, d2}...etc. Likewise for E1, E2, ....
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We proceed with a complex back and forth argument.

Step 1. Placing the 1st coordinates of d1, e1 in correspondence.

Let d1 = µD and e1 = µE. Choose h11 ∈ H([0, 1]) so that h11(d
1
1) = e11. For all j > 1

we let h1j ∈ H([0, 1/j]) be the identity.

Step 2. Placing the 2nd coordinates of d1, e1 and the 1st coordinates of d2, e2 in

correspondence.

Let e2 = µE2. By assumption, e11 6= e21 and so we choose a ball B around e21 of

diameter ε21 that misses e11. Choose d2 ∈ D2 in alignment with e2 on all coordinates and

with the property that d21 ∈ h−111 (B).

• Choose h21 ∈ H([0, 1]) with h21(d
j
1) = ej1 for j = 1, 2 and such that h21 = h11 outside

of h−111 (B). It is clear then that ρ(h21, h11) < ε21.

• Also, choose h22 ∈ H([0, 1/2]) so that h22(d
j
2) = ej2 for j = 1, 2.

• Finally, for all j > 2 we let h2j ∈ H([0, 1/j]) be the identity function.

Step 3. Placing the 3rd coordinates of d1, e1, the 2nd coordinates of d2, e2 and the

1st coordinates of d3, e3.

Let d3 = µD3.

(1) By assumption, d31 6= d21, d
1
1 and so we choose a ball B31 around h21(d

3
1) of diameter

ε31 that misses e21, e
1
1.

(2) By assumption, d32 6= d22, d
1
2 and so we choose a ball B32 around h22(d

3
2) of diameter

ε32 that misses e22, e
1
2.

Choose e3 ∈ E3 in alignment with d3 and with the property that e31 ∈ B31 and

e32 ∈ B32.

• Choose h31 ∈ H([0, 1]) with h31(d
j
1) = ej1 for j = 1, 2, 3 and such that h31 = h21

outside of h−121 (B31). It is clear then that ρ(h31, h21) < ε31.

• Choose h32 ∈ H([0, 1/2]) with h32(d
j
2) = ej2 for j = 1, 2, 3 and such that h32 = h22

outside of h−122 (B32). It is clear then that ρ(h32, h22) < ε32.
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• Also, choose h33 ∈ H([0, 1/3]) so that h33(d
j
3) = ej3 for j = 1, 2, 3.

• Finally, for all j > 3 we let h3j ∈ H([0, 1/j]) be the identity function.

We continue this process ad infinitum. By the lemma, the sequences

h11, h21, h31, ...→ h1

h12, h22, h32, ...→ h2

h13, h23, h33, ...→ h3
...

converge uniformly (respectively) to homeomorphisms h1, h2, h3, ... defined on [0, 1], [0, 1/2], [0, 1/3], ....

Therefore, for all i, n ∈ N we have that hn(din) = ein. The hn thus define a homeo-

morphism h : Q→ Q with the rule

h(x1, x2, ...) = (h1(x1), h2(x2), ...).

It was constructed so that h(D) = E and thus Q is CDH. �

3.5. Homogeneity in Zero-Dimensional Spaces

In this section, we assume that every space X is at least T1.

Definition 3.22. A space X is homogeneous if for any x, y ∈ X there is a homeomorphism

h : X → X such that h(x) = y.

Example 3.23. [0, 1] is not homogeneous.

Proof. Any homeomorphism h : [0, 1] → [0, 1] must pass through the pairs (0, 0), (1, 1) or

(0, 1), (1, 0). It follows that there is no homeomorphism which maps the point {0} to {1
2
}.

Alternatively, the points 0, 1 are not cut points for [0, 1] and therefore cannot be mapped to

any cut points from the interior. �

Definition 3.24. A space is zero-dimensional iff each point of X has a nhood base consisting

of clopen sets.
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Observe that the spaces J = {0}∪{1/n : n ∈ N} and also any countable ordinal space

(in the order topology) are zero-dimensional. In the case of J the isolated points are each

clopen and act as their own nhood base. The clopen nhood base around {0} is precisely the

collection of sets of the form {0} ∪ {..., 1/n} for some n. In an ordinal space (with the order

topology) the successor ordinals are all clopen, i.e. consider the following ”open interval”

containing the successor ordinal α,(α−1, α+1); α is closed as we can see that αc is the union

of two open rays [0, α)∪ (α,∞) and therefore open. If we consider the other case where α is

a limit ordinal, then the nhood base consisting of (β, α + 1) is open (by definition of ”open

interval”); and also (β, α + 1) = [β + 1, α]. Here we recall that a closed interval is a closed

set (in the order topology).

Also, we should note that J is not homogeneous. This is obvious because the point

{0} is a limit point (cluster point) but no other point of X is, i.e. there is an open set

containing said point which does not contain any other point of J . More briefly, {1/2} is

isolated and {0} is not. Also, the removal of {0} leaves X as discrete and no other point

does that. Informally, a topological space X is homogeneous is all of its points are same,

topologically speaking.

We will soon see that although J is not homogeneous, Jω is, which is an interesting

concept in itself, the idea that the ωth power of a space can have topological properties that

the original space did not have.

Fact 7. If X is zero-dimensional then Xω is also zero-dimensional. More specifically, if C

is a clopen base for X then the sets of the form C1 × ...× Cn ×Xω are a basic clopen base

that generates the product topology on Xω.

Proof. Let C be a base of clopen sets for the topology of X. If C1, ..., Cn ∈ C then it is

obvious that C1 × ... × Cn ×Xω is a basic open set in Xω. To see that it is also closed we

note that the complement

⋃
1≤i≤n

[
X(1) ×X(2) × ...× Cc

i × ...×X(n) ×Xω
]
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which can be rewritten as ⋃
1≤i≤n

π−1i (Cc
i )

and since the projection functions are continuous this is a union of open sets.

We now will verify that the clopen sets of the form C1 × ...×Cn ×Xω are a base for

the product topology on Xω. Given a basic open set B1 × ... × Bk × Xω then for each Bi

(1 ≤ i ≤ k) there is a Ci such that Ci ⊂ Bi (using that C is a base for X). And so

C1 × ...× Ck ×Xω ⊂ B1 × ...×Bk ×Xω.

The reverse direction is easy because given a set C := C1 × ...× Ck ×Xω, we know that C

is a basic open set in the product topology. �

3.5.1. A Characterization of Homogeneity in Zero-Dimensional Spaces

It is not always an easy task to construct a homeomorphism on an abstract space,

and so the following characterization of homogeneity for zero-dimensional spaces proves to

be very useful.

Lemma 3.25 (van Mill, [24]). Let X be a zero-dimensional space and let x, y ∈ X. If there

are arbitrarily small, clopen, homeomorphic neighborhoods Un, Vn of x, y, respectively, then

there is a homeomorphism h : X → X with h(x) = y.

Remark: Any elements x, y of the spaces 2ω, ωω have arbitrarily small, clopen and

homeomorphic (at each stage) sets. The following proof makes it clear how to construct

homeomorphisms between two elements on those spaces.

Proof. Assume for notational simplicity that the soon to be constructed Un, Vn are chosen

such that

• diam (Un) < 1
2n

and diam (Vn) < 1
2n

,

• Un, Vn are clopen,

• they contain x, y respectively,

• Un is homeomorphic with Vn.
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By induction:

n=1: Choose U1, V1 disjoint and let h1 be a homeomorphism with h1(U1) = V1 and

supported on U1.

n=2: Choose U2, V2 contained within U1, V1, respectively, with the property that

h1(U2) is disjoint from V2. Then let h2 be a homeomorphism with h2(h1(U2)) = V2 and

supported on h1(U2).

n=3: Choose U3, V3 contained within U2, V2, respectively, with the property that

h2(h1(U3)) is disjoint from V3. Then let h3 be a homeomorphism with h3(h2(h1(U3))) = V3

and supported on h2(h1(U3)).

Let h = limn→∞ hn ◦ ... ◦ h1. The details of why h is a homeomorphism are perhaps

not clear but we can see the general pattern of convergence being that each subsequent hn

has support that is shrinking and hence is moving fewer things around. The hn, in a way,

are ”eventually the identity”.

Given that, we observe that h(x) = y; Assume not. If h(x) = z let d(z, y) = ε. But

we can see by the construction that given a large enough n, h(x) is mapping within ε of y,

and hence cannot be z. �

The converse is also true, as shown below.

Lemma 3.26 (van Mill, [24]). Let X be zero-dimensional and homogeneous. Then for any

x, y ∈ X, x and y have arbitrarily small, clopen, homeomorphic neighborhoods.

Proof. Let x, y ∈ X. Choose Un, Vn (open) separating x, y with diameters less than 1/n.

Using the homeomorphism h given by assumption find an open Wn such that x ∈ Wn and

h(Wn) ⊂ Vn. Then Wn ∩ Un is small and maps into Vn. Find clopen sets (containing x)

Cn ⊂ (Wn ∩ Un). The Cn are small, clopen, contain x and h(Cn) are also. �

And so homogeneity has the following characterizaton in zero-dimensional spaces.
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Corollary 3.27 (van Mill, [24]). Let X be zero-dimensional. Then X is homogeneous

if and only if for every x, y ∈ X, x and y have arbitrarily small homeomorphic clopen

neighborhoods. In particular, the homeomorphisms can be assumed to map x to y (see the

proof above of the easier direction).

3.5.2. The Homogeneity of 2ω, 3ω, ..., nω, and ωω

Corollary 3.28. The Cantor space 2ω is homogeneous.

Proof. First remember that all of the spaces nω, and even ωω, are zero-dimensional. The

basic clopen sets are the same as the open sets of the product topology. We specify finitely

many digits of the sequence and then after a finite stopping point we allow the sequences to

take any value.

Given x and y in 2ω we can see that the characterization applies. Each x and y have

as a base, arbitrarily small homeomorphic neighborhoods (they are homeomorphic because

every basic open (clopen) set of 2ω is homeomorphic to the whole space 2ω). �

Alternatively, we know that 2ω is a Polish group and all topological groups are ho-

mogenuous. By the second propositiond down, it follows that 2ω is SLH. By an earlier

theorem every Polish SLH space is CDH. Therefore 2ω is homogeneous, SLH, and CDH.

We now give a proof that 3ω is homogeneous. The result already follows since 3ω is

homeomorphic to the Cantor space, but we need the method of the proof for a later theorem

and so we give it here.

Lemma 3.29. 3ω is homogeneous.

Proof. Let x, y ∈ 3ω. We write x = (x1, x2, ...) and y = (y1, y2, ...). For every n ∈ N define

hn : {0, 1, 2} → {0, 1, 2} as follows:

hn(i) =


yn : i = xn

xn : i = yn

i : i 6= xn, yn
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Clearly each hn is a homeomorphism of {0, 1, 2}. Define h : 3ω → 3ω by (z1, z2, ...) 7→

(h1(z1), h2(z2), ...). It follows that h(x) = y.

Given two elements u = (u1, u2, ...) and v = (v1, v2, ...) of 3ω which are not equal, then

there must exist a k ∈ N such that uk 6= vk. If uk 6= xk, yk then hk(uk) = uk while hk(vk)

must be either xk or yk, and hence hk(uk) 6= hk(vk). Without loss of generality consider if

uk = xk (the case uk = yk is symmetric): then we have either

(1) vk = yk, which implies xk 6= yk and hence hk(uk) 6= hk(vk), or

(2) vk 6= yk, and so vk 6= xk, yk, hence hk(vk) = vk, so hk(uk) 6= hk(vk).

Either way, h(u) 6= h(v), and so h is 1-1.

Let z = (z1, z2, ...) ∈ 3ω. Then h(z) = (h1(z1), h2(z2), ...) has the property that

h(h(z)) = z, hence h is onto. This brings attention to the fact that h is it’s own inverse, an

involution.

Since h is an involution (or since 3ω is compact Hausdorff), we only check that

h is continuous. Let N(s1,...,sn) be a basic open set of 3ω. Then N(h1(s1),...,hn(sn)) has the

property that h(N(h1(s1),...,hn(sn))) ⊂ N(s1,...,sn). This is obvious since if we take an element

x = (x1, x2, ...) ∈ N(h1(s1),...,hn(sn)) we have that x = (h1(s1), ..., hn(sn), xn+1, ...). Applying h,

and remembering that h is an involution, we see that h(x) = (s1, ..., sn, xn+1, ...) and hence

h(x) ∈ N(s1,...,sn). This proves that h is continuous.

Hence h is a homeomorphism with h(x) = y. �

Corollary 3.30. For any n ∈ N, nω is homogeneous.

Proof. The proof is almost identical as above, we define hn as a permutation on n elements

which exchanges the two natural numbers xn, yn and keeps the rest the same. �

Corollary 3.31. ωω is homogeneous.

Proof. We will not repeat too much, but only say once again that for x, y ∈ ωω, the basic

clopen neighborhoods are arbitrarily shrinking and all homeomorphic. �
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3.5.3. Zero-Dimensional and Homogeneous Implies SLH

The following result is used many times later when we classify a zero-dimensional

subset of R as being homogeneous and thus get an answer to strongly locally homogeneous

at the same time.

Proposition 3.32 (Ford, 1954, [14]). Let X be zero-dimensional. Then homogeneity implies

strongly locally homogeneous.

Proof. The SLH base that we will use is the collection of all clopen sets in X. Choose

a clopen set U and let x, y ∈ U . Since X is homogeneous, x and y have arbitrarily small,

clopen, homeomorphic neighborhoods for which the homeomorphisms send x to y. All that

remains is to find disjoint clopen sets E and F which contain x and y, respectively, and

whose union is in U . Thus the homeomorphism f : E → F with f(x) = y is supported on

E ∪ F . �

We are interested in determining whether the ωth power of certain subsets of reals

are homogeneous. For example, let J = {0} ∪ {1/n : n ∈ N}. We know that the metric

d(x, y) =
∞∑
n=0

1

2n+1
· |xn − yn|

1 + |xn − yn|

is a metric for the product topology and in particular the product topology on Jω. For

notational simplicity we denote the set {0} ∪ {..., 1/n} := U1/n

Proposition 3.33. Jω is homogeneous.

Remark: We mentioned earlier that J was not homogeneous.

Proof. We begin with the points 0 = (0, 0, 0, ...) and 1 = (1, 1, 1, ...). We claim that these

two points have arbitrarily small, homeomorphic, clopen neighborhoods. Around 0 we choose

the following sequence of neighborhoods,

U1 = (U1, X,X, ...)

U2 = (U1/2, U1, X,X, ...)
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U3 = (U1/4, U1/2, U1, X,X, ...)

...

Un = (U1/2n , U1/2n−1 , ..., U1/2, U1, X,X, ...).

We calculate that they have shrinking diameters as follows,

diam (Un) =
1

2

1

2n + 1
+ ...+

1

2n
1

3
+

1

2n+1

1

2
+ [

1

2n+1

1

2
+

1

2n+2

1

2
+ ...]

≤ 1

2

1

2n
+

1

22

1

2n−1
+ ...+

1

2n
1

2
+

1

2n+1

1

1
+ [

1

2n+1
]

=
n+ 1

2n+1
+

1

2n+1

=
n+ 2

2n+1
.

And so the diameter of these sets around 0 are shrinking arbitrarily.

Around 1 we choose Vn = (1, 1, ..., 1, X,X, ...) where there are n-many 1’s. The cal-

culation of this diameter is given below,

diam (Vn) =
1

2
· 0 +

1

22
· 0 + ...+

1

2n−1
· 0 +

1

2n
1

2
+

1

2n+1

1

2
+ ...

=
∞∑
j=1

1

2n+j

=
1

2n
.

We conclude that 1 and 0 have arbitrarily small, homeomorphic, clopen neighbor-

hoods. The fact that the neighborhoods are homeomorphic follows from the fact that the
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neighborhoods around 1 are homeomorphic to the Jω and the neighborhoods around 0 are

homeomorphic to a finite product of Jω.

In general, any two points in Jω have this property. Any point which doesn’t have

any 0’s as coordinates we take neighborhoods similar to those of 1. Consider a point that

contains some 0’s, for example let

x =

(
1

5
, 0 ,

1

5
, 0 , ...,

1

5
, 0 , X,X, ...

)
.

We select sets similar to Un except that for the coordinates with numbers not equal to zero

we can select, e.g. {1/5} as our open set. Selecting a set like this does not add to the

diameter of the set because it has diameter 0 (coordinate-wise). And so the diameter of

the neighborhoods around a point like x are shrinking in the same manner as those around

0. �

We have now proved a couple spaces to be homogeneous and have gotten a general feel

for the property. We now seek to determine when, for X ⊂ R, is it true that the countable

product Xω is homogeneous.

3.5.4. Results on the Homogeneity of Xω when X is Zero-Dimensional

Throughout our examples in zero-dimensional spaces we noticed a trend. It turns out

that they most often have a countable product which is homogeneous.

Theorem 3.34 (Lawrence, 1998, [22]). For all zero-dimensional subsets X ⊂ R, Xω is

homogeneous.

Which was extended shortly after to arbitrary spaces.

Theorem 3.35 (Dow-Pearl, 1997, [10]). For all zero-dimensional, first countable X, Xω is

homogeneous.
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CHAPTER 4

A HOMOGENEITY CLASSIFICATION OF THE COUNTABLE PRODUCT OF

CLOSED SUBSETS OF [0, 1]

4.1. A Homogeneity Classification of Xω when X ⊂ [0, 1] is Closed

The following theorem classifies the homogeneity of the countable product of any

closed subset C of [0, 1]. This begins our analysis on all types of homogeneity for homoge-

neous, SLH and CDH, as well as for the closed, the Gδ, the Borel, and the general subsets

of R. The cases use the observation that any connected subset of [0, 1] is either a singleton

or of the form [a, b), [a, b], (a, b), or (a, b], and since C is closed, any connected component of

C is either a closed interval or a single point. It is obvious then that if there are connected

components of C which are closed intervals, there can be at most countably many such

intervals.

To help give a precise classification we introduce a definition, partly to help out

cases where we have a disjoint union of intervals which is actually just one interval, such

as [0, 1) ∪ [1, 2). We can think of it as saying that a union is “non-trivially disjoint” and

“non-limiting”.

Definition 4.1. We say that a A ⊂ R is a discrete union of intervals In if

(1) Ij ∩ Ik 6= ∅ for j 6= k,

(2) each In is an open interval.

Given this definition we can say that A is a discrete union if

A = [0, 1) ∪ [2, 3) ∪ [4, 5) ∪ ...

but not if A is a collection of intervals limiting to an interval, i.e.

A = (0, b0) ∪ (a1, b1) ∪ ... ∪ [1, 2]

where the bn converge to 1 and each an < bn and bn < an+1.

Given this definition we can give our first theorem.
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Theorem 4.2. (Homogeneity classification of the countable product of the closed sets of

[0, 1].) Let C ⊂ [0, 1] be nonempty and closed. Then Cω is homogeneous if and only

(1) C is zero-dimensional, or

(2) C is a the union of finitely many (non-degenerate) closed intervals.

Proof.

Every connected component of C is a singleton.

If C is a singleton then Cω is trivially homogeneous (by the identity function). Assume

that C has at least two points. Let’s recall a famous result of Brouwer (refer to Kechris pg

35, [20])

Theorem 4.3 (Brouwer). The Cantor space 2ω is the unique, up to homeomorphism, perfect

nonempty, compact metrizable, zero-dimensional space.

• Assume that Cω is not perfect, i.e. Cω has an element ~p = (p1, p2, ...) which is

isolated.

Case 1: Assume ~p is eventually constant with constant term p. Since C has at

least two points let q ∈ C such that q 6= p. Then consider the sequence of points of

Cω,

(p1, q, q, q, q, ...)

(p1, p2, q, q, q, ...)

(p1, p2, p3, q, q, ...)

...

Clearly, these elements converge to ~p and yet none of them are equal to ~p since ~p

is eventually constant with constant term p. These points lie in the complement

of {~p}, which is a closed set by assumption, hence we have a contradiction, since

closed sets must contain their limit points. Hence Cω is perfect.

Case 2: Assume ~p is not eventually constant. Consider the sequence of points,
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(p1, p1, p1, p1, p1, ...)

(p1, p2, p1, p1, p1, ...)

(p1, p2, p3, p1, p1, ...)

...

Again, this sequence is converging to ~p and none of these elements equal ~p since ~p

is not eventually constant, and so the sequence above lies in the complement of {~p},

and since the complement is closed (by assumption), we have the same contradiction.

So Cω is perfect.

• Since C is nonempty we have that Cω is nonempty.

• Since C is a closed and bounded subset of [0, 1], it is compact. Therefore Cω is

compact (by Tychonoff’s theorem).

• Cω is metrizable as a product of metrizable spaces C.

• Every compact Hausdorff space is locally compact and so C is locally compact. In

a locally compact Hausdorff space, totally disconnected and zero-dimensional are

equivalent, hence C is zero-dimensional. By Fact 7, the product of zero-dimensional

spaces is zero-dimensional, so C being zero-dimensional implies that Cω is zero-

dimensional.

The enumeration above proves that Cω is a perfect nonempty, compact metrizable,

zero-dimensional space. Hence Cω is homeomorphic to the Cantor space 2ω. Given that the

Cantor space was shown to be homogeneous in Section 3, we have that Cω is homogeneous.

C contains at least one connected component that is a singleton and at

least one connected component that is a closed interval.

Let p be a singleton which is a connected component of C. We claim that the point

~p = (p, p, ...) ∈ Cω is a connected component of Cω.
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Let ~q = (q1, q2, ...) ∈ Cω be a point which is different from ~p. Since ~q is different from

~p, it must differ from ~p on at least one coordinate. Let k be the smallest natural number

such that qk 6= p. Now we write ~q = (p, p, ..., qk, ...) where qk is the kth coordinate of ~q.

Since the connected component of p is the set {p}, and the connected component is

merely the intersection of all of the clopen sets of C which contain p, then there is a clopen

set C0 ⊂ C which contains p but not qk. It follows that

C0 × ...× C0︸ ︷︷ ︸
k−many

×Cω

is a basic clopen set of Cω which contains ~p but not ~q. Since ~q does not belong to this

clopen set containing ~p, then ~q cannot belong to the intersection of all clopen sets containing

~p, hence ~q is not in the connected component of ~p.

Therefore the point ~p = (p, p, ...) is a connected component of Cω.

Here we use a fact of topology.

Fact 8. In a compact, Hausdorff space X, the connected component of a point x is equal

to the intersection of all clopen sets of X which contain x.

In order for us to prove that Cω is not homogeneous, we need only find an element

of Cω whose connected component is not a singleton, for then we have observed two points

which are distinguishably different in a topological sense. By assumption, C has at least

one interval I. Choose an element r ∈ Cω which has at least one coordinate taking its value

in I. Then the connected component of r has continuum many elements. So Cω is not

homogeneous.

C is the disjoint union of a finite number of closed intervals.

Let x, y ∈ Cω. Since the Hilbert cube Q is homogeneous let h : Q → Q map the

Hilbert components of x, y to each other, i.e. h(σ(x)) = σ(y). As we have shown in section

2, we can extend the map h to a homeomorphism H : Cω → Cω by letting the associated
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Cantor map be the identity. In this way, H maps x to a ‘clone’ of y, say y∗, in the sense that

σ(y∗) = σ(y) but λ(y∗) = λ(x). The same goes for y, being mapped to a clone of x, say x∗.

Let g be the homeomorphism on nω (where n is the number of intervals) which maps

the Cantor component λ(x) to λ(y). This is given by the homogeneity of nω. By an extension

theorem from section 2, we extend g to a homeomorphism G : Cω → Cω which is the identity

Hilbert-wise.

The idea is that x first maps to the element y′ which is within the connected compo-

nent of x, and y maps to x′, afterwards we swap y′ and y using a map which is rooted in 2ω

with the identity map on Q.

So Cω is homogeneous as witnessed by G ◦H.

We note that there is an alternate proof in which we use a re-factoring trick to write

Cω as B1 × B2 × ... where each Bi is the disjoint union of n2-many Hilbert cubes, where

n is the number of closed intervals in this case. Then the homogeneity of the Hilbert cube

applies easily to a disjoint union to show that each Bi is homogeneous, and therefore Cω is

homogeneous as a product of homogeneous spaces.

C is the disjoint union of a countably infinite number of closed intervals

(which implies a limit interval).

Discussion: Let us examine why C has a sequence of closed intervals which ‘con-

verges’ to a closed interval.

To be more precise about this ”convergence” of intervals, we mean that the right

endpoints of the ”converging” intervals converge to the left endpoint of the ωth interval.

Take for example the intervals of the form,[
1

2
− 1

2n
,

1

2
− 1

2n+ 1

]
, for n ≥ 2

The right endpoints of these intervals converge to 1
2
, i.e. {1

2
− 1

2n+1
} → 1

2
, and so we say that

the above intervals ”converge” to the interval
[
1
2
, 1
]
.

We will now verify that there is a sequence of closed intervals which converges. Since
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there are infinitely many closed intervals, choose one. Without loss of generality there are

infinitely many closed intervals which are to the right of (in the sense that [3, 4] is to the

right of [1, 2]) our chosen interval. The right endpoints of a monotonic sequence of closed

intervals of [0, 1] is a bounded sequence of R and so it has a subsequence that converges, by

the Bolzano-Weierstrass theorem. But since our sequence of right endpoints is monotonic,

the sequence itself, in addition to the subsequence, must converge.

And so we ask, does the sequence of closed intervals (1) ‘converge’ to a closed interval?,

or (2) converge to the right endpoint of our space, i.e. converge to the boundary point {1}?

We argue that (2) cannot happen, or rather, it’s occurance is relegated to Case 2

where C is hybrid, containing at least one interval component and at least one point, as a

connected component. If a sequence of closed intervals is converging to {1} (or {0}), then

because C is closed, C must contain it’s limit points, so C contains {1} (or {0}). But we

are in Case 4, where we only consider sets C that consist of closed intervals and do not have

any connected components which are singletons. So indeed, this case was covered in Case

2 of the theorem and hence we assume at least one sequence of closed intervals which is

converging to a closed interval.

Proof: Choose a sequence of closed intervals which converge. Without loss of gen-

erality assume that the intervals are monotonically increasing. Use ω to denote the left

endpoint of the limit interval.

Consider the point ~ω = (ω, ω, ...) within Cω and an open neighborhood base of ~ω.

A basic open set around ω consists of a tail of closed sets which converge to a half-open

interval of the form [ω, ω + ε) for some ε > 0; we will call sets of this form ’ω tail sets’

and notationally we will denote them as [ω, ω + ε)T . We reserve the letter N for the open

neighborhood base of ~ω within Cω which consists of finitely many of the basic open ’ω tail

sets’ described above followed by the whole space, C, on the rest of the coordinates. In

summary, a generic element of N is denoted as,

[ω, ω + ε1)
T × [ω, ω + ε2)

T × ...× [ω, ω + εn)T × Cω
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We can now see that a connected component of ~ω within an element N ∈ N has the

homeomorphism form of [0, 1)n × [0, 1]ω, or more simply, [0, 1)n × Q, since Q is shorthand

for the Hilbert cube [0, 1]ω.

Let us consider a point ~p = (p, p, ...) ∈ Cω where p is in the interior of a closed interval

(not an endpoint) and an open neighborhood base M of p. We choose M in such a way

that an element of M consists of open intervals containing p for finitely many factors with

the rest of the factors being the whole space C.

We can say with certainty that if N is an arbitrary open neighborhood base of ~ω

and N ∈ N , then the connected component of ~ω within N has a homeomorphism type of

[0, 1)n ×Q, and this is true for at least infinitely many N ∈ N . Can we say the same about

~p? Take for instance, the open neighborhood baseM of ~p from above and consider M ∈M.

The connected component of ~p within M has a homeomorphism type of (0, 1)n×Q, and this

particular M is generic in the sense that every element ofM has the same homeomorphism

type.

If Cω is to be homogeneous, then ~ω and ~p should not be distinguishable topologically

and so it would be necessary that (0, 1)n ×Q is homeomorphic with [0, 1)n ×Q. Otherwise

we can conclude that ~ω and ~p are distinguishable topologically and therefore Cω would not

be homogeneous.

Claim: (0, 1)n ×Q 6∼= [0, 1)n ×Q.

For shorthand let X := (0, 1)n × Q and Y := [0, 1)n × Q. Since both X and Y are

locally compact they have 1-point compactifications, denoted by X∗ and Y ∗, respectively. If

X∗ and Y ∗ are not homeomorphic then it follows that X 6∼= Y . We will show that the 1-point

compactifications of X and Y are not homotopy equivalent, and hence not homeomorphic.

Definition 4.4. Let X and Y be topological spaces and f, g : X → Y be continuous. Then

f is homotopic to g if there exists a continuous function H : X × [0, 1] → Y such that

H(x, 0) = f(x) and H(x, 1) = g(x) for all x ∈ X.
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We say that X and Y are homotopy equivalent, or of the same homotopy type, if there

exist continuous functions f : X → Y and g : Y → X such that g ◦ f is homotopic to the

identity function on X and f ◦ g is homotopic to the identity function on Y .

We can see from the definition that if X and Y are homeomorphic then X and Y are

homotopy equivalent. To see this, let X and Y be homeomorphic then let h witness it. Then

h : X → Y and h−1 : Y → X are continuous functions such that h−1 ◦h is homotopic to IdX

and h ◦ h−1 is homotopic to IdY . (Given that both compositions are equal to the identity

we need only see that a function is homotopic with itself by taking H to be independent of

t, i.e. H(x, t) = f(x), where t ∈ [0, 1].)

We conclude from the above discussion that proving two spaces X and Y to be of

different homotopy types serves as a method to show that X and Y are not homeomorphic.

The next two subclaims prove that (1) X∗ has the homotopy type of S1, and (2) Y ∗ is

contractible, which implies that Y ∗ has the homotopy type of a singleton. This would show

that X∗ and Y ∗ have different homotopy types.

Subclaim 1: X∗ is of the same homotopy type as the unit circle S1:

We will use the notation X∗ = [(0, 1)n ×Q] ∪ {∞} and identify S1 with the product

space (S1 × {0} × {0} × ...). For all si ∈ (0, 1) and ti ∈ [0, 1] we define

f : X∗ → S1 by (s1, ..., sn, t1, t2, ...) 7→ (s1, 0, 0, ...)

g : S1 → X∗ by (s, 0, 0, ...) 7→ (s, 0, 0, ...).

For t ∈ [0, 1] define H1((s1, ..., sn, t1, t2, ...), t) = (s1, ts2, ..., tsn, tt1, tt2, ...). Now H1

witnesses that (g ◦ f) is homotopic to IdX∗ since we have,

H1((s1, ..., sn, t1, t2, ...), 0) = (s1, 0, 0, ...) = (g ◦ f)(s1, ..., sn, t1, t2, ...)

H1(s1, ..., sn, t1, t2, ...), 1) = (s1, ..., sn, t1, t2, ...) = IdX∗(s1, ..., sn, t1, t2, ...).

Similarly, (f ◦ g) is homotopic to IdS1 via H2((s, 0, 0, ...), t) = ((s, 0, 0, ...),

H2((s, 0, 0, ...), 0) = (s, 0, 0, ...) = (f ◦ g)(s, 0, 0, ...)
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H2(s, 0, 0, ...), 1) = (s, 0, 0, ...) = IdS1(s, 0, 0, ...).

Subclaim 2: Y ∗ has the same homotopy type as Q, which is contractible (the

homotopy type of a singleton):

We will use the notation Y ∗ = [[0, 1)n × Iω] ∪ {∞} and identify the Hilbert cube Q

with the product space ({0} × ...× {0}︸ ︷︷ ︸
n-many

×Q×Q× ...). For all si ∈ [0, 1) and for all ti ∈ [0, 1]

we define

f : Y ∗ → Q by (s1, ..., sn, t1, t2, ...) 7→ (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...)

g : Q→ Y ∗ by (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...) 7→ (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...).

For t ∈ [0, 1] let H1((s1, ..., sn, t1, t2, ...), t) = (ts1, ..., tsn, t1, t2, ...). Now H1 witnesses

that (g ◦ f) is homotopic to IdY ∗ since we have,

H1((s1, ..., sn, t1, t2, ...), 0) = (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...) = (g ◦ f)(s1, ..., sn, t1, t2, ...)

H1(s1, ..., sn, t1, t2, ...), 1) = (s1, ..., sn, t1, t2, ...) = IdY ∗(s1, ..., sn, t1, t2, ...).

Similarly, (f ◦ g) is homotopic to IdQ as witnessed by

H2((0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...), t) = (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...).

We verify this below.

H2((0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...), 0) = (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...) = (f ◦ g)(0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...)

H2(0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...), 1) = (0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...) = IdQ(0, ..., 0︸ ︷︷ ︸
n-many

, t1, t2, ...).

And so we have shown that (0, 1)n × Q 6∼= [0, 1)n × Q by showing that their 1-

point compactifications are not homotopy equivalent, and hence not homeomorphic. This

completes Case 4, i.e. if C contains a convergent sequence of closed intervals which is
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converging to a closed interval, then C cannot be homogeneous.

�

4.2. An SLH Classification of Xω when X ⊂ [0, 1] is Closed

Theorem 4.5. (A SLH classification of the countable product of the closed sets of [0, 1].)

Let C ⊂ [0, 1] be nonempty and closed. Then Cω is SLH if and only if C is zero-dimensional

or C is an interval.

Every connected component of C is a singleton.

When this case appeared in the homogeneity classification theorem we proved that

Cω is zero-dimensional, i.e. each point having a base of clopen sets. We also saw that Cω

was homogeneous, since it was homeomorphic to the Cantor space 2ω. But as we showed in

Section 3, every zero-dimensional space which is homogeneous is SLH.

At least one connected component is a closed interval and at least one

connected component is a singleton.

Let B be an open base. We claim that it cannot be an SLH open base.

Let p be a point of C for which the connected component of p is {p}. As we discussed

in Case 2 when proving that Cω was not homogeneous, we saw that ~p = (p, p, ...) is a

connected component of Cω. Now we claim that any basic open set, say B ∈ B, which

contains the point ~p, there must be a point q∗ ∈ Cω whose connected component is not

itself.

We know that B takes the form B1× ...×Bn×Cω for it must contain the basic open

sets of the product topology. Choose q0 to be an element that is within the interior of the

interval I, for some closed interval I ⊂ C. Then B contains the element

q∗ = (p, p, ..., p︸ ︷︷ ︸
n−many

, q0, q0, ...),

which we know has a connected component with continuum-many points.

We see that ~p and q∗ have distinct topological properties, e.g. the connected com-

ponent of ~p is a singleton whereas the connected component of q∗ is not. Therefore there
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cannot exist a homeomorphism of Cω which maps ~p to q∗. So within any basic open set of ~p

there are points similar to q∗ which prevent homeomorphisms from occuring. In particular,

B cannot be an SLH base for Cω.

C is the disjoint union of a finite number of closed intervals.

We prove in the next theorem (the CDH classification of closed sets of [0, 1]) that this

case is not CDH. By the classical result in Section 3 of Bessaga and Pe lczyński [5] we know

that within Polish spaces, SLH implies CDH, and hence we don’t have SLH here.

C is the union of a countably infinite number of closed intervals (including

a limit interval).

We claim that Cω cannot have an SLH base in this case. Let B be an open base.

As before, let p be the left endpoint of a limit interval. Let B ∈ B, a basic open set which

contains ~p = (p, p, ...). Then B must take the form

B = B1 × ...×Bn × Cω

where B1, ..., Bn are basic open sets in their respective factors. Each of B1, ..., Bn contains

a tail of closed intervals which are to the left of p. Choose an element within the interior

of one such interval, for each factor, and name these elements b1, ..., bn. Then the element

~b = (b1, ..., bn, bn, bn, ...) is an element of B, the basic open set containing ~p. From case 4 of

Theorem 4.2, we saw that two points such as ~p and ~b cannot be mapped to each other with

a homeomorphism. Thus B cannot be an SLH base and Cω is not SLH.

4.3. A CDH Classification of Xω when X ⊂ [0, 1] is Closed

Theorem 4.6. (A CDH classification of the countable product of closed subsets of [0, 1].)

Let C ⊂ [0, 1] be nonempty and closed. Then Cω is CDH if and only if C is zero-dimensional

or C is an interval.

Proof. Every connected component of C is a singleton, i.e. C is totally discon-

nected.
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In Case 1 of the Homogeneous characterization of closed subsets of [0, 1] we discussed

why Cω is zero-dimensional. We also saw in the same theorem that Cω was homogeneous.

By Proposition 3.32, every zero-dimensional space which is homogeneous is strongly locally

homogeneous (SLH), so Cω is SLH. As we know, every Polish, SLH space is CDH. In this

case it is obvious that Cω is Polish, being homeomorphic to 2ω, the Cantor space.

At least one connected component is a closed interval and at least one

connected component is a singleton.

We must briefly and informally have a discussion on the types of sets within C. There

are closed intervals, at least one, but as many as countably infinite, in which case there is at

least one convergent (in the sense that was made precise in Theorem 4.2, case 3(b)) sequence

of closed intervals which converges to a closed interval. Outside of the closed intervals there

are points which are their own connected components. These cannot appear dense in any

open set (because C is closed), but there can exist countably many ‘types’ of countably many

singletons, where ‘type’ refers to the Cantor-Bendixson rank (CB rank) of a point. That is

to say, there could exist countably many CB rank-0 points (isolated), countably many CB

rank-1 points (limits of isolated points), etc. A finally there are points which are in the

perfect kernel of C, i.e. every open set containing such points also contains a tail of closed

intervals.

Preliminary: Let us first consider the case in which C is the union of a single interval

I and a point p where p 6∈ I. Then p is a connected component of C and as we proved in

Case 2 of Theorem 4.2, ~p = (p, p, ...) is a connected component in Cω. It is obvious that ~p is

the only point with this property in this simplified case and so it suffices to demonstrate a

countable dense subset of Cω which does not contain ~p.

Let D ⊂ Cω be the set of all sequences taking values in A = (C ∩Q)∪ {p} which are

eventually constant with constant term belonging to I.

D is countable: Notice that D is the union of the following sets,
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D1 =
{
z ∈ Cω : z = (z1, i, i, ...) where z1 ∈ A and i ∈ (I ∩Q)

}
D2 =

{
z ∈ Cω : z = (z1, z2, i, i, ...) where z1, z2 ∈ A and i ∈ (I ∩Q)

}
...

Dn =
{
z ∈ Cω : z = (z1, ..., zn, i, i, ...) where z1, ..., zn ∈ A and i ∈ (I ∩Q)

}
...

each of which is countable, e.g. for Dn, the first n-many choices are from countable

sets (since z1, ..., zn ∈ A) and then there is only one more choice of i, which is also from a

countable set (I ∩Q). We know that a total of n+ 1 choices from countably infinite sets is

homeomorphic to Qn+1, hence countable. Finally, D is countable since it is the countable

union of the countable sets Dn, an early fact from set theory.

D is dense: Let B be a base for C consisting of all left rays in I, right rays in I,

open intervals contained in I and the point {p}. Consider a basic open set of Cω of the form

B1×...×Bn×Cω where B1, ..., Bn ∈ B. There is obviously an element z = (z1, ..., zn, i, i, ...) ∈

Dn ⊂ D such that z ∈ B.

Generalized case: As in the preliminary case, since there is a point p ∈ C whose

connected component is {p}, we conclude that ~p = (p, p, ...) is a connected component of

Cω. There could be other elements of Cω with the same property but we will demonstrate a

countable dense set D ⊂ Cω which contains no such points. This will prove that Cω is not

countable dense homogeneous.

Consider our brief and informal discussion from above of which types of sets C could

have. Let D ⊂ Cω be the set of all eventually constant sequences which take values from

(1) rational values from intervals of C or (2) values of the singletons who have a countable

Cantor-Bendixson rank; We require that the constant (the ‘eventual constant’) takes its

value from (1), rational values from intervals of C. Note that we do not want to allow our

dense set to take values of singletons which do not belong to intervals but are in the perfect

kernel, because there could be uncountably many such singletons, e.g. the Cantor set has

uncountably many singletons which do not have a countable Cantor-Bendixson rank.
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We would like there to be at most countably many singletons of the form (2) and it

is indeed the case. We recall the following theorem of descriptive set theory.

Theorem 4.7 (Cantor-Bendixson). Let X be a Polish space. Then X can be uniquely written

as X = P ∪ C0, with P a perfect subset of X and C0 countable open.

Given the theorem, we know that C is Polish, as a closed subset of a Polish space,

and that the intervals of C are a subset of the perfect portion P of C. What remains is

the singletons with singleton connected component, of which there are two types, (1) those

which are in the perfect kernel P , and (2) the singletons with countable Cantor-Bendixson

rank which we will label as C0. By the theorem, C0 is countable.

And thus our definition of dense set D implies that D is countable.

To see that D is dense we discuss the basic open sets of C. Let B be a base consisting

of

(1) left rays within intervals,

(2) right rays within intervals,

(3) open intervals within intervals,

(4) open intervals of R intersected with the CB-rank α points,

where 0 ≤ α < ω1,

(5) open intervals of R intersected with points x ∈ C for which every open interval

around x contains an infinite sequence of closed intervals of C.

We note that the points from type (5) are not CB-rank α for any α < ω1, but rather,

they belong to the perfect kernel of C. We can now see that it is clear that the coordinate

values of our dense set D can be selected to appear within any of the sets listed above;

rational points selected from intervals can be found in types (1),(2),(3) and (5). Points

which have a countable CB-rank can be found in the (4) types. Thus given a basic open set

of B which takes the form B = B1 × ... × Bn × Cω, with the first n-many Bi being sets of

the type listed above, it is easy to find an element d ∈ D belonging to B.

We conclude that D ⊂ Cω is countable dense and contains no elements who are there
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own connected component. Now we set E = D∪{~p} and conclude that Cω is not countable

dense homogeneous.

C is the union of a finite number of closed intervals

In this case we have an uncountable number of connected components. As Fitzpatrick

and Lauer showed [12] Cω cannot be CDH. The argument goes as follows: Let D be a count-

able dense set. Let K be the collection of connected components which intersect D. Then

K is countable. To each connected component which intersects D, add one unique (new)

point and call this countable dense collection D′. Now we have countably many connected

components each having 2 or more points from D′. Construct a countable dense subset E

by chosing a connected component not intersecting D′ and choosing 1 element from said

connected component, call it x. Let E = D′ ∪{x}. Then it is obvious that D′ and E cannot

be put into a homeomorphic relationship since connected components are permuted, and

there is a component with only one element from E. This component has no suitable image

component. Therefore Cω cannot be CDH.

C is the union of a countably infinite number of closed intervals (and

therefore has a limit interval).

We showed in Theorem 4.2 that if p is a left endpoint of a limit interval, then ~p =

(p, p, ...) is a point with a very unique property not possessed by the typical point of Cω.

There can though, be as many as countably many points with the same property. We exhibit

a countable dense set D which does not contain any of these points. Choose a rational q0

that lies in the interior of one of the intervals of C. Consider the set D ⊂ Cω of all eventually

constant (with fixed constant q0) sequences from C taking rational values but not endpoints,

i.e. set

D = {(d1, ..., dn, q0, q0, ...) : di ∈ int(C) ∩Q and n can vary over N}

It is easy to check thatD is dense and that points like ~p are not inD. ThenD and E :=
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D ∪ {~p} are both countable dense subsets of Cω which cannot be put into homeomorphism.

Thus Cω is not CDH in case 4. �
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CHAPTER 5

A HOMOGENEITY CLASSIFICATION OF THE COUNTABLE PRODUCT OF THE

Gδ SUBSETS OF R

5.1. A Homogeneous Classification of the Countable Product of the Gδ Subsets of R

Theorem 5.1. Let X ⊂ R be a Gδ. Then Xω is homogeneous if and only if

(1) X is zero-dimensional, or

(2) X is a discrete union of finite or countably many closed intervals, or

(3) X is a discrete union of finite or countably many non-closed intervals.

Case 1: All singletons.

First we note that if C is a singleton then Cω is also a singleton, and hence trivially

homogeneous as witnessed by the identity function. Henceforth we assume that C has at

least two points. Also, we assume that C is not compact, for if C were compact we repeat

our argument from Case 1 of Theorem 4.2 in which we proved that Cω is homeomorphic to

the Cantor space, which we proved to be homogeneous.

We prove that Cω, in this case, is homeomorphic to the Baire space N , which we

then prove is homogeneous. Recall the following result of descriptive set theory (found on

Pg 37 of Kechris, [20]),

Theorem 5.2 (Alexandrov-Urysohn). The Baire space N is the unique, up to homeomor-

phism, nonempty Polish zero-dimensional space for which all compact subsets have empty

interior.

Let us observe that Cω has the properties above.

• Nonempty. It follows since C is nonempty.

• Polish. Since C is a Gδ subset of a Polish space R, we have that C is Polish,

hence completely metrizable. Since a countable product of nonempty completely

metrizable spaces is completely metrizable, Cω is completely metrizable. Also, a

countable product of separable spaces is separable given that each factor is Hausdorff
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and contains at least two points, thus Cω is separable. So Cω is Polish.

• Zero-dimensional. As a subset of R, we say that C is Zero-dimensional since it

contains no intervals (we are in Case 1, C is totally disconnected). As observed

by Fact 7, a product of zero-dimensional spaces is zero-dimensional, hence Cω is

zero-dimensional.

• Every compact subset of Cω has empty interior. Let K ⊂ Cω be compact.

Choose a basic open set within K,

B∗ := B1 × ...×Bn × Cω ⊂ K

where each of B1, ..., Bn is basic open in C. Since Cω is zero-dimensional, we

furthermore choose,

C∗ := C1 × ...× Ck × Cω ⊂ B∗ ⊂ K

where each of C1, ..., Ck is basic clopen in C. Since C is not compact there

must exist a collection of open sets {Oα}α∈A which does not have a finite subcover.

Consider the collection C which consists of the following sets,

C1 × ...× Ck ×Oα × Cω for each α ∈ A

π−11 (Cc
1)

π−12 (Cc
2)

...

π−1k (Cc
k).

Since C1, ..., Ck are clopen, Cc
1, ..., C

c
k are open, and hence the above collection

of sets C is an open cover of Cω and hence K. Since K is compact there is a finite

collection of sets of C which cover K. Since the sets π−11 (Cc
1), ..., π

−1
k (Cc

k) are disjoint

from C∗, there are finitely many sets,

C1 × ...× Ck ×Oαl
× Cω with αl ∈ A and l ∈ {1, ...,m},
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which cover C∗. But then
⋃
Oαl

cover C, which contradicts that the open cover

{Oα} did not have a finite subcover of C. We conclude that every compact subset

of Cω has empty interior.

The enumeration above proves that Cω is a nonempty Polish zero-dimensional space

for which all compact subsets have empty interior. Therefore Cω is homeomorphic to the

Baire space N . We will now show that the Baire space N is homogeneous.

Proposition 5.3. The Baire space N is homogeneous.

Proof. A product of homogeneous spaces is always homogeneous, and N is obviously ho-

mogeneous. �

Case 2: At least one singleton and at least one interval (with the interval(s)

being of the form (a, b), (a, b], [a, b), [a, b]).

Let p ∈ C such that the connected component of p, denoted Γp, is equal to {p}. In

Case 2 of Theorem 4.2 we proved that ~p = (p, p, ...) is a connected component of Cω. We

used that C was compact to say that the component of p was equal to the quasi-component

of p. We now attempt to prove that ~p is its own quasi-component without using that C is

compact, because C is not necessarily compact.

Let ~q = (q1, q2, ...) ∈ Cω be a point such that ~q 6= ~p. Then ~q and ~p must differ on

at least one coordinate. Let k be the smallest natural number such that qk 6= p. Write

~q = (p, p, ..., p, qk, ...) where qk is the kth coordinate of ~q.

Without loss of generality let qk < p. Choose r ∈ R\C such that qk < r < p. We

know such an r exists because qk and p do not belong to the same interval, as p does not

belong to an interval. Set

C0 := (r,∞) ∩ C = [r,∞) ∩ C.

Then C0 is a clopen set of C which contains p but not qk. It follows from this that

C0 × ...× C0︸ ︷︷ ︸
k−many

×Cω
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is a clopen set of Cω which contains ~p but does not contain ~q. Therefore ~q is not in the

quasi-component of ~p. Since ~q was arbitrary, the quasi-component of ~p is itself.

We need only witness an element of Cω which has a quasi-component of cardinality

greater than one. Since C has at least one interval we use I to denote an interval. Choose

b ∈ Io, the interior of I. Let us consider the quasi-component of ~b = (b, b, ...) within Cω,

which we will denote by Q~b. Then it is true that Q~b is the product of the quasi-component of

~b in each factor. Obviously ~b takes the same value in each factor, namely b. Since b ∈ Io ⊂ I

and there are no clopen sets contained in I, we have that I ⊂ Qb, using the fact that Qb is

the intersection of all clopen sets which contain b. Therefore

∏
I ⊂

∏
Qb = Q~b.

Since
∏
I is a continuum we can see that Q~b is not a singleton like Q~p is. We conclude that

Cω is not homogeneous.

Case 3: Finite or countably many closed intervals, no limit interval.

In the case of a single closed interval, Keller [21] proved in 1931 that the Hilbert cube

[0, 1]ω was homogeneous. The publication is in German so an alternate source of proof can

be found from a result of Bennett in 1972 [4] who proved that every connected CDH space

is homogeneous. So the result follows since the Hilbert cube Q is connected and CDH (Fort

[19]).

For more than two intervals, we use a re-factorization trick, if we look at two factors,

there are countably many squares aligned in a square formation, which is homeomorphic to

countably many squares aligned in a line. So we say that Cω is homeomorphic to B1×B2×...

where each Bi = A× [0, 1]ω where A is a countable union of closed intervals (no limit inter-

val). So each Bi is a disjoint union of countably many Hilbert cubes, and this is homogeneous

since if x, y are in the same Hilbert cube we invoke homogeneity of Q on that Hilbert cube

and the identity on the others, whereas if x, y are in different Hilbert cubes we still invoke

homogeneity of Q except we are mapping a disjoint Hilbert cube to another Hilbert cube
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(being identical but not equal) with identity on the other Hilbert cubes. Therefore each Bi

is homogeneous and thus Cω is homogeneous as the product of homogeneous factors.

Case 4: At least one closed and one not closed.

Think about C = [0, 1) ∪ [2, 3]. At least one connected component in this space is

compact, namely take a point x = (x1, x2, ...) where each xi ∈ [2, 3]. But if y = (y1, y2, ...)

satisfies yi ∈ [0, 1) for at least some i, the connected component of y is not compact. We

conclude that Cω is not homogeneous.

Case 5: C is the union of open intervals.

The product of homogeneous spaces is homogeneous. Given (x1, x2, ...), (y1, y2, ...) ∈

Cω we can simply use a product map h = f1 × f2 × ..., where each fi is a homeomorphism

which witness the homogeneity of the points xi, yi on C.

Case 6: At least one half open, one open, and no closed intervals, and no

limit intervals.

In this case we claim that Cω is homogeneous because it is homeomorphic to (◦C)ω,

where ◦C is the space in which we replace each half closed interval of C with an open interval.

We will look at four cases.

Case a: Proving ([0, 1) ∪ [2, 3))ω ∼= ((0, 1) ∪ (2, 3))ω

Let us rewrite

([0, 1) ∪ [2, 3))ω = ({0, 1} × [0, 1))ω = {0, 1}ω × [0, 1)ω.

By Anderson’s result we know that [0, 1)ω ∼= (0, 1)ω. And since ((0, 1) ∪ (2, 3))ω ∼=

({0, 1} × (0, 1))ω we’re done.
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Case b: Proving ([0, 1) ∪ (2, 3))ω ∼= ((0, 1) ∪ (2, 3))ω

Let Y = ([0, 1) ∪ (2, 3))ω and Z = ((0, 1) ∪ (2, 3))ω.

Observe that in two dimensions it is true that

([0, 1) ∪ (2, 3))× ([0, 1) ∪ (2, 3)) ∼=
(
[0, 1) ∪ [2, 3) ∪ [4, 5) ∪ (6, 7))× (0, 1).

And so we write,

Y ∼= (
(
[0, 1) ∪ [2, 3) ∪ [4, 5) ∪ (6, 7))× (0, 1)× ...

Since there are infinitely many factors which are the union, and infinitely many which

are the interval (0, 1), we re-factor Y into a product,

Y ∼= B1 ×B2 × ...

Where each Bi = (
(
[0, 1) ∪ [2, 3) ∪ [4, 5) ∪ (6, 7))× (0, 1)ω .

Distributing this product, we see that each Bi is a union of 4 objects, all of which are

homeomorphic to (0, 1)ω by Anderson’s result. If we run this re-factoring on the set Z we

can see that Z is also a union of 4 objects, each homeomorphic to (0, 1)ω. And so Y ∼= Z.

Case c: Let Y0 be the disjoint union of i half open intervals and j open

intervals, where i+ j = n.

Let Y = (Y0)
ω. We prove that Y ∼= (I1 ∪ I2 ∪ ... ∪ In)ω where each Ii = (0, 1). If we

take two factors of Y as in the previous cases, we will see n2 many squares, of which there

are j2 open squares and n2 − j2 squares with partial boundary (a connected line segment).

If we re-factor Y as in cases 1 and 2, we find ourselves with a product of Bi where each Bi

is a disjoint union of n many objects which are each homeomorphic to the Hilbert cube Q
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(using Anderson’s result).

Case d: Let Y0 be the disjoint union of an infinite number of intervals, all

either half open or open.

Let Y = (Y0)
ω. We claim that

Y ∼= (... ∪ I−2 ∪ I−1 ∪ I0 ∪ I1 ∪ I2 ∪ ...)ω

where each Ik = (0, 1) for k ∈ Z. If we take two factors of Y as in the previous cases,

we will see countably many squares, of which there are countably many open squares and

countably many squares with partial boundary (a connected line segment). If we re-factor

Y as done in the previous cases, we find that Y ∼= B1 × B2 × ... where each Bi is a disjoint

union of countably many objects which are each homeomorphic to the Hilbert cube Q (using

Anderson’s result).

Case 7: At least one half open, one open, and no closed intervals, and one

limit intervals.

Consider the space

X = I0 ∪ I1 ∪ I2 ∪ ... ∪ In ∪ ... ∪ I∞

where the Ik are intervals which ‘converge’ to the half open interval I∞. Assume

without any loss of generality that I∞ = [1, 3). We will consider the element ~1 = (1, 1, 1, ...).

Choose an element p ∈ I0 that is not a boundary point. We will also consider the point

~p = (p, p, p, ...). Assume towards contradiction that Xω is homogeneous and that the auto-

homeomorphism h witnesses the homogeneity with h(~1) = ~p.

Choose a sequence of elements (xn) from Xω such that the connected components

cc(xn) = In× In× .... Then we can see that the sequence (xn) is converging to ~1. Therefore,

the sequence (h(xn)) must converge to h(~1) = ~p. Denote by p1 by first coordinate of ~p.

Since (h(xn)) converges to ~p we know that it converges pointwise as well, so that (h(xn)1)
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converges to p1. So there exists an N such that for all n ≥ N we have that (h(xn)1) ∈ I0,

since p1 ∈ I0. So from here we assume that the sequence (xn), with relabeling, satisfies

h(xn)1 ∈ I0. Therefore, the connected components cc(h(xn)) are all of the form I0 × ...,

meaning that the projection π1(cc(h(xn))) = I0. Let q1 ∈ I0 such that q1 6= p1 and choose

a sequence of elements zn ∈ cc(h(xn)) such that π1(zn) = q1 for all n. Then we can see

that the sequence (zn) does not converge to ~p because it does not converge pointwise on

the first coordinate. But since cc(xn) and cc(h(xn)) are in correspondence, the pre-image of

the sequence (zn) under h, which we call (yn), is a sequence which converges to ~1 (as any

sequence does which is chosen from the same connected components as (xn)) but the image

of (yn), namely (zn), does not converge to h(~1), given that h(~1) = ~p. This contradicts the

continuity of h and so Xω is not homogeneous.

5.2. An SLH Classification of the Countable Product of the Gδ Subsets of R

Theorem 5.4. (An SLH classification of the countable product of Gδ subsets of R.) Let

C ⊂ R be a nonempty Gδ subset. Then Cω is SLH if and only if C is zero-dimensional or

C is a single interval.

Proof. Every connected component is a singleton.

A zero-dimensional homogeneous space is SLH, and as we saw in the previous Theo-

rem, a Gδ set of all singletons is homogeneous.

C is a single interval.

That the Hilbert cube is SLH is a well known result of Fletcher and McCoy [13].

Also, it is a well known result of Anderson and Bing [2] that the countable product of lines is

homeomorphic to the Hilbert space l2. Although it is (possibly) folklore that (0, 1)ω is SLH

(and thus CDH) a proof can be found in a paper of Jan J. Dijkstra [9]. Finally, the space

[0, 1)ω was shown by Anderson [1] to be homeomorphic to (0, 1)ω. And so in every case, Cω

is SLH.
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At least one connected component is a singleton and at least one is an

interval.

Since C and Cω are Polish, and as we will see in the next theorem Cω is not CDH

we must have no SLH in this case.

A disjoint union of finite or countably many intervals, no limit interval.

We use the observation of Fitzpatrick and Lauer [12], that a space with uncountably

many components cannot possibly be CDH. Given the uncountably many components, and

given a dense set D, then there are only countably many components which contain elements

of D. To each of said components, pick another element not in D within the components, so

that there are at least two elements within each component which intersects our new count-

able dense set, which we call D′. Now, since there are uncountably many components but

only countably many which intersect D′, choose a component which does not intersect, and

choose an element {x} contained within it. Label E = D′∪{x}. There E is countable dense.

Now note that no homeomorphism of the space can map D′ to E since homeomorphisms

permute connected components and when questioning the connected component which con-

tains x, we see that it must map to a component with at least two elements of D′. And so

D′ and E cannot be put in correspondence.

�

5.3. A CDH Classification of the Countable Product of the Gδ Subsets of R

Theorem 5.5. Let C ⊂ R be a Gδ. Then Cω is CDH iff C is a zero-dimensional or an

interval.

Proof. Every component is a singleton.

If C is a singleton the theorem is trivial. We assume that C has at least two points.

We showed in the homogeneous characterization that if C is compact, then Cω is homeo-

morphic to the Cantor space, and otherwise Cω is homeomorphic to the Baire space ωω. In

either case Cω is zero-dimensional and homogeneous, hence SLH. But an SLH space that is

Polish is CDH, which was one of the fundamental results in the theory, given in section 3.
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Hence Cω is CDH.

C is a single interval.

If C ∼= (0, 1) then we have already seen that Cω is SLH in the SLH characterization

theorem of Gδ subsets. CDH follows since Cω is Polish.

If C ∼= [0, 1) then Cω ∼= (0, 1)ω by Anderson’s results on countable products of near

cells. Hence Cω is CDH.

Finally, if C ∼= [0, 1], this is the Hilbert cube, which M.K.Fort, Jr. proved is CDH in

1962.

Thus in all cases Cω is CDH.

At least one singleton component and at least one interval component.

Remembering the homogeneity classification, we took a clopen singleton {p} and an

interval I, and we concluded that the quasi-component of ~p = (p, p, ...) was itself and the

quasi- component of an element taking values within I (but not on the boundary) contained

more than one point. We need only to find a countable dense subset of Cω for which every

element has a quasi-component that is uncountable. This was done in a very explicit manner

in Case 2 of the CDH classification of closed sets.

A disjoint union of at least two intervals but as many as countably many,

but no limit intervals.

We use the observation of Fitzpatrick and Lauer [12], that a space with uncountably

many components cannot possibly be CDH. Given the uncountably many components, and

given a dense set D, then there are only countably many components which contain elements

of D. To each of said components, pick another element not in D within the components, so

that there are at least two elements within each component which intersects our new count-

able dense set, which we call D′. Now, since there are uncountably many components but

only countably many which intersect D′, choose a component which does not intersect, and
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choose an element {x} contained within it. Label E = D′∪{x}. There E is countable dense.

Now note that no homeomorphism of the space can map D′ to E since homeomorphisms

permute connected components and when questioning the connected component which con-

tains x, we see that it must map to a component with at least two elements of D′. And so

D′ and E cannot be put in correspondence.

�
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CHAPTER 6

CONCLUSION

We review some of our results here and use some recent theorems in the literature to

expand our classification. We also speak generally on homogeneity and what the field looks

like as we consider more complex spaces.

Here we restate the original question that we wanted to answer.

Question 2. Given any X ⊂ R, is Xω homogeneous? SLH? CDH?

We decided to break the question into cases based on the complexity of X, i.e. closed,

open, Gδ,Borel, non-Borel, etc. We begin with our first results on homogeneity concerning

closed subsets of R.

Theorem 6.1. Let X ⊂ R be closed. Then Xω is homogeneous if and only

(1) X is zero-dimensional, or

(2) X is a union of finitely many closed intervals, or

(3) X is a discrete union of a countably infinite number of closed intervals.

Moreover, if X is compact then we drop the third case, since it is unbounded.

We must be more restrictive when dealing with SLH and CDH. Finite or discrete

unions of closed intervals do not allow Xω to be SLH or CDH.

Theorem 6.2. Let X ⊂ R be closed. Then Xω is CDH iff Xω is SLH iff X is zero-

dimensional or a closed interval.

Compactness changes nothing in the theorem above. Let’s move on to Gδ subsets,

i.e. Polish subsets. We now consider open subsets as well as others.

Theorem 6.3. Let X ⊂ R be a Gδ. Then Xω is homogeneous if and only

(1) X is zero-dimensional, or

(2) X is a discrete union of finite or countably many closed intervals, or

(3) X is a discrete union of finite or countably many non-closed intervals.

70



Above we can see that raising the complexity of X to Gδ adds many complex products

that are homogeneous, but below, this complexity only adds two new products, which were

proved by Anderson to be homeomorphic, namely (0, 1)ω and [0, 1)ω.

Theorem 6.4. Let X ⊂ R be a Gδ. Then Xω is CDH iff Xω is SLH iff X is a zero-

dimensional or an interval.

Below we give as a corollary the statement which gives the conditions for all three

types of homogeneity to be present.

Corollary 6.5. For a Gδ subset X ⊂ R we have that Xω is homogeneous, SLH, and CDH

if and only if X is zero-dimensional or is an interval.

There are no circumstances under which a Gδ set X ⊂ R will be SLH or CDH, but

fail to be homogeneous. However, we have the following observation in the other direction.

Corollary 6.6. For a Gδ subset X ⊂ R we have that Xω is homogeneous but neither SLH

nor CDH if and only if

(1) X is a discrete union of finitely many intervals (but not one) or,

(2) X is a discrete union of countably infinite number of intervals.

If we had to guess, it does appear that as the complexity of X ⊂ R increases, it’s

chance of having a countable product which is CDH/SLH decreases. It turns out that this

general trend was somewhat true, at least in the Borel heirarchy.

Theorem 6.7 (Hrušák-Avilés, 2005, [16]). Every Borel CDH space X is completely metriz-

able.

We can re-formulate our results on CDH (but not on SLH) for all Borel subsets of R,

and as we can quickly see, it is very difficult to have a product which is CDH.

Theorem 6.8. Let X ⊂ R be a Borel set. Then Xω is CDH iff X is a Gδ zero-dimensional

set, or an interval.

Proof. Let X be a Borel subset of R that isn’t Gδ. Then Xω is Borel in Rω. If Xω were
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CDH then the theorem above would say that Xω is completely metrizable, which implies

that X is completely metrizable. But a subset of the real numbers satisfies Gδ iff completely

metrizable, and so we have a contradiction. We conclude that for any Borel subset X ⊂ R,

X 6∈ Gδ =⇒ Xω is not CDH .

�

This above theorem justifies the earlier prediction that CDH on countable products

breaks apart at higher complexities. But consider the following recent contribution.

Theorem 6.9 (Medini, 2015, [23]). There exists X ⊂ 2ω that is not a Gδ but Xω is CDH.

We can say more about Medini’s subset X. It is not just Borel, it is consistenly ana-

lytic, meaning, there is a set of axioms for which the statement ‘X is analytic’ is consistent.

But there are other axioms which push the complexity of X even higher than analytic.

Even when considering subsets X ⊂ R (not Xω) set theory still enters the picture.

The theory on R starts with a counter-example that is not Gδ but is simply stated.

Theorem 6.10 (Fitzpatrick-Zhou, 1988, [11]). Qω is not CDH. (Q being the rational num-

bers).

Or the following result which gives a non-Borel set which is CDH.

Theorem 6.11 (Hrušák-Farah-Ranero, 2005, [17]). There is a CDH set of real numbers X

of size ℵ1.

It is intriguing that their set has cardinality ℵ1, regardless of whether |R| = ℵ1 or

not.

It might be worth nothing that we have encountered some interesting examples.

Example 6.12. X = (0, 1) ∪ {2}: A space that is homogeneous but not CDH.

Example 6.13. 2ω ×Q: A space which is the product of two CDH (each invidually homo-

geneous) but its product is not CDH (but is homogeneous).
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Our analysis on CDH goes as far as Borel but ends at the projective heirarchy. But

there is still more to be said about homogeneity and SLH. We left off with X ⊂ R which was

a Gδ and we gave conditions for when exactly Xω was homogeneous. Consider the following

theorem.

Theorem 6.14 (Lawrence, 1998, [22]). For all zero-dimensional subsets X ⊂ R, Xω is

homogeneous.

Which was extended shortly after to arbitrary spaces.

Theorem 6.15 (Dow-Pearl, 1997, [10]). For all zero-dimensional, first countable X, Xω is

homogeneous.

And so finally we can give our most general result on homogeneity.

Theorem 6.16. Let X ⊂ R. Then Xω is homogeneous if and only

(1) X is zero-dimensional, or

(2) X is a discrete union of closed intervals, or

(3) X is a discrete union of non-closed intervals.

An easy result of Lawrence’s theorem above is that for all zero-dimensional X ⊂ R,

Xω is SLH. And so we give a final characterization of SLH.

Theorem 6.17. Let X ⊂ R. Then Xω is SLH iff X is zero-dimensional, or an interval.
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