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ABSTRACT

A method was developed for predicting the instantaneous and creep

buckling characteristics of initially out-of-round'tubes subjected to lat-

eral external pressure. Both the critical pressure causing collapse and

the deformation of a tube at the instant of impending collapse may be de-

termined by the method. Stress distributions represented by segments of

the short-time stress-strain curve for the tube material were used to de-

termine the instantaneous buckling characteristics. For creep buckling,

approximate stress distributions derived from isochronous stress-strain

curves were utilized, and the resulting collapse predictions were observed

to become increasingly conservative with time.

The method was used to predict the instantaneous and creep buckling

characteristics of a series of 8.0-in. -o.d. type 304 stainless steel tubes

that were collapsed at a temperature of 1200 F. Although the number of

experimental tests did not represent an adequate sample, the instantaneous

collapse pressures agreed closely with the predicted values, and the time-

dependent collapse test results substantiated the observation that the

theoretical creep-collapse predictions become increasingly conservative

with time. It was found that a small initial out-of-roundness significantly

reduces the resistance of a tube to collapse.
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NOMENCLATURE

a Average radius to midsurface of tube wall, in.

A,m Constants in analytical expression for short-time stress-strain

curves, units are chosen to give strain in in./in. with stress

in psi

B,n Constants in constant-stress creep law, units are chosen to give

strain in in./in. with stress in psi and time in hr

D Mean diameter of tube, in.

E Modulus of elasticity, psi

Er Reduced modulus, psi

E Tangent modulus, psi

h Wall thickness of tube, in.

hl Distance from neutral surface to outer surface of tube at G = T/2,

in.

h2 Distance from neutral surface to inner surface of tube at 0 = T/2,

in.

I Moment of inertia for a column, in.4

Length of pinned-end column, in.

L Unsupported length of tube, in.

M Tangential bending moment per unit length of tube, in.-lb/in.

M Tangential bending moment per unit length of tube, at 0 = w/2,

in terms of external pressure, in.-lb/in.

M. Internal tangential resisting moment, at 0 = w/2, per unit

length of tube, in. -lb/in.

M0 Tangential bending moment, at 0 = 0, per unit length of tube,

in. -lb/in.

N Tangential compressive force per unit length of tube, lb/in.

No Tangential compressive force, at 0 = 0, per unit length of tube,

lb/in.

o.d. Maximum outside diameter of tube at any axial location, in.
max

o.d. .m Minimum outside diameter of tube at any axial location, in.

P Axial load for a pinned-end column, lb

P Critical axial load for pinned-end column, lb
cr
q Lateral external pressure acting on a tube, psi
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qcr Critical value of lateral external pressure causing collapse, psi

r Radius to midsurface of tube wall, in.

1/R Change in curvature resulting from bending of tube wall, in.~1

w Total radial deflection of tube wall midsurface from perfect circle

of radius a, in.

w0 Initial radial deviation from circularity of an out-of-round

tube, in.

W1 Radial deflection of tube from external pressure, in.

y Distance to a fiber measured from neutral surface of tube wall, in.

6 Value of Iwi on major and minor axes of deformed tube cross sec-

tion, in.

51 Value of Iwi on major and minor axes of deformed tube cross sec-

tion, in.

6 Value of deflection S at instant of impending collapse, in.cr
A Difference between outer and inner circumferential surface strains

at o = w/2, in./in.

E Normal component of strain, in./in.

El Circumferential strain on outer surface of tube at 0 = w/2, in./in.

E2 Circumferential strain on inner surface of tube at 6 = /2, in./in.

E Circumferential strain at neutral surface of tube at o = w/2,

in. /in.

Out-of-roundness factor for initially out-of-round tube, dimen-

sionless

0 Circumferential angle measured from minor axis of tube cross sec-

tion, radians

V Poisson's ratio, dimensionless

Normal component of stress, psi

Mean circumferential compressive stress, psi
m
T Time, hr
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1. INTRODUCTION

The instability and collapse of a circular cylindrical shell subjected

to lateral external pressure have long been subjects of investigation. In

recent years, however, the problem has assumed new proportions. The re-

quirements of neutron economy in nuclear reactors operating at high tem-

peratures and of maximum efficiencies in high-speed aircraft and missiles

that are subjected to severe aerodynamic heating dictate an optimum struc-

tural design. Optimum structural design, in turn, necessitates accurate

and reliable methods for predicting the instantaneous and time-dependent

buckling behavior of tubes subjected to external pressure.* In the case

of tubes with small initial dimensional imperfections, reliable analyses

do not exist.

In the past, tube-buckling investigations have been primarily con-

cerned with relatively thin, geometrically perfect shells in which buck-

ling is a purely elastic phenomenon. The theoretical buckling pressure

for such shells may be obtained from the relation developed by von Mises

(reported by Timoshenko and Gere'). In actuality, however, geometrically

perfect tubes do not exist, and any imperfections reduce the critical pres-

sure at which buckling occurs. In addition, collapse of thicker shells

is initiated through inelastic action, and the elastic solution does not

apply.

One of the most common and detrimental types of initial geometric im-

perfection is out-of-roundness. It is the purpose of this report to de-

scribe a method for predicting the elastic and inelastic buckling behavior

of initially out-of-round tubes subjected to lateral external pressure.

The analysis is based on a constant wall thickness. The method of analy-

sis is similar to Karmin's well-known analysis of eccentrically loaded

columns.2 It is assumed that the tubes are infinitely long and have a

zero net axial load. Segments of the uniaxial compressive and tensile

stress-strain diagrams for the tube material are used to represent the cir-

cumferential stress distributions in the tube wall. The initial out-of-

roundness is taken to be quasi-elliptical in shape, and it is assumed that

*Short-time collapse, as distinguished from time-dependent creep col-
lapse, will be referred to as instantaneous collapse.
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the deformations resulting from an increasing external pressure simply

magnify the initial quasi-elliptical shape of the tube. In addition to

predicting the critical collapse pressure for a tube with any small amount

of initial out-of-roundness, the proposed analysis can be used to predict

the deformation of the tube at the instant of impending collapse.

When time-dependent creep buckling is considered, an exact analysis

is limited by the lack of knowledge of the proper generalization of ten-

sile creep stress-strain relations to multiaxial stress conditions. The

methods of analysis that have been advanced have evolved mainly along two

lines. In one approach, an idealized material response has been used,

and, in the other approach, a simplified sandwich type of shell has been

used. In both cases application of the results under certain conditions

is questionable, and a lack of experimental verification exists. In con-

trast to the above two approaches, which are intended to be more or less

exact, a few attempts have been made to establish approximate methods that

could be used to describe creep buckling. These approximate solutions

have one common ingredient; they use the concept of isochronous stress-

strain curves in some form.*

A method has been proposed by Carlson and Schwope3 for predicting

the creep-buckling characteristics of columns in which segments of iso-

chronous stress-strain curves are used as approximations to the stress

distributions occurring in columns subject to creep in the same way as

K6rm6n used segments of the actual short-time stress-strain diagram to

represent non-time-dependent stress distributions. The method of predict-

ing the instantaneous collapse of initially out-of-round tubes given here

is extended to an approximate prediction of the creep buckling of initially

out-of-round tubes in a manner analogous to that used by Carlson and Schwope

to extend Karman's theory to an approximate prediction of the creep buck-

ling of columns.

*An isochronous stress-strain curve is simply an alternate method of

presenting creep data. Such a curve gives the total strain (elastic plus
time-dependent creep) which occurs at a given stress level during the time
for which the curve was drawn. The concept of isochronous stress-strain
curves will be further explained in Chapter 4.
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The proposed methods of analysis were used to predict the short-time

and time-dependent creep-buckling characteristics of tubes that were col-

lapsed in a program of experimental tube-buckling tests. The test speci-

mens were 8.0-in.-o.d. type 304 stainless steel tubes tested at a tempera-

ture of 1200 F. The collapse behavior of these tubes was predicted from

short-time compressive stress-strain curves obtained from sheet specimens

cut from the walls of the tubes. The creep data needed for the time-depend-

ent collapse predictions were furnished by the Metals and Ceramics Division

of the Oak Ridge National Laboratory.

The theories of column buckling supply the fundamentals for theoretical

treatments of all kinds of problems in the field of buckling. In particular,

the methods proposed here are generalizations of analyses which have been

used in column buckling. Thus, in Chapter 2, a review and description of

the evolution of column buckling theories is given, and the buckling theo-

ries for tubes subjected to external pressure are discussed as a parallel

to the theories of column buckling.

The third chapter contains the derivation of the instantaneous-buckling

theory of tubes based on the assumed quasi-elliptical initial out-of-round-

ness. A detailed step-by-step procedure for making short-time buckling

predictions is given. In the fourth chapter the proposed method is extended

to the prediction of creep buckling. The assumptions involved are dis-

cussed, and it is shown that the resulting buckling predictions are conser-

vative. In Chapter 5 the experimental tube-buckling tests are described,

and theoretical predictions obtained from the proposed methods of analysis

are correlated with the experimental results. Also included in Chapter 5

is a discussion of the collapse test of an 8.0-in. -o.d. tube that was in-

strumented with circumferential strain gages on both the inner and outer

surfaces. The objective of the test was to examine the actual behavior

of a tube in which instability occurs in the inelastic range. The tube

was subjected to external pressure at room temperature, and the strains

were recorded at increments of pressure. The results of the test are cor-

related with the theoretical assumptions and predictions. The final chapter

contains a brief summary and discussion. The applicability of the proposed

methods of analysis is discussed.
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The Appendix contains, as an example, a detailed description of the

calculations necessary to obtain the theoretical predictions for room-

temperature collapse that are given in Chapter 5. The results of each

step in the procedure are presented and explained.
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2. HISTORICAL DEVELOPMENT OF BUCKLING THEORIES

The theory of buckling, or instability, of structures has an interest-

ing and varied history. The peculiarities of the problem are due to the

intrinsic nature of instability and to the fact that the buckling phenomenon

is, in general, dependent upon the entire complex stress-strain relation-

ship of the material under consideration. Structural design is usually

based on the assumption that stable equilibrium exists between the external

loading and the internal stresses in the structure. Thus, any slight change

in loading does not cause disproportionately large changes in the stresses

and displacements of the structure. In contrast, the theory of buckling

is concerned with determining a potential unstable equilibrium condition

between external forces and internal stresses. This unstable equilibrium

is characterized by a sudden breakdown of the internal resistance of the

structure, together with disproportionately large increases in stresses

and deflections corresponding to small increases in external loading.

Failure to recognize the problem of buckling as a stability phenomenon

retarded the development of an appropriate theory of column buckling until

Euler, in 1744, pointed to the real nature of the problem. However, Euler's

formula for perfect columns was abandoned for almost a century because it

did not agree with experimental results obtained from columns of short and

intermediate length. It was not realized that the discrepancies were due

to the elastic limit being exceeded in portions of the column. Later, the

elastic limit was recognized as the limit of validity for Euler's formula.

However, it was not until the end of the nineteenth century that Engesser

in Germany and Considere in France independently recognized the unlimited

validity of Euler's formula, although in a generalized form. 4 ,5. K6rman,

in his famous paper, confirmed the conception of Engesser and Considere

with a series of carefully controlled tests, and, in addition, he presented

his classical theory for the exact analysis of the buckling behavior of

eccentrically loaded columns.

The theoretical reasoning of Engesser and Considere, Krmn's experi-

mental studies, and Karman's buckling theory for eccentrically loaded col-

umns have furnished the fundamentals for a theoretical treatment of many

problems in the field of buckling. The remaining sections of this chapter
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contain a brief discussion of the work of Euler, Engesser, Considere, and

Kerman, together with the parallel development of the theory of buckling

for long, geometrically perfect tubes subjected to lateral external pres-

sure.

Elastic Buckling

The familiar Euler's load for a perfectly straight slender column

(with hinged ends) subjected to a longitudinal force, P, applied along the

centroidal axis, is given by

ST 2EI
cr 2

where E is the elastic modulus, I is the minimum moment of inertia for the

uniform cross section, and 2 is the length of the column. Euler's load can

be derived from the differential equation of the deflection curve for the

column by determining the smallest axial force that can maintain the col-

umn in a slightly bent shape.6 The formula, as written, is valid only so

long as the elastic limit is not exceeded in any part of the column.

The same classical concept of instability can be used to obtain an

analogous formula for the critical value of lateral external pressure for

long, thin, geometrically perfect cylindrical shells. The critical pres-

sure, qcr, is obtained from the differential equation of the deflection

curve for a cross section of the tube perpendicular to the longitudinal

axis. 7 The critical pressure is defined as the smallest value of exter-

nal pressure that can maintain the tube in a slightly bent shape and is

given by

E h3

qcr= - , (1)
r 4(1 - v2)((

where E is again the elastic modulus, v is Poisson's ratio, h is the tube

wall thickness, and a is the radius to the middle of the tube wall. Equa-

tion (1) may also be obtained as a special case of the general formula
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developed by von Mises.8 The radial deflection, w, of the buckled tube

is given by

w = 8 cos 20 , (2)

where 5 is the maximum radial deviation from circularity and 0 is an angle

measured circumferentially around the tube. The buckled tube is thus quasi-

elliptical in shape. In a manner analogous to that of Euler's column for-

mula, Eq. (1), as written, is valid only so long as the elastic limit is

not exceeded in any portion of the tube.

Inelastic Buckling

Engesser's original theory of inelastic buckling of straight columns

was based on the assumption that at a certain critical stress, am, an un-

stable deflected equilibrium configuration is possible and that the defor-

mation is controlled by the tangent modulus, Et, corresponding to the criti-

cal stress, a . The tangent modulus is the slope of the compressive stress-
m

strain diagram at am and is given by

E =d--
t dE

Considere, at the same time, predicted that buckling of straight col-

umns beyond the elastic limit depended not on the tangent modulus alone

but on a variable modulus that lies between the elastic modulus and the

tangent modulus. The reasoning used by Considere is depicted in Fig. 1,

which shows the increments of stress and strain which result from a small

lateral displacement of a perfectly straight column. The stresses in the

fibers on the concave side of the column increase according to the tangent

modulus, Et. The stresses on the convex side of the column decrease, how-

ever, according to the modulus of elasticity. Considere did not present

any theory for determining the proper value of the effective modulus he

proposed; however, Engesser later recognized the value of Considere's con-

cept and, in 1895, introduced his double modulus theory of inelastic
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Fig. 1. Increments of Stress and Strain Resulting from a Small Lat-
eral Displacement of an Initially Straight Column.

buckling.9  His double modulus or reduced modulus, Er, as it is commonly

called, is dependent upon the elastic modulus, the tangent modulus, and

the cross section of the column. The reduced modulus for a rectangular

cross section is given below: 10

4EE
t3r = [(E)1/2 + (Et)1/ 2 ]2

Euler's formula for a perfect column can thus be extended to the inelastic

buckling of perfect columns by replacing the elastic modulus with the re-

duced modulus.

If the tangent modulus, rather than the reduced modulus, is used in

the Euler formula, the resulting critical loads are lower than those given

by the reduced modulus, and the resulting predictions agree well with
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experimental findings. Thus, the simpler formula containing the tangent

modulus is now widely used in design. The fact that the seemingly accurate

reduced-modulus theory leads to buckling loads that are usually greater

than those observed in careful tests has been explained by Shanley.1 1 The

reduced-modulus theory tacitly assumes that the column remains perfectly

straight until the critical load is reached. There is an implied assump-

tion, however, that something keeps the column straight while the load is

increased from that predicted by the tangent-modulus theory to the higher

value derived from the reduced-modulus theory. Actually, the first bifurca-

tion of the equilibrium position from the straight equilibrium configura-

tion occurs at a load given by the tangent-modulus theory. Thus, as the

load is increased beyond the tangent-modulus load, two equilibrium posi-

tions exist. Under this condition, bending can occur without the strain

reversal assumed in the reduced-modulus theory. Thus, Shanley concluded

(1) that the tangent-modulus theory gives the maximum load below which an

initially straight centrally loaded column will necessarily remain straight

and (2) that the column load may exceed the tangent-modulus load but can-

not be greater than the reduced-modulus load. The significance of Shanley's

conclusions was acknowledged by Karm6n in a comment on Shanley's original

paper. 12

The preceding discussion has been concerned with the inelastic buck-

ling of straight columns, but it also applies to the inelastic buckling

of long, geometrically perfect tubes subjected to external pressure. Thus,

the classical instability formula for long tubes, which is given by Eq. (1),

is valid in the inelastic range if a variable modulus is used in place of

the elastic modulus. The tangent modulus will give the lowest value of

external pressure for which a tube will remain perfectly round. The re-

duced modulus will give an upper limit for the collapse pressure that can

be attained only if the tube remains perfectly round. Since a tube can

be thought of as a long circular ring of rectangular cross section, Eq. (3),

which is the expression for the reduced modulus of a rectangular cross sec-

tion, also gives the reduced modulus for a tube.

One reservation must be mentioned in connection with the application

of Eq. (1) to inelastic buckling. There is a question as to the proper

value of Poisson's ratio to be used. In most theories of plasticity the
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assumption of constant volume is made. This gives a value of 0.5 for

Poisson's ratio. For a material that does not exhibit ideally plastic

behavior, the value of Poisson's ratio may be assumed to be somewhat greater

than the value for elastic action but less than the value for pure plastic

action; however, since the elastic value results in somewhat smaller values

for the critical pressure, it is commonly used in buckling predictions.

Buckling of Eccentrically Loaded Columns and
Initially Out-Of-Round Tubes

The previously discussed methods of analyzing inelastic buckling,

which utilize an effective modulus value in the elastic instability equa-

tions, are valid only for centrally loaded straight columns or for perfectly

round tubes, whichever the case may be. If the assumed conditions do not

exist, the stresses in the column, or in the tube, are no longer uniform

through a cross section, and instability depends not on the characteristics

of the stress-strain diagram at a single point but on the total integrated

effect of the entire stress distribution. Thus, when buckling of an ec-

centrically loaded or initially crooked column or of an initially out-of-

round tube is considered, the problem becomes vastly more complicated.

The first investigator to consider the buckling of eccentrically loaded

columns as a stability problem was Krmn who gave a complete and exact

analysis of the problem.1 3  K.rm6n's analysis considered the stress dis-

tribution at each axial location and thus lead to fairly involved calcu-

lations. The method presented by Krmn can be simplified by assuming that

the deflected centerline of the loaded columns is part of a cosine curve.

Such a simplified method was presented in 1928 by Westergaard and Osgood.1 4

The method simplifies the necessary calculations without impairing the prac-

tical accuracy of the results. Both eccentrically loaded columns and col-

umns with an initial crookedness were examined by Westergaard and Osgood.

Descriptions and discussions of the above solutions has been given by

Timoshenko and Gere1 5 and by Bleich.1 6

The method of analyzing the buckling behavior of tubes with an initial

out-of-roundness, which is presented in the following chapter, is based on

the same principles as those used by Karmn for columns, but a simplified
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approach similar to that taken by Westergaard and Osgood is used. It is

assumed that the initial out-of-roundness of a tube, together with the en-

suing radial deformations, is given by a cosine function.
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3. DERIVATION OF INSTANTANEOUS BUCKLING THEORY FOR TUBES
WITH INITIAL OUT-OF-ROUNDNESS

A long thin tube, which has a uniform wall thickness, a known initial

out-of-roundness, and is subjected to a uniform lateral external pressure,

is considered in deriving the instantaneous buckling theory. The wall

thickness of the tube is denoted by h, and the average radius to the mid-

dle of the tube wall is denoted by a. It is assumed that the tube is in-

finitely long, so no end effects exist. The form of initial out-of-round-

ness most commonly encountered is a slightly quasi-elliptical shape. This

initial deviation from circularity is approximated by the following expres-

sion:

wo = rgh cos 2e , (4)

where w0 is the initial deviation from a perfect circle of radius a and

is positive when directed radially inward, and r is a dimensionless out-

of-roundness factor given by

o.d. - o.d.
max min,(5)

4h

where o.d. and o.d. . denote the maximum and minimum measured values
max min

of outside diameter at a given axial location. The initial out-of-roundness

given by Eq. (4) is of the same form as the elastic-buckling deformation

of a geometrically perfect tube given by Eq. (2).

It is also assumed that as lateral external pressure is applied to

the tube, the ensuing elastic and inelastic deformation is merely an am-

plification of the initial out-of-roundness and is given by

w 6= cos 2O . (6)

The total radial deformation is thus given by

w = w + w1 = cos 2O (7)
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where S is the maximum deviation from circularity and is defined as

S=rah +81 .(8)

The deformations discussed above are illustrated in Fig. 2, which depicts

the deformation occurring at a typical tube cross section.

The relationship between the curvature change, (l/r) - (1/a), and the

deflection, w, for a thin circular ring or tube slightly bent in the plane

of its initial curvature is given by

UNCLASSIFIED
ORNL-LR-DWG 66517
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B DEFORMED TUBE
(w= 8 cos 2e)

Fig. 2. Typical Cross Section Depicting Deformed Shape of Tube.
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1 1 1 dew

r a a2\ d2

where the initial radius of the ring or tube is given by a, and the radius

of the bent ring or tube is given by r.1 7 If the initial deviation from

circularity is considered to be small, the above relation can be used to

describe the relation between the curvature change and the deflection caused

in the initially out-of-round tube by an external pressure. The change in

curvature caused by external pressure is denoted by l/R, and is expressed

as

1 1 d2w1

R w +. (9)
R a2 d62

Substituting Eq. (6) for w1 into Eq. (9) yields

1 351
- cos 2O - (10)

R a2

The above discussion has been concerned entirely with geometrical re-

lations. The tube will now be examined from the standpoint of statics. A

ring cut from a slightly deflected tube by two planes perpendicular to the

longitudinal axis of the tube and unit distance apart is considered. The

lower half of the ring is shown in Fig. 3, where the dashed lines represent

a perfectly circular tube and the solid lines represent the deformed tube.

It is assumed that A-C and 0-B are axes of symmetry for the deformed tube,

so the effect of the removed upper portion of the ring on the lower portion

can be represented by the tangential forces per unit length, N0, and the

tangential moments per unit length, M . The uniform external pressure on

the ring is denoted by q. The bending moment at any location around the

ring is given by the following relation:1

MM -qa( -w) .1 (11)
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Fig. 3. Half of Ring Cut from Slightly Deformed Tube Showing In-
ternal Forces and Moments Necessary for Equilibrium.

Here, the moments are positive if they tend to decrease the initial curva-

ture, and w is positive if directed radially inward, as before. The as-

sumed deformation, w, of the tube is given by Eq. (7), which has first and

second derivatives, given by

= -26 sin 20

A

8

i

y/ 
_

w
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and

d2w--- =, cos 2 .
d0 2

At values of the angle 0 given by (w/4) + (nw/2), both the deflection, w,

and the second derivative, d2w/d02, are equal to zero. Thus, from Eq. (9),

the change in curvature is zero at these angles and, consequently, the in-

ternal bending moments, M, at these points are also equal to zero. This

observation allows the determination of the unknown bending moment M.

Using Eq. (11), it may be seen that

0 =M0 -qa(8-0)

or

M = qa68

The tangential moment, M, at any point in the tube wall is thus given by

M=qaw . (12)

It is interesting to note that the perfect circle of radius a can be thought

of as a funicular curve for the external pressure, q, in the same way that

the bending-moment diagram for a beam loaded by transverse forces is a fu-

nicular polygon for the loading on the beam. The actual tangential bend-

ing moment at any location is obtained by substituting the expression for

w given by Eq. (7) into Eq. (12):

M = qa8 cos 2O . (13)

This discussion has been concerned with the deflection, curvature

change, and bending moment for any angular position in the tube wall; how-

ever, since the form of the radial deformation is fixed, the buckling be-

havior of the tube can be examined by considering a single angular location.
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For convenience, either the location at 6 = 0 or at 0 = w/2 could be chosen.

Using the analysis presented here, the results obtained by considering the

two separate locations would be exactly the same. The location at 0 = /2

was arbitrarily chosen for examination. The specific value of the tangen-

tial bending moment, given by Eq. (13), at 0 = 7/2 will be referred to as

the applied moment, Ma, since its value depends on the applied external

pressure, q. The applied moment is thus given by

M= -qa' . (14)

The moment given by the above equation is called the applied moment simply

as a convenience. A second equation for the tangential moment will be de-

veloped later in terms of the stress distribution in the tube wall. The

moment given by this second equation will be called the internal resisting

moment. Actually, the two moments are one and the same under equilibrium

conditions.

In the derivation, E 2 denotes the circumferential strain at the inner

surface of the tube at 0 = w/2, and El is the corresponding outer surface

strain at the same location. In addition, the difference E1 - E 2 is de-

noted by

A=E1 -E 2  - (15)

The usual assumptions are made that plane sections remain plane during

bending of the tube wall and that the same relation exists between stress

and strain as in simple uniaxial tension and compression. This latter re-

lation is depicted by the stress-strain curve in Fig. 4. The stress dis-

tribution across the tube wall is represented by the segment A-B of the

stress-strain curve. The shift of the neutral surface from the location

of the centroidal surface, as depicted in Fig. 4, is due to the nonlinearity

of the stress-strain diagram. The fact that the tube cross section is

curved will also cause a shift in the neutral surface. For thin tubes,

however, the shift caused by this curved-beam type of effect is negligible

and is neglected herein. As an example, it has been found1 9 that for curved

beams with a rectangular cross section, the effect of curvature on the
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stress distribution is negligible for radius-to-thickness ratios greater

than 10.

If hl and h 2 denote the distances from the neutral surface to the

outer and inner surfaces of the tube wall at 6 = w/2, as shown in Fig. 5,

which depicts the curvature resulting only from the external pressure

00oool

B

A 2.
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loading, and y represents the distance from the neutral surface to any

fiber in the tube wall, the circumferential strain at any point is given

by

E = E + y (16)

where c is the circumferential strain at the neutral surface. As in Fig.

4, E0 may also be thought of as the defining amount of strain by which the

neutral surface is shifted from its position for pure bending. A relation-

ship between the change in curvature, l/R, and the strain difference, A,

can be obtained from Eqs. (15) and (16), as follows:

hA h2 h +h 2

A =-E1- - E+R + --- R +- R
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or

A = R .(17)

The internal tangential forces and moments in the tube wall, at

6 = wr/2, can be reduced to the compressive force, N, applied at the cen-

troidal surface and the resisting moment, M., as shown in Fig. 5. The in-

ternal resisting moments acting on the segment of the tube wall shown in

Fig. 5 are denoted by M. and are shown as negative to correspond to the

adopted sign convention for moments. The values of N and M. can be de-

termined from statics by using the stress-strain diagram. Rearranging

Eq. (16) gives

y = (E -- Eo)R ,

and hence

dy=RdE

The magnitude of the compressive force N is thus

hl El

N=f cdy=Rf -dE

-2 E2

which, by the use of Eq. (17), becomes

E1

N=h f
E2

The average compressive stress, -, in the tube wall is obtained by di-

viding the above equation by the cross-sectional area, h, of a unit length

of tube wall:
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1El

m=1- f dE . (18)
E2

The integral in Eq. (18) represents the area under the stress-strain dia-

gram in Fig. 4 between El and 62. Equation (is) indicates that the value

of C (which locates the neutral surface) is such that the two shaded areas,

Al and A2, in Fig. 4 are equal. This means, for instance, that for a given

tube subjected to an external pressure q, the mean circumferential stress,

m, in the tube is simply the hoop stress and may be easily calculated. If

the tube is bent so that the curvature change is l/R, A may be found by

Eq. (17). Knowing A and m, Eq. (18) specifies that El and 62 must be

chosen so that the areas A1 and A2 in Fig. 4 are equal.

The resisting moment M. is given by the expression

1 hl R2 El

M. = - 1 1f ay dy= R f 5( - E) dE
1 -v 2  -h2 1 -v 2  2

or, using Eq. (17),

2 El

M. = - h f (E - E ) dE . (19)
1 A2 (1 - v2 ) 620

The factor l/(1 - v2) is included in Eq. (19) as an approximate correction

to account for the fact that the ring under consideration is actually a

portion of a tube, and the rectangular cross sections of the ring are not

free to distort during bending, as in the case of an isolated ring. The

minus sign is included to conform to the adopted sign convention. The in-

tegral in Eq. (19) represents the static moment of the area under the stress-

strain diagram in Fig. 4, between el and 62, with respect to the line rep-

resenting the neutral surface. If the equation for the stress-strain dia-

gram is not known, as is usually the case, this fact can be used to obtain

values of M., graphically or numerically.

The internal resisting moment given by Eq. (19) depends on the char-

acteristics of the stress-strain diagram and on the tube wall thickness,
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h; however, the theoretical buckling characteristics of the class of tubes

being considered are dependent not on the wall thickness of the tube alone,

but also on the mean radius-to-thickness ratio, a/h. Thus, all tubes with

a given a/h ratio will have the same predicted buckling characteristics if

they are of the same material and have the same initial out-of-roundness.

Since the buckling characteristics do depend only on the a/h ratio, the

wall thickness, for convenience, will be taken as unity in further discus-

sion. The radius, a, will be chosen to give the a/h ratios of interest.

With h = 1, the internal moment M. is dependent only on the characteristics

of the stress-strain diagram of the material. Referring to Fig. 4, the

mean stress, mi, is simply the hoop stress in the tube wall and is depend-

ent on the external pressure. If it is assumed that the external pressure

on a tube remains constant so that a remains constant, and the tube thenm
undergoes a small radial displacement, the strain difference, A, increases

and Ec and E2 change. Knowing A, the values of El and e2 can be found by

remembering that, according to Eq. (18), the area Al must equal the area

A2 in Fig. 4. Since el and E2 can be found, the internal resisting moment,

M., given by Eq. (19) may be determined. Thus, for any value of A the in-

ternal resisting moment can be calculated. If -M. is calculated for several

values of A, the resulting -M. values can be plotted. The typical shape

of the resulting curve is depicted in Fig. 6. By considering several mean

stresses, a family of -M. versus A curves may be obtained, with each one

representing a mean stress, m. The -M. versus A curves play an important

role in the method of predicting buckling that is described here.

All the preceding discussion has been concerned with developing the

basic relations necessary to formulate a theory for determining the buck-

ling characteristics of an initially out-of-round tube. We will now con-

sider a tube subjected to a nonvarying external pressure and assume that

the tube undergoes a slight increase in the radial deflection, 8, at B = r/2.

If the tube is initially in a condition of equilibrium, the internal resist-

ing moment, M., is equal to the externally applied moment, Ma, and, as a

result of the additional radial deflection, both the resisting moment and

the applied moment increase. If the rate of increase of the internal re-

sisting moment, given by dM./dB, is greater than the rate of increase of

the external moment, given by dMa/ds, the tube is in stable equilibrium.
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If the rate of increase of the internal resisting moment is less than the

rate of increase of the external moment, however, the tube is in unstable

equilibrium and collapse of the tube will occur. One possibility remains;

that is, the two rates of increase are equal. This condition corresponds

to a state of indifferent equilibrium. For a given tube characterized by

a mean radius-to-thickness ratio, a/h, and an initial out-of-roundness fac-

tor, rj, the value of external pressure for which the relation

dM dM.
a _ i1(20)

d6 dS 20

is satisfied is the maximum external pressure that the tube can withstand

and is defined as the critical collapse pressure.

The left-hand side of Eq. (20) can be obtained by differentiating

Eq. (14) to give

dM
=-qa . (21)

The right-hand side can be evaluated by observing that
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dM. dM. dA
1 d 1d

as A db
(22)

By combining Eqs. (10) and (17) and considering the point at A = 7/2, the

following relation between A and 81 is obtained:

A 361

h a2
(23)

Since 51 = 5 - rh, Eq. (23) can be rewritten as

35h _3vh

a2  a2

Differentiating with respect to S yields

dA 3h

db a 2

Substituting this expression into Eq. (22) gives the following relation:

dM. 3h dM.
1 ._

dB a2 dA
(24)

Combining Eqs. (21) and (24) according to Eq. (20) gives

dM. qa3

dA 3h
(25)

Neglecting the small radial deformation, w, the relation between the ex-

ternal pressure, q, and the mean circumferential stress, 5, is

2hcr

q 2= _ m . (26)
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Substituting Eq. (26) into Eq. (25) yields

dM. a3 ,
1 m (27)

dA3 a + -_

as the relationship defining the condition of impending instability of the

tube. Thus, to determine the initial out-of-roundness which will cause

buckling of a tube, with a given a/h ratio, at the assumed value of the

mean circumferential stress, m , it is only necessary to locate on the

corresponding curve of -M. versus A the point for which the slope is given

by the right-hand side of Eq. (27). Knowing the abscissa A and the ordinate

-M. of this point, the value of 51 can be obtained from Eq. (23), which is

rearranged below:

S a -. (28)

The value of 3 can be obtained from the following equation, which, in turn,

was obtained by substituting Eq. (26) into Eq. (14) and remembering that

M must equal M.:

M. (2a + h)

s = . (29)

cr 2ah
m

Knowing 5 and S1 , the initial out-of-roundness factor, r, necessary to

produce collapse is found from Eq. (8).

When such calculations are repeated for several values of cr, the

carrying capacity of the tube for given values of r can be established.

Since the buckling predictions depend on the mean radius-to-thickness,

a/h, and on the initial out-of-roundness factor, r), it is usually desired

to obtain curves which give the lateral external pressure, qcr, that will

produce failure as a function of the mean radius-to-thickness ratio and

with the initial out-of-roundness as a parameter. To obtain such curves,

the wall thickness, h, should be taken as unity in all the above equations,
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and a range of values for the radius, a, should be considered correspond-

ing to the a/h ratios of interest. The same calculations also furnish values

of the total dimensionless deflection S/h at the instant of impending col-

lapse. These values are denoted by 5cr/h and can be plotted as curves,

each of which corresponds to a given value of I and which relate bcr/h to

the mean radius-to-thickness ratio of the tubes.

In order to clarify the preceding discussion, the step-by-step pro-

cedure necessary for making a complete analysis is outlined below:

1. Obtain a representative stress-strain diagram for the material of

the tubes being considered. The stress-strain diagram should include both

compression and tension.

2. Choose several different values of mean stress (hoop stress) dis-

tributed over the range of a/h values to be investigated. Preliminary pre-

dictions using tangent moduli in the classical instability formula, Eq. (1),

are helpful in picking appropriate values of the mean stress. Each mean

stress value will furnish one point on the plot of critical collapse pres-

sure versus a/h ratio for a given initial out-of-roundness, .

3. Calculate, for each mean stress, values of the internal resisting

moment, M., corresponding to several values of the strain difference A. To

do this, locate m and consequently E on the stress-strain curve (see Fig.
mo

4). Now, choose a value of E1 slightly greater than e . Knowing E1, E2

can be found by remembering that, according to Eq. (18), the area A2 must

equal the area A1. The resisting moment, M., can now be determined by Eq.

(19). The tube wall thickness should be taken as unity. Additional (M.,A)

points are obtained by choosing additional values of e1 and repeating the

above procedure.

4. Using the points obtained in step 3, plot a curve of -M. versus A

for each of the mean stresses under consideration.

5. Using Eq. (27), calculate -dM./dA for several a/h ratios distrib-

uted over the range of interest. Values should be determined for each of

the mean stresses under consideration. The wall thickness, h, in Eq. (27)

should be taken as unity, and the radius, a, should be chosen to give the

a/h ratios of interest.

6. Using the appropriate -M. versus A curves, locate the points

(-M ,A) at which the slopes are equal to the values of -dMi/dL calculated
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in step 5. These points give values for M. and A corresponding to each

value of a/h and m.

7. Knowing sets of values of m, a/h, A, and M., calculate a value

of 51 and a value of 6, for each set, using Eqs. (28) and (29), respectively.

Then calculate the out-of-roundness factor, r), for each set. The out-of-

roundness factor is given by

i(l) = 5--s .

8. Plot r versus a/h for each value of m. From these plots, deter-
m

mine the values of a/h corresponding to the values of I chosen for exami-
nation. These a/h ratios correspond to tubes which when subjected to the

mean stress, m, under consideration, would buckle if their initial out-

of-roundness were given by the corresponding r value.

9. Using Eq. (26), calculate the value of qcr corresponding to each

set of values of m, a/h, and r). When this step is repeated for each of

the m values, points of q versus a/h, with rl as a parameter, are obtained.
m cr

Using these points, a curve of qcr versus a/h may be plotted for each g.

10. Using the values of 6 obtained from Eq. (29) in step 7, plot 6/h

versus a/h. A curve will be obtained for each of the mean stresses being

considered.

11. Pick from the curves of step 10 the values of 6/h which corre-

spond to the a/h values determined in step 8. These 6/h values are actually

values of 6cr/h corresponding to the a/h values of step 8 which, in turn,

correspond to the r values being considered.

12. Using the results of step 11, plot cr/h versus a/h with r as a

parameter.

In the Appendix, the above step-by-step procedure is applied to a

specific case, and the results of the intermediate steps are presented.

It is interesting to show that the classical instability formula, Eq.

(1), can be derived as a special case of the theory presented in this chap-

ter, even though the formula is usually developed in a seemingly different

manner. A stress-strain relation given by

=E
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is considered. Substituting this relation into Eq. (19) and using the

fact that, since the stress-strain relation is linear,

A
E1=E +-o 2

and

A
2 = E 0  

2

it is found, after simplification, that

Eth2A

12(l - v2 )

Assuming that the tube is initially round (r) = 0), the following relation

may be obtained by substituting Eqs. (28) and (29) into Eq. (8).

M. (2a + h) a2A

c- 2ah 3h
m

Rearranging this equation and using the above expression for M., it can be

seen that

(2a + h) Eth2

m 8a3(l - v2 )

Substitution of this expression for o into Eq. (26) yields
m

Et h

qcr 4(1 - v2) a)
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which is the classical instability formula with the elastic modulus re-

placed by the tangent modulus. Thus, the classical buckling formula is

a special case of the more general theory presented here. It may be seen

that the use of the tangent modulus, Et, in the classical buckling formula

is strictly correct only if the stress-strain curve is linear and the ini-

tial out-of-roundness is zero.
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4. EXTENSION OF SHORT-TIME INSTANTANEOUS BUCKLING
THEORY TO CREEP BUCKLING

The procedure presented in the previous chapter for predicting the

short-time buckling behavior of initially out-of-round tubes can be used

to estimate the collapse behavior of tubes subjected to creep. The method

utilizes segments of isochronous stress-strain curves to approximate stress

distributions during creep in the same way that segments of ordinary stress-

strain curves were used to represent the stress distributions in the wall

of a tube subject to instantaneous collapse. The principles involved are

analogous to those used by Carlson and Schwope in their investigations of

the creep buckling of imperfect columns.20,21

Isochronous stress-strain curves are a useful means of presenting

creep data. Such curves depict the total strain (elastic plus short-time

plastic plus time-dependent plastic) which will occur, at any stress level,

during the time period for which each curve is constructed.2 2 The curves

for different time periods appear to be stress-strain diagrams but actually

are not, in the usual sense. An isochronous stress-strain curve for a time

period of T. hours is depicted in Fig. 7. The curve labeled T represents

the ordinary short-time stress-strain curve for the material. The amount

of creep strain which occurs during the time T. at the stress c-B is given
1B

by B-E.

If an external pressure is rapidly applied to a tube, the initial

stress distribution at 6 = 7T/2 (see Fig. 2) can be represented by the seg-

ment A-B of the short-time stress-strain curve in Fig. 7. The stresses,

in this case, are sufficiently large to cause creep. The nonuniform stress

distribution will, moreover, cause nonuniform creep strains, which, in turn,

will result in an increase in the radial deformation of the tube. This in-

crease in deformation will increase the applied moment, and, consequently,

the stresses must readjust in order to maintain an internal and external

moment balance. To satisfy the requirement for a larger internal resisting

moment, the magnitude of stress oB will increase, and, since the mean stress,

-, remains essentially constant, the magnitude of stress 6A will decrease.
m A
If after a finite time Ti, cYB increases in magnitude to a value cYB, and o-A
decreases in magnitude to a value ocA,, the end points of the stress-strain
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distribution will move to B' and A', respectively. This can be shown by

separating the elastic and plastic deformations and considering extreme

paths of change. Considering B, for example, the point B, in one extreme,
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two extremes so that the final stress distribution will be A'-B' as shown

in Fig. 7.

As may be seen, the final stress distribution curve, A'-B', is more

steeply inclined than the T. curve in the region of the mean stress, j.

If, now, a segment of the T. curve were to be used as an approximation to

the real stress distribution A'-B', it would appear as A" -B" in Fig. 8,

and the tube would appear to be less resistant to collapse than it actually

is. This property of the isochronous stress-strain curves then forms the

basis for a means of estimating the allowable lateral external pressure

capacity for tubes subjected to creep. The resulting estimates are con-

servative for the time for which the determinations are made. The degree

of conservatism increases with increasing time, since, as the time period
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increases, segments of the isochronous curves become less accurate approxi-

mations of the true stress distributions.

To examine the creep-buckling characteristics of initially out-of-

round tubes by the above method, the procedure given in Chapter 3 is used

and the isochronous stress-strain curves are treated as if they were or-

dinary short-time stress-strain curves. If the isochronous stress-strain

curve for T. hours is used, then the resulting predictions will be those

which will produce collapse at the end of T. hours.

The time-dependent tangent modulus is defined as the slope of an isoch-

ronous stress-strain curve for a given mean stress just as the ordinary

tangent modulus is the slope, at any point, of the ordinary stress-strain

diagram. Similarly, just as ordinary tangent or reduced moduli are often

used in the classical instability formula to predict short-time buckling

of geometrically perfect tubes, time-dependent tangent. or reduced moduli

are used to predict creep buckling of perfect tubes. As shown by Carlson

for the case of columns, the resulting predictions may be interpreted as

approximations to conservative estimates.2 3 The approximations, however,

may be either conservative or nonconservative when applied to imperfect or

real tubes.
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5. APPLICATION OF THEORY AND CORRELATION WITH EXPERIMENTS

An experimental tube-collapse program is being conducted to provide

both instantaneous and time-dependent collapse data applicable to the ex-

perimental through-tubes in the Experimental Gas-Cooled Reactor (EGCR) which

is being built by the Atomic Energy Commission at Oak Ridge, Tennessee.

The major portion of the work is being done on models, but specimens near

the sizes of the tubing for the reactor are also being tested. The experi-

mental work on the larger specimens has included tests, at a temperature

of 1200 F, using four 8.0-in.-o.d., 0.25-in.-wall tubes of type 304 stain-

less steel. The specimens were all from the same heat, and they were pur-

chased in accordance with ASTM-A-213 TP-304 specifications. The specimens

were approximately 9 ft long, with a consequent length-to-diameter ratio,

L/D, of approximately 14. Tests performed by The University of Tennessee

Mechanical Engineering Department on tubes with a mean radius-to-thickness

ratio of 18.0 have indicated that tubes with L/D ratios greater than 12.5

behave as infinitely long tubes from the standpoint of collapse.24 Although

the mean radius-to-thickness ratio of the 8.0-in.-o.d. specimens was ap-

proximately 15.5 rather than 18.0, it is believed that the L/D ratio of 14

was sufficient to produce infinite tubes from the standpoint of collapse.

The large size of the 8.0-in. -o. d., 0.25-in.-wall tubes afforded an

opportunity to obtain compressive stress-strain diagrams from sheet speci-

mens cut from the walls of the actual collapsed tubes, and these diagrams

were used to predict the buckling behavior of type 304 stainless steel tubes

at a temperature of 1200 F. The time-dependent portions of the isochronous

stress-strain diagrams, which were used to predict creep buckling, were ob-

tained from creep data furnished by the ORNL Metals and Ceramics Division.

In order to examine the actual behavior of an initially out-of-round

tube in which instability occurs in the elastic range, a fifth 8.0-in.-o.d.,

0.25-in.-wall type 304 stainless steel tube was instrumented with strain

gages and collapsed at room temperature. The strains were recorded at in-

crements of external pressure, and the test results were correlated with

theoretical predictions of the collapse behavior.
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Theoretical Predictions

Compressive stress-strain diagrams were obtained from sheet specimens

cut from an undeformed portion of one of the 8.0-in. tubes that had been

collapsed instantaneously at a temperature of 1200 F. Three separate com-

pressive stress-strain diagrams were obtained at a test temperature of

1200 F. A single representative curve was drawn based on the three actual

curves, and this representative curve was used in the analysis. Tensile

stress-strain diagrams were also obtained from specimens cut from a col-

lapsed tube. The results indicated that the initial portions of the ten-

sile and compressive diagrams were almost identical. Thus, for simplifi-

cation, the compressive curve was assumed to represent the tensile behavior

also.

The initial portion of the representative compressive stress-strain

diagram is shown in Fig. 9, together with 50- and 500-hr isochronous stress-

strain diagrams for type 304 stainless steel at 1200 F. The time-dependent

strains given by the isochronous curves were obtained from the following

constant-stress creep law, which consists of a secondary or steady-creep

term only:

= (7320.)60At (30)

Here, e is in in./in., and the time increment, AT, is in hours. The creep

law was obtained from relaxation tests using a method developed by Kennedy

and Douglas2 5 and agrees well with constant-stress creep-test data.

The method of predicting the buckling characteristics of initially

out-of-round tubes was used, in connection with the three curves in Fig. 9,

to predict the instantaneous and time-dependent (after 50 and 500 hr) col-

lapse behavior of type 304 stainless steel tubes at a temperature of 1200 F.

Initial out-of-roundness factors of 0, 0.05, 0.1, and 0.2 were chosen for

examination. These values represent the range of out-of-roundness usually

found in commercial tubing or cylindrical pressure vessels. The range of

mean radius-to-thickness ratios between 12 and 28 was chosen for considera-

tion. The lower limit was chosen because, as was previously discussed, the
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effects of the wall curvature are expected to become significant for mean

radius-to-thickness ratios less than 10.* The upper limit was arbitrarily

chosen.

The resulting instantaneous collapse predictions are shown in Figs.

10 and 11. Figure 10 gives the critical collapse pressure, qgr, as a func-

tion of the mean radius-to-thickness ratio, a/h, with the initial out-of-

roundness factor, 71, as a parameter. It may be seen that the critical pres-

sure is significantly reduced by a small initial out-of-roundness. The

critical value of the total radial deflection S at collapse is depicted in

Fig. 11 as a function of the mean radius-to-thickness ratio. The initial

out-of-roundness is again a parameter. The critical deflection, cr, is

divided by the tube wall thickness, h, to yield a dimensionless deflection.

*See pp. 17-18.
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Fig. 10. Predicted Instantaneous Critical Collapse Pressure Versus
Mean Radius-to-Thickness Ratio for Initially Out-of-Round Type 304 Stain-
less Steel Tubes at 1200 F.

The critical deflection for geometrically perfect tubes (ii = 0) may have

any magnitude between zero and the values shown in Fig. 11. This illus-

trates the bifurcation of equilibrium positions which can occur in a geo-

metrically perfect tube.

The results of the approximate time-dependent collapse predictions

are presented in Figs. 12 through 15. Figure 12 gives the external pres-

sure that will cause collapse after 50 hr as a function of the mean radius-

to-thickness ratio, with the initial out-of-roundness factor as a parameter.

The corresponding deflections at collapse are shown in Fig. 13. Figures

14 and 15 correspond to Figs. 12 and 13, respectively, but they are for a

time of 500 hr.

As a comparison between the collapse predictions for out-of-round

tubes obtained using the methods developed in this report and the predictions

77 0.1 
= .
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Fig. 11. Predicted Critical Deflection Versus Mean Radius-to-Thickness
Ratio for Instantaneous Collapse of Initially Out-of-Round Type 304 Stain-
less Steel Tubes at 1200 F.

obtained using the classical instability formula, the tangent and reduced

modulus methods of predicting buckling were used to predict the buckling

pressure for tubes whose short-time and isochronous stress-strain curves

are represented by Fig. 9. The tangent and reduced moduli for the stress-

strain curves of Fig. 9 are shown in Fig. 16 as a function of the stress.

The reduced-modulus values were calculated using Eq. (3). The resulting

predicted critical collapse pressures are shown in Fig. 17 for instantane-

ous, 50-hr, and 500-hr collapse. The lower curves in each band represent

the tangent-modulus predictions, and the upper curves represent the reduced-

modulus predictions. The dashed line represents the predictions which would

be obtained if the inelastic buckling were ignored and the buckling pre-

dictions were based on the modulus of elasticity. A comparison of the

shaded bands in Fig. 17 with the predictions given in Figs. 10, 12, and 14

indicates that the predictions obtained using the classical instability

formula give slightly lower collapse pressures than were obtained using the

more general method and assuming an initial out-of-roundness of zero.
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77 
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Fig. 13. Predicted Deflection at Collapse After 50 hr Versus Mean
Radius-to-Thickness Ratio for Initially Out-of-Round Type 304 Stainless
Steel Tubes at 1200 F.
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Fig. 14. Predicted Pressure Causing Collapse After 500 hr Versus
Mean Radius-to-Thickness Ratio for Initially Out-of-Round Type 304 Stain-
less Steel Tubes at 1200 F.
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Fig. 17. Collapse Predictions for Geometrically Perfect Tubes Based
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Correlation with Experimental Results

The test facility used to collapse the 8.0-in.-o.d., 0.25-in.-wall

tubes was an electrically heated autoclave designed to impose an external

pressure on a test specimen at temperatures up to 1400 F. A 6 1/2-in.-o.d.

insert was used inside the test specimens to prevent jamming inside the

autoclave as a result of excessive deformation. Two separate alarm systems

indicated collapse. The first utilized an electrical circuit that rang

an alarm bell when the specimens made contact with the steel insert. The

second was activated by the pressure increase resulting from a volume change

in the annulus between the specimens and the insert. Helium was used to

apply the external pressure.

Two of the four specimens tested at a temperature of 1200 F were col-

lapsed instantaneously, and the remaining two underwent time-dependent col-

lapse. One of the tubes, which collapsed instantaneously, is shown in Fig.

18. The thermocouples used to record the specimen temperature are shown

on the tube. The test facility is in the background. Each of the four

specimens collapsed into the characteristic two-lobe mode exhibited by the

specimen in Fig. lg.

To obtain a clear picture of the dimensional variations throughout

each specimen, the outside diameters and wall thicknesses of each tube were

measured at 1-ft intervals along the tube axis and at angular increments

around the circumference of the tubes at each axial location. In every

specimen, the cross sections at each axial location were found to be ini-

tially quasi-elliptical in shape, and an out-of-roundness factor, r, was

calculated, using Eq. (5), for each location. An average out-of-roundness

factor for each tube was obtained by averaging the values for the axial

locations. The dimensional data and collapse conditions for the four tubes

are given in Table 1. Both the average out-of-roundness factor and the

maximum out-of-roundness factor are given for each tube because it is ques-

tionable as to which value should be used in collapse predictions. The

average wall-thickness variations shown in Table 1 are the averages of the

values at each location and are based on the average measured wall thick-

ness.
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Table 1. Dimensional Data and Collapse Conditions for Type 304 Stainless
Steel Tubes Collapsed at a Temperature of 1200 F

Specimen Specimen Specimen Specimen
Number Number Number Number
RD-l RD-2 RD-3 RD-4

Average measured mean radius-to- 15.02 15.83 15.71 15.40
thickness ratio, a/h

Average measured wall thickness, in. 0.258 0.245 0.247 0.252

Average out-of-roundness factor 0.025 0.036 0.032 0.023

Maximum out-of-roundness factor 0.041 0.184 0.182 0.035

Average positive wall-thickness 4.72 5.36 5.57 5.95
variation, %
Average negative wall-thickness -4.56 -5.51 -5.63 -5.86
variation, %
External collapse pressure, psi 805 780 595 460

Time to collapse, hr -0 ,0 60 3410

The initial variations in outside diameter and wall thickness at each

axial location are depicted in Figs. 19, 20, and 21 for specimens RD-l,

RD-2, and RD-3, respectively. A circle was chosen to represent the nomi-

nal 8.0-in. outside diameter, and the actual diameter, in each case, was

drawn by greatly magnifying the deviations from the nominal diameter. A

second circle was chosen to represent the nominal inside diameter, and the

wall-thickness variations from the nominal 0.250 in. were plotted from this

circle. The approximate orientation of the cross section of the collapsed

tube at each axial position is sketched in the center of each of the plots

in Figs. 19 through 21. A comparison of the out-of-roundness, the wall-

thickness variation, and the orientation of the collapse pattern may be

made by examining these figures.

Specimen RD-4, which was subjected to an external pressure of 460 psi

and collapsed after 3410 hr, was removed from the test facility after 1056

and 2168 hr of total test time, and outside diameter measurements were made

at each of the locations where initial measurements were made. By compar-

ing these measurements with the initial measurements, the creep behavior

of the tube, during the first 2168 hr of the test, was examined. This com-

parison is shown in Fig. 22, together with the initial wall-thickness
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variations. The orientation of the collapse pattern at each axial loca-

tion is sketched at the center of each plot. An examination, in consecu-

tive order, of the plots in Fig. 22 indicates that each cross section of

the tube had an initial quasi-elliptical shape, with the major axis spi-

raling counterclockwise around the tube from top to bottom. Furthermore,

this initial ellipticity was simply magnified by creep of the material under

the external pressure. The deformation that occurred during the 1112 hr

after the 1056-hr measurements was considerably less, however, than that

which occurred during the first 1056 hr. This behavior can be neither

varified nor refuted using the simplified theoretical analysis given here.

Although the differences in dimensions for the 1056 hr and the 2158 hr

measurements are small, they are greater than or equal to the precision

associated with the measurements, and the trend toward greater ellipticity

is real. As was expected, the orientation of the final collapse pattern

of the tube corresponded to the quasi-elliptical deformation of Fig. 22.

In order to compare the experimental results with the theoretical

predictions, the nominal mean radius-to-thickness ratio of 15.5 was chosen

and the collapse pressures for instantaneous, 50-hr, and 500-hr collapse

given by Figs. 10, 12, and 14, respectively, are replotted in Fig. 23 as

a function of time to collapse. The out-of-roundness factors are used as

parameters. The dashed portions of the solid curves represent extrapola-

tions above 500 hr and are based on the shape of a similar curve which was

obtained using the tangent-modulus concept and which extended to 5000 hr.

The four experimental points are also plotted in Fig. 23 and a curve is

drawn through them. Although the four experimental points do not represent

an adequate sample, they do follow an expected trend in that the time-

dependent predictions become increasingly conservative with time.

The experimental tests did not exactly fit the conditions of the theo-

retical analysis, since the capped ends of the tubes introduced an axial

force in the specimens. It was assumed in the theoretical development that

the net axial force was zero. An axial force has two effects, both of which

are small. First, it produces a so-called beam-column effect that slightly

reduces the collapse pressure, and, second, an axial stress affects the

stress-strain relation in the circumferential direction. In addition to

the axial force, the wall-thickness variations in the test specimens would
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Fig. 23. Comparison Between Experimental Results and Theoretical
Predictions for Type 304 Stainless Steel Tubes Tested at 1200 F.

also be expected to reduce their collapse resistance. This latter effect

has been investigated and reported by Ellington.2 6  It was assumed that

the wall-thickness variations were due to an eccentric bore and that col-

lapse occurred in the elastic region. The effects of wall-thickness varia-

tions which are commonly encountered were reported to be small. As an ex-

ample, it was predicted that a wall-thickness variation of 5% would re-

duce the collapse pressure by only 1%.

Room-Temperature Strain-Gage Collapse Test

The fifth 8.0-in. -o.d., 0.25-in.-wall type 304 stainless steel tube,

which was instrumented with electrical resistance strain gages and collapsed
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at room temperature, was from the same heat as the four specimens collapsed

at 1200 F. Circumferential gages were located at two axial locations and

at 22.5-deg increments around the tube circumference at each axial position.

Both inside and outside gages were placed at each location. The outside

gages, which were exposed to the external pressure, were 1/4-in. gage-

length Tatnall Metalfilm temperature-compensated C9-141 epoxy-back gages.

The outside gages are shown in Fig. 24 at one axial location. Baldwin

SR-4 Type A-7 paper-backed wire gages were used on the inside of the tube.

The inside gages had a 1/4-in. gage length also and are shown in Fig. 25

at one axial location. The photograph of Fig. 25 was made looking into an

open end of the tube before the head and end cap were welded on. The gages

are seen through a mirror inserted into the tube.
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Fig. 24. Outside Gages at One Axial Location of Room-Temperature

Strain-Gage Collapse Specimen.



55

UNCLASSIFIED
PHOTO 37053

Il 'T/

Fig. 25. Inside Gages at One Axial Location of Room-Temperature
Strain-Gage Collapse Specimen.

The initial dimensional data for the tube are given in Table 2. The

initial measured variations in outside diameter and wall thickness are de-

picted in Fig. 26. Sketches in the center of each plot depict the orien-

tation of the collapsed cross sections at each axial position.

Compressive sheet specimens were cut from the wall of an unused por-

tion of the tube, and room-temperature compressive stress-strain curves

were obtained. A single curve that represents the compressive stress-

strain behavior of the material is shown in Fig. 27. This diagram was used

to determine the buckling characteristics of type 304 stainless steel tubes

at room temperature, and the resulting predictions are shown in Figs. 28

and 29. Figure 28 gives the critical collapse pressure as a function of

the mean radius-to-thickness ratio, with the initial out-of-roundness as

a parameter. The dimensionless critical deflection, scr/h, at collapse

is depicted in Fig. 29 as a function of the mean radius-to-thickness ratio.
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Table 2. Dimensional Data for Room-Temperature
Strain-Gage Collapse Specimen

Average measured mean radius-to- 15.09

thickness ratio, a/h

Average measured wall thickness, in. 0.257

Average out-of-roundness factor 0.022

Maximum out-of-roundness factor 0.035

Average positive wall-thickness 7.93
variation, %

Average negative wall-thickness -6.86

variation, %

The initial out-of-roundness is again a parameter. The Appendix contains

a step-by-step description of the calculations which were made to obtain

the results presented in Figs. 28 and 29. Using the values for the mean

radius-to-thickness ratio and out-of-roundness factors given in Table 2,

a critical collapse pressure for the strain-gage collapse specimen of ap-

proximately 1880 psi is obtained from Fig. 28.

The tube was tested in the facility which was used for the high-tem-

perature tests. Hydraulic oil was used to apply the external pressure.

The tube collapsed prematurely at a pressure of only 1185 psi. The col-

lapsed tube is shown in Fig. 30. No insert was used inside the tube, and,

after instability had occurred, additional oil was pumped into the test

chamber. This accounts for the highly deformed appearance of the tube.

Figure 30 indicates that collapse occurred in a localized region which, in

turn, indicates that some weakening factor was present in that region. No

such weakening effect was indicated by the initial dimensional measurements,

although the tube did collapse into a two-lobe mode with the same orienta-

tion as the initial quasi-elliptical out-of-roundness. After the initial

dimensional measurements were made, the end welds on the tube were made and

the tube assembly (see Fig. 30) was handled by brackets clamped to the tube.

It is possible that these clamped brackets produced an additional out-of-

roundness in the tube.

Further evidence that the tube buckled prematurely was obtained in

tests on model tubes of type 304 stainless steel. These tests were conducted
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Fig. 29. Predicted Critical Deflection Versus Mean Radius-to-Thickness
Ratio for Instantaneous Collapse of Initially Out-of-Round Type 304 Stain-
less Steel Tubes at Room Temperature.
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by The University of Tennessee Mechanical Engineering Department and by

the ORNL Metals and Ceramics Division. Three tubes with mean radius-to-

thickness ratios of approximately 14.5 were tested at room temperature at

the University, and each collapsed at approximately 2000 psi. Two iden-

tical tubes from the same heat were tested at a temperature of 1200 F by

the ORNL Metals and Ceramics Division, and they collapsed at pressures of

780 and 820 psi. These latter collapse pressures are within the range of

collapse pressures predicted by Fig. 10 for a tube with a mean radius-to-

thickness ratio of 14.5. Figure 28, which gives the predicted collapse

pressure for room temperature, indicates that 2000 psi is within the range

of collapse pressures predicted by an a/h ratio of 14.5. But, Figs. 10

and 28 are based on material from the same heat. Thus, if the 1200 F model

results agree with Fig. 10 and the room-temperature model results agree

with Fig. 28, the 8.0-in. tube collapsed at room temperature should have

collapsed at the value predicted from Fig. 28, since the 8.0-in. tubes col-

lapsed instantaneously at 1200 F at values which agreed with those predicted

by Fig. 10.

Although the strain-gage specimen buckled at a lower pressure than

predicted, the strain-gage data illustrate the behavior of the tube as

the external pressure was increased. A tracing of a slice of the tube

which was cut out at the location of the strain gages in the buckled region

(see Fig. 30) is shown in Fig. 31. The gage numbers are shown, and the

corresponding angular circumferential locations are labeled. The strains

in gages 1 and 51 are shown in Fig. 32 as a function of the external pres-

sure. An examination of Fig. 32 indicates that the difference between

the inside and outside strains, and consequently the deformation, increased

from the beginning of load application. This illustrates the effect of

initial out-of-roundness. The difference between the inside and outside

strains at each circumferential position is plotted in Fig. 33 as a func-

tion of angular circumferential position for an external pressure of 600,

900, and 1100 psi. The smooth curve in Fig. 33 represents the distribution

of strain difference, of arbitrary magnitude, which would result from the

quasi-elliptical deformation assumed in the theoretical derivation. The

measured strain differences are distributed in a manner similar to the

predicted curve, although the amplitudes are not equal at the points of
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maximum bending. This is probably due to the wall thickness of the tube

being markedly greater in the 25- to 225-degree circumferential location,

which corresponds to the region of decreased bending in Fig. 33.

The maximum deflection, 8, at collapse can be estimated from the

strains plotted in Fig. 32. Gages 1 and 51 were at the approximate loca-

tion of maximum radial deformation. Thus, the difference between the

strains given by the two gages is approximately the value A used in the

theoretical considerations. Assuming that instability occurred at an ex-

ternal pressure of 1175 psi (see Fig. 32), the strain difference, A, at

the instant of collapse was 2080 pin./in. The corresponding value of 6

may be estimated from the relations of Chapter 3 by substituting Eq. (28)

into Eq. (8), which gives
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Using the average wall thickness and the average initial out-of-roundness

factor given in Table 2, the deflection, 6cr, at collapse is estimated from

the above equation to be

3 = 0.058 in.
cr

The theoretically predicted value given by Fig. 29 is

S = 0.048 in.
cr

It is interesting to pursue the possibility that the initial out-of-

roundness of the tube was increased by the handling rings which were clamped

to the tube prior to testing but after the dimensional measurements were

made. Figure 28, which is the plot of theoretical collapse pressure versus
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mean radius-to-thickness ratio, indicates that a tube with an initial out-

of-roundness factor of 0.2 would collapse at approximately 1185 psi. Since

this was the actual collapse pressure of the strain-gage specimen, it will

be assumed that its initial out-of-roundness factor was 0.2 and the actual

and predicted critical deflections will be compared on this basis. Based

on an a/h ratio of 15.09 and an out-of-roundness factor of 0.2, Fig. 29

gives, after multiplying by the tube wall thickness,

6 = 0.119 in.
cr

as the theoretically predicted value of the critical deflection. Using

an initial out-of-roundness factor of 0.2, the estimated actual critical

deflection is

z

LL

z

H
(I)

!V
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8 = 0.104 in.
cr

Thus, the actual and predicted values of 6cr agree well if it is assumed

that, because of the clamped rings, the initial out-of-roundness factor

was 0.2.
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6. SUMMARY AND DISCUSSION

A method has been presented for predicting the instantaneous-collapse

and creep-buckling characteristics of initially out-of-round tubes sub-

jected to a uniform lateral external pressure. The tubes were assumed to

be infinitely long with zero net axial force. In addition to predicting

the critical collapse pressure, the analysis can be used to predict the

deformation of a tube at the instant of collapse. When applied to creep

buckling, the methods yields only approximate predictions, which become

increasingly conservative as the time-to-collapse increases.

The initially out-of-round tubes were assumed to be quasi-elliptical

in shape, and the ensuing deformations were assumed simply to magnify the

initial out-of-roundness. Since the lowest critical pressure for a geo-

metrically perfect tube produces a two-lobe quasi-elliptical deformation

pattern at collapse, it is reasoned that the assumed initial shape, which

agrees with the deformation pattern, is the most detrimental form of ini-

tial out-of-roundness. If a tube with a given initial measured out-of-

roundness factor actually has some other initial shape, the collapse pre-

dictions will be conservative.

The results of a very limited number of experimental instantaneous-

and creep-collapse tests were correlated with theoretical predictions. The

short-time uniaxial stress-strain curve used to obtain the theoretical pre-

dictions was obtained from sheet specimens taken from the wall of one of

the instantaneous-collapse specimens. All the specimens were from the same

heat. Although the number of experimental tests did not represent an ade-

quate sample, the instantaneous-collapse pressures agreed closely with the

predicted values, and the time-dependent creep-buckling test results sub-

stantiated the observation that the theoretical creep-buckling predictions

become increasingly conservative with time.

The range of initial out-of-roundness factors used in the theoretical

predictions (ri= 0 to i = 0.2) span those commonly encountered in commer-

cial tubes or in cylindrical pressure vessels designed for external pres-

sure. For example, the ASTM specification under which the 8.0-in.-o.d.,

0.25-in.-wall tubes described in Chapter 5 were purchased allows a maximum

out-of-roundness that corresponds to an out-of-roundness factor of



approximately 0.04 for the radius-to-thickness ratio of the 8.0-in. tubes.*

The ASME Unfired Pressure Vessel Code, Section VIII (1959 Edition), speci-

fies that vessels subjected to external pressure must have an out-of-round-

ness less than that corresponding to an out-of-roundness factor ranging

from 0.075 for a/h = 12 to 0.140 for a/h = 28.

Although an initial out-of-roundness substantially reduces the re-

sistance of a tube to collapse, the reduction may be relatively small com-

pared with the error in the predicted collapse pressure which would be

introduced by using a stress-strain diagram not representative of the be-

havior of the tube material. Predictions in the inelastic range are highly

dependent on the shape of the compressive stress-strain diagram for the

tube material, and short-time uniaxial data vary widely for different heats

within a specified material. It thus becomes imperative to base predictions

upon stress-strain diagrams that are truly representative of the tubes under

consideration. If this is not done, a factor of safety must be used, and

critical-pressure predictions based on an initial out-of-roundness will be

of qualitative value only. If only approximate collapse pressures are

needed, the tangent-modulus theory in conjunction with the classical in-

stability formula will lead to sufficiently accurate predictions.

*The out-of-roundness factor at some axial locations exceeded 0.04
for two of the tubes; however, the average out-of-roundness factors met
the requirements.
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APPENDIX. SAMPLE COLLAPSE CALCULATIONS

The calculations made to obtain the room-temperature buckling pre-

dictions given in Figs. 28 and 29 are described below to illustrate the

steps necessary to predict the collapse characteristics of tubes with an

initial out-of-roundness. The description follows the step-by-step pro-

cedure given in Chapter 3.

1. The representative stress-strain diagram for type 304 stainless

steel tubes at room temperature is shown in Fig. 27. The curve shown was

obtained from a compressive test; however, it was assumed to be represen-

tative of the tensile stress-strain relation also.

2. Mean stresses of 10,000, 15,000, 20,000, and 30,000 psi were

chosen for examination. A plot of qcr versus a/h that had been obtained

using the tangent-modulus theory was used to pick these particular values.

They are simply the hoop stresses corresponding to four a/h ratios dis-

tributed over the range of values from 12 to 28. It is not necessary to

pick the mean stresses in this manner. Actually, any mean stress chosen

will result in one point on each of the curves in Figs. 28 and 29. It may

be that the point is for an a/h ratio outside of the 12 to 28 range. Thus,

it is usually advantageous to choose one mean stress and go through the

entire calculation for this one value. The results will indicate whether

the chosen mean stress was in the correct range.

3. The third step, that of determining the -M. versus A curve for

each of the chosen mean stresses, involves calculations that are somewhat

laborious if done by hand. The hand calculations may be reduced by plot-

ting the stress-strain curve on large sheets of graph paper and determin-

ing the necessary areas with a planimeter. The areas under the curve may

then be traced on heavy cardboard, cut out, and balanced on a straight edge

to determine the centroids. Knowing the centroids and the areas under the

curve, the moments can be easily calculated. Although this procedure sounds

rather crude, it was used in a portion of the calculations and was found

to be quite satisfactory. Most of the -M. versus A curves were obtained

by digital or analog computer calculations. Both the room-temperature and

1200 F short-time stress-strain curves could be accurately expressed by a

relation of the following form.
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E =E+Am ,

where E is the modulus of elasticity and A and m are additional constants

describing the short-time plastic strains. Expressions for the isochronous

stress-strain curves were obtained by adding the constant-stress creep term

E = (a/B)n AT

where B and n are creep constants. The digital computer program was used

to obtain -M. versus A points for E1 < 0. The program also furnished the

instantaneous and time-dependent tangent moduli which were used in the

tangent- and reduced-modulus predictions. For values of E1 which were posi-

tive (for stress distributions which extended into tension), the -M. versus

A points were obtained using an analog computer.

4. The M. versus A points calculated for the sample case under con-

sideration were plotted and the resulting curves are shown in Fig. 34 for

the four chosen mean stresses. The locations labeled on the curves come

from a later step.

5. Proceeding to step 5, values of -dMi/dA were calculated for sev-

eral a/h ratios at each of the chosen mean stresses.

6. The slopes calculated in step 5 were located on the corresponding

curves in Fig. 34. The points corresponding to each calculated slope are

labeled. It should be noted that the maximum slopes for some of the curves

in Fig. 34 are less than values calculated for higher a/h ratios. This

means that even geometrically perfect tubes with these higher a/h ratios

will buckle before reaching the mean stress value that the curve represents.

The a/h ratio that corresponds to the maximum slope of each curve is the

a/h ratio of those perfect tubes which would buckle at the mean stress rep-

resented by the curve.

7. Going to step 7, the -M. versus A points located in step 6 were

used to calculate a value of 81, a value of 5, and consequently an out-of-

roundness factor for each a/h value on each curve in Fig. 34.

8. The I versus a/h values obtained in step 7 were plotted, as shown

in Fig. 35, for the four mean stresses under consideration. The a/h values,
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9. The critical pressures corresponding to the above sets of values

of o-m, a/h, and it were calculated and plotted in Fig. 28 as a function of

the a/h ratio and with the four chosen values of i as parameters. This

completes the calculations for critical pressures.

10. To obtain the critical deflections, the values of 8 obtained

in step 7 were divided by h and plotted in Fig. 36 as functions of the a/h

ratio and with the four mean stresses, which are being considered, as pa-

rameters. The vertical portions of the curves in Fig. 36 represent the

a/h values of tubes with an initial out-of-roundness of zero, which will

collapse at the corresponding mean stress. The tubes would be in equilib-

rium for any of the b/h values spanned by the vertical portions of the

curves. The remaining portions of the curves in Fig. 36 represent the de-

flections at which tubes subjected to the mean stress represented would

collapse if their initial out-of-roundness factors were some unknown value.
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11. Going to step 11, the critical deflection parameters (cr/h)

corresponding to the four rj values may be obtained by using the a/h values

obtained in step 8.
12. These values are plotted in Fig. 29 as functions of the a/h ratio

and with the four rj values as parameters. This completes the determination

of the buckling characteristics of type 304 stainless steel tubes at room

temperature.
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