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MATERIAL TRANSPORT THROUGH POROUS MEDIA:
A FINITE-ELEMENT GALERKIN MODEL

J. O. Dugudd and M. Reeves

ABSTRACY

A wvodimensonal transent model tor flow of a dovohed condituent
through purous meda has heen devcloped. Mechannms for advectne transport.
mdrod-namxc dupervon. chemcal adsorptun. and  radwactrie devay  arc
mciud~d »n the mathecmanucal iormuboon '‘mplementations of yuadnhteral it
clements. bilmear spatal micrpolatyn. and Gaussian chmmaton udic used 10 e
numencal formulion. The programmmg haguage FORIRAN IV v uved
cwlusinch m the computer implementation. \ Inting of the program i s inded
fhn materaHRAMPpUt mdkl ~ compkich  compatibke wra our
morturc-inasport model (Recves and Duguad. 1975 tor preducting advectine
Darcsy seloctties for porus meda which may be parth unsaturawed.

In addmon to a2 Jescnipion of the mathematwal tormulauon. the numerxal
treatment and the computer implementation results of two computo sunulations
are mcliended m this document. One s 2 comparinon with 2 wcli-hnown analvinal
treatment (Lapidus and Amundson. 1952) and v micnded av 2 partial valdatuon
The other umriation. a wepage-pond problem. » 2 more raalnt demoastration
of the capahitics of the competer model. Compkete hisvtmas of mout and output
arc gnen n the appendices wo that ihis ymultion may & uwd for chech-out
purposcy. This report. thus. s mtended to be 2 comprehemane ¢ sniption of th
materal-tré isport computer model
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1. INTRODUCTION

The transport of a dissohved constituent by ground waiker » intlucnccs by convectine tramsport.
hyvdrodsramx dispersion. chemucal reactions. and decay . Mathemataal anah s> of the tramport s
further complicated by transeent multidimensionzal flow of the carrer. whach nay wccur under
saturated and unsawvaraied conditiwons sithin the regon of micrest The haswe ayuatom poverming
the transport have been formulated for vanous phskal and chemwal properies by many
i cstigators. Bredehocft and Pmder (1973) present an exvxlient tormulation o the mass-tramport
cyuatwon for the saturated (low of a nonreacting. nondecaymg prore thud. Both adsorpinn and doecay
of the dissched constituent are considered mn the cquations for saturated transport whak are
presented by Bear (1972). Satwmated stcady flow was comsadered by Rubsn and James 1 1973) in theur
formulation of the transport cquetion. Howerver. 10 tix authory” Anowkdge no mvestigaior has
considered the combmation of saturated-umaturaied transient w where both adsorption and
decay are present i 2 two-dimenswonal regon. Anr cquaton of thn compleanty b nevessan . tor
cxampik. in the ssmukation of the long-term mosement of o matcrah lrom a and-doponal ite

Mathematical desc:iption of chemical reactions that occur when dissobhed comttuents tlow
through porous meda may be quite detailed. Both reversibie and e ersible chemical reactsons may
occur. Misra, Niclsen. and Biggar (1974) use finst-onder kimetics 20 model irfeversible nitropen
reactions withn the transportied fludd. Lapwdus and Amundwon (1952) consader two special cases
imohmg reversshic adsorption reactions. In one case a chemcal-raie cquation » coupied 1o the
transport cquation. in the other case a local-eyuilibnum assumpuion » made n which the
sold-phase concentration s a2 wmple lincar function of the hquad-phase concentration and
mndcpendent of tmme. Such a function. cal'Xd 4n adsorpison sotherm. may be nonbkncar (Lai and
Jurinak. 1972) and hysicretic as appled by Van (enuchten, Davdsor and Wicrenga (1974 The
latier authors also consider a nonlincar chemxal-fate cquation for the adsorption 0! pesticde. In
addition 1o the various aspects of reversible and ureversibie reactions. there may be several specees
of dissohved constituents in the solution cither reactmg rreversibh with cach other or competing tor
available adsorpiion sites in the soil matnix (Rubm and James. 1973).

The chenisiry comsidered in ths document n not general enough 1o encompass all of the
compliexitics gnen m the previous paragraph. The reacting specics m the sou solution are assumed to
be compicicly .ndependent so that they may be treated one at a2 ms b the computer code. Hor
reversible processes local equiibrium s assumed and a incar isotherm function s emploved. Finabs .
the onh irmeversible reaction that may be considzred B once analogous to radwactive decay: i.¢ . the
rate of mcrease (or decrease) 15 proportional to the total quantsty of the constituent prewent in both
the sold and the liquid phases. These restrictions arc in agreement with the application:. currently
contemplated by the authors.

Solutinn of the transpor: equation may be obtained by anahticz] means under very severe
restrictions for onc-dimensional flow flapdus and Amundson. §952). However. for more
m.-aningful apphcation of the eyuations in regions which approximate conditions that occur 1n
nature. numesical methods of solution are reguired. Sciycral investigators have emplosed
fimste-difference methods for the solutivn of the convextive diffusion equation (Oste:. ¢t al.. 1970)
and of the transport cyuation where adsorption was considered (.21 and Juninak. 1971 and 1972).
However. as pointed out by Biedrehoeft (1971). these methods produce numerical dispersion of the


file:///arious
http://Th.se

ame order o the physcal dopersion. [o reduce the effect of numencal dispersacn. Rubin and
James (1973 and Pimder 11973 have uwed Galerkrs hiante-ckment methods. [ hese methods appear
1 he better suned for numencal umulation of ‘ransporn hecause numercai dispersion v small and
because multshimensionss: irregular regions car be treated casib . Gaberkn fintte-clement technagues
are emplored by the authors i 2 companion Cocument (Reev=s and Dugusd. 1975). which treats
two-dimensonat water flow through saturated-unsaturated porous media.

The purpose of developmng a (wo-dimensional tramient model :n which both adsorption and
dzcay of the dnsohed comantuent afe considered was tnotold: one. the model allows an investigator
10 aumulate he m@MPOrt ol tong materab througl: saturated-unsaturaied porous media to preduxt
future concensrations m the ground water: and. two. the model provsdes the 1oxc-matenal
concentraton data necessan by human-dose cakulations.

e



Il. THEORETICAL DEVELOPMENT

In the following sections the cquations governing mass transport threnwgh porous media are
formulated and the correspending Galerkin fizite-element solui.on techniques zre developed. In the
following formulation the flud phase carries a dissolved constituent which is adsorbed by the solid.
Thus, the constituent is present in both the fiuld and the solid phases of the medium. The
concentration of the dissolved constituent is assumed to be sufficeently small that c.anges in
concentration do not affect transpcn ~f the fluid. The dissolved constituent in the carrer 1s assumed
te be in cquilibrium with the concentration of the constituent 2dsorbed by the solid. and the rate of
decay is assumed to be proportional to the concentration.

1. Formulation of the Mass- Transport Equatiors. Conside - an arbitrary material volume clement of
saturated-unsaturated porous media. The volume element 15 composed of fluid and solid. both of
which are moving. Since the velocity of the solid phase is smailtzr than the velocity of the flud. it is
convenxnt to attach the coordinate system to the solid. This requires that no solW grains cross the
surface of the volume element as it deforms. The material volure element moves through space with
a velocity v., while the fluid phase flows through the surface with a bulk flux f. Thus, the term f is
the bulk flux of the fluid relative to t.ie solid. The total amount of the constituent within a volume V
at any instant of time is

f (0c + ps’ YAV H
v

where @ is the water content, ¢ is the concentration of the dissolved constituent in the water. pis the
bulk density of the solid. and s’ is the concentration of the constituent that 1s adsorbed by the solid.
The rate of mass transport through the surface of the volume s

¢ﬁ-?u$ 2

S

where n is an outward-directed unit normal to the surfacz. The rate of ctange of the amount of the
constituent in the volume duc to decay is

.\f (Oc + 05" )dV 3)
v

where A is the decay constant.
From Eqgs. (1-3) conserva on of mass may be wrilten as

d
- . “1dV . . y = 4
dlj;wu'psld +fsn rdsufkups)dv 0 4)



where d dt i1s the matenal time derivative

a by T
:(g"'s'-‘ (&)

When Rervuolds transpoert theorem (Malvern, 1969, p. 210-211) is applied to the first term of
Eq. (4). the following equation is obtained:

3
1

J

The divergence theorem is

®|w

(6c+ps’) + '\.’-(0c+ps')\75! av +f n-fds+ lf (0c +ps’')dV =0 (6)
! 3 v

a-fdS=f v-rav )
AR

When Eq. (7) s combined with Fq. (6). the resulting equation s

f

' a - — :
J (37 0ctes)+ v-0ceps) v, + 7- T +2@c+ps)| av=c @)
v

Since the integrand. in general. must be zero. conservation of mass becomes

a [ ’ — - U
&-(Oc'l'ps)* D-(fcr+ps) v _+ V[ + NOc+ps)=0 )]

The bulk flux of the constituent and carrier refative to the solid 1nay be divided into a diffusive flux
ana an advective flux:

f=fd*fa

(10)

When a concentration gradient within the individual pores is assumed. the diffusive flux is written as

fy= 6D-vc (n

where i:) is the hydrodynamic dispersion tensor. The advective flux of the constituent and carrier
may be written in tenns of the flux of the carrier as



't = GCV.‘ =V “:)

where V.. is the velocity of the carrier relative to ihe solid and 8V.. = V is the Darey flux.
Substitution of Egs. (16-12) into Eq. (9) vields

a . - = .7 »
;(Oc +p8)+ T-(Bcrps )Y — 78D+ T(Vc)+ AMlc +ps)=0 (13

The sccond term of Eq. (13) mav be expressed as

Te(Bc+ps IV, = T(BC +ps’) - V¥ (Bc+ps’) TV (14)

where the first term on the right-hand side of the equation is the product of two small vectors and
will be neglected. If all of the displacement of the medium is assumed to be vertical (e.g.. vertical
consolidation). the last term of Eq. (14) becomes

&za a_h- 'ﬂ‘-
an PR T N (15)

where ¢ = i is the dilatation of the medium. a is the cocfficient of compressibility of the
medium. p; is the density of the fluid. g is the acceleration of gravity. h is the fluid pressure
head. and a’ s the modified cocfficient of compressihility of the medium. A more detailed
formulation of Eq. (15) is given by Keeves and Duguid (1975). Substitution of Egs. (14) and
t15) into Eq. (13) yiclds

% (Oc+ps’) +(Bc+ps’)a g—:‘- - 70D~ 7c) + 7+(Vc) + A(Bc+ps)= 0 (16)

The adsorption of the constituent by the solid is assumed to occur at a rapid ratc (i.c.. a fast
exchange reaction) such that the dissolved material in the carrier is in equilibrium with the material
adsorbed by the sold. This is expressed by the linear equation

s =ke i1

where k is the distribution coefficient for unsaturated porous media. For unsaturated media. k is
defined as



_ quantity of adsorbed material/ mass of solid
quantity of dissvived material: volume of flud (18)

where the volume of fluid is equal to the moisiure content times the total velume. For saturated
medaa.

K = quantity of adsorbed material/mass of subd
4~ quantity of dissulved material/volume of fluid (19)

where the volume of the fluid is equal to the Jorosity times the total volume. Thus. the relatioaship
between the unsaturated and saturated distribution coefficients may be written s

k =

kg (20)

and the matenial adsorbed by the solid is expressed as

. _ @
§ T —
n

Substitution of Eq. (21) into Eq. (16) yields

pky oh = - P ‘
Oq:)a' ‘5“ TAOD-TC) + Y- (V) + A (Uc + —k‘ OC) =0 ()
n 4

( R 3 p:‘- Bc)+ (Oc + —“-

1KY

The retardation factor is defined as

Pk
R =i+ 2) .

[

This term is  1easure of the delay or retardation of the breakthrough of the dissolved constituent.
Substitution ot the retardation factor into Eq. (22) yields

a0

= ) oh
Rd V'(OD'VC) + V'(Vd + (0 R‘ 3'_ + AR‘)OC =0 ‘24)

which may be expr=ssed in the form

Lo e e



& o . o ¥ 3h
OR‘&- 7-(0D-70) ¢+ V’(VCD*(R‘;’GOR‘;*MR‘)6=O 25

In a porous medium which 15 assumed to be isotropic sith respect to dpersivity. the hvdrodyname
dispersion cocfficaent may be written (Bear. 1972) as

. vlv)
Ol}.iza.rvsi, i3 ;T'—;:‘—fl'f'bll (26)

where doublke indices denote summation. & is the Kronecker delta. a; s the transverse dispersivity,
ar b the longitudinal dspersivity. a- s the molecular diffusion. 7 s the tortuosuty. Vs the
magnitude of the Darcy velocity. and V. and V are the components of the Darcy veiocity.

2. Spatial Integration by the Galerkin Fmite-Element Method. The method used in the spatial
integration of Eq. (25) 1s a special case of the broad category called weightcd-residual methods.
These methods. m their classical form. approximate the solution to the differential eyuations and
satisfy the boundary conditions exactly. The differ-n @l equation may be written in the gencral form

Lidr=0 27

where L s a differential operator and & s the dependent varmble. The weighted-residual
approximate sviution: $” over the region V' is obtained from the equation

f W, Lid'MdV = 0 12%)
\
The W .omprisc a set of p weighting functions. and ¢°. the tral solution. has the form

m
=¥ Vo (29)

where the N. are triai functions, the ¢. are unknown amplitudes of the trial solutions. and L(®') # 0
is the residual. The special case in which the weighting functions W. are chosen as the trial functions
N. is the Galerkin method. I effect. the equations for the Galerkin method

fle(z N,o,)dV=0 y= U N (30)
\J

——— -
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requisc that the resdual of the dificrential equation be made orthogonal to cach werm a the umal
series. (In Eq. (30) w..dex § ranges over the values §2...N.) As m becomes large. ¢ approaches &.
Coefficients ¢ may be obtained by imtegration and solwtion of the above cquations. and the
approximate solution € s obtamed by substituting thew, coeflicients mto the tral solwtion
summation (Fmhavson. 1972).

In the ~ssical Galerkin method. cach of the trial sotutions N. extends over the ¢ire Jomam \
and must satsfy all boundary conditions. Hence. the method s restrcted to simply shaped. sisiply
connccted regions with homogeneous maternal properties. However. the power and generality of the
Galerkin method can be extended considerably by combming it with 2 finite-clement discretization
in which the region of integration s represented by an assemblage of subdommains. in
two-dirmcisional space these clerments would be pohgons. and in three-dimensiomal space they
would be poh hedra. These subdomams arce calied clements. and their corners. of connection ponts.
are calkd nodes. in this approach. the family of trial solutions consists of subfamilies of very simple
functions. The ¢ saiisfy the boundary conditions. and not the basis functions N.. which are nonzero
on onh onc of the subdomains. The coefficients ¢. become the amplitudes of the unknown function
at the nodes. Thes firnte-clement approach. in cffect. s 2 piccewise Galerkin approxmmation which
permits the applcation of the Galerkin method to complex geometrics and noshomogencous media.
A more detaiked drecussion of the Galerkin fmite-clement method is gven by Hutton and Anderson
(1971). The formulation and use of the fmne-clement Galeskin method in ground water transport
presented by Pnder (1973).

In such a formulation it is convenent 1o mtroduce one basis function ’\(x): for eack: clement r.
This combination weighting-trial function is. however. a colanm vector that has a separate Ndx) for
cach node 1 of the clement. Each of these bilinear mterpolation functions extends across the entire
clement in a two-dimensional space. Each has 2 magnnude of unity at node i and a2 magnitude of
sero at all other nodes. Because of the latter property. coeflickents <. of the trial solution

= g = Ny SRR a3

are identical to the concentrstion at cach node as anticipated by the new notation for expansion of
the cocfficients ¢ on the nght-hand side of Eq. {31). When Galerkin's method is applied "o Eq. (25)
in the r-th clement. the equations are

[ N-mwerwgev-o 32)

’V

where ¢ = dc dt and

al“
ay
B = -ob-ye ¥ 0( R‘; s a0R, % ’ MR‘)

Equation (31) combmmed with Eq. (32) gives

J N AN T e gy (34)
v



where the notation §.c{ has been changed 10 {c}. Equaton (34) may be simplificd to

J cLat-c o181 cagveo 1351
l‘.
where
I,A) =:N-a" N7 (36)
and
. , 2 F ] F]
l.-cl- hY a‘_.\:r= N { DI'-—Q V'
v Bxl o, 37

¥ .. o
* Ry o+ 0'ORy gnum.,) N

When Green's theorem is applied to the integral over the element volume of the first two rms of
Eq. (37). nt follows that

K 2,2, , A
o~ 2 d v) NTgv - . e
fv ( ax, oD, C, ' ax, d, v f n N ( oD, — + V.) L

r S " a!'
33)
2 F ]
—_— R e ;T
j;v ax, N ( oD, a, ' v') NV
and Eq. (35) may be written as
Al (¢ + B} ic-+: Q=3 (39)

where

AL =f  N:RyO) INT 4,V 40

!



- 2 N A1 2 sv N
l,nl-[‘(h‘ .\w,,h‘ NT w NV NT

“h
L r . dh .
* -.\vfllt‘; + a OR, 5‘-0 MR‘) N-T v
and
.Olzf n\( OD—if\\\'dg
f s h T - Y ') . Al (42)
The termi in square brackets in Eq. (42) &s defined by Eqs. (10-12) and may be expressed as
;0= f Non-rgs “@3)
‘S

Thus. Eg. {43) expresses the bulk flow of the dissolved constituent across the boundary of the
clement.

3. Time Integration by the Fmite-Difference Method. Equation (39) s wnitien for an arbitran
increment of time At:

l:Al {lc:"l'u.‘l + ltnl 'v':-'lq‘_;.\; + 'ArO':o ‘“’

ta the Crank-Nicholson centered-in-time approach « = | 2. and in the backward-difference
approximation & = 1. The Crank-Nicholson algosithm has a truncation error of O(At°). but its
propagation-of-crtor characteristics frequently lead 1o owillatory instabalities.  The
backward-difference scheme. on the other hand. has a truncation error of ({A1) but s quite resistant
: to oscillatory instabilities. An arbitrary « allows an investigatoer to find the appropriate balance for
3’ the problem being considzred. The time derivative of the concentration is expressed as

s rwar Tl tpear v ) M 45)

and the value of this quantity at an arbitrary point in time is taken as

Y et T WS ey U W6y (46




Subsutution of Egs. (45) and (46) im0 Eq. (44) yields the following relationships:

LC'¢€ rege = (R (R 47)
where
LC'1 = [ A 3+ |, B (4%)
and
AR AT A By, D 9)

It should be undersiood that matrro- [ A} and {-B] . and. henoe. [Cland )R { . arc evaluated at ume
AL

4. Nemerical Implementation. #or 2 quadniateral clement with four cormer nodes. a bilincar
polynomal basis function for the j-th node may be writicn n terms of kwal normahized coordmates
as

H’\\'Nl’.'."i 1= i (50)

doj—

where s and r are the bocal coordmaies of the corner nodes. which are numbered | to 4 progressing
around the ciement 0 a3 counicrclockwise direction (Fag. 1). In the Jocal covrdmate system the
clement s squzre regardiess of the shape of the quadniaicral m global cvordinates. The global
coordinates at any point within clement 1 are given i lerms of local coordmates by the relations

n
7

'X ',X,’

. T
=N

sh

whee {1 and § 7} arc column vectons whose clements arc the global coordmates of the nodes of
the r-th clement. The auantity {N{' s the transposc of {N | which depends on the local coordimates s
and 7 given m Ey_ (1), The shape funcuion |\ § of the coordmate tramsformation n the same as the
bass function. hence this ckment formulation s termed isoparemerrs. The Jacoban lor the
transformation (rom global 'o local conrdmates 1s cxpressed as

an

-3
-
-

5

. a‘l
3

i) =

¥l
|2
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Substitution of Eq. (51) mto the desermmant of this expresswn vrids

) rfa:N- 28" a.x:aNT .
J = Det|J] = ,x- > P ~Tor » ol = - (P (b1}
where [P] is defimed as
. T . T
aN aNT aN-aN
P =( : N : .
M=\ = ) >4
When the expression for {N}.E-.- (50). s used. nt mav be shown that
-0 I v -s# 1 +]
I+ 0 1+ 5 T
Pl = 155
s 7 I s (1] 1+
R [ 4 1 s 0 _|

vicld

r Y
Ira 343 1:57
i Iy “Iiad a7
Ao =0 (56)
LIS 23 7147
{ P I3 01»,1'J
and the determmant of the Jacobman &
i
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)
Terms x. and /- are defined 2,
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Epatwa (357) & wed for rumencal ovalmation of the deermimant of the Jacobmn. The
recgrab of Eqs (40) and (41) tken over e volume of the r-th fmmte ckment may now be
srca m local coordmaics using the deserinmant of the Jocobua to tramform the clemental
area:

I,Al =f I' CN-(R 0 -N:' S dsdr (5

P P 2
1,8} = (—— -N-oD, — (N:T - Ny, O NT
‘ I!Il ¥, "hl o, 60)

3

. . & J Y
v INCR, 0.0&;0”1‘) INTG Jdsar

Intcgration of these cymations & easily carmed out esmg 2 x 2 Gawssman micgration. A lincar
alpcbraxc cywation. Eq. (47). resuks siace §«} s a function of time only and the matnces A}
[-B) . and §-R} arc cvaimased for the previous tme sicp.

Ia order 0 craluate [B] . Eq. (60). cxpressions for the spatml dernatne of the
mscrpolation function arc scoessa;s. The cham ruke

) 2
o RY
= J] ol

a 9
. Lo,i
may be mversed o vicld
] & a,7 a
wl T B
2 62)
oJ

3 4 nllo
a0 ar ar

wing the defmnon of [J) Eq. (52). When the top row of Eq. (62) s applied 10 the bass
fwnciion {N}. the following is obtained:

(63)

2-N- |(a-s- aNT oaN a-s-')
.

0x Jd\ & a & »
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where e tramiormation cgsaton (51) has been used 1o express 7 as 2 functon of ~ and ¢
The werm enclosed m parentheses s readily identifacd as [P) from Eq (54). Thus.

4N :Pi od
_— 6y
PR Y J
on 3r: catreh analogous way it may alko be shown that
3-N- _—[P]yx:
— " (65)
' J

Equations (64) and (65) arc 1n a2 form sustable for numerical evaluation. Thexe cyuations and
their transposed counterparts are used to cvaluate the mtegrand of [.B] . Eq. (60).

S. Asscmbly of Elememts. Up 1o this point the Gakrkinfinite-clement formulation has been
presented for the r-th ciement in the collection of ciements which comprse 2 repron. Withan
this formulation only couphng between the nodes of the rth clement has been consadered.
Howerer. m the region 2 node may be coupled via the several clements in which it ©
contained. The assembhy process. which is a special tvpe of summation. imbeds cach clkement
matnx n 2 harger global matnix such that the appropriate coupling is established. In order to
undersiand the assembly of the chements that form a system of algebraxc cyuations. a2 simplc
exampic will be used. The examplke selected s that of a t(wo-dimensional space that s divided
mio twehe rectangular clements (Fig. 2). lteration superscripts are dropped for convenwnce.
Both global and local subscripting of the [:C] matrix are shown in Fig. (2b). Expansion of
matrix [.C] wmio a composite-matrix form is shown in Fig. 3. Assembly consists of summing
over the expanded form of each [.C] o0 form the composite matrix {C]. The compicte [C]
matnx will be sparse and banded. The band width may be cakulated from the eyuation

IBAND=2MAXDIF)»+1 166)

where MAXDIF is the maximum nodal difference in any ckment of the svstem and IBAND is
the band width. Thus. for the example problem the hand width is 1. For more cconomical
use of computer storage. only the band portion need be stored. The most economical form of
storage of the banded matrix is shown in the lower poriion of Figure 3. A morc detailed
discussion of the assembly of finite clements is presented by Desai and Abel (1972).

At this poini it is nteresting o note that the band width is controlied by the global
nodal numbering system. A reduction in computer core storage is achieved by reducing the
magnitude of the term MAXDIF. This reduction is obtained by numbering in the direction in
which there are the keast nodes in a given row or column. In the example. if the nodes were
numbered in a horizontal direction. the band width would be 13. This rcpresents a significant
increase in the core storage required.
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LOCAL 1 2 3 P
GLOBAL 1 5 6 P4
1] 1] Cy C2 G Cra
2] 5| €z C2 Cas Cae
3] 6{ Cy Cx2 Cx3 Caa
4| 2 Cat Ce2 Ce3 Caa

(D)

Fig. 2. Example Problem. (a) Element representation of the space using global numbering
system. (b) Local and global numbering schemes for element matrix {;C}.
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Equation (47) is evaluated and assembied for cach ckement. and the assembled system of
algebraic equations may be written as

lcl (¢}|QA| = {R}- {Q}={Y]} 67;

providing ’Q} s not a func on of the concentrations.

6. Appiication of Boundary Conditions. Surface. on which Neumann constant-flux conditions
arc impused. of course. vield concentration-idepend:nt entries n the column matrix {Q}

These entrics are evaluated by direct application of Eq. (43) to give normal flux vectors f
followed by assembiy over all boundary clements whose sides have constant-flux conditions.
The results are then subtracted from {R} to form {Y} as shown in Eq. (67).

Neumann variable-flux conditions are emploved. however. to simulate seepage surfaces.
The corresponding entries In ‘Q} are then linear functions o1 the unknown concentrations.
Such terms must therefore be incorporated into the [C] matrix in Eq. (67). Advection. kq.
(12). 1s assumed to be the dominant transport mechanism at the seepage surface. In this case
Eq. (43) becomes

{.o}=[s {N}n-cVdsS (68)

where the surface integral covers only those sides of element r which bound the entire system.
(Integrals over internal clement surfaces add to zero during assembly and need not be
considered.) Expanding ¢ using Eq. (31) yields

{,2}= [,E] {;c} (69)
“h\

(,El =j:s {NIn-V (N}T4s .

Applicatiou of the time-intcgration algorithm. Eq. (46). yiclds

{( QY= wlE] "k Juart (1 W) [E} (¢}, )
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The term of E]. after assembly over all boundary ckments r. s added to matnx [C] . whereas
the term (I-m[,E]',c}. after a similar assembly process. s subtracted from ;R} A matnx
equation having the same form as Ey. (67) results.

At nodes where Dinchkt (constant) boundary conditions are e¢ncountered. an identity
equition & generated for cach such node and included 1n the matrices of Ey. (67). As an
example. take a oncclement system with the concentration at node | constrained to the value
of b at all umes. 1.,

€ =b and b # buv) (7

Equation {67) then takes the form

— = )
i 0 0 0 <, (b
0 Ci: Gy Cig < Y: Cyib
ﬁ - { \ (73)
0 Cs: Cis Csa Ly Y, C,b
0 C.“ C‘) (‘4,‘ c4 YJ ('glb
- Uy . )

This result may casily be generalized to an arbitrary number of equations with an arbitrary
number of Dirichlet boundary nodes.

7. Solution of the Assembled Equatiors. in solving the asscmbled equations expressed in Eg.
(67). the matrix [C] is decomposed into the product of upper and lower triangular matrices
using the Gauss technique. The lower uiangular matrix is used to modify the right-hand side
’Y; for back-substitution into the upper triangular matrix to obtain a solution. If the matrix
[C] and the time step At do not change with tiire, the dzcomposiion needs to be performed
only once.



11I. COMPUTER IMPLEMENTATION

The computer program comsists of the 1Y different subprograms shown ir Fig. 4. As &
uwnpled by its central location. the routine MAIN performs the control function for the
program. .: il. mput-outpul operations are coordinated with primary and support computations
as the cakculation s stepped sequentmliv over the time variable.

Figure 5 is a block dagram showing how the primary computations are ordered. First.
rmoistere-transport variables, pressure H. monsture content TH. and Darcy fluxes VX and VZ
are input if these quantities have timc vanations. and tude dernvatives of H and TH are
determined as required by the transport Eq. (25). Then. using parameters characteristic of both
the dissolved constituent and the soil types. clement integraks are evaluated m subroutine Q4 in
the following manner: Each quadrilateral clement s transformed to a local coordinate system
where it becomes a square with a side length of 2. Jacobmns [Eq. (53)). Galerkin basis
functions [Eq. (50)). and derivatives of these functions [Eqgs. (64) and (65)] are determined: and
a 2 X 2 Gauss guadraturc s emploved to vield clerent matrices [A). Eq. (59). and [.B). Eq.
(60). In subroutine ASEMBL. these matnices are combined in accordance with the
time-integration algorithm. Egs. (38) and (49). to form matrix [.C] and vector ’R} subscripts
are adjusted. and a sum over all clements r is effected as required by the assembly process (see
Chapter II. Section 5). Since the assembled matrix [C] s asvmmetric. its entire band must be
stored.

Next. using routine BC. boundary corditions are incorporated into the systems equations.
Eq. (67). Neumann constant-flex conditions require only a change in the foad vector ‘Y} For
Neumann variable-flux (seepage) and Dirchiet boundary conditions. however. it is necessary to
modify both coefficient matrix {C] and load ve:tor !Y} as discussed in Chapter I1. Section 6.
Boundary integrals [.E]). Eq. (70). appropriate for «he seepage conditions are evaluated in Q4SP
and assembled in BC. (The FORTRAN variable corresponding to [E]} is DFLXQ.) Finally, the
restlting banded system. Eq. (67). . solved in routine SOLVE. Matrix [C] s decompesed intc
lower and upper triangular forms. and solutions of the two resulting matrix equations are
obtained by forward and backward substitution.

Supporting calculations are carried out in subroutines SURF. FLUX, Q4D. SFLOW,
Q4S. and Q4R. Subsoutine SURF identifies boundary sides. which are then specified in terms
of the clements to which they belong and the nodes that subtend them. Siude lengths and
direction costnes of outwardly directed normal vectors are cakulated. Subroutines FLUX and
Q4D are used to determine flux vectors at all nodes from the predetermined concentration
distribution. With SFLOW. Q4S. and Q4R. flows are determined in two different ways. First.
the surface integral of Eq. (43) is evaluated for each boundary clement in routine Q4S using
two-point Gauss guadrature. Resulting clement flow rates are assembled over all boundary
clements. and trapezoidal time integration is used in SFLOW to obtain the quantity of material
passing through the boundary since the last time step. These flows are classified according to
the boundary condition on the surface from which they originate. Sccond, space integrals over
concentrations are evaluated in subroutine Q4R for each clement. By performing appropriate
sums in SFLOW, quantities of material in liquid and solid phases and losses through
radioactive decay are determined. Thus, boundary flows may be compared with internal
changes in material content to sce that a balance has been achieved.

R S T
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Fig. 4. Flow Chart of Dissolved-Constituent Transport Program.
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Fig. 5. Flow Chart for the Time-lweration Loop.



Fwalh. mput-cutpt functions are performed alm: st exclusnely i routines DA TAIN.
PRINTT. and STORE. Varabics pertamng to dscretization of the geometry of ihe system and
the umulation time are read m DATAIN. Other paramcters rehating 10 soil and
dnsohed-constituent propertees. boundan -l conditiwons, and nuneercal convergence are abo
read. Fiwese mput quantities are checked for consistency whenever possible and are printed out
W gne a compkwe record of the simulation. A thorough descr= “on of the mput for DALAIN
b gnen in Appendix . Output of cakulaied ‘arables accurs i PRINTT and STORE.
Routine PRINT] prnts flow information. concentrations. fluxes. and dstinbutions of
monlurc-tRamport variables a5 <pecified by paramxter KPR, Rowtie STORE wrztes the samx
mformation. in addition to nodal-poirt clement descriptors. on an auxid@n stofage davce. such
as a magoetc tape. Its operation & controlked by variabke KSTR. The stored information could
then be used. lor example. as input io a plotting program.
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IV. RESULTS

In ths chzpser. tno sumulations of wWecahred flom sysiems are described. The frst provsdes
a cumparson with results obtamed amahtcalh by Lapudws and Amundson (1952). The second
npiies 2 class of probiems to whch nur computer model mav be applicd. In the bnver. 2
scepape pond. stuated catirch n the unsaturated 7ome abose tiw water table. provades a scurce
of sosl contammation which magrates tonand a acarby stream.

1. Lapides and Amendeon’s Equiibriom Cam. A frequenth ced paper = U lnctarare » that
of lapdus and Amundson (1952). Here the cffects of longuud:aal dapersion @ am
wn-cxchange column arc comsidkred. These authors suppose 2 onc-dmscnsional flow of the
carrer flusd at 2 constant pore sclocty withm 2 medwam havimg 2 enddorm watr comtent
throughout. Since there 15 no radactne decas. Eq. (16) may be wrtten

Fi & x V2 .
D; =V“;+l‘:+ ;;lﬂ) (78

where the compressibility term s neglected and the pore selocty V.. = V7 0 is used rather than
the Darcy selnaty V. Asde from notavwon. Eq. (74) » wdentcal to Lapidus and Amuncson’s
Eq. (1). For the case of pointwise equihbrium and lmearity. we use the relaton

s =

]
— Kk, 2n
n d

Iapdus and Amundson add an arbitrary constant (o the night-hand side of Eq. (21) for
incrcased gencrality. This s of no consequence. howmever. in the determination of ¢ since s
enters intn Eq. (74) only through a time dernvative term. (Bulk density p is. of course.
ir dependent of time.) Combining Eqgs. (21) and (74) yiekds

¢ F ¥
P “Vna Ry (75)

in which R, is the retardation defined in Eq. (2)).
With constaint initial-boundary conditions

(2.1=0) =0 (76}
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In ths cymanon 4 & the solution ‘olume which hay sotcred the wn<cwhange column wmee
ot = 0

q =V, 10 1Y)
and the a’s arc constants defined by
3 =V /D) UR,E) 1.1
and
3 =(Rg0)(V,/Dy4 (81

From Eqs. (78) through (31) Lapidus and Amundson determine the reduced concentration
¢ ¢. as a function ol the solution volume g at depth 7 = 50 for seven different combinations
of values of the parameters R and V.. D. Results from two of these analytical calculations,
which they label as Curves A and E. are reproduced in Fig. 6 along with results obtained from
our computer simulation. In both cases the reduced concentration remains at or ncar sero until
breakthrough is achieved. during which time it rises to a value approaching unity. Obviously.
the agreement of analytical and numerical rzsults is quite good.

.
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Fig. 6. Plots Coraparing Numerical and Amalytical Resuits. Numerical valuss were ubtained
using the computer code dexcribed in this report, whereas analytical values weie obtained from
the formula given by Lapidus and Amundson.
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2. Contpmimant Tramport from a Secpage Pomd. In the scvtwa we comader 2 secpage posd
suuated mear 2 strcam 2 shown m Fg. "2, The svsiem s compased of 2 lughly  peracabic
sand wih il propertes as showa m Fig. 5. A thax of 40 » 10° cm’ cm wx. dwecwd
vertcalh dommward from the bottom of the put. provudes the osh dmmg force lor movmg
constammants tWwward the sircam smce precpuation n faken W0 be neghgible. Thes fluy o
substamtalh bwer than the satucated (b = 0) comductnuy K gnen i Fg. 8 duc w clogpee
b fise sedmments contamed w the cfilment entenng the pond.

The roulimg sicadh-<atc waker-table positwon. » desermncd M oW Mosturc-iramsport
codt (Reeves and Duguad. 1975) » 4 m below tixe bottom of the pot (Fag 7). Thes th
comtammant o buficred from the rclatnch rapudh moring watker bencath the water tablc
the wmaturated sod-mowsture 7ome. The covsdmg o saturated and umsaturated >od-monterce
7oms. 2 sAUaLOR for whach sur mossturc-transport model was specifcalhy doigaed. n yure
mportant here. Water-flon paticrns may  casih  be discermed from tie cqupoemtal haes of
Fig “b. Monture fluxes arc perpenducular to these contours wth magniudes which arc roughh
wverseh  proportional o they separations. The fmue-ciement spatal dacretivativa » shows n
g "a

Fagure 9 shows costammamt conccntraton costours shich were obtarmed v apphvmg our
drnsohedconsintuent tramspor: code tor a2 b, of 100 cm” gm. | onguudmal and transverse
dispersnities were aken from Pinder's (1973) study of chrommm traaspoent on Long Island.
New York:

2, =2m 182)

and

o =42m )

The buffering effect of the unsaturated soil-moisture 7one s apparent from the shapes of these
contours.

As has beecn mentioned. two computer modebh have heen used to analyse the seepage-pond
problem. The moisture-transport code (Reeves and Duguid. 1975) was used to obtain the Darcy
velocities, which were output on magnetic tape. Thexe quantities were then input into the
contaminant-transport computer mode! described in this report. Appendix A contains input to
and output from the sicady-state moisture-transport cakulation. whercas Appendix B contains
such information for the (transicnt-state contaminant-transport  calctlation.
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NOTATICN
Coeflicient of the time derivative in the transport equation
Integral of A” over the volume of the r-th element
Coeflicients of the time-derivative terms for the r-th element
Longitudinal dispersivity
Molecular diffusion coefficient
Transverse dispersivity
Coefficient of the concentration in the transport equation
integral of B” over the volume of the r-th element
Coefficients of the concentration terms for the r-th element
Dirichket boundary condition
Assembled operator matrix for all elements
Combination of [ A] and [,B] including the time-integration algorithm
Concen:ration of the dissolved constituent
Time derivative of the concentration
Assembled values of the unknown coefficients
Unknown coefficients for the r-th element
Time derivative of ¢
Hydrodynamic dispersion tensor

Element matrix containing surface integrals appropriate for secpage boundary
conditions

Dilatation of the medium
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f Bulk flux of the dissolved constituent

f. Advective bulk flux

. Diffusive bulk flux

g Acceleration of gravity

h Flud pressure head

J Determmnant of [.J]

{J1 Jacobian matrix

K Hydraulic conductivity

k Unsaturated distributior. coefficient

k. Saturated distribution coeffrient

L Differential operator

m Number of basis functions

{NEN, Basis functions

n Porosity

n.n, Unit normal vector

[P} Matrix used in the numerical evalvation of the Jacobian
p Number of weighting functions W,

{o} Assembled values of {.Q}

{q} Bulk flow ci the carrier across the boundary of the r-th clemen:
R, Retard>iion factor

{R; Assembied values of {k'

{.R} Time-integration components for the r-th element

. e
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Refzos to the r-th fimie clement

Surface area of the r-th clement

Local coordinates

Local coordinates of the nodes j = 123 and 4
Solid-phase concentration of adsorbed constituent
Time

Volume of the system

Volume of the r-th element

Pore velocity of the carrier relative to the solid
Darcy Velocity of the carrier

Magnitude of Darcy velocity

Velocity of the solid

Weighting function

Position vector

Lateral coordinate

Global coordinate of a point within the r-th element
X - X

Global coordinates of the nodes of the r-th element

Assembied load vector containing boundary fluxes and time-integration
components

Vertical cocrdinate
Global coordinate of a point within the r-th elemem

7, -1,
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Global coordinates of the nodes of the r-th clement

Coefficient of compressibility of the medum
Modified coeflicient of compressibility of the medium
Tune increment

Strain tensor for the medium

Moisture content

Radioactive decay constant

Bulk density of the medium

Density of the carrier fluid

Tortuosity

Unknown solution to the equation L($) =0

Trial solution

Tnal solution for the r-th clement

Expansion coefficients relative to the basis functions N,

Time-integration parameter
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APPENDIX A
INPUT AND QUTPUT FOR SEEPAGE-PIT MOISTURE TRANSPORT

This appendix presents mput 1o and output from the computer program documented in
[Reeves and Dugud. 1975). The moisture-transport variables obtained in this calcufation were
printed on maenctic pe by subroutmme STORE and then read as imput for the
dissolved-constituent-transport  determination (Appendix B). Subroutine STORE of the
above-mentioned program  has been modified to be more compatible with the
dissolved-constituent code. An updated listing is therefore mcluded at the last of the section on
input.
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SUBPOOTYN® STORE (NPROB NAXEP MAXEL, A ,07,VX, vZ,TH, TIRE, TITLE) SroR
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3.0580D-07
V.6688D-05
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2.3406D-04
-1.15880-0)
1.01980-05
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-2.0115D-02
-4.5987D-04
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-3,651310~07
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-4,7177D-06
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3.088UD 08
-6,4801D-0%
1.9190D0-"%
2.0366D-07
-8, 4079D0-0U
1,1031D-0u
-4,.88133Dp-06
-1,0769D-02
-1,57620-03
«6,6503D-04
4. T4 T4D-01
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1,8413D~03
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1, 1SSup-~-03
. 3931p-04
u, 3c?20p-0%
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3. 4478D-00
«“3,1190D~0u4
4. 19420-01
9.0880D-02
-1.9103D-04
9,26720-02
1.034LD~02
«2.03470-05
7.66120-01
6.2951D-0u4
5.2985Dp-07
2.5197D-04

Q,4214D-08
-8,81413D-11
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«9,.7942D-10
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1.93590-0%
-1,30720-02
~2.2044D=~03
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~2.9974D-03
-5.99150-03
-6,1179D-0)
-%,3276D-02
-4.365%1D-01)
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-1.0190D0-03
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8.1073D-04
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1,01710-04
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-1,4816D0-07
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=1.0381D~-06
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~1,4460D-05
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