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By E. R.VanDriest

SUMMARY

In thepresentinvestigationoftheflowof airin a thinlamhar
boundarylayerona flatplate,theCroccomethodhasbeenusedto solve
thesimultaneousdifferentialequationsofmomentum~d energyinvolved
insuchflow. TheCroccomethodwasusedbecauseitgaveaccurate
resultsforarbitraryPrandtlnumbernearunity.TheRrandtlnumber
wastakenat0.75,thespecificheatwasheldconstant,andtheSutherland
lawoftiscosim-temperaturevariationwasassumedtorepresentthe
viscositydatastartingwithan initialambienttemperatureof -67.60F.
Themainresultspresentedherearetheskin-frictionandheat-transfer
coefficientsas functionsofReynoldsnumber,Machnumber,andwall-to-
free-streamtemperatureratio.Variationsof shear,velocity,tempera-
ture,andMachnumberacrosstheboundarylayerareincluded.The
Croccomethodisdiscussedindetail.

moDucTIoN

In thepresentinvestigationof’theflowof airina thinlaminar
bouhdarylayeron a flatplate,theCroccomethod(reference1)hasbeen
usedto solvethesimultaneousdifferentialequationsofmomentumand “
ener~ involvedinsuchflow.TheCroccomethodwasusedbecauseit
gaveaccurateresultsforarbitraryPrandtlnumbernearunity.Thefirst
assumptionsforthepresentdiscussionareasfollows:

(1)The

(2)The

(3) The

(4)The

(5) me

boundarylayeristhin

pressure~adientis zero

platesurfaceis smooth

motionistwo-dimensionalandsteady

Prandtlnumberisconstant

i
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_ SYMBOLS

Variables,parameters,”andfunctions

X,y

u,v

P

v

k

T

i

%

7

T

M
.
Pr

8*

m’

s

5

geometricalcoordinatesparalleland
plate,respectively

perpendiculartoflat

velocitycomponentsofboun&ry-layerflowinx- and
y-directions,respectively

massdensi~

coefficientofviscosity

coefficientoftherm&l

absolutetemperature

enthalpy

conductivity

sQecificheatat constantpressure

ratioof specificheatat constantpressureto specific
heatat constantvolume

shesrstress

Machnumber

Prandtlnmber (%@)

‘~s-+) ~ ~
shearfunction

exponentoftiscosity-temperaturepowerlaw

Sutherlandconstant

thiclmessofboundarylayer

I
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e ratioofSutherland

(Uoo‘1’: ‘)

I,J,01,ell functionsconnected

z shearfunctionnear

o

3“

constanttofree-streamtemperature

withenthalpydistribution

outeredgeofboundsxylayer

f3g* correctionto ~ snear=o;t;;)edgeofboundarylayer(in
computations,at q .

R. Reynoldsnuiber (%##/%) ~

Cf

Cf

localskin-frictioncoefficient(%}N5)

meanskin-frictioncoefficient{Jx%d?+m%+

q rateofheattransfer

h localheat-transfercoefficient,differencebetween~ and
unityas ~

CH Stantonnumber

r recoveryfactor

~ = +m

% b=Um

P*= P/Pm

W*= l.+%

1% = M/Mm

Tx = T/Tm

approachesunity

Y* ( d-)distanceparsm.eter~ R.

f(~) = a&+* ,

.g&u)=T@
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Subscripts

w free-streamconditions

w wallconditions

TRANS!?OIUIATION

Theequationsgoverning
compressiblefluidina thin
pressuregradientare:

OFBOUNDARY-LAYER

NACATN 2597

EQUATIONS

thesteadytwo-dimensionalmotionof a
boundarylayerona flatplatewithzero

S(P“)+$-(Pv) =o (cQntindty)

au
Pu& ()+p”%=%~$ (momentum)

Pu-&i) + P~~(i) = .($)2+ *(k%)

Becauseofthethinnessof thelayer,&P/& = 0,

(energy)

andhencefor

(1)

(2)

(3)

a per-
fectgasthedensi~variesinverselywiththet&perature,.Upon
assumptionthatthePrandtlnuder c-&/k isconstantanduseof

= a@T, equation(3)becomesCP

Theindependentvariables
to x and u by meansof

()au2-la ai
=P~y ()‘Tr3jp Xy (4)

are firsttransformedfrom x Ad y

u = U(xjy)

Useof T = I-L&@y andtheeliminationof pv thenyieldthefol-
lowingtwoequations:

.

I .— — —.— --- .- —— --- -——



NACATN 2597
.

aw() ,a%=o.—
‘&T au2

()a2i ai=o(l.”Pr)gT:+ ~ 2+Pr T
‘Ruwax

(5)

withboundaryconditions

T=CO

h.

at X=o, O<u<um (7d

$=0, i.& at X>o, U,=o (P)

T= ()>i=i at X>o, U.u (7C)w m

It isnowassumedthattheenthalpyisa functionof u only;thatis,
aipx = O. (This csmbe shown(reference2) tobe thecasefora
Prandtlnumberequaltounity,whetherthewallisinsulatedornot.)
Henceitfollowsfromequation(6) that a typeof solutionis
T = gl(x)q(u).Whence,since p and v arefunctionsof,temperature,
andthereforeenthalpy,andthereforevelocityu alone,thereresults
fromequation(5)andboundarycondition(7a)that T = ~(u)/@.
Equations(5) and(6) nowbecome .

(8)fz#’2 + Upp= o

(i”+Pr)% + (1- Pr)i’g’2= O (9)

withboundaryconditions

g’p=o,i=~ at.u=O (lOa)

‘=o,i=i%2 at.u=u (10b)m m

wheretheprimesignifiesdifferentiationwithrespectto u. Whenthe
variablesi, u, p,and p aremadedhens”ionlessby putting
i*

I I= i/imju* = u umj P*= P Pm,and I.L*= v Vm,itis seenthat ~I

mustthen%e equalto

F

2 ~ g,2(u). Equations(8) and(9)become
P+mum

finally

I
.. .. —.— ..-—.-. ..-—------..—.— _— ..- ——. —-.——- —.——— -.—.-...— ,..—-..——.
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withboundaryconditions

(12)

& ‘ = 0, i*= &/im at~=O (13a)

&=o, i*=l at~=l (13b)

Thefactor2 is tisertedinequation(n) sothatwhen P*w+= 1,equa-

tion(n) willbecometheBlasiusequation(reference3),theexact
solutionofwhichwillbe usedasthefirststepintheCroccomethod
of solvingequations(n) and(12)h thecaseof gases.

Theboundsry-la~requations(equations(1),(2),and(3))havethus
beentransformedintotwosimultaneousordinarydifferentialequations
whichlendthemselvesmorereadilyto solution.Havingthesolutionof
equations(n) and(12)jonecanthencomputethecoefficientsof skin
frictionandheattransferandalsothevariationof certainproperties
acrosstheboundaxylayer.!

SOLUTIONOFEQUATIONSFORARBITRKKYPRANDTLNUMBERNIMRUMITY

1 fmTlARBITRARYVISCOSITY LAw
I
\

Inorderto solveequations(1.1)and(12),itisnecessaryto
assumea lawofvariationofviscositywithtemperature.Twolaws
havebeenfrequentlyusedtorepresentviscositydata,namely,the
powerlawandtheSutherlandlaw. Thepowerlawis

7

(14) 4

JT* = T/Tm

where,inthecaseofair, m range”sfrom0.76 forordin~ temperatures
to0.5forhighertemperatures.TheSutherlandlawisI

.

.
(

I —.—
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P* = T*1/2 l+e

1

i~j

where S isa constantdependinguponthegasused.
TribusandBoelter(reference4),theconstantS is

(15)

Fromdataof
foundtobe 110°K

forair. Bothlawsareplotted-infigure1 usinginitialconditions
correspondingtothestandardisothermalaltitubrangeof 37,332
to 104,987feet. It is seenthattheSutherlandlawfitsthedatamuch
betterthanthepowerlaw;therefore,sinceboth u and t3 depend
uponthefree-streamtemperatureT@ itfollowsthattheSutherland
lawismostsuitablefobuseinequation(U.).Whenitisassumedthat
thespecificheatisconstantand im issetequalto ~Tm, then ~

canreplaceT* ine&ation(14)or (15), and p+= i%-lj Ifthevaria-
tionofthespecificheatistobe takenintoaccount,thenit isonly
necessarythattherelationbetweenenthalpyandtemperature(fromgas
tables)be availableinorderto converttheviscosityanddensityto
functionsofenthalpy.

FollowingCrocco,equation(12)’iswrittenintheform

.

thesolutionofwhichis,b termsof & andboundsryc@@itions%(O)
,ud i*’(0),

.

U2
i+(u*)= i*(’0)‘+i*’[O)I(@ -’Pr& J(i) ..

\
where

1‘~%ffil?-ld% ,’

J’=J%[-r’ %p [iij%r“++,

(16)

...-—. ---- .— . . — . ..—. -..—. — ,—— .—-.—-— ——-— --- __ ... ..—.-—. . . . . .—. . —-—
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Thissolutioncanbewrittenintermsoftheboundaryconditionin
equation(13b)insteadof i*’(0)by letting& = 1 at ~ = 1 in

equation(16)andeliminatingi+’(O) between“theresultingequation
andequation(16). !IMIS

U2
1 = i*(0)+ i+’(0)l(l)-Pr~J(l)

co

fromwhichandequation(16),

or

(16a)

(17)

where

1(
81(%) = +-.

811(%) [= Pr 81(@J(l) - J(%)1
Themethodof successiveapproximationssuggestsitselfforcalcu-

lationof theshearfunctionfromequations(I-1)and(17).Thatis,a
firstapproximationto & .wouldyieldfromequation(17) an q which
in turn wouldleadto a new & throughsolutionofequation(11),upon
satisfaction,of course,of theboundaryconditionsinequation(13).
Thenew & couldthenbe usedto computeanother& whichwould.give
another~, andsoon.

AfterextensivecalculationsCroccoobserved,however,thatthe
enthalpydistributionQ(w) waspracticallyindependentof thelaw
ofvariationof p.#+ withenthalpy,thatis,essentiallyindependent
ofthelawofvsriationofviscosi~withtemperature.Thiscanbe
deduceduponinspectionofthee~ressionsfor I and J inwhich &
and %(O) appearasa ratio.It isapparentthatalthougha change
intheviscosi~-temperaturelawwouldaffecttheabsolutevalueof &
h equation(lJ),neverthelesssucha changecouldhardlysffectthe
~ue of &~(0), because&(O) wouldbeaffectedinmuchthesame

.

[_.– -.. . . —.— —- —_— — --_—. ——
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. wayas & becauseofthevariationinviscositylaw. Furthermore,for
Prsndtlnmbersnearunity,theeffectofviscosi~-lawvariationon
enthalpydistributionwouldbe evenless.In hisnumericalproofof
thisimportantobservation,Croccousedvaluesof o from.1/2to 1$ and

valuesof 19 fromO to 3 when i*= T+ inequations(14)and (15).

As a resultof theaboveobservation,oneconcludesthatitisnot
necessaryto csxrythrougha lengthyiterationprocessbetweenequa-
tions(n) and(17). Rather,theenthalpydistributioncanbe immediately
computedusingtheshearfunctioncorrespondingtoanyviscositylaw.
Thefinalshearfunctionisthenobtainedasthesolutionofequa-
tion(n) by usinganexactviscosity-temperaturelaw. Thissimplifica-
tionof solutionof theshultaneousequations(1.1)and(17) isthecti
oftheCroccomethodof laminar-boundary-layeranalysis.

Theshearfunctionwhichmaybe readilyusedto computethe
enthalpydistributionisthatcorrespondingtotheviscosi@lawsuch
that p*I.L+= 1. (Sincep+= T+‘1,it isthennecessarythat v+ = T+,
whenceo = 1 inequations(14).)Therefore,equation(n) reducesto
theBlasiusequationwhichhasalreadybeensolvedexactly.

TableI givestheBlasiussolutionof equation(n) when P*P+= 1.
TableII givesthevaluesof I and J basedupontheBlasiussolution;
tableIIIgivesthevaluesof @ ad @l. -

Itmaybewellto interjectherethatthespecialcase P*V*= 1
representsa gasor stateof a gasforwhichthereisno effectof com-
pressibilityon skinfrictionforthinla@m.rboundarylayers,although
thetemperatureof thefluidrisesbecauseof dissipationof thekinetic
energy,sndpropertiesof thefluidvaryaccordingly.

Nowthattheenthalpydistributionhasbeencalculated,attention
, will.be ~rectedtowardthedetailsof solutionof equation(11).

Writingequation(n) inintegralform,takingintoconsiderationthe
boundaryconditions(13), oneobtainstheintegralequation

in which p*w* isa knownfunctionof u* depending

lawassumed.Themethodof successiveapproximations
utilized.However,as Croccopointedout,thedirect

(18)

upontheviscosi~

willagainhe
methodof

(—..-—...--———--—-.-.- —-- .--———-— .....—- . .. --
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substitution,
convergeupon

I

integration,resubstitution,
a singlesolutionbutyields

abouttheexactvalue.For,ifan initial
tion & equalto A&e, inwhich A is

1

NACATN 2597

‘andreintegrationdoesnot
valuesof & whichoscillate
valueof theshearfunc-
a constantand &e isthe

exactvalue,is substitutedintotheright-handsideof equation(18),
thenew g*2 obtaineduponintegrationwillbe equalto & A, resub-

d
stitutionofwhichwill@eld g = Ag Therefore,it isseen

*3 *e
= g*l.

thatthenextsubstitutionshould-bem=%
In theiterative

processof solvingequation(n) (equation(18)),itthenfollowsthat
successivevalues

%
forresubstifitionintoequation(18)sho”tidbe

thegeometricmeano thetwoprevioussubstitutions.Althoughan
exactviscosity-temperaturerelationisnuwusedinequation(18), the
iterativeprocessmaybe startedwiththeBlasiussolution(tableI)
whichcorrespondstoa lineartiscosity-temperaturelaw.

It isnextobservedthata singularityexistsat ~ = 1 owingto
theboundarycondition(13b)that.~ = O atthatpoint.Therefore,
integrationiscarriedoutonlyto anuppervalueof u* = 1 - h,
where h isanarbitrarilysmallvaluegreaterthanzero.Equdion(18)
becomesthen

t%(%)=E!+(1- ‘)+~-h%J%%$+% ’19)
where f(~) = 2~P*v*. In ordertoavoiddoubleintegration,equa-
tion(19) is writtenintheform

P f(uJ J’l-hf(~) du++
&(u+) = g& - h) + (1- ~) () md~-ho m

Sincethefirstterm %(1 - h) ontheri&ht.handsideof
tion(20)isunchangedby.successiveiteration,itisnecessary
deriveamethodtoadjust%(1 - h) ineachiterationsothat
bon- Confition~(l) . 0 ismorenearlyapproached.Hence-the
problemisnowreduced.tothatofdetermininganaccuratevalue
of &(l - h) whichis compatiblewiththeboundary.condition~(l)
AmethodofestimatingG(1 - h) isnowgiven.

= o.

(20)

equa-
to
the

.

I —— —— ----— .-— — .— ..
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Following
approached

Crocco,onenotesthatfor ~ + 1 equation(11)

11

.—
7$ q“ +2=0 >(21)

.

whichcanbe integratedinclosedfoim.Thedoublebarisusedto
designatethesolutionof thisapproximateequation.Thefirstintegral
ofequation(21)yields

where B isan arbitraryconstantandtheminus
ofthesenseof ~t. Furtherintegrationgives

(22)

signischosenbecause

(23)

,..

inwhichtheboundaryconP
tion ~(l) = O is satisfied.Uponsubsti-

tutionof loge(B~) = t , thisequationcm be expressedintermsof

x
thetabulatederrorfunction@(x)=2

J
e-tpdt

Go
J

TheconstantB canbe eliminatedbetweenequations
Hence

(1- ~)/~’=

fromwhich =(1 - h) canbe

slopeg~(l - h). Sincethe

at~=l - h, oneputs
.

thus

(22) and(24).

[

@m)2 ~ - gi(-g7/2) 1
calculated,givenh = 1 - ~ andthe

slopesof g+.and ~ aretomatch

(24)

(25)
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.

.

E’(1 - h) = g+’(l- h)

whichiscomputedfromthefirstintegralof equation(11),namel.y~
I

I

I

I

I

)

,

I

,

I

I
1
I

I

g/(1 - h) = _]O’-h.~ d%

(26)

(27)

Theratio h/~(1 - h) isplottedagainst~’(1 - h) infig-

ure2. Crocconoticedthatthecombination,Z,;h,,p’;h) -]

canbe representedby thestraightline 0.7828+ 0.01781~’(1- h)!

overthepractical-e of Z’(1 - h) between-2.2and-4 (f~g.2).

NowtheerrorbetweenZ(1 - h) and g (1- h) willdependupon
h theapproximateequa-thesmallnessofthe h, thatis,uponhowwe

tion(21)representstheexactequation(11).As Croccopointsoi.rt,i*,
J

andthereforeP+V+~v~ies raPi~Yfor pr< 1 when % approaches
unity(cf.tablesII andIIIandequation(17));henceitmaybe
necessarytoapplya correctionsothat

g*(l - h)=~(l-h)+b$ “*

Rewritingequation(18)intheform

JU* f(@
J

f(U*)l(l-%)~du*q(>) = (1- U*)
o ~d%+ u **

andcombintigwiththeintegralof equation(11),namely,

thereisobtained

1,

/.

(28)

(29)

(30)

I _— —... .—— _.
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%

Similarlyfromequation(21)

~(u*) = -(1 - u*)~’(1

oneobtains

J‘* .
-h)+ (l-@ 2 du++

l-h?@x)

Subtractionof thisequationfromthepreceding

t@(.yJ = (1 - U*)LX--+p*+J”(, -

(32)

onegives

whichcanbe solvedinprincipleby iterationsincef isa knownfunc-
tionof ~. Thatis,startingwithan assumed@l, ~ isavail-

1
ablefromequatio~(25),whenceb~ (~) is computed,whence

9

However,theaboveiterativeprocesscanbe rearrangedasfollows:
Writeeqution(33)thus

.

(34)

- . . ... .. . .. . —- --——- -.—.-—.———---—----——— .— ——— --- —— —-- .- - .-. — .. —.. —.— .——.-
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(35)

Theterm~-A cannowbe expandedintheform
g* G

(36)

8&2 6%
whereupon,when—

~3
isneglectedsince~ issmall,equation(35)

g*
*

becomes

.

If thef~st approximationto be isobtainedby letting5% = O on
the right-handside“ofequation(37),then

. .

L- ----------------- .—

.

-—..———— .—— ——. .
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,

andSOforth.Stoppingwiththethird
of b~atu*= l-h isthen,

approximation,thevalue

Crocconowgivesanapproximateexpressionforeqtition(38) in
theform

(39)

wh’ere

1 1a=— -—
2 e+l

tl=-l ——?3 e:l ‘

C’& e;l
-—

arethecoefficientsina Taylorseriesexpansionof P*P+ aboutthe

point i* = 1 usingtheSutherlandlaw(equation(15))for

. . .- —..- --- —.— -- ——.—-- —-. -— .—. .--— ----- .- .-— .——. ------ --. ..— . .
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viscosity-temperaturevariation.Theother’coefficientsinequation(39) ,
are

A. =
.1

3 - (2 - Pr)q

[

A.
A1 =2- *2 1

-Pr)ql+2(l-q)-5- (4- Pr)q1(-
‘=2-(;-pr)’ip+F=l-

J%

[ 1[ 1]~-(4 -pr)q 7-(6 -pr)q

2

[4

A.
‘3=2- (2-pr)q - (31-Pr)q- 6- (5- 2Pr)q1

[

2“1 B.
%=3_(3 -2Pr)ql+2(l-q)- 16-(5 -2Pr)TI

co =
1

5-(4 - m)n

(~ [
2“ 1 B.

cl=~-
-3pr)TIl+2(l-q)-6 - (5 - 2Pr)q1

“1.—
‘o -3-n

2

[

1 Do
Dl=2 1-Tl+2(l-q) -2+3(1- T)

.

,
,__. . . ..— — -— ..— —— —-..
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are to be determinedat ~ = 1 - h. Itwillbe foundthattheterms
includedinequation(39)willgivesufficientaccuracyto ~@ - h).
Infact,inthecalculationscarriedoutinthepresentreportitwas .

-4foundthat 5% wasnegligible,beingoftheorderof 10 .1

SKIN-FRICTIONANDHEAT-TRANSFERCOEFFICIENT’S

Since‘7=
shearstressT

.—
r

i
%= 2 ~(u), itfollowsthatthe

pvus
&d theshearfunc%i%nm& arerelatedby

pmumx
whereRm =—, the

I&
Reynoldsnumberintermsofthelengthx from

theleadingedge
stressisthen-

tothepointinquestionon

L

T 1 2 F&(o)
w = ~pmum

K

Intermsofthelocalskin-frictioncoefficient

‘w Cf

thereresults

Cf& = &(o)

Furthermore,inteunsofthemean
by

J’x ‘wax
o

therefollows

TCf ‘Da

skin-friction

12= cf~pmumx

= 2g.Jo)

theplate.Thesurface

(40) a

cf definedby

(41)

(42)

coefficient Cf defined

(43)

.. . .— . --...— .——..- -..—.——. ...— . ——. .— .- ——-— ------ ,--- --- —.. - . ..- ----



18 NACATN 2597

Comparisonofequatiom((42)and(44)showsthatregardlessofMachnum-
ber,Reynoldsnumber,orwall-to-free-streamtemperatureratio

.

The
plateis

Cf = 2cf (45)

heat transferred fromthe wall. to the fluid per unit:width of
given by

()%=-kw$w

=-:(%)~$)w

k’wkJ-—— i*~(())TW
= Cpwl%%

b-—
‘Prum i+’ (0)TW

I
I Fromequation(16a)onehas

I

‘*’(o)‘X%I

sothatequation(46)becomes

forvariable

1Up
1- ii+(0)+ PrJ(l)~

a

1 &
[

2
!lw’ - ~ I(1)U@

~l+PrJ(l)~- 1i*(o)
m

specificheat,or

~.- 1 2T
{[ 1}Tml+ 2PrJ(l)~1Mm2 - Tw

Fr I(l)”mw

(46)

(47)

(48)

I forconstantspecificheat.
t

I

I

‘— —.. —— ..— — .
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Defintigthelocal

andtheStantonnumber
equation(41), that

heat-transfer

1

.

19

coefficientby
(

=pmTw.—h=
Pr ;(1) ~

1 Cf
CH=

Pr 1(1)>

and

(49)

therefollows,utilizing

(50)

It isnowinterestingtoobservefromtableII,that,closely,
d

2/3Pr 1(1)~Pr

and

2PrJ(1)~Prl/2

sothatpractically

whenthe

whenthe

●

✼

specificheatisvariable,or

[( l/2Y-lM2
)]%=-+cpP@umTml+pr ~m -q

specificheat3.sconsht. (SpecificalQ,for Pr = 0.75,

2/3 . 0.8258;’2R J(I)= 0.8654Pr I(1)= 0-.8302 and w

and Prl/2= O.8660.)‘ -

,.

,.

(51)

(52)

(53)

.. . . . . . .. . .. . --- —--.--- —-——— ._____ -—... -– ——. - -:. —-—----.. ... . . —. —r .- . --- -.——
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Supposenow
layer(insulated

thereisnoheat
wall). Then ~

NACATN 2597

transferintooroutof theboundary
=0 and

(variable~) (54)

or

(constant~) (55)

whichisthewalltemperatureduetoviscousactionalone.However,
the“recoveryfactor”isdefinedby

Hence,itfollowsqponcomparisonof equations(54)and(56)that,
closely,

Recoveryfactor= -r= Pr1/2

(56)

(57)

forlaminarboundarylayers.

In-thedeterminationofthefrictionandheattrsnsferatthe
plate,itwasnotnecesssrytobow theinternalgeometricdistribution
ofpropertiesofthebouidarylayer.However,ifthegeometricdistri-
butionofproperties,suchasvelocityandtemperatureina stability
analysis,aredesired,thena suitable&istanceparameteris

:~=2
~wdu

Y* =
J“o g*

since T=.*.

(58)

RESULTSOFCAUXILNIIOI?S

I .
Calculationsoftheskin-frictionandheat-transfercoefficients

forlaminarboundarylayersonflatplateshavebeencarriedoutfor
Machnumbersup to20 andwall-to-free-streamtemperatureratiosof 1/4
to6. AlthoughtheresultsforthehigherMachnumbersareacademic
becauseoftheassumptionsmadeconcerningthevariationofproperties

—.— —.—_— -—. . ..—. —— -—.. — ..——— -—-— .
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ofthegasathightemperatures,thesecalculationswereperformedin
orderto indicatetrendsandcomparewithmoreaccurateresults.‘Y&
Prandtlnumberwastakenat0.75,thespecificheatwasheldconstant,
andtheSutherlandlawforviscosity-temperaturevariationwasassumed
to representtheviscositydatastartingwithan initialambienttempera-
tureof -67.6oF. Theratioof specificheatswastakenatl.~0.

Thecalculationprocedurewasasfollows:Theenthalpydistribu-
tionwascalculatedusingtheBlasiusdistributionof thedimensionless
shearfunctionas givenintableI;tbt is~valuesof @ and 1911from
tableIIIwereusedinequation(17).Thefinalsheardistributionwas
computedby integrationofequation(11)by themethodof successive
approximationsfrom ~ = O to w = 0.98 startingwiththeBlasius
solutionintableI. In theiterativeprocess,thevalueoftheshear
functionat ~ = 0.98 wasobtainedfromthesolutionof equation(21)
(fig.2). Therequiredaccuracyon &(~) waswithin0.0025,hence
within0.5percentforfrictionandheattransferattheplateoverthe
variationofwall-to-free-streamtemperatureratioschosenherein.It
wasunnecessaryto applythecorrectionb% of equation(28)because
bg* wasalwaysfoundtohe verysmall(oftheorderof10-4).A work-
sheetforcarryingoutan iterationfor & is@ven intheappendix.

In figure3 is plottedthemeanskin-frictioncoefficientasfunc-
tionof free-streamReynoldsnumber,free-streamMachnumber,andwall-
to-free-stresmtemperatureratio.Figure~4givesthelocalheat-
transfercoefficientasfunctionofthesamedimensionlessvariables.
In figure5 arecomparedresultsobtainedusingtheSutherlandandpower
viscositylaws.Figure6 showsthevariationof thethicknessofthe
laminarlayerasa functionof theaboveindependentVariables;the
thicknesswasarbitrarilytakenatthevelocityratio w = 0.995
obtainedby estimatingthe ~ distributionto thatpoint.

Figures7 to 12 showthedimensionlessshear-functiondistribution
forvariousMachnumbersandtemperatureratiosincludingtheinsulated-
platecase.Figures13to15 givethevariationsoftheveloci~
ratio~, thetemperatureratio T/T@ andtheMschnumberratioM/&
asfunctionsoffree-streamMachnumberMm anddistanceparameter

~ ~ inthecaseof theinsulatedplate;figures16to 30 showthe
samedependentvariablesasfunctionsof thesameindependentvari-
ablesinthecaseofwall-to-free-streamtemperatureratios1/4,1,
2, 4,and6. Figures31to 47 showthesamedependentvariablesas
abovebutas linesof constanttemperatureratioinsteadof aslines
of constsmtfree-streamMachnuriber,thedistanceparameternowbeing
therelativedistancey/8. Forpurposeof comparisonwithfigures13
to 15theinternalcharacteristicsoftheboundarylayerareplotted
infigures48.to~ for Pr = 1.

.. .. . ----- .- . -—— .- —..—-—- - -———-.--————-—— ------- - --— —._-—. —-, ----
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Figure51 showsthevariationacrosstheboumlarylayerofthe

( ~2
ratioofthetotalenthalpyperunitmass E = i + ~

)
atanypoint

tothatofthefreestreamforan insulatedplate.For Pr = 1 the
ratiowouldbe constantatunity.Thefactthat Pr islessth~
unityinthesecalculationsbringsaboutthetransferoftheenergy
fromtheinnertotheouterlayersof theboundarylayer;thisisdue
tothereadjustmentoftherelativeeffectsofviscosi~,heatcapacity,
andheatconductivi~infavoroftheheatconductivity.

————— .

.

. ..
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APPKQDIXA

w3KKsBEiTFoR cAmxIm3wr AH mKR4!cIcmFoR q

The folMwingheadings mudeqtw.titi am used h mmyingoutan iterationfor *:

()k% %2n(%)i*(uJ=T - pe%J+=e (ml- 6)
. .

@J -~*1/21.m (COlmrl7)
1+S2+Q

●

P*-A%
2%WithC0716tF@swckicheat,-- (7-l)&2 ~d % =‘L ‘or% -‘+%-

\
[ U I X2 I 1.3 la I 19 I 273

.

t

-h
F- (1-%)$$%

●

gJ1-h)-~l -h) presentC31ml.9tiond
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●35

.40
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TABLEI

ShearFunction

i3*

O.664i~

.66k05

.6636~

.66242

.66009

.65625

.65050
I

.64245

I
.63167

.

u*

“0.45

.W

●55

.60

.65

.70

● 75

.80

.85

.f3* When p+v*=.1

0.61772

.60013

.57C36

.55183

.51985

.48161

.43607

.38189

.31715

‘*

0.875

.960

.925

.95

.96

.97

.98

.99

1.00

%

0.27994

.23881

.19293

.14097

.1-1797

.09334

.06659

.03691

0

25

.. . .. . . .. . . . . . . . . . .— -- .—-— —- .. —.. — ------- .—. — .-. _. ———______ —. ____ ....—. .-. —



.— — .- -.. — — ——

1
.1
.2
.3
.4
.5
.6
.7
.8
.9
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.9)
.9(

:;
L.0[

VALUESOF I~J

Pr = 0.5 Pr=,0.725

I J I

I o 0
.1000 .0050.1000
.m .0200.2Q01
,3008.0452.3cn)4
;:2 :g .4014

.5034
.6135.1849.6073
.7267.2$7 .7144
,8%5 .3454.8269
.9967.4612.9500
..039.).48$p .9770
L.0696------1.0056
L.1131.55911.0363
L.1671------1.0708
------.6369------
L,2806.70391.E1O

J

)
.cm50
,.0200
.0451
.m3
.E&
.1827
.2512
.3337
.4343
.4579
------
.5103
------
.5602
.5971

,

TABLE II

EAsEDuPm BIAsnJs

Pr = 0.’75 Pr = 1.00

I J I

I o 0
,1000 .0050 .1000
‘.2001 .0200 .2QO0
.3@34 .0451 .3000
.km .0803 .4000
.5031 .1260 .yloo
.6066 .~824 .&xxl
.7130 .2507 .7m
.8243 .3324 .EWo
.9451 .4315 .ynlo
.9TL5 .4542 .9200
.gggl ------ .9400

..0286 .yy .gal
-.061_4 ------ .gEkM
,----- .5523 .9WQ
-.1070 .5768 1.0KM3

J

)

.0050

.0450

.Mao

.WO

.1800

.2450

.%00

.4050

.4232
>-----
.46S3

,-----
.4901
.50CQ

SOLU’TTONFOR gw

1 0 0 0
.1000 .OOXJ .Km .Oxn
.1999 ,020Q . lm .O$W
,2996 .0449 .2992 .0448
.3988 .077 .3975 .0794
.4969 .12?0 .4939 .U32
.5935 .1776 .5872 .1753
.&J75 .2396 .6756 .234.2
.7776 .3086 .7564 .2*
.8(35 .3817 .8251 .3613
.8757 .3965 .8367 .3731
.8901 ------ .8472 ------
.W37 .4245 ‘~8&6; .3941
.9159 ------ ------

,----- .4429 ------ .4060
.9252 .4473 .8682 .4(M

Pr = 2.00
I

II,J

o I
.Km .W
.1s97 .@~
.2985.0447
.3951.0788
.Wl .1213
.5750.1709
.6531.2246
.7105.2787
.76& .3276
.7727‘.3353
.7780------
;782$ .3475

------
----- .3527
.7863.3532
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.1
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.3
.4
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TABLE m

W.mEsmdmrle 11 m3EDuPm’ErAKms smai FOR &

Pr = 0.5 Pru 0.725 I Pr -0.75 I Pr E 1.00

~1 I ,#1

o 10
.07’81 .02%
.1562 .045i2
.23M .0601
.3143 .0703
.3953 .0757
.4790 .0761
.5674 .0732
.6641 .0610
.7783 .0431
.8054 .0385
.8352 ------
.8692 .0263
.9113 ------
.9397 .0123

1 0

,#

0
.@?2
.1785
.2ao
.3%3
.4-491

. ‘.5418
.6373
.737’8
.8474
.8P5
.8970

“.9244
.%52
.9733

1

1 0 0 0
.0344 .0903 .0353 . UxxJ
.0615 .1807 .0633 .2W0
.0813 .271.3 .0835 . 3c00
.0942 .3625 .0966 .4000
.0998 .4545 .1020 .5m
.0982 .5A.80 .1002 .6000
“ml ;;$ .:?; .7WI
.0720 .8QO0
.0453 .8538 :0455 .9000
.03* .8776 .0393 .-
----- .9,026 ------ .9400
.0235 .9252 .0232 .9630
----- .95’39 ------ .9M0
.0084 .9760 cd% .9900

1 0 1

)
.04y
.O&lo
.1050
.1200
.1250
.1200
.1053
.0800
:0450
.0362

------
.0192

------
.0050

)

H,= 1.25

)
.1081
.2161
.3238
.4310
.5371
.6415
.7431
.8405
.9301
.9465
.9621
.9769
.m
.S57

~11

o.
.0542
.055$
. 124S
.1414
.1452
.u67
. Uti
.0842
.0424
.0336

------
.0155

------
.O03C

3

Pr = 1.50

I 0’
.KL52 .0630
.2302 .1109
:3446 .1436
.4579 .1611
.5689 .1736
.6763 .QW
.’7781 d&J
.87’12
.9503 .0391
.9636 .0301
.9757 ------
.9863 .0124
.949 ------
.998I. . 001J3

o

Pr=2.Oa
I

o
.1271 .0798
;25;: .:3

.5026 :1974
;$0; . ;95$

.8305 :1375

.9139 .0EB2

.$rplo .0328

.9824 .0234

.9894 ------

.9948 .0078

.9984 ------ ~

.99911 .0006
0 I
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‘ Figure l.- Vi.scosity-lmnperaixre data.
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Figure2.-ShearfunctionE(1 - h) asa functionof ~’(1 - h).
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Figure3.- km ak.in-~iction coefricient for laminar boundary layer of
a corapressible fhid flowing along a flat plate.
e = 0.505.

Prandtl number, O.75;

.
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f Figure 4.- Local heat,-tpander coefficieti for lami’nirboundary layer of
a compressible fluid flowing along a flat plate. Prandtl numiber,0.7.5;
e = 0.505,

f
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0

Figure s,- Comparisonofmeanskin-frictioncoefficientsusingSutherland
andpowerviscositylaws.
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Figure (5..ThiCklE8S Of
flowing alor3ga flat
a-t U/uw= 0.@5.

laminar
plate.

boundary layer of a compressible fluid w
Frandtl number, 0.75; @ E 0.505; y = 6 u
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Ftgure7.- Sheardistributioninlaminarboundarylayerofa compressible
fluidflowingalongsa insulatedflatplateatvariousfree-stream
Machnumbers.~Prandtlnumber,O.75; 19= 0.505.

—. —.——c. -..-——.. . . . .

.



NACATN 2597

.

Figure8.- Sheardistributioninlaminarbound~ layerforwall-to-free-
streamtemperatureratioof1/4andvariousfree-streamMachnunibers.
~andtlnumber,0.75;6 = 0.505.
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Figure9.- Sheardistributioninlaminarboundarylayerforwall-to-free-
streamtemperatureratioof 1 andvariousfree-stream Machnumbers.
Prmdtlnuniber,0.75; 6’= 0.505.
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.,

Figure10.- Sheardistributioninlaminszboundarylayerforwall-to-free-
streamtemperatureratioof 2 andvariousfree-fireamMachnumbers.
Prandtlnumber,0.75j (3= 0.505.
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Figure11.- Sheardi6tribtiioninlaminarboundarylayerfqrwalll-to-free-
streamtemperatureratioof 1 andvariousfree-streamMachnumbers.
Prandtlnumber,O.~; 19= 0.505.
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Figure12.-Shesrdistributioninlaminarboundarylayer
streamtemperateratioof 6 andvariousfree-stream
Prandtlnumber,0.75; 0 = 0.~05.

forwall-to-free-
Machnumbers.
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Figure 13.- Velocity didxibut ion acroes knixxm boundary iAyer on an
Insulated flat plate for varioua Mach numbere. Prandtl number, 0.T5j
e = 0.505.

,
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Figure lk.- Temperature distribution acro6a laminar boundary layer on an
irmulated flat plate for varioua Mach nmibera, Frandtl number, 0.75;
e = 0.505.
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Figuxe 15.- Mach number
insulated flat plate
e =0.505.

. ‘FNJ

diatribtiionacross lwni.nerboundery layer on an 6
b

for varioua Mach tiers. Prandtl number, O.~;
!3
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Figure 16.- Velocitydistributionacrossmar boundaxylayerforwall-

to-free-etreamtemperatureratioof 1/4ad varioua &h number6,
fiarldtlnumber, 0.7~j .9= O.~~.
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I Figure 17.- Temperatm distribution acrosB ~ bounderylayerfor wall-
to-free -dn’eam temperature ratio of 1/4 and mriow Mach numbers. Rmndtl
number, O.nj El= O.~~.
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Figure 18. - Mach number distribution acros6 laminar bouudeqy layer for
wall-to-free-a-treamtempvature ratio of 1/4 and vaxious Mach numbers,
Rw.ndtl number, O.~; .9= 0.50~.
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Fi~e 19. - Velwity distribution acroas lam@ar boundary layer for wal..l-
to-free-stream temperature ratio of 1 and various Mach numbers, Prandtl
Dumber, O.~j 9 . 0.505.
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Figure Xl.- Temperature distribution acrosa,leminarboundary layer for
wall-to-free-wtream temperature ratio of 1 and vsrio’w Mach tiers.
Prandtl number, 0.75; 0 = 0.505,
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Figure 21.- l.kchrmfber distribution across lamirwr boundary layer for
wall-to-free-streamtemperature ratio of 1 and varioua Mach numbers.
Frandtl number, 0.75; F3= 0.505.
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Figure 22.- VelOCi@ distribution across lami,narboun~ ~er for ~-
to-free-dream temperatm ratio of 2 ad variouE Mach numbers. Frandtl
number, 0.75; e = 0.w5,
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I Figure 23.- Temperature distribution acroas laminex boumiary layer for
wall-to-free-streamtemperature ratio of 2 and varioua Mach m.mibqrs.
Prandtl tier, O.~; 9 = 0.505.
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Figufe,#t.- Mach number distribution across laminar boumkry lqyer for
WaU.-to-f’ree-streamtemperature ratio of 2 and l“ariousMach numbers.
Rrandtl nuniber,O.’~; e * O.~~o

I
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Figure25.-Velocitydistribtiionacroaslaminarbou.ndmglayerforwall-
to-free-stresmtempmatareratioof4 andvsrlousMch numbers.Prandtl
number,O.E; e . 0.505.
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Figme 26.- Temperature diwtribtiion across lambmr bou.ntky layer for
wall-to-free-streamtemperature ratio of 4 and various Mach nuoibers.
Prandtl number, 0.75; 0 = 0.W5.
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Figure V. - Mach number dietribtiionacross lamti boundary -r for
w’all-to-free-atremtemperatm ratio of 4 and various Mach numbers.
Wand-U nuniber,O.~; . 9 = O.~.
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Figure 28.- Velocity distribution across
to-free-stream temperature ratio of 6
mnnber,0.7.5;e = 0.505.

laminar boundary
end vazioua Mach

layer for waU-
numbers. Frandtl

Ln
WI



——. .-— —.——_ —.. —_.——— _. —— —._ ..—

Figure 29.- Temperature distribution acrosE lominar boundery layer for
wall-to-free-dream temperature ratio of 6 andvariouaMachntiers.
l?ran&tlnumber,0.75;e = 0.505.
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1 Figure 30.- Mach number distribution across lemlnar boundary layer for
wall-to-free-streamtenprtiu ratioof6 andvariousMach numbers.
R-1 mmber, O.~j e u 0.505.

1“



— ——— —— —. —

1

Figure 31.. Velocity distribution across lemlnar boundary layer for ~ .0
and variouB wall-to-tiee-strem temperature ratioa.
0.75; e =0.505,

Prandtlnumber,

%
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Figure 32.- Temperature Ustrllnrtion across I.aminarboundary Layer for
~ = O and varioua wall-to-free-streamteq:rature ratios. Prandtl
number, O.~; 19= 0.505.
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Figure 33.- Velocity distribution across laminar Mnmiary layer for
&

~ = 4 and variou6 wall-to-free-streamtemperatue ratios. Prandtl Q

number, O.v; ~ = 0.505. $?
4



Figure 34.- ~em~ratureUstrllut.1.onacrosslsmlnsrboundarylayerfor
~ = h andvariouswall-to-free-streamtemperature ratios. Rcandtl

nmbe’r, 0.’7’5;e = 0.505.
C#



I

I

I

I

I

——._—— -. —. ————-—————-

OJ

Figure 35.- Machnumbertistr~butionacrossl-r boundarylayerfor
M. = 4 andvariouawall-to-tie-streamtemperature ratios. Prandtl

number, O.~; e =-0.505.
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Figure 36.-velocitydistributionacrosslaminsrboundarylayerfor
~~ . 8 andvariouB wall-to-free-streamtemperature ratios. Prandtl
number, 0.7.5;e = 0.505.
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Figure 37. - Temperature distribution across laminar Im.uxlarylayer for “ ~

Mm = 8 and various wall-to-free-stream temperature ratios. Frandtl &

nuaiber,0.75; e =0.505. -a

.
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I Figure 38.- Mach number distribution across latinar boundary layer for
Mm = 8 and v8TiOUS wall-to-free-streamtemperature .rstios. Prandtl

number, 0.75; 8 = Q.505.
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~ Figure 39.- Velocity distributionacross lamlnar boundary layer for E
~~ 12 and various wall-to-free-streamtemperature ratios. Prandtl 5
number, O.~; 0 . 0.505. N

s
=31
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Figure k3.- Temperature diatribtiion across laminer boundary layer for
.. .-
M~ = 1.2 and various wall-to-free-stream temperature ratios. Frandtl

\ number, O.~; .9= 0.505.
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Figure 41.- Mech number distribution across
M. = E’ and vsrloua wall-to-free-stream

number, 0.75; .9 . O.>@.

lamhar boundary layer for
temperature ratios. Prandtl

.$ .7 .8 .9 I.a
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Figure 42.- Velocity distribution acroaa lamhar boundar”,”layer for

Mm= 16 endvariouswall-to-l’ree-stresmtemperatureratios..Prandtl
number,O.~; @ = 0.505.
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Figure 43.-Temperatmtistrlbtiionacrosslamin.arboundarylayerfor
&= 16 andvariouswall-to-free-streamtenqeratureratios.Frandtl
number,O.~; e . 0.505.
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Figme ~. - Mach number distribution acrofis
Mm= 16 endvarlouawall-to-free-stream
number,O.vj @ = 0.505.

laminar boundary layer for
tetiperat~ ratios. Prandtl

.
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I FIP 45.- Velocitydistributionacrosslamhmrboundarylayerfor”
E

I !2
M. = 20 andvariouawall-to-free-streamtenrperatureratios.Prandtl
number,0.75;e = 0.505. Q
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NORMAL DISTAUCE PARfiMETER,+ ~

I Figure &6.-
i

Temperature distribution across
Mm = 20 and various wall-to-free-stream(
numiber,O.B; 9 = 0.505.

latinar boundary layer for
temperature ratios. Prandtl 4

m
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Figure 47.-l~achnumberdistributionacrosslaminar.boundarylayerfor
~ = 20 andvariouswall-to-freestreamtemperatureratios.Frandtl
nuniber,0.75;19= 0.505.
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Figure 48. - Velocity distribution across laud.narboundsa-ylayer on an
insulated flat plate for WIOUE Mach numberE. fiantil tier, I.oj
e = 0.505.
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Figure 49.- T_rature diatribtiionacrossl.emimmboundmylayer“Oil an

insulated flat plate for vaclouE Mach numbers. Prandtl qmber I.oj
9 = o.50_5.
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I Figure _50.- Mach nunber diwtribtiton across laminar boundary lqfer on an
tisulated flat plate for various Mach numbers. ~tl number, 1.0;
e = 0.W5.
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Figuxe 51.- Totalenthslpyvariationacrosslsminarlxmndarylayerora
a compressiblefluid flowing
~ free-atresmMach numbers.
?
E

t

along an insulated flat plate-at &rious
Prandtl number, O.~; .9= 0.505.
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