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IMPINGEMENT OF CLOUD DROPLETS ON A CYLNDEB 
LIQUID-WATER CONTENT AND DROPLET SIZES 

ROTATING NIULTICYLINDER METHOD * 
ByR. J. BBUN, W. LEWIS, P. J. PEBIUWB, and J. 5. S 

SUMMARY 
E d u a t w n  of the rotating multkylinder metho& for the 

measurement of droplet-size daributwn, m l u - d h n  droplet 
size, and liquiohater content in c l o d  s h e d  that mud? un- 
certainties in tlre basic data eliminate the distincEion between 
diferent cloud droplet-size distribztcions and are a 8(yul%e of 
large errors in the detemLinaCion of the droplet size. CaEcZsla- 
tions of the trajectories of cloud droplets in incompres&i-le and 
compressibh JEOw $el& around a cylinder were performed $3 a 
mechank! a d o g  constructed for the study of the trajectories of 
droplets around aerodynamic bodies. Many data points m e  
carefully c&d& in order to determine pr&ely the rate of 
droplet impingement on the surfme of a right circular cylinder. 
From the computed droplet trajectories, the follozong impinge- 
ment characteristics of the Cylinder surface were obtained and 
are presented in terms of dimensionless parameters: (1) total 
rate of water impingement, (2) extent of droplet impingement 
zone, and (3) local distribution of impinsins water on cylinder 
swface. * 

TiLe rotating multicylindep method for in-sight determination 
of liquid-tmter content, dropkt size, and droplet-size distribution 
in icing clouds i s  described. The theory of operation, the 
apparatus required, the technique of obtaining data in sight, 
and Atailed methods of calculating the results, including 
necessary charts and tables, are presented. An evaluation 0.f 

the mdticylinder method includes the efect on$& results of 
droplets that do not freeze completely on the cylinders after 
striking them, as well as probable errors injinal results caused 
by the inherent insensitivity of the multicylinder method. 

INTRODUCTION 

As part of a comprehensive research program directed 
toward an appraisal of the problem of .ice prevention on 
aircraft, the NACA has undertaken an investigation of the 
impingement of water droplets on aerodynamic bodies. 
Previous investigators have calculated the waterdroplet 
trajectories for right circular cylinders (refs. 1 to 5): for 
bodies of revolution (refs. 6 to 8), for elbows (ref. 9), and for 
airfoils (refs. 10 to 15). The trajectory results on bodies of 
revolution, elbows, and sirfoils have been applied to the 
design of equipment for the protection of aircraft components 

against ice formation. The calculations of waterdroplet 
impingement on cylinders have occasionally been used for 
the same purpose but are most useful in connection with 
flight instruments used in the study of liquid-water content, 
droplet size, and size distributions in icing clouds. A 
knowledge of the constitution of supercooled clouds is neces- 
sary in order to design equipment for aircraft icing protection. 

A commonly used technique for measuring cloud liquid- 
water content, droplet size, and droplet-size distribution 
involves the collection of ice on cylinders exposed to_ tka air 
stream in the icing clouds. This technique is known as 
the rotating multicylinder method (refs. 1 and 16). In 
this method, several right circular cylinders of different 
diameters rotating on a common axis are exposed from an 
airplane in flight to. the supercooled droplets in a cloud. 

In  the usual procedure for obtaining cloud-droplet data, 
the cylinders are extended through the airplane fuselage 
during the exposure period and are then retracted for 
disassembling and weighing. The cylinders are rotated 
.during exposure in order to secure uniform ice collectiorr 
around the circumference and thus to preserve a circular 
cross section during the entire exposure. I t  has usually 
been assumed that durihg the exposure periqd in flight all 
the supercooled droplets that strike the cylinders freeze 
completely on the cylinders. This assumption is not 
strictly true, because a small portion of the impinging water 
is lost by evaporation; and, under some conditions of tem- 
perature and impingement rate, a considerable fraction 
may run off in the liquid state (refs. 17 and 18). Calculated 
corrections for evaporation and calculated values of the 
conditions under which run-off may occur are presented 
herein. 

The measurement of droplet size, droplet-sue distribution, 
and liquid-water content is based on the principle that cylin- 
ders of different sizes collect different quantities of ice per 
unit frontal area. The amount of ice collected per unit 
frontal area is expressed in terms of the collection efficiency, 
that is, t€ie ratio of the mass of ice collected to the mass of 
liquid water contained in the volume of space swept by the 
cylinder. The collection efficiency presented herein is 
obtained from calculations of clouddroplet trajectories with 
respect to the cylinders. The col!ection efficiency is a known 

1 Supersedes NACA T N  2903, “Impingement of Cloud Droplets on Aerodynamic Bodies ss Affceted by Compressibility of Air Flow Around the Body,” by  Rinaldo J. Brun, John 9. 
Seratlni, and Helen M. Gallagher, 1952; T N  2904, “Impingement of Water Droplets w 8 Cylinder in an Incompressible Flow Field and Evaluation OK Rotating Multieylinder Method for 
Measurement of Droplet-SIze Distribution, Volunie-Median IJroplet She, and Liquid-Water Content in Clouds,“ by Rlnaldo J. Brun and Harry W. Mergkr. 1952; and RM ES(D23, “Pro- 
cedure for Measuring Liquid-Water Content and Droplet Sizes in Superrooled CIGU~S by Rotat- Multieylinder Method.” by William Lewis, Porter J. Perkins. and Rinaldo J. Brun, 1953. 
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function of droplet size, cylinder size, airspeed, air density, 
and air viscosity. The liquid-water content and the average 
droplet diameter are determined from a comparison of the 
measured weight of ice collected on each cylinder with the 
calculated values of collection efficiency. The actual 
distribution of clouddroplet sizes cannot be determined as 
such by the multicylinder method, but the degree of in- 
homogeneity can be approximated by comparing the flight 
data with values of collection efficiency calculated for hypo- 
thetical droplet-size distributions. 

An evaluation of the effect of the compressibility of air 
on the cylinder collection efficiency is presented- herein, 
because the flight critical Mach number on the cylinders is 
attained at  relatively low airplane speeds. The t i i h t  
critical Mach number is defined as that airspeed which 
results in sonic velocity a t  some location on the cylinder. 
In order to evaluate the magnitude of the compressibility 
effect on droplet impingement, trajectories in a compressible 
flow field around a cylinder were calculated a t  the NACA 
Lewis laboratory and the results compared with those of 
trajectories carculated in an incompressible flow field. The 
results of the trajectories calculated in an incompressible 
flow field were also compared with results available in 
references 1 to 5, in which the trajectories were calculated 
for an incompressible flow field around a cylinder. Some 
difference was found between the NACA results and those 
in the references. Also, a considerable difference was found 
to exist among the references cited. Because of the differ- 
ences in the existing literature, a recalculation of the trajec- 
tories in an incompressible flow field around a cylinder was 
undertaken at  the NACA Lewis laboratory. 

In  reference 1 the forces acting on the water droplet were 
calculated from Stokes' law for slow translatory motion of a 
small sphere in an incompxessible viscous fluid. The forces 
acting on the water droplet were calculated more precisely 
in references 3 to 5 by the use of the experimentally deter- 
mined drag coefficient for a sphere in terms of the Reynolds 
number. The calculations for the trajectories were per- 
formed in references 1, 2,  4, and 5 by a step-by-step integra3- 
tion of the second-order nonlinear differential equations that 
describe the motion of the droplets around a cylinder. The 
calculations presented in reference 3 were made more 
accurately with the use of a differential analyzer. Another 
difference among the investigations (refs. 1 to 5 )  is the values 
of the droplet velocities assumed at  the beginning of the 
integration process of the equations of motion. 

The method used in reference 3 for calculating the water- 
droplet trajectories has been used for calculating the data 
persented herein. Many more data points were carefully 
calculated for the results presented herein than were cal- 
culated for the data in reference 3, in order to determine 
more precisely the rate of impingement of droplets on the 
surface of the cylinder. Accuracy was emphasized in all the 
calculations, because the insensitivity of the rotating multi- 
cylinder method in its application to the measurement of 
droplet-size distribution does not permit wide tolerances in 
the theoretical data. Curves were established over a wide 
range of the variables in order to determine whether the 
impingement on cylinders follows rules that might be 

available for extension in future studies to other aerodynamic 
bodies. 

The procedure is also presented in this report for the 
application of the calculated data in the determination of 

let size, droplet-size distribution, and liquid- 
water content from multicyliider flight data. The descrip- 
tion of -the apparatus adopted for flight use at  the NACA 
Lewis laboratory, the proce usea in taking data in flight, 
and the customary metho rocessing the flight data are 
descriptions of techniques developed by the NACA and 
others interested in the problem of measuring the character- 
istics of icing clouds. These techniques are based on the 
methods proposed in reference 3. 

I. CALCULATED IMPINGEMENT OF DROPLETS ON 
CYLINDERS 

The trajectories of atmospheric water droplets about a 
cylinder moving at  subsonic velocities were calculated with 
the aid of a differential analyzer a t  the NACA Lewis labora- 
tory. The rate, distribution, and surface extent of imping- 
ing droplets were obtained from the computed trajectories 
and are summarized in this section in terms of dimensionless 
parameters. 

ANALYSIS 
DERIVATION OF EQUATIONS OF MOTION 

As a cylinder moves through a cloud, the amount of water 
intercepted by the cylinder depends on the cylinder size, the 
flight and meteorological conditions, and the inertia of the 
cloud droplets. In  order to obtain the surface extent of 
impingement and the rate of droplet impingement per unit 
area on a cylinder, the cloud-droplet trajectories with respect 
to the cylinder must be determined. The differential 
equations that describe the droplet motion have been stated 
in reference 3 and are derived in the following paragraphs. 

From the conventional forms of the equations for the drag 
force of a body in a fluid 

and for Reynolds number 
2ap3 Re=-- 

P 
there is obtained 

for a sphere having a relative velocity tt with respect to the 
fluid. (All symbols are defined in appendix A.) The 
equation of motion of a water droplet in terms of its x- 
component in a rectangular coordinate system is 

2 a2p, U dv; L -CDRe (u:-v:) 

where ttie velocity terms with the prime superscript are in 
feet per second. I n  dimensionless terms, the equation of 
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motion for the x-component becomes 

and for the y-component becomes 

where 

The Reynolds number Re can be obtained conveniently in 
terms of the free-stream Reynolds number, 

SQ that 

The free-stream Reynolds number, expressed with respect 
to the droplet size, is used as a convenient term in the cal- 
culations and is not intended to imply relative motion 
between the droplet and the free-stream air. 

The term CDRe/24 containing the coefficient of drag for 
the droplets, required in equations (1) and (2), may be 
obtained from tables in reference 3 or 10. The values pre- 
sented in references 3 and 10 were obtained from experimental 
wind-tunnel data on the drag forces on spheres, presented 
in reference 19. As the relative motion between the droplets 
and air approaches zero as a limiting value, the value of 
CDRe/24 approaches unity as the limiting value, and Stokes' 
law for the drag forces acting on spheres applies. 

The air velocity components (ref. 20) for a cylinder in a 
uniform, potential, and incompressible flow in two dimensions 
and without circulation are 

Equations (1) to (6) are written in dimensionless form in 
order to maintain the number of calculations at  a minimum 
and to simplify the presentation of the results. The equa- 
tions apply to the motion of droplet<s in a plane perpendicular 
to the axis of the cylinder, which is located at  the origin of 
the rectangular coordinate system, as shown in figure 1. At 
an infinite distance ahead of the cylinder, the uniform air 
flow carrying the cloud droplets is assumed to be approaching 
the cylinder from the negative x-direction and parallel to 
the x-axis. All the distances appearirig in the equations and 
in the figures are ratios to the cylinder radius L, which is the 
unit of distance. The velocities appear as fractional parts 
of the free-stream velocity U. Time is expressed in terms 
of the cylinder radius and free-stream velocity, so that 

Cylinder oulline--,. 

FIGURE 1.-Coordinate system for cylinder. 

r=tU/L. In this manner the unit of time is the time required 
for a droplet to travel a distance L at  velocity U. 

The differential equations (1) and (2) state that the 
motion of a droplet is governed by the drag forces imposed 
on the droplet by virtue of the relative velocities between 
the droplet and the local air in motion along the streamlines 
around the cylinder. The droplet momentum tends to keep 
the droplet moving in a straight path, while the drag forces 
tend to force the droplet to follow the streamlines. For very 
small droplets and slow speed, the momentum of the droplets 
parallel to the direction of the free-stream motion is small, 
and the drag forces are large enough that little deviation 
from the streamlines occurs; whereas, for large droplets 
or high speed, the momentum is large enough to cause the 
droplets to deviate from the streamlines and follow- a path 
more nearly iri the direction established by the free-stream 
velocity. In  accordance with the statement of equations (1) 
and (2) and the definition of the parameter K in equation 
(3), the trajectories depend on the size of the cylinder, the 
radius of the droplet, the airspeed, and the air viscosity as 
first-order variables. 

Assumptions that have been necessary in order to solve 
the problem are: 

(1) At a large distance ahead of the cylinder (free-stream 
conditions), the droplets move with the same velocity as 
the air. 

(2) No gravitational force acts on the droplets. 
(3) The droplets are always spherical and do not change 

in size. , 
The f i s t  two assumptions are valid for droplets smaller 

than drizzle or rain drops, because the inertial forces of the 
droplets are usually much greater than the gravitational force. 
The assumptions are also valid for falling rain drops if the 
free-stream velocity with respect to the cylinder is much 
greater than the drop velocity caused by gravitational foree. 
Preliminary calculations show that the third assumption is 
valid for the usual meteorological and flight conditions in 
which cylinders are used. An evaluation of the evaporation 
rate of droplets is presented in reference 21. 

CALCULATION PROCEDURE 

The differential equations of motion (eqs. (1) and (2)) are 
difficult to solve by ordinary means, because the act>ual values 
of the velocity components of the droplet relative to the air 
and the term containing the coefficient of drag are nctt 1- \now11 
until the trajectory is traced. These values arc' determined 
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as the trajectory of a droplet is developed, because their 
magnitude depends on the position of the droplet in the flow 
field. Simultaneous solutions for the two equations of mo- 
tion were obtained with the use of a mechanical analog based 
on the principle of a Werential analyzer. A description of 
this analog and the method of solution for the droplet tra- 
jectories are presented in appendix A of reference 22. The 
answers were obtained in the form of plots of the droplet 
trajectories with respect to the cylinder, as shown in figure 
2. The second-quadrant section of the cylinder is outlined. 
The ordinate scale was expanded approximately 4 times the 
abscissa scale with appropriate- gearing in the analog in an 
effort to obtain the maximum accuracy in the determination 
of the points of impingement of the droplets on the cylinder 
surface. 

Before the integration of the equations of motion could be 
performed with the analog, the velocity of the droplets a t  
the start of the integration had to be determined. As has 
been postulated in the assumptions, at an infinite distance 
ahead of the cylinder, all the droplets have vertical and 
horizontal components of velocity that are the same as those 
of the free-stream air. At finite distances ahead of the 
cylinder, the droplets have velocity components and posi- 
tions varying between those pertaining to the undisturbed 
free stream and those pertaining to the air streamlines. A 
study of the air streamlines showed that.only a gradual 
deviation of the air streamlines from the free-stream velocity 
takes place up to approximately 5 radii ahead of the cyl- 
inder centerline. A large rate of change of air motion takes 
place between x= -5 and the cylinder surface. The equa- 
tions of motion (eqs. (1) and (2)) were linearized by an ap- 
proximation and solved between x=- Q) and x=-5 by 
the method presented in reference 3 and discussed herein in 
appendix B. The trajectories of the droplets impinging on 
the cylinder are shown in figure 2 plotted from x=- 5 to 
the point of impingement on the cylinder surface. The 
analog starting conditions at x=-5, as calculated by the 
linearized equations, were checked for several values of K 
and were found to be within the accuracy of the analog 
(appendix B). 

The trajectories shown in figure 2 are representative of 
operating conditions that result in values of K=4 and Reo 
=63.246 (eqs. (3) and (4)). The topmost trajectory A is 
tangent to the cylinder and determines the maximum extent 
of impingement of droplets for the conditions given for 
figure 2. All droplets having trajectories below this tangent 
trajectory strike the cylinder; whereas, all droplets having 
trajectories above this line will miss the cylinder. 

The impingement of droplets on the third quadrant of 
the cylinder (fig. 1) is identical to that on the second quad- 
rant, except that the trajectories are mirror images of those 
shown in figure 2. The amount of water impinging on the 
cylinder is the total water in those droplets bounded by the 
second- and third-quadrant tangent trajectories. If the 
cloud of droplets is assumed to be uniform at a large dis- 
tance ahead of the cylinder (free-stream conditions), the 
water intercepted by the cylinder per unit time is the water 
contained in a volume of cloud of unit depth and length but 

X 

FIGURE 2.-Trajectories of droplets impinging on cylinder. Free- 
stream Reynolds number, 63.246; inertia parameter, 4; c, 1000. 

with a width that has twice the value of yo,,, the ordinate 
a t  infinity of the tangent trajectory. 

For the conditions of K and Reo applicable to the trajec- 
tories shown in figure 2, the tangent trajectory A also de- 
termines the cylinder collection efficiency, which is. defined 
as the ratio of the actual water in the droplets intercepted 
by the cylinder to the total water in the volume swept out 
of its path by the cylinder. For a-cloud composed of drop- 
lets all uniform in size, the collection efficiency is equal to  
yo,,,, in magnitude, because in the trajectory calculations the 
ordinate yo,, is given as a ratio to the cylinder radius. 

The tangent trajectories were computed in order to obtain 
the water intercepted by the cylinder and the cylinder col- 
lection efficiency. The tangent trajectories also determine 
the angle of maximum extent of impingement. The angle 
of maximum extent of impingement is denoted by e, (fig. 
2), and the angle of impingement of the intermediate tra- 
jectories is denoted by 8. The accuracy in determining 8, 
was approximately f 1.5'. The trajectories intermediate 
between the x-axis and the tangent trajectory were com- 
puted in order to obtain the distribution of the water on the 
cylinder surface. 

Trajectories for droplets with low inertia hovered along 
the surface of the cylinder over large circumferential dis- 
tances. The crowding together of the trajectories near the 
cylinder for very low values of K did not permit the f 1.5' 
accuracy to be maintained for values of K<l with the same 
scale factors shown in figure 2. For values of K<1, the 
scale factors of the cylinder were doubled so that the trajec- 
tories were plotted with respect to a cylinder 40 inches in 
diameter. For these low values of K, the ordinate scale was 
not distorted with respect to the abscissa scale. A small 
section of the cylinder surface with the trajectories of drop- 
lets impinging on it is shown in figure 3. Although only 
the portion of the trajectories from x= -2 up to the cylinder 
surface is shown in figure 3, the trajectories were calculated 
by the machine from x=-5, and the starting conditions at 
x=-5 were obtained as explained in appendix B. 
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x 

FIQUKE 3.-Trajectories of droplets with low inertia parameter 
(K= 0.5). 

An attempt was made to increase the ease in locating the 
point of tangency by calculating a trajectory slightly below 
the tangent trajectory and running the trajectory through 
the cylinder (trajectories B, fig. 3). The trajectory near the 
tangent trajectory defined the tangency by cutting the 
cylinder at two definite points, such as a secant line. This 
method of determining the tangent is accurate only if trajec- 
tory B is very near the tangent trajectory. The increase in 
scale factor for low values of K permitted an accuracy of 
f 1.5' to be obtained for 0, for K=0.5, and f 2 '  for K=0.25. 

DATA PRESENTATION 

Series of trajectories, such as those shown in figure 2, 
computed for several combinations of values of K and Re,,, 
permit the evaluation of area, rate, and distribution of 
water-droplet impingement on cylinders. The data are 
presented herein in terms of dimensionless parameters in 
order to generalize the presentation of the data and to gain 
flexibility in the application of the data to experimental and 
analytical studies. Examples involving dimensions and 
flight conditions are used herein whenever the examples are 
aids in clarifying the presentation of the data. Typical 
values of dimensions and flight conditions are used in most of 
the examples given; however, because of the nature of the 
dimensionless parameters, a large number of combinations 
of values of the variables, such as free-stream velocity, 
cylinder size, droplet size, and others (eqs. (3) and (4)), 
would apply to the particular value of the dimensionless 
parameter illustrated by the example. A system of equa- 
tions for the evaluation of dimensionless parameters in terms 
of variables with units commonly employed in aeronautics 
is presented in appendix C. 

The results are often presented herein as functions of the 
parameter K. The parameter K has been termed the 
inertia parameter, because its magnitude directly reflects 
the external force required on a droplet to cause a deviation 
from the original line of motion of the droplet. A dimension- 
less parameter cp, defined as 

(7) 

was adopted in reference 3 for the presentation of the data 
and is also employed herein. The parameters K and qa 
together are su5cient to define the conditions of a particular 
impinging droplet. The parameter cp is valuable in that cp 
is not a function of droplet size. arameter (p is an 
important concept in the interp of icing-cloud 
measurements .in which the droplet size is not measured 
directly and is an unknown which must be calculated. 
(Procedure for calculating droplet size is discussed in sections 
I11 and IV.) In the interpretation of icing-cloud measure- 
ments in which cylinders of different diameters are exposed 

oplets from an 9 cpmay 
a function of its de- 

pendence on air density pa and viscosity p for any given 
cylinder size and flight speed. 

The magnitude of cp is a measure of the deviation from 
Stokes' law for the forces acting on the water droplets. 
Stokes' law was derived for slow translatory motion of a 
small sphere in an incompressible viscous fluid and applies 
precisely in the limiting value of p=O, when the free- 
stream Reynolds number is zero or the droplet motion rela- 
tive to the cylinder approaches zero as the limit (eq. (7)). 

RESULTS AND DISCUSSION 

COLLECTION EFFICIENCY 

The collection efficiency is presented in figure 4 as a 
function of the inertia parameter K and the parameter cp. 
For the conditions in which a cylinder is moving through a 
cloud of droplets that are all uniform in size, the total rate of 
water interception per foot span of the cylinder is 

W ,  = 2EL UW (8)  

The collection eficiency increases with increasing values of 
K. The primary variables in the inertia parameter K (eq. 
(3)) are the droplet size, the free-stream velocity, and the 
cylinder size. The range of variation of water density or 
air viscosity over the range of temperature changes in the 
ordinary atmosphere from sea level to 30,000 feet is small 
compared with the range of variation possible with the other 
variables in equation (3). 

The collection efficiency increases with increasing droplet 
size and free-stream velocity, because an increase in the 
free-stream momentum of the droplet with respect to a 
cylinder increases the forces necessary to force the droplet 
around the cylinder. An increase in the cylinder size de- 
creases the collection efficiency, because the large cylinders 
cause the air streamlines to start moving around the cylinder 
a greater actual distance (not in terms of ratio to cylinder 
radius) ahead of the cylinder than the small cylinders. The 
greater distance ahead of the cylinder in which the stream- 
lines are moving around the large cylinder permits the air 
drag forces to act on the droplets for a longer time t in 
seconds, thus causing a smaller proportion of the droplets 
that are in the path of the cylinder to impinge on the cylinder. 
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I 
P '  

For the conditions in which Stokes' law applies for the 
drag force (p=O), the values of figure 4 for collection effi- 
ciency are very nearly the same as those presented in ref- 
erence 3. The results of figure 4 and reference 3 are both 
lower than those presented in references 1 and 2, again for 
p=O. The calculations for the work presented in references 
1 and 2 were not made Wizh differentia1 analyzers, nor were 
the conditions at  the start of the trajectories determined by 
the method presented in appendix B. The differences may 
result from either the method of calculation or the assump- 
tions at the starting conditions. The calculations of reference 
2 included only values of K less than 2. The results of figure 
4 differ somewhat from those of reference 3. For p= 10,000, 
the resuIts of figure 4 are higher than those in reference 3 by 
0, 8, 7, 2, and 0 percent for K = l ,  4, 16, 36, and 256, respec- 
tively. 

The calculated points shown in figure 4 are presented in 
' table I. Corresponding points obtained from curves given 

in reference 3 are also given in table I for comparison. No 
calculations were made in references 1 and 2 for values of p 
other than zero. Although a few calculations were made in 
reference 5 for p=16,000, the results are not comparable 
with either the results presented herein or in reference 3, 
because the starting conditions and method of computation 
were not the same. For the same reasons, the results of 
reference 4 are not comparable. The values of E given in 
reference 4 are all considerably higher for all values of cp than 
values. for corresponding conditions given either herein or in 
reference 3. 

The expanded ordinate scale used with the analog per- 
mitted the calculations presented herein for the collection 
efficiency to be read accurately within f0.002 unit for values 
of E between 0.20 and 1.00. The accuracy in obtaining E 

for values qf K=0.5 and 0.25 was f0.003 and 10.004, 
respectively, because the accuracy in the determination of 
the tangent trajectory was not as good for the low values of 
K, as stated previously. The values shown in figure 4 for 
K=0.5 and 0.25 me averages of two or more check calcu- 
lations. 

TABLE 1.-COMPARISON WITH RESULTS OF REFERENCE 3 
- 

I 
K 

0.25 
.50 
1 
4 
16 
40 
320 - 
0.50 
1 
4 
40 - 
0.50 
1 
4 
16 - 
0.50 
1 
4 
16 - 
0.5 
1 
4 
16 
320 

0 
0 
0 
0 
0 
0 
0 

7.071 
- 
10 

63.246 

22.361 
31.623 
83.246 
126.49 

m 
- 

- 
m. 711 

100 
m 
4M) 

0.051 0.042 0.330 I_.___ 
,205 .186 .716 0.688 
.380 .380 .980 .9Ql 
.741 .722 1.379 1.365 
.820 .WU 1.518 1.517 
.957 .962 1.538 1.546 
.m5 .997 1.557 1.567 

0.157 0.127 0.601 0.565 
,309 .206 .865 .a57 
,680 .630 1.291 1.253 
.924 .928 1.522 1.504 

0.116 0.090 0.504 0.483 
.250 .nB .760 ,719 
.616 .568 1.20 1.147 
.830 .806 1.445 1.391 

0.070 0.053 0.385 0.384 
.157 .150 ,595 .597 
.480 .441- Loo0 .9W 
.755 .710 1.345 1.286 

---- 

---- 

---- 

158.114 
223. Bo7 
447.214 
894.427 
lwcl 

0.038 0.035 0.267 0.314 
.lo5 .OW .45 .494 
,378 .340 .916 .E73 
.682 . 615 1.258 1.169 
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FIGURE 5.---Maximum angle of impingement on cylinder. (A 17- by 21-in. print of this figure IS available from NACA on request.) 

MAXIMUM ANGLE OF IMPINGEMENT 

The maximum angle of impingement is given in figure 5 
as a function of K and p. The maximum angle of impinge- 
ment, in radians, increases with increasing values of the 
inertia parameter K. The curves in figure 5 are similar in 
shape to those in figure 4 for t>he collection efficiency. As 
was discussed in the section on CALCULATION PROCEDURE, the 
accuracy in determining e, was f 1.5' for conditions in 
which K=0.5.  The curves of figure 5 were faired through 
averages of readings by several observers of the original 
trajectory plots. For the low values of K (K<l), two or 
often more than two check analog calculations were made. 
A comparison of the angle of impingement given by the 
curves of figure 5 with the results of reference 3 is made in 
table I. 

IMPINGEMENT OF INTERMEDIATE TRAJECTORIES 

The starting ordinate yo at infinity of any trajectory, 
including the trajectories between tlic tangent trajectory 
and t l i ~  1-axis such (LS shown in figure 2, can be found in 

figure 6 for any given angle of impingement on the cylinder. 
The starting and ending positions of the trajectories are 
showa in figure 6 for the five different values of p studied. 
For each value of p, curves for several values of K are pre- 
sented. The choice of the particular values of K shown in 
each figure was governed by the gearing available for the 
analog. 

The amount of water impinging between any two given 
points on a cylinder moving through a uniform cloud can be 
found from the results given in figure 6. For example, if the 
amount of water impinging between the x-axis and a point 
8=45O=0.785 radian must be known for a 1%-inch cylinder 
moving with a free-stream velocity of 130 miles per hour 
through a cloud composed of 20-micron droplets, the value 
of yo to be used in the relation 

UT' UwLyo (9) 

for cp= 1000 and K = 4  is found in figure 6 (c) to be 0.53. The 
amount of water impinging between t.wo points, where one 



is not on the x-axis, is found by 
relation 

= U ~ ~ ( Y o . 2 -  Y0.l) (9a) 

The angle 8 is given in radians in figure 6 to permit a con- 
venient conversion of the data of figure 6 in the determi- 
nation of local rates of water impingement discussed in the 
following section. 
Bn analysis of the data points 6 reveals that all 

the points fall on sine curves, wit 
pending on the values of K 
this behavior is not apparent 
of motion (eqs. (1) and (2)), which are very nonlinear and 
do not permit a formal solution. However, this behavior 
of the data can be used advantageously, in that curves of 
yo as a function of e for values of p and K i n  addition to those 
curves given in figure 6 are possible with the aid of the ex- 
pression 

 yo=^ sin('&) 

.- . 
Angle of!mpiGetnent, --q rod& 

(8) 9 1  0- (e) (P, 1000. (e) rp, 50,000. 
(W rpl 100. (4 (P, 10,OfJO. 

P ~ G I J ~ E  6.-Trajc?ctory starting Ordin8tCS 8s function 
of angle of impingement. 

The following examples illustrate the use of equation (10). 
If the curve of yo as a function of 8 for p=lOO and K = 2  is 
desired (shown in fig. 6(b) without calculated points), the 
amplitude and period that determine the terminus of the 
desired curve are obtained from figures 4 and 5, respectively. 
The value of y0,,=E=0.493 is found in figure 4, and the 
value of 8,=1.092 is found in figure 5. These values of 
yo,,,, and em are the terminus values and a measure of the 
amplitude and period, respectively, of the desired sine curve 
for (p=lOO and K=2. Other points along the desired curve 
are obtained by solving equation (10) over a range of values 
of e from zero to e,. 

If a knowledge is required of the amount of water imping- 
ing between e=40°=o.698 radian and 8=50°=0.873 radian 
on a cylinder for which the operating conditions were K=6 
and p=3000, the value of (yo.z-yo,l) required in equation 
(Sa) is found by interpolation of the curves presented in 
@pres 4 and 5. The value of yo+,=E is found from figure 4 
to be 0.66. The value of e, is found from figure 5 to be 
1.255. The values of Ole, required for use with equation 
(10) are 0.698/1.255=0.556 and 0.873/1.255=0.696 for the 
two points of interest on the cylinder. The value of 
(yo.z-yo,,) for use in equation @a) is 

0.86[sh(' 0.696)-sinG 0.556)]=0.080 

The dashed lines in figure 6 are the loci of the termini of 
the sine curves. These dashed lines are cross plots of the 
curves given in figures 4 and 5. The accurasy in determin- 
ing the dashed lines is the same as the accuracy for figures 
4 and 5. The accuracy in obtaining the intermediate 
points was usually much better, because the points where 
the intermediate trajectories intercepted the cylinder were 
much better defined than were those of the tangent tra- 
jectories (figs. 2 and 3). The tolerances are approximately 
fO.OO1 for yo and f0.012 radian for 8. 
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1LOCAL 

The locd rate of water impingement per unit of area on 
the cylinder surface located at a given angle 6 can be deter- 
mined from the relation 

provided 8 is measured in radians. The magnitude of the 
term dyo/dB is the fractional part of the maximum water that 
could impinge on a local area of the cylinder, if all the trtk 
jectories were parallel straight lines and the cylinder surface 
were projected into a plane perpendicular to the trajectories. 
A value of 

indicates that the intensity of impingement on a local area 
of the cylinder is the maximum possible for the liquid-water 
content present in the cloud. For a uniform cloud composed 
of droplets all of the same size, the value of j3 is obtained from 
the slope of the curves of yo as a function of B presented in 
figure 6. Curves of j3 that correspond to the data of figure 6 
are presented in figure 7. The rate of droplet impingement 
is highest at the stagnation point (e=o). 

Curves of j3 as a function of e in addition to those given in 
figure 7 can be found from the relation 

"'ze, rEcos CL) -- 

where B is measured in radians. This relation applies on the 
assumption that the curves in figure 6 are sine curves for 
which the amplitude is characterized by yo,m and the period 
by em- 

TANGENTIAL-VELOCITY COMPONENTS 

The tangential-velocity components of both the air and 
those droplets that are tangent to the surface of the cylinder 
are presented in figure 8 in the form of a velocity hodograph. 
The vertical and horizontal components of the air velocity 
a t  the surface of the cylinder can be found from the outer- 
most velocity hodograph. The graduations denote the angle 
8 measured clockwise on the cylinder from the -x ordinate 
to the fy ordinate (fig. 1). The velocity components of 
those droplets that impinge tangentially to the cylinder 
(trajectory A ,  fig. 2) can be found from the hodograph en- 
closed by the air hodograph. A line passing through the 
0,O ordinates of the hodograph and a given position angle B 
on the air hodograph will give the velocity direction of'both 
the air and the droplets at that point on the cylinder, because 
both the air and the droplet velocities are tangent to the 
cylinder. The values of the inertia parameter K that cor- 
respond to the calculated points are shown a t  each point. 
Apparently, the velocity components for all droplets, re- 
gardless of the combination of (p and K, can be represented 
by one curve. This relation between v, and vz was also 
noted for airfoils in reference 11. 

1.0 

.8 

.6 

.4 

.2 

0 

Cylinder angle, 6, radians 

(a) 'p, 0. (c) q, 1000. (e) cpt 50,000. 
(b) R 100. (d) q, 10,0110. 
FIGURE 7.-Local impingement efficiency as function of 

cylinder angle. 
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FIGURE 8.-Tangential-velocity hodograph for air and droplets at surface of cylinder. 
Velocity in x-direction, vx and ux 

The method for obtaining the vertical and horizontal 
component velocities of both the air and the droplets is 
illustrated for the example involving a cylinder 1% inches in 
diameter moving with a free-stream velocity of 125 miles 
per hour at 10,000 feet NACA standard altitude conditions 
through a cloud composed of uniform droplets 20 microns in 
diameter. For these condit,ions K=3.6 and (p=1000. The 
maximum angle of impingement, which corresponds to the 
point on the cylinder whew these droplets impinge tangenti- 
ally, is found in figure 5 to be 1.172 radians, or 67O. The 
vertical component of droplet velocity vu at the point of 
tangency on the cylinder is 0.41 and the horizontal component 
vz is 0.96, both values being given in figure 8 as ratios to the 
free-stream velocity. The air velocity components u, and 
u, are 0.72 and 1.69, respectively, times the free-stream 
veloci tg. 

At the cylinder angle U,n of 90°, all the horizontal droplet 
velocities must be unit>-, which is the free-stream velocity, 
because only the droplets with infinite inertia will be tangent 
to the 90° point on the cylinder. 

11. EFFECT OF COMPRESSIBILITY OF AIR FLOW 
AROUND CYLINDER ON IMPINGEMENT 

OF CLOUD DROPLETS 

All the calculations presented in section I were made with 
the assumption that the air surrounding the cylinders 
behaved as an incompressible fluid. An evaluation of the 
effect of the compressibility of air in the flow field on t.he 
trajectories of cloud droplets is important, because the flight. 
critical Mach number of cylinders is only approximately 0.4. 
For example, t l h  value of Jladi number corresponds to a 
speed of approximattbly 290 miles per hour at a standard 
NACA altitude of 10,000 feet.. If important, the cffect of 
comprt.ssit)ilit\- must. bo cwnsideretl at the speeds oftm used 

in taking mult,icylinder fight data. 
compressibility effect is evaluated in this section. 

The magnitude of the 

/ 

ANALYSIS 

In  order to evaluate the magnitude of the compressibility 
effect on droplet impingement, trajectories in a compressible 
flow field around a cylinder were calculated and the resulting 
collection efficiencies compared with those from trajectories 
calculated in an incompressible flow field (section I). The 
differential equations +at describe the motion of a droplet 
in a compressible flow field are the same as equations (1)  
and (2). Since in a compressible flow field the viscosity and 
density are not constant everywhere in the field, the 
Reynolds numbers must be written as 

Re0=2aU ("> 
P O  

and 

A necessary assumption in order to solve the problem, in 
addition to the three presented in section I, is that the ratio 
of the local viscosity p to the free-stream viscosity h, appear- 
ing in equation (131, is unity. This assumption is valid, 
because viscosity is not appreciabIy affect.ed by the order 
,of magnitude of the changes in temperature found along a 
trajectory. This last assumption also permits the definition 
of the inertia parameter as 

(141 

The comprevsiblc air How around the right circular cylinder 
of infinite extent is drsrribrti by the following equations: 
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The first bracketed term describes the incompressible flow 
around the cylinder. The term with the ALP factor and the 
term with the M4 factor are, respectively, the first- and 
second-order corrections for the effect of compressibility on 
the incompressible flow field. The expression for the veloc- 
ity potential, from which equations (15) were derived, was 
obtained from reference 23. In  equations (15), a is measured 
counterclockwise from the x-axis of the cylinder, as is shown 
in figure 1. 

The compressible-air velocity components in the flow field 
(eqs. (15) ) were calculated at a Mach number of 0.4, be- 
cause the effect of compressibility for completely subsonic 
flow is considered greatest at or near the flight critical Mach 
number. The vdue obtained for the flight critical Mach 
number depends on the number of correction terms applied 
to the incompressible flow field and appears to approach 0.4 
as a limit. Results presented herein involve the maximum 
effect of compressibility, which restricts the free-stream ve- 
locity to a value compatible with a Mach number of 0.4. 

Because of the difficulties io making precise Go-mections to 
the coefficient-of-drag term in equations (1) and (2) and to 
the density terms in equation (13), the problem was solved 
in two steps. The first step was to survey a range of values 
of the parameters K and cp to determine the conditions most 
affected by compressibility. In  this first step the horizontal 
and vertical velocity components of the air flow computed 
with equations (15a) and (15b) were used. The coefficient 
of drag was assumed to be a function of the local Reynolds 
number Re only and not related to the Mach number, and 
the air density ratio appearing in equation (13) was assumed 
to be unity for this survey. Thus, only the air velocity 
obtained from the compressible-field calculations, not the 
air densities, was used in obtaining the CDRe/24 term 
while the trajectories were calculated. In the second step, 
variations of air density were introduced in the equations 
(using the trajectories obtained in the first step as guides). 
These corrections to the coefficient-of-drag term and the 
air density variations (eq. (13)) were applied in the re- 
calculation of the particular trajectory that showed the 

I 

X 

FICIIRB !).--EFFect of compressibility on trajcctorics of droplets 
impinging on cylinder. 

largest effect in the first step. The difference in the trajec- 
tories resulting from the first and second steps was less than 
the probable error of the analog. 

The solid lines in figure 9 are the trajectories for droplets 
in a compressible-air flow field calculated at  the flight critical 
Mach number for the cylinder (M0=0.4), and the dashed 
lines are the trajectories for droplets in an incompressible 
flow field. The set of lines labeled A me trajectories of drop- 
lets with large momentum, that is, large in size and moving 
with high speed. The momentum of these droplets is so large 
that the trajectories are nearly straight lines. One combi- 
nation of operating conditions for which the trajectories A 
would be applicable involves a cylinder 34 inch in diameter 
moving with a free-stream velocity of 290 d e s  per hour 
through a cloud composed of uniform droplets approximately 
26 microns in diameter at  a 10,000-foot altitude. The tra- 
jectories A are tangent to the cylinder at  the point of inter- 
ception. The initial ordinate yo of the droplets at  x=- m 

(fig. 1) is given in figure 9. 
A comparison of the trajectories computed for the 

compressible-air flow field with those for an incompressible 
flow field shows that, for droplets with large vaIues of the 
inertia parameter K (trajectories A, fig. 9), the effect of 
compressibility is imperceptible. The effect of compressi- 
bility is also negligible on trajectories of droplets with low 
values of K, as shown by the set of tangent trajectories 
labeikd B. These trajectories wodd apply, for example, to 
a cylinder 1 inch in diameter moving with a free-stream 
velocity of 290 miles per hour through a cloud composed of 
uniform droplets approximately 4 microns in diameter a t  
a 10,000-foot altitude. 

The greatest effect of compressibility on tangent trajec- 
tories is found in the middle range of the droplet inertia 
parameter K, as shown by the set of trajectories labeled C 
in figure 9. Both trajectories are tangent to the cylinder, 
but the droplets had to start at different ordinates in order 
to arrive tangent. For the droplets having trajectories C, 
the collection efficiency (E= yo.,) is 0.501 if compressibility 
is accounted for, as compared with 0.514 when compressi- 
bility is neglected. 

The effect of compressibiiity on the collection efficiency is 
shown in figure 10 as a percentage difference, which is ob- 
tained from the following relation: 

E -Ec 
EC 

Percent difference=f (100) 

50 too 5 ~ 1 0 0 0  
Inertm parameter, K 

FICIURE lO.-Correctioii factor for compressibility effect. 
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18 
30 
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1 
3 
6 

where the values for E, are obtained from the collection 
efficiency presented in figure 4 for the incompressible flow 
field. The greatest difference is about 3 percent a t  the con- 
ditions of K=5 and q=50,000. The following tabulation 
summarizes the effect of compressibility as a percentage 
difference between results computed in a compressible and 
an incompressible flow field. Typical values of dimensions 
and flight conditions are involved in the examples given. AU 
calculations were made for 290 miles per hour, which is near 
the critical speed for cylinders at the 10,000-foot: NACA 
standard altitude: 

3 740 
4 1,480 
7 4.440 
9 8,880 

4 740 
5 1,480 
9 4,440 

13 8, IEfI 

9 740 
12 1.480 
21 4,440 
30 8,880 
50 n,6w 

--- 

70 

17 740 
24 1.480 
40 4,440 
60 8, 880 

--- 

~ Inertia Cylinder 1 Droplet 1 
diameter, diameter, :z 

D,in. d ,  microns 

0.3 
.4  
.5 
.5 

0.6 
.8 
.9 

1.0 

1.5 
1.9 
2.1 
2 3  
2. 8 
2 9  

-_. 

0.5 
' .6 

.7 

.8 

DISCUSSION 

From the results of the tabulation and of figure 10, it 
may be concluded that for a cylinder the effect of compress- 
ibility of the air on the droplet trajectories is not very 
great up to the flight critical Mach number; and, for most 
practical problems involving measurements of droplet im- 
pingement on cylinders, the compressibility effect may be 
ignored. 

The reason that the effect of compressibility on droplet 
trajectories is almost negligible is found by comparing the 
compressible and the incompressible flow fields. The effect 
of compressibility is most pronounced on those streamlines 
close to the cylinder. The compressibility effect decreases 
very rapidly with distance away from the surface of the 
cylinder and everywhere becomes negligible 1 cylinder radius 
away from the surface. Furthermore, the effect of compress- 
ibility is of consequence only over the top portion of the 
cylinder, as shown in figure 11. Comparison of compressible 
and incompressible tangential air-flow velocities on the cyl- 
inder surface (fig. 11) shows that the effect is pronounced 
only for e>60°. The angle is measured from the same 
reference line as in figure 1. 

Droplets forming the solid-line trajectory A in figure 9 
nrc acted on, during the last portion of the trajectory, by 

FIGURE 11.-Comparison of surface velocity on cylinder in com- 
pressible and incompressible flow fields at approximately flight 
critical Mach number. 

air streamlines that have a different pattern from the air 
streamlines for an incompressible flow field; however, the 
inertia of these droplets is so large that the last portion of 
their path is not influenced appreciably by the compressi- 
bility of the air flow. The droplets with low inertia (trajec- 
tories B, fig. 9) are always in the flow-field region where 
there is no appreciable diierence between the compressible 
and incompressible air flows. The last portions of the tan- 
gent trajectories (C> of droplets in the middle range of 
inertia are afFected by compressibility. Droplets with tra- 
jectories D and E have the same middle range of inertia as 
those with trajectories C. Trajectories D and E are not 
influenced by compressibility for the same reason that 
trajectory B was not influenced. 

The sample trajectories presented in figure 9 summarize 
the effect of compressibiEty over the complete, range of 
values studied for the parameters K and 9. The small 
effect of compressibility is most noticeably pronounced on 
collection efficiency (fig. 10). The effect on the maximum 
angle of impingement e, was within the accuracy of the 
analog. The effect on trajectories intermediate between 
the tangent trajectory and the z-axis is imperceptible (+m- 
jectories D and E, fig. 9). For this reason, the values of the 
local impingement efficiency @ are not noticeably affected by 
compressibility; however, the cumulative effect on @-that 

i s , r  B de=E-results in the effect shown in figure 10. 
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ION to this report, 
an important application of droplet-trajectory .data with 
respect to cylinders has been in the measurement of droplet 
size and liquid-water content in icing clouds. Several cylin- 
ders of different diameters are exposed from an airplane in 
flight to the supercooled droplets in the icing cloud. The 
number of supercooled droplets that strike and freeze on 
the cylinders is a function of the cylinder size and of the 
flight and atmospheric conditions, as well as the inertial 
properties of the droplets, The liquid-water content and 
droplet-size distribution in the cloud are determined by a 
comparison of the measured weight of ice collected on each 
of the cylinders with the amount of droplet impingement 
obtained from the calculated water-droplet trajectories for 
cylinders of the same size and fer the same flight and atmos- 
pheric conditions. A brief discussion of the basic theory of 
the multicylinder method is presented in this section. , 

BASIC CONCEPT 

The mass of ice collected per unit space swept out by a 
rotating cylinder exposed in a supercooled cloud is given by 

a/a. 

Distributims 
__ 

A 1 E D 1 E 
-~--- 

For clouds composed of droplets of uniform size, the collec- 
tion efficiency E is given in section I in terms of the dimen- 
sionless parameters 

(3) 5 
m 
20 
30 
m 
10 
5 

and 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 

18p2LU 
Q=- 

P P W  
(7) 

It is assumed that w, pr, pa, U, and p do not vary during the 
exposure period. 

When several cylinders of different radii are exposed 
simultaneously from an airplane flying in a supercooled 
cloud, all the quantities on the right side of equations (3) 
and (7), with the exception of the cylinder radius L, are the 
same for each of the cylinders; hence, if L is eliminated by 
combining equations (3) and (7), the resulting parameter 

has the same value for each cylinder of the set. Thus, it is 
evident that the mathematical condition that Kp is the 
same for all cylinders corresponds to the physical situation 
assumed to exist during the exposure of a multicylinder set in 
fight. The only unknown quantity on the right side of 
equation (17) is the droplet size a. For a given simultaneous 
exposure of several cylinders of different radii, the mass of 
ice collected per unit frontal area of each cylinder is propor- 
tional to the collection efficiency E of each cylinder (eq. 
(16)) and 1/Kis proportional to L (eq. (3)). Therefore, any 
functional relation between calculated values of E and 1/K, 
when Kp is constant, is also analogous to the functional 
relation between the measured ice collected per unit space 
swept out by the cylinder and the cylinder radius. The 
latter relation is given by a plot of the flight data. Tlic 

basic concept states that a theoretically determined curve of 
E as a function of l/K exists that is identical to the curve 
defined by the flight data, except for scale factors. This 
relation provides the basis in subsequent sections for com- 
paring 'the measured 
with the calculated 
cylinders and conditions. From these comparisons the 
droplet sizes and liquid-water contents of the clouds are 
obtained . 

NONUNIFORM CLOUDS 
DROPLET-SIZE DlSTRIBUTION PATTERNS 

The data presented in figures 2 to 10 apply directly only to 
clouds composed of droplets all of which are d o r m  in size. 
In  a cloud in the earth's atmosphere, the water droplets are 
often not of uniform size. For a cylinder exposed in a cloud 
with a given droplet-size distribution pattern, the trajectory 
data in the figures cited are used to compute other curves that 
are applicable to the distribution pattern under consideration. 

Five Merent droplet-size distribution patterns are defined 
in reference 3 for convenience in the classification of clouds. 
The table of distribution patterns, reproduced herein as 
table 11, was adopted to cover some of the range believed to 

SIZE (REF. 3) 
TABLE 11.-FIVE ASSUMED DISTRIBUTIONS OF DROPLET 

I I 

0.56 
.72 
.84 

1.00 
1.17 
1.32 
1.49 

0.42 
.61 
.77 

1. w 
1.26 
1.51 
1.81 

0.31 
.52 
.71 
1.00 
1.37 
1.74 
2. n 

0.23 
.44 
.65 

1.00 
1.48 
2.00 
2.71 

I I I I I f I 
The size is expressed as the ratio of the average drop radius in each group to the volume- 

mediandropradiusa.. 
Example of interpretation: 30 percent of the liquidwater content of any cloud is contained 

in droplets which have a radius (1.. In the case of the E distribution, 20 percent of the liquid- 
water content is contained in droplets which have a ra dius smaller than the volume-median 
radius a, by a ratio a/a,=O.&l and another 20 percent in droplets which have a radius larger 
than a. by a ratio a/ap1.17. A similar interpretation applies to the remaining values. 

be encountered in nature. Although the five distributions 
given in table I1 are not the only probable patterns existing 
in clouds, these five distributions are used herein to discuss 
the theory and procedure of the rotating multicylinder 
method. The methods of analysis applied to these patterns 
can be used for similar study of other droplet-size distribution 
patterns. The droplet-size ratios given in table I1 are the 
average radius of the droplets in each group to the radius 
a, of the volume-median droplet size. (The amount of 
water in all the droplets of a diameter greater than the 
volume-median droplet diameter is equal to the amount of 
water in all the droplets of smaller diameter.) The different 
distribution patterns are labeled with the first five letters of 
the alphabet. A cloud with an A distribution is composed 
of droplets which are all uniform in size. In a cloud with a 
B distribution, 30 percent of the water is contained in 
droplets having the volume-median droplet diameter, 20 
percent in droplets with a diameter 0.84 of the volume- 
median droplet diameter, and another 20 percent in droplets 
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with a diameter 1.17 times as large as the volume-median 

follows: 10 percent in droplets with a diameter 0.72 of the 
volume-median diameter, 10 percent in droplets 1.32 times 
as large, 5 percent in droplets 0.56 as 1 
droplets 1.49 times 88 large as the v 
A similar interpretation applies to 
listed in table II. 

plet diameter. The remaining water is dis 

OVE&AGL WEIGHTED COLLECTION EFFICIENCY 

In a cloud composed of droplets of many different sizes, a 
cylinder of a given diameter will collect some droplets of 

wever, the collection efficiency with the smaller 
e less than with the larger 
et-size distribution in the 

tribution B in table 11, an over-all 
efficiency for a cylinder can be calculated from the results 
of figure 4 by adding together the weighted collection 
efficiencies that are appropriate to each droplet-size group 
in the B distribution. For example, 30 percent - - .  of the water 
in all droplets in the cloud is assumed to be processed by the 
cylinder at the collection efficiency pertaining to the volume- 
median droplet; 20 percent of the water in all the droplets in 
the cloud is assumed to be processed by the cylinder at  the 
lower collection efficiency that applies to droplets with diam- 
eters 0.84 as large as the volume-median droplet diam- 
eter, and so forth. The over-all weighted collection effi- 
ciency for each cylinder in the set of cylinders exposed from 
the airplane can be calculated for the assumed distribution. 
A different curve of over-all weighted collection efficiency 
E, as a function of cylinder diameter will exist for each 
assumed droplet-size distribution. 

COMPARISON CURVES 

The droplet-size distribution prevailing in a cloud at  the 
time of measurement c found by comparing the shape 
of a curve of cylinder as a function of the measured 
ice accumulated in flight on each cylinder per unit space 
swept out by the cylinder with the shape of the calculated 
c.!rves of cylinder radius as a function of over-all weighted 
collection efficimcy. (Sets of calculated curves for compari- 
son are shown in fig. 12 for droplet-size distributions A to E 
of table 11. The detailed method of calculating these curves, 
which differs slightly from that presented in ref. 3, is dis- 
cussed in appendix D.) The correspondence that has been 
shown to exist between calculated values of the collection 
efficiency and the ice collected in the case of uniform droplets 
(eq. (16)), as well as the relation between K and L (eq. (3)). 
applies also for nonuniform droplet-size distributions when E 
and K are replaced by E, and KO. (KO is obtamed by sub- 
stituting a, for a in eq. (3).) Thus, the relation between 
calculated values of E, and 1/KOt when Koq is constant, 
corresponds to the relation between measured amounts of ice 
collected per unit space swept out by the cylinder and cylin- 
der radius. In order to cover the more probable conditions 
of airplane speed, air viscosity and density, and volume- 
median droplet size, five values of Koq ranging from 0 to 
10,000 were chosen for calculation of comparison curves and 
are presented in figure 12. Values of E, are also presented 
in table 111 for the five selected values of Koq (0, 200, 1000, 
3000, and 10,000) that are herein called standard values. 

Reciprocal of inerti parorneb 
for volume-median droplet sue, 1/K, 

(a) Kw, 0. (d) Kw, 3000. 
(b) Kw, 200. (e) K w ,  10,000. 
(c) Kw, 1000. 

FIGURE l2.-Over-all weighted collection efficiency 
as function of reciprocal of inertia parameter for 
volume-median droplet size for five cloud droplet- 
size distributions. 
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DETERMINATION OF DROPLET SUE. L1Q.m-  WATER 
CONTENT. AND NOMINAL DROPLET-SIZE DISTRIBUTION 

TABLE 111.-CALCULATED VALUES OF CYLINDER 

The fact that the mass of ice per unit space swept out by 
the cylinder is proporti an equa- 
tion obtained from the equation 
(16). The equation is written in logarithmic form in order 
to make the proportionality constant appear as an additive 
term: 
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cylinder set, as shown by equation (3)) 
a proportionality between 1/K, and L is conveniently 
expressed by the identity 

log l / K o ~ l O g  L-log LK, (19) 

The additive terms log w and log LK, in equations (18) and 
(19)) respectively, permit the translation of the axes of a 
curve of log E, as a function of log l/Ko with respect to the 
axes of another curve of log WE, as a function of log L, so 
that the two curves coincide if the physical conditions for 
which the two curves were obtained are the same. 
. The flight data are plotted in terms of the coordinates 

log WE, as a function of log L as shown in figure 13, and the 
calculated data of table 111 are plotted in terms of log E, 
and log l/K,, The comparison of experimental points and 
calculated curves is valid if K o p  is approximately the same 
for both and if the assumed droplet-size distribution appli- 
cable to the calculated curve is similar to the actual droplet- 
size distribution in the cloud. The translation of axes is 
illustrated in figure 14, in which the data points, which are 
obtained from actual flight measurements, are plotted in 
terms of log WE, and log L with respect to the axes shown 
by the dashed lines. The theoretical curve of log E, as 
a function of log l/K,, which applies to droplet-size dis- 
tribution E when K,p=3000 (table 111), is plotted with 
respect to the axes shown by the solid lines. The vertical 
axes of the two sets of coordinates are separated by an inter- 
val equal to log LK,, and the horizontal axes are separated 
by an interval equal to log 20. When the plotted points are 
correctly matched with the calculated curve, the separation 
of the axes provides values of log LK, and log w that are 
used to calculate the volume-median droplet radius (ea. (3)) 
and the liquid-water content. 

Because the shape of the calculated curves of log E, as a 
function of log l/Ko depends upon the assumed droplet-size 
distribution, curves based on the various assumed distribu- 
tions b t e d  in table I1 are matched against the e-qerimental 
plot of log WE, as a function of log L, and the curve which 
most closely fits the data points is used in the determination 
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FIGURE 13.--Illustration of plotted flight data to be used in 
comparison. 

of liquid-water content and droplet diameter. The assumed 
droplet-size distribution corresponding to this chosen curve 
is taken as an approximate representation of the degree of 
homogeneity of the actual clouddroplet distribution. If 
the actual droplet-size distribution in a cloud is not of the 
same general form as the assumed distributions (e. g., if the 
distribution is bimodal), the value of droplet diameter 
obtained by using the procedure described herein is not 
necessarily the volume-median diameter. For this reason, 
some investigators prefer to use the term "mean effective 
diameter" when referring to the results of multicylinder 
measurements of droplet size. 

In order to fulfill the requirement that approximately the 
same value of Kop mus to both the experimental and 
calculated data, a proc successive approximations is 
necessary. As described in the calculation procedures of 
scction IV, an estimated standard value of K , p  is used to 
determine an approximate value of LK, that is used to cal- 
culate a corrected value of Kop. The standard value of Kop 
that is nearest to this calculated value is then used in the fhal 
determination of w and a,. This procedure is practicable 
because large errors in .estimating Kop cause only small 
changes in LK,. Since curves are available for only a few 
standard values of K , p ,  the value of K,p for the flight data 
is generally not the same as for the calculated curve. This 
difliculty is not serious, because the curves of log E, as a 
function of log 1/K, for successive standard values of K , p  
are nearly identical except for slight displacement in the 
direction of the axis of log l/Ko. Since this displacement is 
a known function of K , p ,  the value of droplet radius may be 
corrected by the ,use of a correction factor that depends on 
the corrected value of K , p  and the standard value applicable 
to the curve used in determining a,. This correction factor 
is also discussed in section IV. 

31 Log w - log r, 'log w-!  

I 
-IO+ 

I 

! distribution E ) 
I WQY' =3OOo for 

FIGURE l4.-Comparison of measured ice-collection data with calcu- 
lated dlection-efficiency curve. 

IV. APPARATUS AND PROCEDURE FOR MEASURING 
LIQUID-WATER CONTENT AND DROPLET SIZES 

IN SUPERCOOLED CLOUDS BY ROTATING 
MULTICYLIMBER METHOD 

The basic steps involved in the application of the multi- 

(1) Exposing set of cylinders of 'Werent sizes in super- 
cooled cloud for measured" t h e  at known pressure 
altitude, true airspeed, and ambient temperature 

(2) Disassembling and storing ice-covered cylinders in 
separate water-proof containers 

(3) Weighing individual cylinders plus containers in both 
wet and dry conditions to obtain net weight of collected 
ice 

(4) Determining liquid-water content, droplet size, and 
droplet-size distribution by comparing measured weight 
of ice collected on each cylinder with theoretical com- 
putations for comparable cylinders and comparable 
flight and atmospheric conditions 

cylinder method are essentially as,follows: 

These basic steps are discussed in detail in this section. 

APPARATUS 

The following pieces of equipment are used for taking 

(a) Cylinder sets 
(b) Shafts and transition segments. 
(e) Plastic bags (large and small) with rubber bands for 

(d) Carrying case for cylinder sets, shafts, and transition 

multicylinder data during flight: 

sealing 

segments 
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A t  of transition segments-? r -Shaf t ,--Sets of cylinders 
N' , 

Carrying case 

Storage case 

(e) Cold box for storage and disassembly of iced cylinders 
(f) Box with compartments (not refrigerated) for storing 

(g) Rotating drive unit and mast mounted on sliding plat- 

(h) Stop watch 
(i) Free-air temperature indicator, altimeter, and airspeed 

Auxiliary items necessary for use on the ground after the 
flight are : 

cylinders in sealed bags after disassembly 

form supported by guide rails 

indicator 

(j) Set of balances (accuracy, f0.01 g) 
(k) Drying rack for plastic bags 

The essential components of this equipment, including a set 
of balances, an assembled multicylinder unit, and a carrying 
case for cylinder sets, are shown in figure 15. The details of 
an assembled set of cylinders are shown in figure 16. The 
standard set includes five 2-inch-long cylinders with diam- 

Assembled set of cylinders 

FIGURE 15.-Multicylinder kit. 

Bolance case 

eters of %, %, l%, 3, and 4% inches. The set is arranged with 
flanges attached to the ends of the cylinder elements in order 
to establish precisely the length of the ice samples and to 
provide for ease in disassembly after exposure to an icing 
cloud. The transition pieces are designed for minimum dis- 
tortion of the air-flow field from the required two-dimensional 
flow pattern around the cylinders. 

An assembled set of cylinders is shown in figure 17 ex- 
tended through the top of the airplane fuselage. A sliding 
platform, which does not extend through the fuselage, sup- 
ports the cylinder assembly on a 2-foot mast in such a manner 
that the entire assembly ean be moved to a position in which 
the mast will be extended into the ambient air stream a 
sufficient distance to be reasonably free from aerodynamic 
effects introduced by the fuselage. The alteration of the 
concentration of cloud droplets in the immediate vicinity of 
an aircraft moving through a cloud is discussed in reference 
8. A qualitative knowledge of the spatial variation of local 
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FIGURE 16.-Details of assembled set of cylinders. (Dimensions in inches.) 

Note- 
A l l  rAdii to be 0.01 opprox. r@uS 

Mahine finish oil over 
unless otherwise specified 

droplet concentration about the aircraft can be obtained by 
extending rods from the fuselage during an icing encounter. 
The details of construction of the sliding platform, the guide 
rails, and the supporting structure vary depending on the 
location of the apparatus and the type of airplane. A drive 
unit, which is also mounted on the sliding platform, rotates 
the supporting mast and multicylinder assembly at  a speed 
of about 80 rpm (speed not critical f20 rpm). 

The wooden cold box used for disassembling is large enough 
to hold one or more assembled sets of multicylinders, so that, 
if the cylinders cannot be disassembled immediately following 
an exposure, the cold box can be used for storage for short 
times. Disassembly of the cylinders is facilitated when the 
cylinders are in the vertical position; therefore, the box is so 
constructed that one side and the top can be opened. The 
other three sides of the box are surrounded with dry ice. 
Sockets are provided in the bottom of the box for insertion 
of the driving shaft, which acts as a support for the cylinders. 

The ambient air temperature may be measured by any 
convenient type of thermometer, but the temperature ele- 
ment must be shielded from direct water impingement in 
order to prevent heat-of-fusion effects. The airspeed used 
in the calculations is the speed of the air with respect to 
the airplane a t  the point in the ficld of flow about the fuselage 
at which the cylinders are to be exposed. The relation be- 
tween the true airspeed of the airplane, obtained with the 

airspeed indicator that is part of the original equipment on 
the airplane, and t,he required local airspeed may be deter- 
mined experimentally for any particular installation by means 
of a static-pressure survey. If an appreciable variation 
(approx. 2 percent) of local airspeed exists along a line with 
the same length and direction as the cylinder assembly, 
another exposure location on the airplane must be selected. 
Effects caused by propellers and protruding objects can be 
evaluated with a static-pressure survey. 

FIGURE 17.-Rotating niulticylinder set extended through top of 
airplane fuselage. 
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The following procedure and precautions are taken to 
ensure sufficient and reliable data: 

(1) Three sets of cylinders are assembled before flight or 
before entry into suspected icing conditions. 

(2) AU unmounted cylinders are in the carrying rack 
within convenient reach of the operators. 

(3) Plastic bags are marked according to run number 
before take-off. 

(4) m e n  test conditions are established, a set of cylinders 
is exposed to the air stream for a period of 1 to 5 minutes, 
depending upon the rate of ice formation. The ice thickness 
should always be less than the width of the flanges on the 
K-inch-diameter cylinder. The period of exposure is meas- 
ured to the nearest second and recorded. In order to mini- 
mize the errors associated with large percentage changes in 
cylinder radius, the exposure period is just long enough to 
obtain ice samples that can be weighed to an accuracy of 
2 percent. The airspeed is held as nearly constant as pos- 
sible during exposure. 

(5) The time involved in extending or retracting the 
cylinders is kept as short 89 possible in order to mininaize the 
difference in exposure time between the large and the small 
cylinder. 

(6) The complete assembly is placed in the cold box during 
the disassembling period. 

(7) In the disassembliig procedure, the ice is carefully 
scraped off the thin flanges a t  the ends of the cylinders in 
order to ensure that only ice collected on the cylinders is 
weighed. If a small amount of ice is lost from a cylinder, 
the percentage of loss is estimated and recorded. (A pair of 
pliers is necessary occasionally in order to loosen some of 
the transition segments frozen on the cylinders or shafts. 
Drying each part with a cloth before reassembling will help 
to prevent adherence between the parts after exposure.) 

(8) The plastic bags in which the ice-coated cylinders are 
placed are sealed with rubber bands and deflated to prevent 
bursting with increase in altitude. 

(9) The ice-coated cylinders are arranged in systematic 
order in the storage box. The sealed bags are handled 
carefully to prevent breakage of bags and possible damage 
to the cylinders. 
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(10) Pressure altitude, free-air temperature, and indicated 
airspeed, averaged over the exposure period, are recorded 
during exposure. The airspeed is determined as accurately 
as practicable; approximate values of pressure altitude and 
temperature are satisfactory. 

(11) After the flight, each cylinder and its plastic bag 
are weighed together to the nearest 0.01 gram. After the 
initial weighing, drying of the bags is expedited by turning 
them inside out. Care should be exercised in making certain 
that each cylinder is weighed dry with the same rubber 
band and bag used in the initial weighing. 

C&CULATlON 

Computed values of collection efficiency presented in 
section 111, ice-collection data obtained with the rotating 
cylinders, and flight data expressed in terms of working 
parameters are used to determine cloud liquid-water content 
and droplet size. The working parameters are p/DV, which 
involves the factors of pressure altitude and air temperature, 
and WE,, which is the amount of ice collected per unit space 
swept out by the cylinders. 

I t  is convenient to record the flight data and the computa- 
tion steps in a systematic form, such as the work sheet 
shown herein. In the detailed calculation procedure that 
follows, reference is made to the various numbered items 
listed in work sheet I. Equations (1) to (19) are true 
with any Consistent system of units, such as feet, slugs, and 
seconds. For practical reasons, certain departures from 
consistent units are desirable for routine use. Thus, in the 
detailed STEPWISE CALCULATION PROCEDURE described in the 
next section, a (droplet radius in f t )  is replaced by d (droplet 
diameter in microns); U (ft/sec) by V (mph); w (slugs/cu ft) 
by w* (g/cu m); L (cylinder radius in ft) by D (cylinder 
diameter in inches); and m (slugs) by m* (grams). Certain 
numerical conversion factors appear in the calculations 
because of these changes id units. Also, for routine calcula- 
tions it is convenient to use logarithmic graph paper for the 
curve-matching procedure, thus making it unnecessary to 
use numerical values of the logarithms. 

Before proceeding with the calculations, the flight data 
are recorded as items (l), (4)) (5 ) ,  and (8). The weight of 
ice on each cylinder is entered as item (12). Corrections for 
any loss of ice are made, and the corrected weights axe entered 
as item (13). 

STEPWIBE CALCULATING PROCEDURE 

(a) Average local airspeed.-The average true airspeed 
(item (2)) is..obtained by correcting, in the usual manner, 
the average indicated airspeed (item (1)) for air density 
effects. The average local airspeed to be entered in item (3) 
is the true airspeed corrected (if required) for effects caused 
by the fuselage of the airplane. This correction factor is 
obtained 1.y the static-pressure survey mentioned in the 
section on APPARATUS. 

(b) Free-air temperature.-The wet-air temperature cor- 
rection (item (6)) is obtained from the relation (ref. 24) 

where r is the average true airspeed (item (2)). Although 
the recovery factor is influenced to a slight extent by several 
factors, kcluding shape, thsrmal conductivity, and location 
of the temperature probe, a value of 0.85 for u is suggested 
unless a calibration of the installation is available. The 
lapse-rate ratio f8/ld is given in figure 18 as a function of 
the prssure altitude and temperature (items (4) and (5)). 
When the corrected temperature (item (7)) is used, small 
inaccuracies in the temperature (f2O C) do not appreciably 
affect the final results. 

(c) Parameter v/DV.-The parameter p/DV is a con- 
venient means of .introducing the effects of altitude and 
temperature into the calculations required for the deter- 
mination of droplet size and droplet-size distribution. The 
value of p/DV (item (9)) is obtained from figure 19, in which 
the corrected temperature (item (7)) is used. 

1. 

a' 
\ 
d 
.sT 
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i .  
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Pressure altitude,& ft 

FIGUBE 18.-Ratio of saturated- to  dry-adiabatic lapse nrte 88 func- 
tion of temperature and pressure altitude. 

Pressure altitude, Zp, ft 

pressure altitude. 
FIGURE 19.-Parameter p/DV as function of temperature and 
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.- 
Cylinder diameter, Oke, in 

FIGURE 20.-Sample plot of volume 
impingement rate w*E, as function of 

cylinder diameter. 

(d) Average cylinder diameter.-The values of Dice 
(item (14)) a.re calculated with the equation 

D t c e = 2  1 ( D+ 40.1509m*+D2) 
Ptcel* 

This equation defines D,,, as the average between the initial 
and final diameters of the iced cylinder.2 The recommended 
average value of the ice density pice is 1.65 slugs per cubic 
foot; and, for the apparatus described herein, 1*=2 inches. 
Hence, the equation becomes 

1 (D+,10.0457m*+D2) 

(e) Amount of ice per unit space.-The mass of ice 
collected per unit space swept out by the cylinder is deter- 
mined by the following equation: 

For the cylinders shown in figure 16, the length of the 
cylinders I* is 2 inches, and the equation becomes 

Values of w*E, for each cylinder are entered as item (15). 
(f) Plotting.-A plot of w*E, as a function of Dice is 

constructed on logarithmic graph paper. A sample plot 
is shown in figure 20. The plotted points are not connected, 
because the next step involves matching the plotted points 
to a curve. 

(g) Matching procedure.-The liquid-water co~tent ,  drop- 
let size, and droplet-size distribution in the cloud are found 
by comparing the measured values of w*E,, plotted as indi- 
cated in step (0,  with calculated values for the cylinders in 
the same flight and atmospheric conditions. For matching 
with the flight data, sets of curves are required that represent 
the relation between the reciprocal of the inertia parameter 
l / K o  and the over-all weighted collection efficiency E, for 

2 Experience on Mt. Washington has shown thirt more rc4iahlc result.; for the average 
dmmeter D,e, may be obtalned from mtual meaSurement of the Rnal and initial diameters 
(ref. 25): however, this procvdure is usually not pmctiahlc in flight. Morvovw. the drnsity 
of ice colli&xl in flight is higher arid morc uniform th:ai th.it of irc rollrctcvl on Mt. \Rishing. 
ton b e a u x  of the higher airspeed in flicht. 

_ _  

FIGURE 2l.-Curves from data of table I11 showing 
relative over-all weighted collection efficiency as func- 
tion of reciprocal of inertia parameter for K0p=3000 
for dropletsiae distributions defined in table 11. 

the five assumed droplet-size distributions for each of the 
five standard (arbitrarily selected) values of K,cp (0, 200, 
1000, 3000, and 10,000). These curves (fig. 12) are prepared 
by plotting the data of table I11 on logarithmic graph paper 
of the same scale as that used for plotting the measured data 
(step (f)). In order that the values may be plotted as five 
curves for one value of Kocp on a single sheet of 2- by 3-cycle 
logarithmic graph paper without overlapping, values of E, 
for distributions A, B, C, D, and E (defined in table 11) are 
multiplied by 'the constant factors 0.6, 0.7, 0.8, 0.9, and 1.0, 
respectively. The revised values of E, are given in table 111, 
and a sample plot is shown in figure 21. Use of the curves is 
facilitated if the location of the line for which l/Ko=l and 
each of the lines for which E,=l (corresponding to the five 
size distributions) are clearly marked. Figures 12, 20, and 
21 are reprinted on page 43 for convenience in matching. 

Matching the measured data with the theoretical calcula- 
tions usually requires several steps of successive approxima- 
tions in order to satisfy several restrictive conditions simul- 
taneously. The principle underlying the stepwise procedure 
is discussed in section 111. The stepwise procedure for 
matching the curves is as follows: 

(1) A preliminary estimate of a value of Kocp from the 
standard values of Kocp given in table I11 is used for item 
(16)a on the work sheet. A value of 3000 is suggested unless 
experience dictates that other values are closer approxima- 
tions. An incorrect preliminary estimate will not lead to an 
incorrect final result but will perhaps require extra successive 
approximations. 

(2) The set of theoretical curves of E, as a function of 
l/Ko applicable to the selected standard value of K,cp (item 
(16)a) is compared with the experimental plot prepared in 
step (f). The experimental plot is placed over the theoretical 
curves and viewed by transmitted light. The sheet con- 
taining the experimental points is moved about, with the 
two sets of axes kept parallel, until the position of best fit 
is obtained. The various curves for different droplet-size 
distributions are tried, and the one that most closely fits 
tlic. rxperimcntal points is selected. The letter designating 
the curve of best fit,-i<recorded as the droplet-size distribu- 
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item (18)a is selected from the following table and entered as 
item (16)b: 

Corresponding 
~ r ~ , $ ~ \ m ~ ~  standard value 

-- 

441 to 1.760 
1.751 to 5,800 

5, W l  to 30. OOO 10. ooo 

(18)], all of which were obtained with the curves based on 
the standard value of K,cp that corresponds to the actual 
value of K0q. These results are used to determine the droplet 
diameter and the liquid-water content as follows: 

(1) The uncorrected droplet dinmeter (item (19)c) is ob- 
tained from figure 22 by using items (17), (3), and (7). 

(2) The droplet-diameter correction factor (item (22)), 
obtained from figure 23 by using items (18) and (16), is 
multiplied by item (19)c to obtain the final value of droplet 
diameter d (item (23)). The droplet diameter obtained by 
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E 22.-Diagram for deterniiiiing DK,, free-air ternperature, anti cal airspeed. [Eiiter diagram with D K .  on 
ordinate, follow horizontal line to diagonal line representing temperature, follow vertical line to diagonal line representing airspeed, and follow 
horizontal line to value of droplet diameter on ordinate. Example: DK,=3.86 in., T= - 12.2" C, and V= 191 mph; then d =  13.3 microns.] 
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FIGERE 23.-Droplet-d1ameter correction factor. 

this procedure is often referred to as the “mean effective 
droplet diameter.’’ The dashed lines of figure 23 correspond 
to the values of the limits in the range of estimated or calcu- 
lated Kou, given in the table in step (g). 

(3) The liquid-water content in grams per cubic meter is 
obtained directly from item (21). 

An alternate method for processing the data in steps (e) to 
(h) is presented in appendix E. The plotting and matching 
procedure of- steps (f) and (g) are replaced by another 
graphical procedure that obviates making a series of ap- 
proximations to Lhe value of Kp. 

V. EVALUATION OF ROTATING MULTICYLINDER 
METHOD 

Errors in obtaining the flight data contribute to errors in 
the determination of liquid-water content and droplet sizes. 
Some of these errors result from errors in measuring flight 
speed, exposure time, and air temperature; from differences 
between the exposure time of the large cylinder and the 
small cylinder due to the time required to extend and retract 
the set; from losses in the accumulated ice while dismsem- 
bling the cylinders before weighing; and from errors in 

ion of the over-all 

The rotating multicylinder method also has several in- 
herent undesirable characteristics that do not permit ac- 
curate results. Among these are the failure of droplets to 
freeze on the cylinders mder certain conditions, the fact 
that the method does the actual droplet-size 
distribution in the clo how closely the cloud 
corresponds to an assume et-size distribution, and the 
insensitivity of the method in discriminating among Werent 
droplet-size distributions. These three undesirable character- 
istics are discussed in this section. 

HEAT-BALANCE AND MASS-TRANSFER FACTORS IN FLIGHT 
MEASUREMENTS 

One of the hmie assumptions underlying thc use of the 
multieyMer Iraebhod is that all the droplets striking the 
.cylinder fieme completely thereon. Investigators concerned 
with ‘king-cloud measurements have long been aware of the 
fact that, this assumption is not fulfilled at temperatures 
ody slightly below !free&ag (ref. 26). Under these conditions 
a Ooosi-k fraction of the impinging water may run off 
in the liquid state, maikiqg $he results unreliable and difficult 
to interpret ,in tenns sf Xqiid-water content and droplet 
diameter. For this reason, flight, rasasurements at temper- 
atures above 26” IF h v e  d y  zwt been a&hmpted. 

A quantitative d p k  of &e k t  hl- of a rotating 
cylinder in icing coL1ciitiom is prtwntd in dermm 13- The 
result63 of this analysis indicate thah &e phememenon of 
run-off imposes serious limitations on the r m g ~  of liquid- 
water content that can be measwed rdkbly by means of 
ice-collecting instruments, especially in the upper p~mtion of 
the icing-temperature range. A later analysis in referem 18, 
which includes the effect of kinetic heating, hd;Cah a 
further reduction in the range of reliablc measurement, ah 
high airspeeds. 

By means of the methods of calculation described in refer- 
ences 17 and 18, it is  possible to determine the “critical” 
rate of ice format.ion such that the heat of fusion is just 
sufficient to bring the cylinder surface temperature to the 
melting point. If the rate of water impingement exceeds the 
critical rate of ice formation by more than the rate of evapo- 
ration, only a small fraction of the additional water freezes, 
the excess leaving the surface as run-off. The maximum 
observed rates of ice formation would therefore be expected 
to be at most ody slightly greater than the calculated critical 
values. Moreover, because of the horizontdl variations in 
liquid-water content in natural clouds, it can be shown (see 
appendix F) that the average rate of ice formation as meas- 
ured by the multicylinder method is very unlikdy to exceed 
the calculated critical value. 

Comparison of the results of calculations following the 
method of reference 18 with multicylinder data obtained in 
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showed that the maximum metsureif rates of ice for- 
for individual cylinders exceeded 
ed critical values by tw much as 50 to 70 percent. 

The explanation of this discrepmey is to be found in the fact 
that the calculatimts d re€- 18 w e e  based on values of 

an k-a in the rate. a€ remod of 
thus aecounts for &e kmased rate 

O f k a m z e k  
fn order to  d e h e  the reliable operating range of the 

d q - l i n d m ,  &id rates of ice acmtion were calculated 
far ~arious flight conditions with the use of heattsansfer 
coe$fi&ents applicable to rough cylinders. An incidental 
d t  of the heat-balance calculations was the determination 
of evaporation rates, which provided a means of correcting 
multicylinder data for evaporation. 

CRITICAL RATES OF ZBEEZI[NG AND EVAPORATION 

Since ice-collecting cylinders are used primarily for the 
measurement of liquid-water content, it is convenient to ex- 
press both the rate of ice accretion and the rate of evapora- 
tion in terms of liquid-water content in the air stream in 
which the cylinders axe exposed. If a cylinder of unit 
length and radius L is exposed in a stream of air having a 
velocity U and liquid-water content w, the total rate of water 
impingement is given by 

’ 

W,=2EWLUw 

The water impingement rate W, is composed of three 
parts; the freezing rate W,, the evaporation rate We, and the 
run-off rate WrJ as follows: 

(20) W m =  Wf+ We + Wr 

Similarly, 
regarded as 
contents w f ,  

the liquid-water content of the air stream may be 
being made up of three “partial” liquid-water 
we, and w,, defined by the following equations: 

The quantities WrE;, wcEwJ and w,Ew are called the %ol- 
ume freezing rate,” “volume evaporation rate,” and “volume 
run-off rate,” respectively. Each represents the amount of 
liquid water involved in a particular process per unit volume 
of air in the path of the cylinder (liquid water per unit space 
swept out by the cylinder). Their sum, the “volume im- 
pingement rate,” is the product of the total liquid-water 
content and the over-all collection efficiency. 

The critical volume freezing rate (w,E,),, and the critical 
volume evaporation rate ( W ~ E ; ) ~ ~  are the values of w,Ew and 
w,Ew that occur at the critical condition defined by 

(wf*Ew),, and (wd*Ew),, were calculated by a 
method essentially s to that used in reference 18, 
except that the cylinder surface was assumed to be rough 
instead of smooth and the locaI increase in airspeed due to 

The 
me’thod of calculation, and assumptions necessary 

for sdution of the problem are given in appendix F. Calcu- 
lated values of the critical volume freezing rate and criticd 
volume evaporation pate itre presented in table IV for 

ce of the airplane was taken into account. 

sea 
level 
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W f E ,  - 
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- 

-- 

0.147 
. 123 
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various flight conditions for a cylinder 0.16 inch in diameter. 
This value was chosen because it is a representative average 
value of the outside diameter of the ice coating on a %-inch 
cylinder during a typical exposure in icing conditions. The 
equations derived in appendix F for rough cylinders show 
that both (we*Ew),, and (w,*E,),, are proportional to the 
-0.253 power of the cylinder diameter. Values of (w,*E,),, 
and (wr*Ew),, applicable to a cylinder of diameter D inches 
may therefore be found by multiplying the values in table 
IV by a factor G, given by 

RELATION OF VOLUME RATES OF FREEZING. EVAPOBATWN, AND RUN-OFF 

Various relations exist between wEw, weEw, wfEw, and 
w,Ew, depending upon whether WE, is less than, equal to, 
or greater than the critical value. The following is a sum- 
mary of such relations, derived in appendix F. In all three 
cases, it is presumed that ice is forming on the cylinder 

Case I. Subcritical conditions: 
(wJZ;>O). 
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CORRECTION OF MULTICYLINDEB MEASUREMENTS FOR EVAPORATION 
(SUBCRITICAL CASE) 

In  the use of rotating cylinders for icing-cloud measure- 
ments, the volume freezing rate wfEw is the quantity actually 
measured ; whereas, the volume impingement rate WE, is 
required for use in the determination of liquid-water content 
and droplet. size. Whenever wfE,<(w,EW),, throughout 
the exposure interval (case I), equation (26)  applies, and 
wEw can be determined from multicylinder measurements 
if weE, is a known function of wfEw. In order to establish 
the relation between w,Ew and w,Ew for the subcritical case, 
values of both quantities were calculated for a 0.16-inch- 
diameter cylinder by the method described in appendix F 
for various values of Ts It was found 
that we*Ew could be ted approximately by an 
equation of the form 

we*E,=k+ bw,*Ew (37) 

To and Oo C. 

Values of the parameters k and b for various flight conditions 
are given in table V. This approximate equation yields 
values of we*E, that agree with the individual calculat<ed 
values to within rtO.01 gram per cubic meter for all flight 
conditions included in table T'. 

The analysis in appendix F shows that in the subcritical 
case the ratio of weE, to W J ? ~  is independent of cylinder 
diameter as long as the cylinder surface temperature is 
constant. A secondary effect exists, however, because the 
surface temperature varies slightly with cylinder diameter. 
This effect is of minor importance for two reasons: (1) The 
ratio w,E,/w,E, is relatively insensitive to differences in 
surface temperature except at low rates of ice formation; 
and (2) the variation of the heat-transfer coefficient with 
cylinder diameter is roughly similar. to the corresponding 
variation of collection efficiency, and hence the variation of 
surface temperature with cylinder diameter is small. In 
the analysis of multicylinder icing tlat.s, it may be assumed, 

TABLE V.-MULTICYLINDER EVAPORATION CORREC- 
TIONS. VALUES OF CONSTANTS k AND b IN EQUATION (37) 

I I I .  I 
Temperature, OC _ _  I 

-5 - 10 -15 -m -- 

l0,OM) 0 

0 
IO. OM) 

m, OM) - 
0 

10. m 
m. 000 

0.W6 0.061 0.003 0.045 0.001 0.035 
.W6 .071 .003 .055 .001 .044 
.008 1 .OS2 W~ .087 .004 .Om 

0.015 0.130 0.Wd 0.058 0.006 0.043 
.015 1 .110 .ooO' ,088 .006 .052 
.015 . lo5 .062 

___-_____--- 

I .008] ,078 .006 

-0.001 0.028 
-.W1 .037 
--.IN1 ,048 

0.003 0.033 
.W3 .042 
.003 .051 

--- 

8 Zero is to be used for w: wbenevcr the formula gives negative values. 

therefore, that the ratio of weEw to wfEw is the same for each 
cylinder. Thus, the values of wf*E, determined from the 
weight of ice on each cylinder can be used as described in 
section IV to find w,*; and this result can be corrected for 
evaporation by means of the approximate equation 

w*= k+ (1 + b)w,* (38) 

where k and b have the values given in table V. Values of 
droplet diameter calculated from observed values of wz*Eo 
do not require correction for evaporation, because the rela- 
tive effect of evaporation is approximately the same for all 
cylinders. 

INTERPRETATION OF MULTICYLINDER DATA WITH OCCURRENCE OF 
RUN-OFF 

In the method described in section IV for determining 
liquid-water content and droplet size from multicylinder 
data, points representing the individual cylinders on a loga- 
rithmic plot of average volume ice-formation rate as a func- 
tion of average cylinder diameter are fitted to an impinge- 
ment curve representing the calculated relation between E, 
and On this same plot a line may be drawn to repre- 
sent critical conditions as calculated for the observed tem- 
perature, airspeed, and altitude. This "critical line" has 
a constant slope of -0.253, as shown by equation (23). For 
observations in a continuous, uniform cloud, points repre- 
senting cylinders at the critical condition lie along the critical 
line, points representing subcritical conditions lie below the 
critical line and along the impingement curve, and points 
representing supercritical conditions (run-off occurring) lie 
only slightly above the critical line, because the freezing 
fraction is generally small (see eq. (84)). For observations 
in discontinuous clouds, points representing critical or super- 
critical conditions lie approximately along a line called the 
"run-off line>," which is located parallel to and generally 
below the critical line, ~ C C ~ L I S C  the effect on the average 
value of wfEw of the tcrm containing X is nearly always 
smallcr than tZl ir  t4'cc.t of tliscont.inuitic.s (pips) irk the clou~l. 
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Average cylinder diameter, 0, in. 

{DER AND ROTATING MULTICYLINDER METHOD 

Various relative locations of the critical line, run-off 
and impingement curve are possible, depending upon 
fIight conditions and the characteristics of the cloud. 
representative points for each of the cylinders and the 
tion of the critical line are calculated from the flight 
The run-off line is drawn to fit the data points represen 
cylinders apparently affected by run-off, and the imp 
ment curve is fitted to the remaining points if possible. 

Some of the possible configurations are illustrated in figure 
24, which was prepared from NACA flight data. In the 
case in which no run-off occurs (all cylinders 
all the representative points lie close to the 
curve and below the critical line, as shown in figure 24 (a).. 
In cases in which run-off occurs from some but not all of t 
cylinders, the run-off line intersects the impingement curm 
and some of the representative points lie on each curve rn 
shown in figures 24 (b) and (c). The displacement of the 
run-off line below the critical line depends on the degree ai€ 
&continuousness of the cloud; and, since this factor canno& 
be evaluated from other flight data, the run-off line is dram 
to fit the data points using the calculated slope of -0.253, 
The cloud represented by figure 24 (b) was almost continuouq, 
as shown by the small displacement between the critical line 
and the run-off h e ;  whereas, figure 24 (c) represents a lem 
continuous cloud. 

In cases such as those shown in figures 24 (b) and (c), inn 
which less than four points are used to determine the imt 
pingement curve, the droplet-size distribution cannot be de- 
termined from the shape of the impingement curve; and the 
theoretical curves calculated for the C distribution are usedl 
arbitrarily, because the C distribution is believed to approxi- 
mate the actual droplet-size distribution most likely to occur 
in natural clouds. In some cases (e. g., figs. 24 (b) and (c)),, 
the manner of fitting the curves is rather simple and straight- 
forward, and the average liquid-water content and dropld 
size may be determined with reasonable accuracy from the 
position of the impingement curve. In other cases, the 
interpretation of the data points is more dficult and the 
results are less reliable. A case in which run-off occurred 
from all four cylinders is shown in figure 24 (d). In thia 
case, obviously, it is impossible to determine either the 
liquid-water content or the droplet size. 

The use of a straight line of slope -0.253 as the run-off 
line implies that the average volume freezing rate for cyl- 
inders influenced by run-off is proportional to the critical 
volume freezing rate. This assumption is not exactly cor- 
rect when applied to actual observations in clouds because 

(a) No run-off from any cylinder [flight 20 (1/29/47, run l), ref. 33k 
(b) Run-off from two smallest cylinders, nearly continuous cloud 

(c) Run-off from two smallest cylinders, discontinuous cloud 

(d) Run-off from all four cylinders [flight 179 (3/29/48, run 17), 

FIGURE 24.-Examples illustrating effect of run-off on multicylinder 
data. 

[flight 10 (4/18/49, run 2), ref. 351. 

[flight 19 (2/9/50, run 2), ref. 351. 

ref. 361. 
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of the influence of two factors: (1) Because of the effect of 
horizontal variations in liquid-water content, a cylinder may 
experience both subcritical and supercritical conditions dur- 
ing a single exposure period; (2) under supercritical condi- 
tions, the second term in equation (34) varies with cylinder 
size in a different manner from the first. The net effect of 
these two factors is to increase slightly the slope of the 
run-off line and to introduce a slight convex curvature; 
however, the straight line with a slope of -0.253 is a close 
approximation. 

If multicylinder data taken under conditions of partial 
run-off are analyzed by the ordinary method without refer- 
ence to the possible occurrence of run-off, the results usually 
indicate values of liquid-water content that are too small 
and values of mean effective droplet diameter that are too 
large. This occurs because, under ordinary flight and cloud 
conditions, run-off occurs first from the smallest cylinders. 
For very large droplets, on the other hand, run-off occurs 
first from the largest cylinder and thus would tend to cause 
underestimation of the droplet size. 

The methods described in the preceding paragraphs make 
possible the attainment of satisfactory results in many cases 
in which one or two cylinders are affected by run-off. Ob- 
servations from which reliable results are unobtainable can 
also be recognized and rejected. 

DROPLET-SIZE DISTRIBUTION 

Bs mentioned previously, an important disadvantage of 
the multicylinder method is its failure to measure droplet- 
size distribution directly. The droplet-size distribution ob- 
tained is not necessarily the actual distribution existing in 
the cloud but rather an assumed distribution (table 11). 
Although the actual droplet-size distribution in the cloud 
may affect the amount of ice collected on the cylinders in 
the manner described by the theoretical computations for 
an assumed droplet-size distribution, the area of coverage 
on an airfoil or on other nonrotating members in the clouds 
may differ from the area theoretically computed on the basis 
of the assumed distribution indicated by the rotating multi- 
cylinder method. The reason for the difference in area, or 
extent of coverage, is that the size of the largest droplets 
in the assumed distribution (given as a ratio to the volume- 
median size) is an arbitrarily assumed value, and the multi- 
cylinder method does not provide a means for obtaining 
the true value from the cloud data. 

If the actual droplet-size distribution in a cloud is not of 
the same general form as the assumed distributions (e. g., 
if the distribution is bimodal), the effect of plotting the 
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FIGURE 25.-Ice accumulation on set of 
cylinders. Local airspeed, 200 miles 
per hour; air viscosity, 3.436X lo-’ 
slug per foot-second; pressure altitticlc, 
10,000 feet. 
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flight data (in the form of mass of ice collected as a function 
of cylinder size, fig. 20) would be that some of the points 
might appear as a scatter in the data caused by errors in 
measurement. This apparent scatter would influence greatly 
the values obtained for the mean effective droplet size (equiv- 
alent volume-median droplet size) , as well as the type of 
distribution reported. The possible error in reported final 
results when apparent scatter in the flight data is present is 
discussed in the following section. 

EXPECTED ERRORS IN MATCHING FLIGHT DATA 

A practical difficulty arises in matching the flight data 
with the calculated curves of figure 12. The difficulty is 
caused by the scattering of the measured data due to errors 
in measurements, by the difference between the assumed 
theoretical distributions on which the curves of figure 12 
are based and the conditions actually prevailing in the 
natural cloud during the time the cylinders are exposed, 
and by the errors in the calculation of over-all weighted 
collection efficiency. 

An attempt is made herein to evaluate the sensitivity 
of the multicylinder method when scatter of known magni- 
tude is present in the flight data. The hypothetical data 
points of figure 25 were chosen to fit precisely the curve for 
the B distribution given in figure 12 (e) (volume-median 
droplet diameter for the data of fig. 25 was assumed to be 
20 microns). If the data were taken in flight in a cloud in 
which the droplet sizes were defined by a B distribution and 
the volume-median droplet size were 20 microns, the data 
would probably not fit the B distribution of figure 12 (e) 
precisely, but each point would deviate by an amount de- 
pending on the accrued error related to the care in measur- 
ing. Furthermore, data will appear to have a scatter or 
error if the actual droplet-size distribution is not of the same 
general form as any of the assumed distributions. Incom- 
plete freezing of droplets may also appear as part of the 
accrued error in the data, particularly if not properly ac- 
counted for (see previoussectionon HEAT-BALANCE AND MASS- 
TRANSFER FACTORS IN FLIGHT MEASUREMENTS). 

The braces in figure 25 indicate the range of a f 5-percen t 
error, and the brackets indicate the range of a fl0-percent 
error. The expected error in the calculation of over-all 

.4 .SI ~ b k r  * m e  Liquid- 
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FrcrrRe  26.-Comparison of flight data 
with calculated impingement curves of 
figure 12 (e). Kov, 10,000. (Braces 
indicate range of rt 5-percent error; 
brackets indiratc range of & I O -  
pcrrcnt (war.) 
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weighted collection eEciency plotted in figure 12 could be 
shown graphically in terms of the width of the lines used 
to plot the curves of figure 12. When the calculated curves 
of figure 12 are superposed on the flight data of figure 25 
for comparison, the error in calculating over-all collection 
eEciency can be added to the error in measuring and both 
errors included in the range indicated by the braces (or 
brackets) and termed an accrued error. In the analysis of 
the flight data, the magnitude of the accrued error will 
affect the answers obtained and will determine the sensitivity 
of the multicylinder method. 

Three sections of different curves talcen from figure 12 (e) 
are shown in figure'26 to come within the f5-percent range 
of accrued errors. The following is an illustrative example 
in the interpretation of the material presented in figure 26: 
If measurements were made simultaneously by a large num- 
ber of careful observers who kept the accrued error within 
f 5  percent at  a true airspeed of 200 miles per hour in a 
elout1 in which the volume-median droplet size was actually 
20 microns in diameter and the droplet-size distrihution was 

100 

90 

most nearly defined by the B distribution of table 11, the 
final answers reported by the observers would vary from 
17 to 25 microns for the diameter of the volume-median 
droplet and from an A to an E distribution. 

The type of analysis described with the use of figure 26 
was made to cover a range of true flight speed up to 400 miles 
per hour and actual volume-median droplet sizes up to 30 
microns in diameter. B set of foiir cylinders with diameters 
of 3, l>$, >i, and :$ inches was assumed for the analysis. The 
other secondary variables assumed were an altitude of 10,000 
feet and air viscosity of 3.436X lo-' slug per foot-second. 
The errors that can be expected in the final answers of the 
volume-median droplet size for the accrued errors of f 5  
arid & 10 percent (including tlie expected error in the calcula- 
tions for the theoretical data of fig. 12) are shown in figures 
27 (a) and (b), respectively. The ordinate is the error 
possible in reporting the actual volume-median droplet size 
in a cloud. Upper and lower limits are shown in the figures. 
Usually, it is possible to have a larger magnitude of error in 
reporting the size too large than in reporting the size too 

Volume-median droplet diameter, do, microns 

(a) Allowed error in measurement, f 5 percent. (b) Allowed error in measurement, & 10 percent. 
FIGURE 27.-Expected errors in determination of volume-median droplet size. 
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small. For example, in a cloud in which the droplet size was 
actually 30 microns in diameter and the true airspeed was 
200 miles per hour (accrued error= f 5  percent, fig. 27 (a)), 
the answer reported would be within the limits of 25 and 
40 microns. The lower-limit error is approximately 18 
percent, and the upper-limit error is approximately 35 
percent. 

Doubling the sizes of the cylinders has the same effect on 
error as halving the flight speed. If a set of cylinders of 
6-, 2f&, 1-, and )&inch diameter are used at a flight speed of 
200 miles per hour, the expected error can be found from the 
curves of figure 27 for a flight speed of 100 miles per hour. 
The expected error in the final results increases rapidly with 
increasing droplet sizes and flight speeds. The value of the 
multicylinder method in clouds consisting of volume-median 
droplet sizes above 30 microns in diameter is questionable, 
if the airplane speed cannot be maintained below 100 miles 
per hour. 

The accuracy in the determination of the droplet-size 
distribution is very much subject to individual interpretation 
as well as to errors in measurement. The same measured 
data resolved by different observers often result in large 
differences in the typing of the distributions. If f 5-percent 
accrued error in measurements is assumed, the insensitivity 
of the multicylinder method does not permit an A distribution 
to be dist.inguished from an E distribution with data taken 
at flight speeds above 150 miles per hour. 

Careful determinations of liquid-water content are usually 
not in error by more than f 5  percent, provided the size of 
the smallest cylinder is )/s inch in diameter or less and the 
measuring errors are less than f4 percent (including errors 
due to incomplete freezing). The error in determining liquid- 
water content is usually 1 percent larger than the total errors 
in the measurements, bewuse the curves of figure 12 are 
accurate only within f 1 percent at low values of l /Ko. 

a 
C D  

C P  
D 
d 
E 

F 
G 
T-I 

h 

c 

r 
I* 

S 
Although the rotating multicylinder method for measure- 

ments in icing clouds has several inherent undesirable charac- 
teristics, it is considered to be the most reliable technique 
known at this time that is adaptable to flight use. The mete- 
orological data obtained with the multicylinder method are 
the only data available for the design of ice-protection equip- 
ment for aircraft. An important deficiency of the method lies 
in its insensitivity in discriminating and resolving droplet- 
size distributions. The differences among the droplet-size dis- 
tributions are masked by the scattering of the measured data 
due to errors in measurements, by differences between 
assumed theoretical conditions and those actually prevailing 
in the natural cloud, and by errors in the calculations. 

Even- though the effect of compressibility of the air on the 
droplet trajectories is negligible, the airplane speed should be 
maintained as low as possible in obtaining flight data, because 
the final results are most accurate at low speeds. Also, the 
limitations of ice-accretion rate caused by kinetic heating and 
heat of fusion are less severe a t  low airspeeds. Multicylinder 
results obtained with limitations on ice-accretion rates may 
be in error by a magnitude as large as the measurements, if 
the effect of run-off is not evaluated. Run-off is a factor in 
determining the volume-median droplet size and the liquid- 
water content. If run-off is not recognized in the analysis of 
the data, the measured data points are incorrectly matched 
to the theoretically calculated matching curves. 

Different forms of the multicylinder instruments are dis- 
cussed in reference 25, along with the effects of yaw, ice 
density, and other factors on the reliability of data and the 
reproducibility of measurements for conditions on a 
mountain. 
LEWIS FLIGHT PROPULSION LABORATORY 

CLEVELAND, OHIO, September 5,1952 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

APPENDIX A 

SYMBOLS 

The following symbols are used in this report: 
droplet radius, f t  (3.048X lo5 microns) 
drag coefficient for droplets in air 
cons tan t 
specific heat of air at constant pressure, ft-lb/(slug)(OC) 
cylinder diameter, in. 
droplet diameter, microns (3.28X10-6 f t )  
collection efficiency based on cylinder radius, dimen- 

sionless 
drag force, lb 
factor to correct (W,E-)~, for cylinder diameter 
convective heat-transfer coefficient, ft-lb/(sec)(sq ft) 

specific enthdpy of water a t  state arid temperature 

amount of ice collected per unit frontal area, slugs/sq ft 
amount of ivr collected pcr uni t  frontal area, (mph) 

("C) 

iricl icated by subscript, f t-lb/slug 

(wv)(g/cu rn) 

K 

k,b 

inertia parameter, -- - pwa2u, dimensionless 

arbitrary evaporation parameters evaluated in table T' 
9 PL 

cylinder radius, f t  
length of cylinder, ft 
length of cylinder, in. 
Mach number 
mass of ice collected on cylinder, slugs 
mass of ice collected on cylinder, g 
Nusselt number, ~ L H / K  
pressure, in. Hg 
quantity of heat per unit time per unit cylinder length, 

ft-lb/(sec) (ft) 
local Reynolds number with respect to droplet size, 

2ap,?ilr 
local Reynolds number with respect to cylinder size, 

free-stream Reyrioltls oiimbt~r wit ti rrspect to droplet 
2 1, pa [ T ~ / P  

siz(bl 2apJ ' 1 ~  
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radial distance from cylinder axis to point in flow field, 

temperature, "C 
temperature, OR 
time, sec 
free-stream velocity, ft/sec 
air velocity, local at cylinder exposure point, ft/sec 
local air velocity, ratio of actual air velocity to free- 

average corrected local airspeed, mph 
local droplet velocity, ratio of actual droplet velocity to 

local vector difference between velocity of droplet and 

rate of water collection per unit span of cylinder, slugs/ 

local rate of water impingement, slugs/(sec)(sq f t )  
liquid-water content in atmosphere, slugs/cu ft 
liquid-water content, g/cu m 
rectangular coordinates, ratio of actual distance to 

cylinder radius L 
pressure altitude, f t  
angle between x-axis and radial line to point in flow 

local impingement efficiency, dyo/de, dimensionless 
average true airspeed, mph 
ratio of specific heats 
ratio of density of water vapor to density of dry air, 

dry-adiabatic lapse rate, OC/m 
saturated-adiabatic lapse rate, "C/m 

ratio to cylinder radius 

stream velocity 

free-stream velocity 

velocity of air, ft/sec 

(see) (ft span) 

field, deg 

0.622 

e 
K 

X freezing fraction, dimensionless 
p viscosity of air, slugs/(ft)(secf 
p density, slugs/cu f t  
u temperature-recovery factor, dimensionless 
T time scale, tU/L 

impingement angle on cylinder, deg or radians as noted 
thermal conductivity of air, ft-lb/(sec) (sq ft)("C/ft) 

Rea - 18p''Lu, dimensionless K-=- KPW 

Subscripts: 
a air 
c compressible 
cr critical 
d h Y  
e evaporatioh 
.f freezing 
i incompressible 
ice ice 
1 
m maximum 
o volume median 
r run-off 
S surface 
s saturated 
v water vapor 
w liquid water 
z horizontal 
?J vertical 
w weighted 
0 free stream 
Superscript: ' 

local at cylinder exposure point 

applied where velocity terms are in ft/sec 

APPENDIX B 

STARTING CONDLTIONS OF TRAJECTORIES AT LARGE VALUES OF --x 

For practical reasons the integration of the differential 
equations of motion (eqs. (1) and (2)) cannot be started with 
the NACA analog from an infinite distance ahead of the 
cylinder. The equations are therefore linearized by an 
approximation up to a convenient distance ahead of the 
cylinder. The method of linenking the equations, which is 
presented in reference 3, results in the following expressions 
(in the nomenclature of ref. 3): 

The exponential integral E,  (+) is t,abulated in pages 1 to 9 
of reference 27. The y ordinate of the droplet is found by 
adding Ay to yo. 

For the studies of the trajectories discussed herein, the 
integration of equations ( l j  and (2) with the NACA analog 
was always started at I= -5. The accuracy of the preced- 
ing linearized starting equations was checked by integrating 
equations (1) and (2) for K=32, 16, and 4 with the NACA 
analog from r= -50 to ;c= - 5 .  The difference in results was 
within the expected accuracy of the analog. The preceding 
linearized starting equations were found to be invalid for 
values of Kless than 0.5. For values of K less than 0.5, the 
equations gave values of u, greater than the corresponding 
values of up, and values of uz smaller than the corresponding 
values of u,. For values of Kless than 0.5, the starting con- 
ditions a t  r= - 5  were assumed to be the same as those con- 
ditions prevailing for the air streamlines. This assumption 
is valid, bemuse the droplet inertias are very small. 



32 REPORT 12 15-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

5 
10 
20 
30 
20 
10 
5 

The following relations are presented to aid in the interpre- 
tation of free-stream velocity (airplane speed), cylinder 
diameter, air viscosity, air and water density, and droplet 
diameter in terms of the dimensionless parameters K, (F, and 
Reo used in this report: 

(61) 

0.314 
.518 
.7M 
1.m 
1.370 
1.740 
2.220 

Reo=4.813X10-' - PiU) 

I 1 
i 2  
1 3  
1 4  
I 5 
1 G 
, 7 

(W 
Wm=2.745X10-2 EDUW* (C7) 
Wp= 0.329UW*~ (C8) 

P p,=0.0412 - T* 

where the specific weight of water was assumed to be 62.46 
pounds per cubic foot, and the acceleration due to gravity, 
32.17 feet per second per second. 

0.56 
.72 
.&I 
1.00 
1.17 
1.32 
1.49 
-_ 

APPENDIX I) 
METHOD OF CALCULATING CURVES OF 1/Ko AGAINST E, FOR DIFFERENT ASSUMED DROPLET-SIZE 

DISTRIBUTIONS 

The procedure for obtainillg the over-all weighted collec- 
tion efficiency (fig. 12) is explained with the use of a sample 
calculation for the B distribution of table I1 and an assumed 
KO@ of 200 (eq. (17)). The over-all weighted collection 
efficiency of one cylinder in a group of cylinders is given as 
the final result in table VI. As a basis for beginning the 
computation, a value of 1/K=4.0 is assigned to those drop- 
lets in the volume-median group size. (This particular value 
of 1/K is chosen arbitrarily and will define one point on the 
curves of l/Ko against E, for K0p=2O0 of fig. 12 (b).) A 
value of the collection efficiency for K=1/4.0 is found in 
figure 4 and is given in the fifth column of table VI. The 

TABLE VI.-SSMPLE CALCULATIONS OF E, FOR 
DISTRIBUTION B AND K,p=200 

I I I I I 

(a) 1/K.=4.0 for volume-median droplet size; p-800 

l l  I I I I 

0.56 
I72 
.&I 

1.Wd 
1.17 
1.32 
1.49 

0.079 
.130 
. I77 
,250 
.343 
.435 
,555 

_ _ _ - -  
_ _ _ - -  
0.w3 
.027 
,065 
. IW 
. 140 

Overall weighted collectlon effielency, E* --__. .. .. I 0.0387 1 

I (b) l/K.=I.O for volume-median droplet size; p=2M) 
- 

0. am 
. 1 I  
.225 
,301 
.384 
.444 
,515 

0.0034 
.0158 
,0450 
,0903 
. oil33 
,0444 
.025x 

Over-all uwighted collection cflicimcy, I?* 0. :Ill I5 

required value of p is obtained from the original assumption 
that K04a=20O; therefore, p=800 for 1/&=4.0. The 
weighted collection efficiency is found by taking the product 
of the percentage water in each size group (column 3) and 
the collection efficiency of column 5. The weighted collec- 
tion efficiency is recorded in column 6. The effect of the 
variation of the group size on I/K is obtained by dividing 
the value of 1/K assigned to the volume-median droplet 
size (1/K=4.0 in this example) by (u/uo)2, because the drop- 
let, radius appears to the second power in equation (3). 
The change in K with the change in droplet size is recorded 
in column 4. A value for the collection efficiency is found 
from figure 4 for each value of K i n  column 4. The value of 
(F remains the same as for the volume-median droplet size 
(800), because the droplet size does not enter into the 
definition of (F (eq. (7)). 

The weighted collection efficiency is again the product of 
the values in column 3 and the collection efficiency of 
column 5. The sum of the individual weighted collection 
efficiencies of column 6 is the over-all weighted collection 
efficiency. The sum of column 6 in table VI(a), in combina- 
tion with the assigned value of ]/KO to the volume-median 
droplet size, defines one point on the B-distribut>ion curve of 
figure 12 (b). 

In  order to obtain anothek point for the B-distribution 
curve of figure 12 (b), a different value is assigned to 1/K 
for the volumr-median droplet size; for example, in table 
VI(b), l/Ko=l.O. Lowering the value of l/Ko has the 
same effect as decreasing the cylinder size L when the physi- 
cal dimensions of the volume-median droplet size, airplane 
speed, water clensity, and air viscosity are maintained con- 
stant (eq. (X)), as is actually the physical condition when a 
set of different-sized cylinders are flown simultaneously 
through a cloud. 'i'he procedure for computing the values 
in columns 4, 5 ,  ant1 6 is the same as was tlescribetl for tablr 
VI(a). ?'tie only exception is that ttic value of cp is now 
cliangetl to 200 in  order to niairitain K,,p=2oO for l/Ko= 1.0. 
'L'he vtilur of cp is maintainccl at ZOO for the calrulntions in 
table VI (1)). 
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The c a l c ~ a t i o ~  of reference 3 are different from those described herein, in that, in the calculations of reference 3, 
arently allowed to vmy to conform with maintaining Kq constant during the calculations for the weighted collec- 

tion eEciency. The value of Q cannot be permitted to vary during the calculations of the over-all weighted collection 
efficiency, because airplane speed, cylinder size, air density, air viscosity, and water density are not variables during that 
phase of the calculations. 

The over-all weighted collection efficiencies, which are the sums of column 6 in table VI, are tabulated in table I11 for 
the values required to draw the curves of figure 12. The values of table HI are subject to a tolerance error caused by the 
limit of accuracy in obtaining the collection efficiencies from the trajectories computed with the analog. The expected error 
in determining the collection efficiency for droplets with low inertia was much greater than for those with large inertia. The 
expected root-mean-square error of the over-all weighted collection efficiencies of table 111, based on the expectation of indi- 
vidual random errors, was determined from the following expression: 

AH=4(0.05)2(Au)z+ (O.lO)*(Ab)'+ (0.20)' (Ac)~+ (0.30)' (Ad)'+ (0.20)' (Ae)'+ (0.10)' (AB'+ (0.05)' (Ag)' 
where Aa, Ab, and so forth are actual errors in determining the respective 'collection efficiencies. The expected root-mean- 
square error in the curves of figure 12 has been determined to be somewhat less than 1 percent for values of E, near 1.0 and 
approximately 2 percent for values of E, near 0.01. 

APPENDIX E 
ALTERNATE METHOD OF REDUCING ROTATING MULTICYLINDER DATA 

By PAUL T. HACKER 

INTRODUCTION 

The method presented in this appendix for the processing 
of the flight data to obtain liquid-water content, droplet 
size, and droplet-size distribution is identical with the method 
presented in section IV  of the body of the report up to step 
(e) of the STEPWISE CALCULATING PROCEDURE. The plotting 
and matching procedure of steps (f) and (g) are replaced by 
another graphical procedure that obviates the need for a 
series of successive approximations to the value of Kq. 
(Symbols are defined in appendix A.) This method directly 
yields two quantities: Kq, from which the droplet size is 
computed; and 1/Utw, whioh is inversely proportional to the 
liquid-water content. Thboretically, approximate droplet- 
size distribution patterns can also be obtained by this method 
by using the calculated impingement data for various 
assumed droplet distribution patterns presented in table 11. 
The theory of the method is presented, and a stepwise cd- 
culating procedure is outlined. The stepwise procedure is 
illustrated with the same example used for the method 
presented in section IV. 

THEORY 

BASIC CONCEPTS. ASSUMPTIONS, AND DIMENSIONLESS PARAMETERS 

The basic concepts, assumptions, and dimensionldss param- 
eters for this method are identical with those used for the 
standard method. The mass of ice collected per unit frontal 
area on a rotating cylinder exposed in a supercooled cloud 
is given by 

m 
2Ll I= -- = EUwt 

where L is the average radius of the iced cylinder and E is the 
collection efficiency corresponding to this radius. For 
clouds composed of droplets of uniform size, the theoretical 
collection efficiency E is given in figure 4 in terms of two 
dimensionless parameters K and cp (eqs. (3j and (7)). 

As is discussed in section 111 on the BASIC CONCEPT, the 
mathematical condition that Kcp is a constant corresponds to 
the physical situation existing during the exposure of a multi- 
cylinder set in fiight, and the only unknown quantity is t4he 
droplet radius a for any given exposure. Since Kq is con- 
stant for all cylinders for a given exposure: it is convenient 
to express the theoretical collection-efficiency data of table 
I11 in terms of K,q and q. Figure 28 (a) is a plot of the 
collection efficiency E, as a function of cp for various values 
of K,cp for droplets of uniform size (distribution A). This 
plot is the working chart for this method of determining 
droplet size and liquid-water content. 

I 

z 
.- 5 
E 
9 

v) 

5 

Over-all weqhted collection effictency, 4, dimensionless 

(a) Distribution A. 
FIGURE 28.-Over-all weighted collection efficiency as function of 'p 

for four values of K,v. 
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~ E ~ M ~ N A ~ I O N  OF ~ Q ~ D - W A T E X  CONTENT AND DXOPLET SIZE 

For droplets of uniform size i t  is theoretically possible to 
determine by this method the droplet size and liquid-water 
content from the amount of ice collected on two cylinders 
of different diameter. For practical purposes, however, 
several cylinders should be employed in order to eliminate 
errors in droplet size and liquid-water content due to errors 
in the measured amount of ice collected on a cylinder. Only 
two cylinders will be used, however, to develop the theory 
of the method. 

Assume that two cylinders with initial radii of Lo.l and 
Lo$ are exposed for a period of time t and collect amounts 
of ice ml and mz, respectively. Average radii (L, and Lo) 
may be calculated for the two cylinders by the equation 

from which two values of p (pl aad a) may be calculated by 
equation (7) and other flight data. Substitution of values 
of mass of ice collected m and average cylinder radius L into 
equation (El) gives 

(E31 

and 

where El, E,, and w are unknown quantities; but w, the 
liquid-water content, is the same for the two cylinders. 

60 

40 

20 

Since L is the only factor that changes the value of p for 
any given exposure, equation (E3) is for p=pl and equation 
(E4) is for p=cpz. Solving the two equations for l/CTwt 
gives 

and 

(E5) 

The right sides of the two expressions may be set equal to 
each other because Uwt is identical for both: The result. 
is 

where p=pl for the left side and p=pS for the right side. 
Equation (E7) states that the ratio of collection efficiency 
to the mass. of ice collected per unit frontal area is the same 
for all cylinders for a given exposure. Equation (E7) is the 
fundamental relation upon which this method is based. 

From figure 28 (a) it is possible to determine a value of 
Kp which is constant for a given exposure of cylinders so 
that the ratio of the collecton efficiency to the mass of ice 
collected per unit frontal area is the same for all values of 
p (in this case pI and a). This determination is aecom- 
plished in the following manner: For a constant value of 
p, say pl, the theoretical values of E are tabulated from 
figure 28 (a) for various values of Kp. The values of E are 
then divided by the mass per unit frontal area of the cj-lindei 
11, and a plot of Kp as a function of E/Il is macle. The 

0 I 2  3 4 5 6 .7 8 9 IO 
Over - all weighted collection efficiency, E,, dimensionless 

0)) Distribution C. ( e )  Distribution E. 

FIGI~R~.;  28.-Coiirliitlrd. Over-all wighted collcrtioii efficicncy as fanrtioii of 'p for four value.: of KQ,p. 
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same procedure is used for a, and the results are plotted 
on the same chart as those for cpl. Curves are faired through 
the two sets of points, and the point of intersection of the 
two curves determines the value of Kcp for which equation 
(E7) is satisfied. From this value of Kcp the droplet size 
can be calculated by use of equation (17). The intersection 
point also determines a value of E/I from which the liquid- 
water content w can be determined by equations (E5) or 
(E6), since U and t are known. 

When three or more cylinders axe employed, all the curves 
of Kq against E/I should intersect in a point. If there axe 
errors in the amounts of ice collected on individual cylinders 
or the cloud is not composed of droplets of uniform size, 
then the curves will not intersect in a point. 

APPLICATION OF METHOD TO CLOUDS OF NONUNIFORM DROPLET SIZE 

Theoretically, this method may be used to determine 
approximate droplet-size distribution patterns if working 
charts (fig. 28 (a)) are made for the various assumed droplet 
distributions presented in table 11. Working charts for 
distribution C and E are shown in figures 28 (b) and (c), 
respectively. Three or more cylinders are required to 
determine the droplet-size distribution. The experimental 
data are processed for all assumed droplet-size distributions, 
and the one that most nemly gives a single intersection 
point for the curves of Kq against E/I is the approximate 
droplet-size distribution. As was discussed in section 111, 
the droplet size is the volume-median droplet size, the collec- 
tion efficiency is the weighted collection efficiency E,, and K 
in Kq is replaced by K, for the volume-median droplet 
size. 

UNITS FOR EQUATIONS 

The preceding equatidns are true for any consistent 
system of units. For practical reasons, certain departures 
from consistent units are desirable for routine use. Thus, 
in the detailed calculation procedure described in the fol- 
lowing section, mixed units are employed with numerical 
conversion factors. 

STEPWISE CALCULATING PROCEDURE 

Steps (a) to (d).-Steps (a) to (d) in the calculation pro- 
cedure for this method are identical with those in section 
IV, and items (1) to (143 in work sheet I1 are the same as 
those in work sheet I. Work sheet I1 is presented for this 
alternate method with an actual observation as an example. 

(e) Relative amount of ice per unit frontal area.-The 
mass of ice collected per unit frontal area is determined by 
the following equation: 

For the cylinders shown in figure 16, the length of the cylin- 
ders I* is 2 inches, and the equation becomes 

1*=1.734X103 (E) 

where D,, is obtained from item (14). Values of I* for each 
cylinder are entered as item (15). 

(f) Parameter cp for average diameters of cylinders.-The 
parameter (p is calculated for each cylinder by use of the 
average diameter Drca (item (14)), V (item (3)), and p/DV 
(item (9)). The values of cp for the example are 244, 709, 
1652, 3870, and 5794 for the five cylinders. These values 
are entered as item (16) in work sheet I1 and are indicated by 
dashed lines in figure 28. 

(g) Tabulation of E, as function of K,cp for values of cp.- 
Tabulated values of E, (E, is identical to E for distribution 
A) as a function of K,q for the values of cp computed in step 
(f) are obtained from figure 28 by reading the value of E, for 
the intersection points of a constant cp line with the K0o 
curves. For example, for p=244 (fig. 28 (a)), the values of 
E, for K,q equal to 200, 1000, 3000, and 10,000 are 0.242, 
0.668, 0.840, and 0.912, respectively. If the droplet-size 
distribution is to be determined, it is necessary to tabulate 
E, as a function of Kocp with (p constant for all the assumed 
droplet-size distributions. The values of K,cp and E, thus 
obtained are entered in item (17) of work sheet I1 for the 
appropriate cylinder size and droplet-size distribution. 

(h) Parameter E,/I*.-The values of E, for the various 
cylinders entered in item (17) are divided by the correspond- 
ing value of I* (item (Xi)), and the results are entered in the 
columns of item (17) for E,/I*. 

(i) Plotting K0p as function of E,/I*.-For a given assumed 
droplet-size,distribution, the values of K,cp in item (17) are 
plotted as a function of the values of Ew/I* (item (17)) for all 
cylinders on a single sheet of semilog paper. Curves are faired 
through the plotted points as shown in figure 29. The curves 
should intersect in a point, if the correct droplet-size distribu- 
tion has been assumed and there axe no errors in the amount 
of ice collected on an individual cylinder. If the curves do not 
intersect in a single point for any droplet-size distribution, 
the midpoint of the smallest polygon formed by the inter- 
secting curves is used to determine K,cp and Ew/I*. A n  
inspection of figure 29 reveals that, for the example, the 
curves for distribution E (fig. 29 (c)) most nearly intersect 
in a point. This droplet-size distribution is entered as item 
(18) of the work sheet. At the intersection point the values 
of K,cp and Ew/I* are read and entered as items (19) and 
(20). These values are 5400 and 8.46X respectively. 
(j) Droplet size.-The droplet size d is determined from 

the value of K,p (item (19)) and the following equation: 

P G -  
4.8X1O-'(pav) d= 

which is derived from the definition of Kcp given as equdtion 
(17). Values of viscosity P and air density pa corresponding 
to the corrected air temperature T (item (Z)) and the pressure 
altitude 2, (item (4)), respectively, may be found in many 
references. Another method for finding the droplet size is to 
convert K.9 into LK, by items (14) and (16) and use the 
graphical method presented in figure 22. For the example, 
the droplet size is 14.1 microns and is entered as item (21). 
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23.56 
20. 94 
2. 62 
2. 62 

8196 
.554 
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59.68 
55.16 
4. 52 
4. 52 
1.291 
6068 

I Cylinder diameter, I), in. 

3 

141.83 
135. 61 

6. 22 
6. 22 
3. 024 
3564 

4% --- 
190. 47 
183. 41 

7. 06 
7. 06 
4.518 
2702 
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(a) Distribution A. 
(b) Distribution C. 
(c) Distribution E. 

FIGUBE 29.-Parameter K M  as function of &/I* for various 
cylinder diameters. 

¶ ~ ~ - w a t e ~  content. e liquid-water content w* 
the quantity Ew/I* deter- 

mined in step (i). This value of EwlI*, which was deter- 
mined by the intersection point of the curves of Kop against 
Ew/I*, is ac tudy  equal to l/Vtw*. The liquid-water content 
is determined by dividing the re 
product of V (item (3)) and t (it 
content for the example is 0.30 gram per cubic meter; this 
value is entered as item (22). 

DISCUSSION 

A comparison of the end results by 
(18), (21)) and (22) in work sheet 11) wi 
the standard method (items (20); (23), and (21) in work 
sheet I) shows very good agreement for the liquid-water con- 
tent, droplet size, aJid droplet-size distribution. Droplet- 
size distribution E, however, may not be true for either 
method, because the curve of Koa against Ew/P for the 4%- 
inch cylinder did not intersect in a point with the other 
curves. For other sample caIcuIations of actual flight data 
not presented here, the agreement was not always as good. 
This was especially true for droplet-size distribution. For 
liquid-water content and droplet size, the maximum M e r -  
ence was of the order of 10 percent. From these sample 
calculations some points of interest were observed, as follows: 

(I) The curves of K,cp against Ew/I* for the %-inch cylinder 
very often did not intersect in the same points as the other 
curves for any droplet-size distribution. This was especially 
true when the amount of ice collected by the %-inch cylinder 
was large (diameter doubling during exposure time). 

(2) The curves of Kop against Ew/I* for the %-, 1%-, and 
$-inch cylinders usually intersected in a small area for any 
droplet distribution pattern (see fig. 29). 

(3) For some flight data, no more than two curves of 
Kop against Ew/I* ever intersected in a point for any as- 
sumed droplet-size distribution. 

The intersection of all the curves of Kop against Ew/I* in 
a single point for a given droplet-size distribution by this 
method is the same as having all the plotted points fall along 
the given droplet-size distribution curve by the standard 
method. However, droplet-size distribution determinations 
are unreliable by either method, because an error in the 
amount of ice collected by one or more cylinders will give a 
nonexistent droplet-size distribution. 

This method requires more calculations and plotting than 
the standard method. However, it dinhates  the necessity 
of approximating t,he vdue of Koe and of matching pletted 
points to standard curves by moving one chart with respect 
to the other. 
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USIS OF 

A S S U M ~ T ~ O N S  

The heat balance of a system consisting of a rotating 
circular cylinder is described herein. The cylinder is exposed 
with its axis a t  right angles to the air stream in the region 
of accelerated flow about an airplane flying in a cloud com- 
posed of liquid-water droplets at a temperature below 
freezing. The following processes must be considered in an 
analysis of the heat balance: 

(1) Convective heat transfer 
(2) Kinetic heating 
(3) Impingement of water droplets 
(4) Evaporation or condensation 
(5) Freezing 
(6) Run-off of liquid water 
Since some of the processes involved are not completely 

understood, the following simplifying assumptions are made 
to avoid undue complexity in the analysis: 

(1) The surface temperature is uniform around the cyl- 
inder circumference, and average values of the heat-transfer 
coefficient are applicable to the cylinder as a whole. 

(2) The expression e(pu,S-po,O)/pa,O represents the effective 
average difference in vapor concentration between the sur- 
face and the air stream. 

(3) No condensation or evaporation occurs except a t  the 
cylinder surface. 
(4) The water droplets strike the cylinder at the free- 

stream velocity and temperature. 
(5) The conduction of heat into or out of the cylinder and 

the net loss or gain of heat by radiation are negligible com- 
pared with the other heat-tpansfer quantities. 

(6) The liquid-water content in the air stream is not 
changed by the acceleration caused by the airplane fuselage. 

EQUATIONS 

The heat balance of the cylinder maj- be expressed by the 
following equation: 

41- q2 + q3 + q4= 0 
where 
q1 rate of heat loss by convective transfer to air stream 
q2 rate of heat gain due to change of enthalpy of water that, 

q3 rate of heat loss due to change of enthalpy of water t.hat 

q4 rate of heat loss due to change of enthalpy of water that 

The convective heat-transfer term ql is expressed as follows: 

( F 1 )  

freezes on surface 

evaporates from surface 

runs off in liquid state 

qI=2*LH( TS- Tsd) (F2) 

where TS,d is the temperature that would be assumed b -  a 
dry cylinder in clear air. The dry-air kinetic temperature 
rise (TSed- To) is regarded as occurring in two steps: ( 1 )  
adiabatic cooling as the airspeed increases from C' to .!Ic, 
given by 

and (2) kinetic heating occurring when air characterized by 
Tz and Uz is brought to rest at the cylinder surface: 

T ~ . , - T , = ~  26, u: 
where u is the average recovery factor. 
substituting in equation (F2) give 

Eliminating Tz and 

The other three terms in equation (Fl) represent the con- 
tributions due to the enthalpy changes of the impinging 
liquid water involved in the processes of freezing, evapora- 
tion, and run-off. It is convenient to express q2, q3, and q4 
in terms of the volume rates of freezing, evaporation, and 
run-off defined in equation (21). The heat-balance terms 
q2, q3, and q4 may each be expressed as a product of a mass- 
flow rate and a change of specific enthalpy. If hw,O repre- 
sents the specific enthalpy of the liquid-water droplets under 
free-stream conditions (To, U ) ,  the specific enthalpy of the 
droplets when brought to,rest on the cylinder surface and 
before any heat has been transferred between the surface 
and the droplets is given by the expression hw,o++U2, in 
which the second term is the free-stream specific kinetic 
energy. 
Freezing: 

The equations for qz, q3, and q4 are as follows: 

Evaporation: 

Run-off: 

The rat-e of evaporation We is obtained from 

( F i )  

The relation between heat and mass transfer for wat'er 
vapor in air that is implied by the use of the coefficient 
H/c,  in equation (F7) is difficult to justify on theoretical 
grounds. Nevertheless, it is supported strongly by experi- 
mental evidence. In  the range of low airspeeds, the equiv- 
alent assumption is that t.he temperature of a wet-bulb 
thermometer is equal to the adiabatic-saturation tempera- 
ture. That this assumption is true, at least to a ver>- 
satisfactory degree of approximation, has been firmly estah- 
lished by laboratory experiments (ref. 28) and by man>- years 
of c.xpcrioncr with t h t b  use of wet- and dry-bulb thc~rrnomptc~ls 
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to measure humidity. Following Hardy (ref. 29), the same relation has been applied successfully at moderate and high air- 
spt?eds during the last ten years in the solution of anti-icing problems, including the successful prediction of the icing 
limit at a Mach number of 1.36 (ref. 30). 

The evaporation heat loss q3 may be expressed in terms of the convective heat-transfer coefficient by combining equa- 
tions (21), (F5), and (F7) to obtain 

When no run-off occurs, w, and q4 are zero; hence, the heat-balance equation becomes 

qZ'q1+!?3 (F9) 

Substituting from equations (F3), (F4), and (FS) in equation (FS), solving for w,E,, and replacing H by K N u I ~ L  
give the following: 

The quantity wfEw represents the volume rate of freezing 
expressed as slugs of ice formed per cubic foot of space swept 
by the cylinder. A n  equation for the volume rate of evapo- 
ration in the same units is obtained from equations (21) 
and (F7): 

@11> 

Equations (F10) and (F11). may be used to' calculate the 
freezing and evaporation rates if the cylinder surface tem- 
perature is known. By assuming various values of surface 
temperature, the relation between freezing rate and evapo- 
ration rate may be established and a means provided for 
correcting multicylinder data for the effect of evaporation. 
In the critical case when the surface temperature is 0' C 
and w,=O, equation (F10) gives the rate of freezing at the 
onset of run-off. Equations (F10) and (F11) are applicable 
whenever w,E,=O; that is, in both critical and subcritical 
conditions. 

The use of equations (F10) and (F11) requires a knowledge 
of the Nusselt number. For smooth cylinders, the Nusselt 
number has been determined as a function of the Reynolds 
number (ref. 31). For a cylinder upon which glazed ice is 
forming-that is, under conditions in which the water does 
not freeze immediately on contact but spreads and runs on 
the surface as it freezes-the surface becomes rough, and the 
values of Nusselt number for smooth cylinders are not appli- 
cable. The following equation (ref. 32), based on a cylinder 
with longitudinal grooves, is used herein to determine the 
Nusselt number when the surface is presumed to be rough: 

Nu= 0.082 ReC0.747 (F-12) 

This equation was established for a range of Reynolds num- 
bers below 5000. Its use herein for cylinders operating at 
higher Reynolds numbers is justified by the fact that the 
results agree with observations, as shown subsequently. 

In the subcritical condition, the impingement rate is in- 
sufficient to raise the surface temperature to Oo C, the run-off 
rate is zero, anti the impingement rate is equal to the sum 

of the freezing and evaporation rates, as shown in the follow- 
ing equations: 

wEW < (WE,) (24) 
Ts<Oo C (25) 

WEw= weEW +wfEw (26) 
w,EW=O (27) 

At the critical condition, the impingement rate is just suf- 
ficient to mastain the surface temperature a t  Oo C without 
run-off. Thus, the critical run-off rate is zero and the 
critical impingement rate equals the sum of the freezing rate 
and the evaporation rate. 

WE,= (wEW)cr= (w,Ew)C,+ (w$'w)cr (28) 
Ts=Oo C (29) 

wrEd= (WrEw)cr=o (30) 

Supercritical conditions occur when the impingement rate 
exceeds the critical value. When ice is forming, the surface 
temperature cannot rise above 0' C; therefore, the evapora- 
tion rate weEw, the convective heat-transfer term ql,  and the 
evaporative cooling term q3 remain constant at their critical 
values. The run-off rate wrEw increases from zero with a 
corresponding increase in q4, resulting in an increase in qz,  
since q1 and q3 are constant. This increase in qz causes an 
increase in the freezing rate. The following equations apply, 
therefore, to the supercritical case: 

Hence, at the critical condition, 

W E  w> (WE,),, (31) 
Ts=Oo C (32) 

weEw= (weEJcr (33) 

wrEw>O (F13) 

WfE,>(WfE")CT (E'14) 

An expression for wfEw is obtained from equations (F1) and 
(F4) for the supercritical case: 
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n the critical case, q4=O; hence, 

The excess of the volume freezing rate above the critical 
value is given by 

Introducing the value of q4 from equation (F6) gives the 
following expression for the excess of the actual freezing 
rate over the critical: 

The excess impingement rate over the critical value is 

WE,- (wEw)cr=wlEw- (WJL)C~SWJL P16) 

The fraction of the excess water that freezes, c d e d  the 
freezing fraction" in reference 18, is given by t L  

-wlE w-(wJ 3 c r  x- ~Ew-(wEu)cT 

From equations (F15)  to (F17) there is obtained 

$17) 

Except at high airspeeds and temperatures close to freez- 
ing, $U2 is small compared with hwls-hw.o. Neglecting 
$Uz and noting that 

give the approximate equation for the freezing fraction used 
in reference 18: 

x = x  ,-To 

The following expression for bhe volume freezing rate under 
supercritical conditions is obtained from equation (F17)  : 

P18) 

w&u= (wsEu)cr+ h[wEw- (~EuIcrl (34) 

and an expression for the volume run-off rate is obtained 
from equations (F16)  and (34):  

w,E,= ( I   WE^-  WE^)^^] ( 3 5 )  

CALCULATIONS 

The values of critical volume freezing and evaporation 
rates presented in table IV were calculated from equations 
(F lO)  and (F11)  by setting Ts=Qo C for the critical condition 
and using equation (F12)  to determine the Nusselt number 
for the rough surface condition. Additional calculations 
were made using values of Ts intermediate between TO and 
the melting point for both rough and smooth surface condi- 
tions. Values of w,*E, were then plotted as a function of 
w,*El, for each set of flight conditions, and a straight line 
was determined for each case to represent approximately the 

relation between w,*E, and wl*Ew for rough cylinders at 
the higher values of wl*Eu and for smooth cylinders a t  the 
lower values. The assumption implied in this procedure is 
that the surface is smooth at low rates of ice formation and 
becomes rough as the critical condition is approached. 
Values of the parameters defining these lines are given in 
table V. 

The use of equations (F lQ)  and (F1 1 )  requires that several 
additional quantities be known as functions of the independ- 
ent variables. 

The Nusselt number was obtained from equation (F12) for 
a rough surface and from the curve in reference 31 for a 
smooth .surface. The Reynolds number Rec was evaluated 
at the local airspeed Ul, the free-stream pressure and 
the average of the free-stream and surface temperature, 
The value 1.12 used for the ratio Ul/U was obtained from 
measurements made in calibrating the multicylinder exposure 
used on the G-46 airplane by the Ames laboratory (ref. 33). 
Actual calibrations are not available for other airplanes, but 
it would appear reasonable to assume that this value is 
approximately representative for cylinders exposed at  a 
position on the upper portion of the fuselage over the trailing 
edge of the wing on a'conventional transport-type a-kplane. 

There is some uncertainty as to the over-all temperature- 
recovery factor for a cylinder in transverse flow. The value 
s=0.75 was chosen as a representative average vdue on the 
basis of test results summarized in reference 34. The vapor 
pressure at the surface p.8 was taken as the saturation vapor 
pressure over ice at the temperature Tg, and the free-stream 
vapor pressure p , ,  was taken as the saturation vapor 
pressure over water at the temperature To, based on the 
assumption of 100 percent relative humidity in the un- 
disturbed cloud. 

FREEZING RATES 

These quantities were obtained as follows. 

The calculated values of critical volume freezing rates are 
difficult to verify from flight data, because a cylinder influ- 
enced by run-off usually experiences both subcritical and 
supercritical conditions during the exposure period. Under 
subcritical conditions, the volume freezing rate wrEo is 
approximately directly proportional to the volume impinge- 
ment rate WE,, and the departure of the latter below the 
critical value is reflected directly in the measured average 
value of the former. Under supercritical conditions, on the 
other hand, the increase in volume freezing rate above the 
critical value is equal to the freezing fraction x times the 
increase in volume impingement rate. Since h is usually 
small compared with unity, variations in volume impinge- 
ment rate above the critical value have a much smaller effect 
on the measured average value of volume freezing rate than 
variations below the critical value. Furthermore, the largest 
excesses of volume impingement rate above the critical value 
tend to occur at temperatures only slightly below freezing 
when the freezing fractiin is very small; whereas, at lower 
temperatures when x assumes larger values, the critical 
impingement rate is larger and the excess of impingement 
over the critical value is smaller. I t  is to be expected, there- 
fore, that the effect on the measured average volume freezing 
rate of periods of subcritical conditions (including gaps in the 
clouds) would at least offset the effect of supercritical con- 
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Gatcnftfates d 5 c d  values were obtained by bkpoIation 
from the data of tabIe IV and adjusted for average cylinder 
diarneter by use of equation (23)- The average cyfinder 
diamefm was based on an mmmed ice density of 0.9 gram 

per cubic centimeter, since the amount of entrained air is a 
minimum in conditions of run-off. avaiIable multi- 
cylinder data obtained in &ght by the 
and values of volume freezing rate 
c-s in which run-off waa a possibility. 
values of w,*E, m plotted in figure 30. 

The results show that the caiculated critical. volume 
freezing rate is a good approximation to the maximum 
observed rate. The data points are scattered below the 45O 
h e  (representing criticad conditions), with a rather sharp 
cut-ofT jnst beIow the line. A few points lie above the line, 

rn 0 .L .4 .6 .8 1.0 1.2 1.4 1.6 
urne freezing rate, w/Ym.  g/cum 

(a) Initial cylinder diameter, yS inch. 
(c) Initial cylinder diameter, 1% inches. 

(b) Initial cylinder diameter, % inch. 
(d) Initial cylinder diameter, 3 inches. 

FIGURE 30.-Comparison of calculated critical volume freezing rate and maximum measured values of volume freezing rate. 
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presumably because of errors in measuring free-air tempera,- 
ture or weight of ice. The fact that the agreement is good for 
all values of cylinder diameter shows that the exponent used 
in equation (F12) is approximately correct. As the cylinder 
size increases, the number of points close to the critical line 
decreases, because the lower collection efficiency reduces the 
chances of encountering critical conditions. 
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Reciprocal of inertin paramekr 
Por volume-median dmm size, I/K, 

(a) K M ,  0. 
(b) K - ~ P ,  200- 
(4 K&, mN. 

(d) K o ~ v  3000. 
(e) K.cp, 10,000. 

PHXJRE 12.4ver-an weighted collection efficiency 
as function of reciprocal of inertia parameter for 
vdumc-median droplet size for five cloud droplet- 
size distributions. 

Cylinder diarktw, &=, in 

FIGURE 2 0 . 4 a m p l e  plot of volume 
impingement rate w*E, as function of 

cylinder diameter. 

Reciprocal of inertia pornmeter 
for volume-median droplet size, I /KO 

FIGURE 2l.-Curves from data of table I11 showing 
relative over-all weighted collection efficiency as func- 
tion of reciprocal of inertia parameter for K,cp=3000 
for droplet-size distributions defined in table 11. 
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