A DETAILED PROOF OF THE PRIME NUMBER THEOREM FOR ARITHMETIC
PROGRESSIONS

Andrew Vlasic, B.S.

Thesis Prepared for the Degree of

MASTER OF ARTS

UNIVERSITY OF NORTH TEXAS

May 2004

APPROVED:

Olav Richter, Major Professor

William Cherry, Committee Member

Joseph laia, Committee Member

Neal Brand, Chair of the Department of Mathematics

Sandra L. Terrell, Interim Dean of the Robert B.
Toulouse School of Graduate Studies



Vlasic, Andrew, A Detailed Proof of the Prime Number Theorem for Arithmetic

Progressions. Master of Arts (Mathematics), May 2004, 21 pages, references, 9 titles.

We follow a research paper that J. Elstrodt published in 1998 to prove the Prime Number
Theorem for arithmetic progressions. We will review basic results from Dirichlet characters and
L-functions. Furthermore, we establish a weak version of the Wiener-lkehara Tauberian

Theorem, which is an essential tool for the proof of our main result.



TABLE OF CONTENTS

INTRODUGCTION ...ttt bbb r e e e r e 1
CHARAGCTERS ... bbbt 2
L-FUNGCTIONS bbb e e n e be e 4
TAUBERIAN THEOREM ..ot 12
PRIME NUMBER THEOREM FOR ARITHMETIC PROGRESSIONS...........ccccooiiiiiiiiin 16
REFERENGCES ... .o 21



[. INTRODUCTION

Number theorists have investigated the distribution of prime numbers
for centuries. Historically, 7(x) was defined to count the number of primes
less than or equal to z. In 1793, Gauss conjectured that m(z) ~ = as
r — oo, which is the Prime Number Theorem, but this was not proved
until 1896 by J. Hadamard [5] and de la Vallée Poussin [9] independently of
each other. It was not until 1949 that Atle Selberg [7] and Paul Erdos [4],
also independently of each other, discovered an elementary proof of the Prime
Number Theorem. In 1837, Dirichlet [2] proved that for two positive integers,
k and [, with no common prime factors, the sequence {kn + (}2°, contains
infinitely many primes. Our goal is to find a way to count the number of
primes in this sequence. To do this, we define the function 7 () to count
the number of primes less than or equal to z in the sequence. In 1896, de
la Vallée Poussin [9] proved that for the sequence {kn + [}, mpi(z) ~
ﬁ@ as x — 0o,(where ® is the Euler phi-function), which is the Prime
Number Theorem for arithmetic progressions. In particular, de la Vallée
Poussin’s result implies the Prime Number Theorem since 7 1 (x) = 7(z) and
®(1) = 1. Moreover, it implies that sequence {kn + [}>°, contains infinitely
many primes. In 1980, D. Newman [6] gave a clever proof of the Prime
Number Theorem. His proof requires complex analysis, properties of the
Riemann (-function and a weaker version of the Wiener-Ikehara Tauberian
Theorem. In 1998, J. Elstrodt followed Newman’s approach to prove the
Prime Number Theorem for arithmetic progressions. This thesis is devoted
to giving the details of Elstrodt’s proof.

The first section gives a brief review of Dirichlet characters.

The second section focuses on L-functions and their properties. The
Riemann (-function is the easiest example of an L-function. L-functions play
a significant role in analytic number theory, hence we will direct much of our
attention to this section.

Section three is the basis for the proof of the Prime Number Theorem
for arithmetic progressions. We will concentrate on Newman’s proof of the
Tauberian Theorem. The Tauberian Theorem will be an essential tool in the
proof of the Prime Number Theorem for arithmetic progressions.

In the fourth section we will prove the Prime Number Theorem for

arithmetic progressions. The proof requires the combined results of sections
1, 2, and 3.



1. CHARACTERS

The purpose of this section is to introduce Dirichlet characters. In particular,
we need the following definitions in order to define L-functions in the next
section.

Definition 1. A character on a finite group G is a homomorphism, x : G —
C*, from G to the multipicative group C*

Definition 2. Let x and x' be characters on G. Then xx'(9) := x(9)x'(9)
and x~*(g) == (x(9)) "

Definition 3. A Dirichlet character mod N is a character on the group
(Z,/NZ)* = {n (mod N) | (n,N) = 1}. Also, if x is a Dirichlet character
then we extend x : Z — C by

(n (mod N)) if (n,N)=1
X(”):{X 0 if (n,N) > 1.

The principal character xo(mod N) is given by
1 dif(n,N)=1
Xo(n) —{ 0 if (nN)>1.
Note that x? = o if and only if x is a real character, i.e., y is real valued.

The following theorem is needed to prove the next two theorems.

Theorem 1. There are ®(N) distinct Dirichlet characters mod N.

Proof. Recall from group theory that for every finite abelian group G, G =
L,/ LXL,/doLx - - - X L,/ d;Z, where |G| = dyds - - - d;. Hence, the number
of distinct homomorphisms from G — C* is |G|. Therefore, there are ®(N)
distinct Dirichlet characters. O

The two following orthogonality relations are important in the study of char-
acters. The second orthogonality relation will be used in section four.
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Theorem 2 (1% Orthogonality Relation). Let x; and x2 be Dirichlet
characters mod N. Then

1 — 1 i i =xe
®(N) (n%d: N)Xl(n)Xz(n) - { 0 if x1#xe-

Proof. Note that if x; = x2 then x1(n)xy(n) = 1 for every n mod N. Thus

by the previous theorem we have that ) Z X1(n)Xy(n) = 1. Now
n (mod N)

assume that x; # y2. Let m € N such that (m, N) = 1 and x1(m)x,(m) # 1.

Hence

(L=xa(m)%a(m)) Y xa()xa(n)

n (mod N)
= Y xmnm = Y xi(m)Xa(m)xi(n)xXa(n)
n (mod N) n (mod N)
- Z x1(n)Xy(n) — Z X1(mn)x,(mn)
n (mod N) n (mod N)
— x1(n)Xa(n) — X1(1n)Xa(n) =0,
n (mod N) n (mod N)

where the second to last equality follows from the fact that since we have
that n runs through a complete system of residues of (Z,”NZ)* then so does
mn. Therefore, since

1 = x1(m)X,(m) # 0, Z X1(n)Xa(n) = 0.

n (mod N)

Theorem 3 (2"¢ Orthogonality Relation). Let N € N. Then

1 _J 1 ifn=1(modN)
d(N) ZX(H) B { 0 otherwise,

where the sum is over all Dirichlet characters mod N.



Proof. Let n € N such that n = 1(mod N). Thus by Theorem 1,
! =1
W Z x(n) =1.
X
Now let n € N such that (n, N) > 1. Then x(n) = 0 for every x and hence
1 JR—
W Z x(n) = 0.
X

Finally, suppose that N,n € N such that N > 2, (n,N) = 1 and n =
a(mod N) for some a # 1. Let x; be a Dirichlet character mod N where
x1(n) # 1. Hence

(1= x1(n)> x(n)
=> x(n) = > xi(n)x(n)
= x(n)=> x(n) =0,

where the second to last equality follows from the fact that since y runs
through all characters of (Z,NZ)* then so does x;x. Therefore, since

1= xi(n) #0, ZX(”) = 0.



2. L-FUNCTIONS

In this section we discuss L-functions, which are generalizations of the Rie-
mann (-function. From this point on we will write a typical complex variable
as s = o + it for o,t € R.

Definition 4. Let s € C such that o > 1. If x is a Dirichlet character mod
N, then

Lis,x) = Z X(Tsl)

n

is an L-function or a Dirichlet L-series. In particular, if N =1, then

L(s,x0) = ) Xjff) = Z% = ((s).

The next theorem characterizes the meromorphic continuation of L-function’s
to the complex plane. In particular, all we need is that L(s, x) is meromorphic
when o > 0.

Theorem 4. a) For the principal character xo (mod N), L(s, xo) has a mero-
morphic continuation to the complex plane, which is holomorphic everywhere
except for a pole at s=1 with Res(L;1) = w.

b) For x # xo and N > 1, L(s,x) has a holomorphic continuation to the

complex plane.

A proof of this theorem is given on pages 255-256 of Apostol [1].

Theorem 4.a implies the following corollary which is an interesting fact about
the Riemann (-function.

Corollary 1. The Riemann zeta function, ((s), has a meromorphic contin-
uation to the complex plane, which is holomorphic everywhere except for a
simple pole at s=1 with Res((;1) = 1.

Euler products play an important role in analytic number theory.

Theorem 5 (Euler Products). Let f(n) be a multiplicative function, i.e.,
f(ab)=f(a)f(b) for a,b € N such that (a,b)=1, and suppose that F = Z f(n)

n=1



converges absolutely. Then F = H Zf(pk) is the Euler product for
p prime k=0

F. Moreover, if f(n) is completely multiplicative, i.e., f(ab)=f(a)f(b) for all
1
a,beN, then F' = _—.
Il fp)

p prime

Proof. Define P(x) = H f:f(pk) Thus

p prime k=0
p<z

Pix)= [ D f" = ] O+f@+fp)+.)=>_fn)

p prime k=0 p prime neA
p<z p<x

where A = {n € N|if pisaprime factor of nthenp < x}. Since Z f(p"
k=0
converges absolutely, we may arrange the terms in any way. Hence F'—P(z) =

Z f(n) where B = {n € N | there exists a prime factor of n, p, such thatp >
neB

x}. Thus

<S 1) < Y )] — o,

T—00
neB n>x

> f(n) = P(x)

Ir— 00

since Z |f(n)| < co. Therefore P(z) — F.
n=1

If f(n) is completely multiplicative then f(p*) = f(p)* for every k. Thus

- = 1
F= H Zf(pk)z H Zf(p)k: H =)

p prime k=0 p prime k=0 p prime

O

x(n)

Note that if x is a homomorphism, then f(n) = is completely multi-

plicative. Hence we find that

o= J] s

b prime L= X(P)P™
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The following definitions are useful in the study of L-functions. We will point
out their importance shortly.

Definition 5. Let n € N. Then the Mangoldt function A(n) is defined by

An) = log(p) if n = p* where p is prime and k € N
n) = 0 otherwise.

Definition 6. Let x > 0. Then the Chebyshev ¥ -function is defined by

U(z) =D An).

n<x

In combination with Newman’s Tauberian Theorem, (to which the following
section is devoted), the next theorem plays a key role in section four.

Theorem 6. For xy > 1, there ezists an M € RT such that |V(x)| < Mz
for every x > xq, i.e.,

U(z) =0(x) as x — 0.

Proof. Let ¥(x) := Z log(p). Note that if p is a prime such that n < p <

1 pg<2§>§§<2ln)=(1+1)2":22",

p prime
n<p<2n

Taking logarithms on both sides and setting n = 2= yields

> log(p) < 2'1og(2).

p prime
2l—1<p<al

Thus

D log(p) < (2'+ 27+ L+ 2+ 1)log(2) < 2" log(2).

p prime
p<2!



Let > 1 and choose [ such that 21 < 2 < 2!, Hence

I(x)= Y log(p) < > log(p) < 2'"'log(2)

p prime p prime
p<z p<al

= 4(2"Y) log(2) < 4log(2)z = O(x).
Thus we have that

V()= An)=) > AR

n<z k=1 p prime
pk<z
o0
=D > loglp)= >, Y logp)
k=1 » priq’be kSlogz(x) D priq’be
p<zk p<zk

= Y @) < V() +logy(a)d(a?)

k<log,(x)
= O(z).
U

The following two theorems provide conditions for convergence and informa-
tion as to when series are holomorphic.

Theorem 7. If the series Zann_s does not converge everywhere and does
n=1
not diverge everywhere, then there exists oy € R, called the abscissa of con-

vergence, such that the series converges for all s with o > og and diverges
for all s with o < 0y.

The proof of this theorem is given on pages 233 of Apostol [1].

Theorem 8. Suppose that F(s) = Z a,n”"* converges for s = sqg = oy +ity.
n=1

Then F(s) converges uniformly on every compact subset of D = {s € C|lo >

oo}. Moreover, F(s) is holomorphic for o > o and

[e.e]

F®(s) = (=1)" Y (log(n))*ann™

n=1

for every k € N.



The proof of this theorem is given on pages 235-236 of Apostol [1].
The following theorem is an important fact about Dirichlet series.

Theorem 9 (Landau’s Theorem). Let F(s Zan ~% where a, € R,
a, > 0, and let oy be the abscissa of convergence of F( ). Then F(s) has a
singularity at s = og.

Proof. Without loss of generality let 0y = 0. By contradiction, suppose that
F(s) is holomorphic at s = 0. Then F(s) is holomorphic for |s| < e for
some € > 0 and for 0 > 0. Thus F(s) has a Taylor series around s = 1

= F®(1
with a radius of convergence R > 1. Hence F(s) = Z k'( )(5 — 1) for
k=0 '

|s — 1| < R. Thus there exists 6 > 0 such that

i F(’“)(l)

k=

— (=0 —1)* e (log(n))¥
Theozm8 k" (_1) Z—:l n On

[e.9]

o

. 1+5
—Z (log(n))*
lnk

— Z n (1+6) log(n)
1 n

—Zann < 00,

which contradicts oy = 0. O

Dﬂ@g

0

g i

The following theorem is an essential tool for the proof of the Prime Num-
ber Theorem for arithmetic progressions, providing a crucial property of L-
functions when o = 1.

Theorem 10. Ift € R and x # xo, then L(1 +it,x) # 0. Also, ift € R
such that t # 0 then L(1 + it,xo) # 0. In particular, ((1 + it) # 0 when

t£0.



Proof. By Theorem 5 and Theorem 8 we have that

!

L
L

(s,x) =

For o > 1,

i ! !

L L ) L .
Re {33@—, o)+ 4o it + S 2t

__ Z Re [3x0(n) + 4x(n)n~" + X (n)n=2)] .

But since 3+4cos(¢)+cos(2¢) = 2(1+cos(¢))? > 0, where ¢ = arg(x(n)n™"),
we find that

! ! i

L L L
Re {3— o, X0) + 4= (0 +it, x) + — (o + 2it,x*)| <0.

L ( L ( L
Assume that x? # xo. By contradiction, suppose that L has a zero of order
m at s = 14it, where m > 1. Recall that if f is holomorphic in G C C and f
has a zero of order n at sg, then f(s) = (s —sg)"g(s) where g is holomorphic
in G and g(sg) # 0. By Theorem 4.b we have that L(s, x) is holomorphic for
s = 1+idt. Thus L(s, x) = (s — (1 +it))™g(s) where g(1 + it) # 0. Hence

’

o+ it,x) = L1+O()asaﬁl+. (1)

7
Again by Theorem 4.b we have that L(s, x?) = (s — (1+2it))* h(s) for a >0
and h(1 + 2it) # 0. Thus

’

L
f(a + 2it, x?) =

— (1)as o — 17. (2)

10



Hence

i ! i

L L , L .
Re {3f(0, Xo) + 4f(0 +it, x) + f(a + 2it, XQ)}

1
= —1(—3+4m+a) +0(1)aso—17.
O'_

But since m > 1 we have that

/ / ’

L L L

Re |3=(0,x0) + 4= (0 +it, x) + (o + 2it,x*)| >0,
L L L

which is a contradiction.

Now assume that y2 = xo. Recall that y is a real character. Thus for
t # 0, by Theorem 4, L(s,x) and L(s, x?) are holomorphic and the previous
proof by contradiction holds. Hence we are done for y = xgo. It remains to
consider L(1 4+ it,y) when x # xo and ¢ = 0.

By contradiction, suppose that L(1,x) = 0. Thus f(s) = ((s)L(s, x) is
holomorphic at s = 1. For s € C where o > 1 we have that f(s) = Z a,n”*,
n=1
1 1
1—p= Il 5= x(p)p~*

p prime

and by Theorem 5 we have that f(s) = H

p prime

Note that if:
i) x(p) =1, then

11 (1—1p—s) 11 (1_1p_8)= 1T (1+1%+1%+.-.)

p prime p prime p prime
x(p)=1 x(p)=1 x(p)=1

ii) x(p) = —1, then

11 <1—1p—3) 11 <1+1p_s)= [T a+p>+p*+-)

p prime p prime p prime
x(p)=-1 x(p)=-1 x(p)=-1

iii) x(p) = 0, then

11 (1_1p—s) 11 (W): [T G+p+p>+--).

p prime p prime p prime
x(p)=0 x(p)=0 x(p)=0

11



Therefore, since

1T <1+1%+---) 11 <1+p_28+---) 11 (1+p_8+---)

p prime p prime p prime
x(p)=1 x(p)=-1 x(p)=0

o
= E apn”®,
n=1

it follows that a,, € R, a, > 0 and a,2 > 1. Note that

1 o o0 o
1
f <§> = g anpn_2 > E ap2nt > 5 n!=co.
n=1 n=1 n=1

Let og be the abscissa of convergence for f(s). Since f has a singularity
at s = %, we have that oq > % Also, since L(1,x) = 0, f does not have
a singularity at s = 1. Consequently, by Landau’s Theorem we have that
< 09 < 1. Recall from Landau’s Theorem that f has a singularity at

00, but by Theorem 4 we have that ((s) and L(s, x) are holomorphic for

< ¢ < 1, which is a contradiction. O

= ® o=

12



3. TAUBERIAN THEOREM

This section deals with the fundamental ingredient in the proof of the Prime
Number Theorem for arithmetic progressions, Newman’s Tauberian Theo-
rem. The first theorem provides the necessary means to prove it.

Theorem 11. Let F' : (0,00) — C be a bounded and locally integrable
function. For s € C, set g(s) = / F(x)e **dx. Then g is holomorphic for

0
o > 0. Moreover, suppose that g extends holomorphically to o > 0. Then
/ F(x)dx exists and is equal to ¢(0).

0

Proof. We will proceed as in Newman [6]. Let A > 0 and define g)(s) =
A

F(z)e™**dxz. Thus g¢,(s) is an entire function. We want to show that

0
gx(0) — g(0) as A\ — oo. Let v be the boundary of D = {s € C : |s| <
R, 0 > —0} where 6 > 0 and, depending on R, § is small enough such that

g(s) is holomorphic on D and on 7.

Im

Re

Define v =" L 4~ where 7" = y|o<,<r and v~ = 7| _s<,<0-
Newman’s Trick: By the Cauchy integral formula, we have that

1

2me -

(9(0) — gx(0))e* (g(s) — gr(s))e <% + %) ds.

First consider v*. We have

1 S

(9(5) — r(s))e™ (; ﬁ)’ _




By assumption there exists B € RT such that |F(s)| < B. Thus

A " P@)e = dale™] (é 4 %) ’

o 1 s B|1 s
< Be %%d Ao | I e 2
_/A e T e 3+R2 . 3+R2
_ B|s+s| 2B
R=ls| 0 | R? | R?

Hence

% /w (9(s) = ga(s))e™ G + %) ds| <

Now consider v~. Note that

19a(s)] = / F(z)e™**da

A
B
< B/ e tdt < —e .
0

o]

dhw
n

Set v*(¢) = Re™ for 2 < ¢ < 3Z. Since g,(s) is entire,

1 w1l s 1 w1l s
_ S - - _ S - - d
2mi L 9(s)e (s * R2) d 2mi L* 9\(s) (s * R2) °

(4)
1 1 s 1 B o 2o B
< Aoy | = ds| < — Y. Nl b | ds| = =
<5 [ @l ||+ a1l < o [ e

V)
™




1
Finally we will estimate / g(s)e™ (— + %) ds. Let € > 0, set R = g
- s
”
and choose ¢ > 0 small enough such that g(s) is holomorphic on D and ~.

1
Also define C' = mazx |g(s) (— + %) ) Now pick > 0 such that
s

s€ly7]
1 w (1 s C
— -+ = ) ds| < — ds| < e. 5
27rz'/ v 9(s)e (s +R2) 5= 27r/ v [ds] < € (5)
—u<o<0 —pu<o<0

Furthermore, for 0 < —pu, we have that

1 w(l s
%/1 g(s)e (; + ﬁ) ds

Since for € > 0 ,C' and R are very large and pu is very small, we may vary .
Thus for every € > 0 there exists Ay > 0 such that for o < —pu,

L] e ()

b S f%2
o<—p

< Ee‘A“/ Clds| < %Re_k“.

— 27

o<—p

<€ (6)

for all A > A\g. Thus by equations (3), (4), (5) and (6) we get that
|g(0) — gA(0)| < 4e. Therefore g,(0) — ¢(0). O

The next theorem is the last (and most important) before the proof of the
Prime Number Theorem for arithmetic progressions.

Theorem 12 (Newman’s Tauberian Theorem). Let f : [1,00) — [0, 00)
be a nonnegative, nondecreasing function and f(x) = O(x) as x — 00, so

that it’s Mellin Transform, g(s) = 5/ f(x)z™* " da, is a well-defined and

1
holomorphic for o > 1. Suppose further that for some constant ¢ > 0, the

function g(s) — -5 can be continued holomorphically to a neighborhood of

the line c = 1. Then
f(z)

f(z) ~cx as v — o0, i.e., lim —= =c.
T—00 €T

15



Proof. Define F(x) = e *f(e*) — c. Hence F(x) is bounded and on (0, 00).
Note that for

Gls) : — /O " ) da
- [ e - g
/ fyy= 2dy——

— 1
S+1g(8+ ) — 3

By assumption, G(s) can be continued holomorphically to a neighborhood
of ¢ > 0. Thus by Theorem 11 we have that

OO —x x _ > f(y) —Ccy
= —ay
/0 (e7*f(e®) — c)dx /1 ; d

Suppose that there is some a > 1 such that for an arbitrarily large x we
have f(x) > acx for z > xy This would imply that

“fly L;Cyd > “f(x ;;Cyd

) /ax acxr — Cydy _ /a acxr — c(ux)xdu
T y2 1 (ux>2

:c/ Edu>o,
1 U

which is a contradiction by the Cauchy criterion.

exists.

Now suppose that there is some 0 < a < 1 such that for an arbitrarily
large x¢ we have f(x) < acx for x > . This would imply that

/f —yd</f —Cyd
a

du<0

again a contradiction. Therefore

f(z) ~cx as x — oo.

16



4. PROOF OF THE PRIME NUMBER THEOREM FOR ARITHMETIC
PROGRESSONS

The following theorem is the main result of the thesis and the proof is due
to Elstrodt [3].

Theorem 13. Let k,l € N such that (k,l) = 1 and define m(x) to count
the number of prime numbers in the sequence {kn + 1}5°, that are less than

or equal to x. Then my (z) ~ ﬁ@ as r — oo.

Proof. Let x be a Dirichlet Character (mod k), and s € C such that o > 1.
By Theorem 3 and the proof of Theorem 10 we have that

1
—@Z Z > log(p ZAM

p prime
where

p’lfl(modk)

Ai(n) = log(p) if n=p” and n=1(mod k)
ol 0 otherwise.

The definition of Ahl(n) allows us to define the Chebyshev function,

\Dkl ZAkl Z log(p).

n<x pV<ac
=l(modk)
Note that Uy (z) < ¥(x) e O(x), ie., Vpi(x) =0(z) as x — oo.
Thus
ZX ZAkl
= [\Ika( ) \Ilkl(n — 1 all_}I{.IOZ \Ifkl \Ika(n — 1)]71_
n=1
= lim {{Wy(1) = Wi (0)J(17°) + -+~ + [‘I’kl( ) = Yri(a—1)](a™")}
a—1
= Jim 3" W) — (0 1)+ Jim () a)
n=1
) e} n+1
= Z\Ifkl(n)[n f—(n+1)7= Z\Ifkl(n)s/ x5
\Ilk,l(m>:O(x) n=1 n=1 n

17



Since Wy, (z) = O(z) as x — oo, Ui, : [1,00) — [0,00), and Uy, is a
nondecreasing function, we may apply Theorem 12 to ¥y ;(z). We need that
the function

q(s) == ——— ZX 5/ Uy (v)r 5
1

satisfies the hypothesis of ¢g(s) in Theorem 12.

It is sufficient to show that L(SX) is holomorphic in a neighborhood of

o = 1. Recall from Theorem 10 that for x # xo, L(1 4 it, x) # 0 for every
t € R. Thus for x (mod k), L € x) is holomorphic in a neighborhood of o = 1.

Hence we must consider o (mod k), since L(1 + it, xo) # 0 for ¢ # 0. Note
that

L(s,x0) = H !

p prime 1 - p_s
(p,k)=1
i, 1
p prime p prime p
plk
= I =p)(s)
p prime
plk
Thus
L(s,xo)= [ 0=p™) Z log(p
p prime prime
plk p\k
Hence

L'(s,x0) J(s) log(p) 1 .
L(S7XO) C(S) Z pS_1_8_1+h()

p prime
plk

where h(s) is holomorphic in a neighborhood of ¢ = 1 by Corollary 1 of
Theorem 4. Thus ¢(s) — @(k) —— is holomorphic in a neighborhood of ¢ = 1.
Therefore by Theorem 12 we have that

Uy i(z) ~ ——=x as x — oo.

®(k)

18



Note that

() = Z log(p)

pY <z

pY =l(modk)

= ) logp)+ D logp)+ Y log(p) +
p<x p2<az p3<z

p=l(modk) p2=I(modk) p3=I(modk)

= Y logp)+ D logp)+ Y. log(p)+
p<z 1 1

p=i(modk) p2 flg(vzrf)dk) pSEPIS(itgodk)

< Z log(p Z log(p Z log(p) +
pzﬁgidm p<x7 pgx%

< Y log(p) + W(we) + W(wd) + -

pzlzzs;(c)dk)

Since W(z2) = O(zz), W(z2) > W(zn) for n > 2, and there are at most
O(log(x)) terms, we have that W(zz) + ¥(z3) 4 --- < O((x2)log(x)). Also
since log(z) > log( ) for every p < x, p prime, and

Z log(p) < log() Z 1 = log(z)mk(x),

p<x p<x
l(modk) p=l(modk)

we have that )
W) < log(e)mea(z) + O(() log(x).

Thus | )
lim inf () Oggfx) = By

)$ as r — OQ.

since Wy, (x) ~ <1>(k

Now let 0 < y < x. Hence

mea() =maly) + Y 1

y<p<z
p=l(modk)

lo
< Ta(y) + Z IOEEZZ/);

y<p<z
p=l(modk)

<y+ V().

b
log(y)
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Letting y = # gives us that

(=)

- log(x) < 1 N Uy () log(x)
e ~ log(x) x  log(z) — 2loglog(z)

Thus log(z) )

: og(x

hin_)solipwk’l(x) gx < 30 (8)
Equations (7) and (8) yield

() R
T @ () log )
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