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CHAPTER 1  

INTRODUCTION 

 This dissertation is an assemblage of efforts (both theoretical and experimental) involving 

hydrogels—a material that have received substantial notice for its application within biomedical 

technology.  As such, it is primarily of primary interest to chemists, materials scientists and the 

like.  However, it has also attracted attention among a subset of applied physicists; the work 

presented in this dissertation is introduced in this spirit primarily.  Where applicable, the 

emphasis in this dissertation is biased toward the details of the physics and does not fixate on the 

minutia found in chemistry, important though this may be. 

There are three main research objectives presented.  These are: 

• The kinetics of hydrogel swelling for spherical shell geometry.  This study 

proposes an extension to a previously existing theoretical model detailing the 

swelling kinetics of spherical hydrogels.  This is compared with experimental 

evidence made available by recent developments in microfluidics. 

• Controlled release applications for a particular design of core-shell nanoparticles.  

This work is a drug release study investigating the differences in release kinetics 

upon alteration of chemical design parameters for these nanoparticles. 

• A thermodynamic study of the equilibrium swelling for nanoparticles of varied 

sizes.  The aim is to uncover where the surface area to volume ratio of a given 

hydrogel becomes relevant to its swelling behavior. 

Hydrogels are a relatively new class of material with which most scientists and 

laypersons are unfamiliar.  For this reason, it is instructive to present a partial review of the 

science and technology leading into these topics.  We will begin by providing an outline of 
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polymer science and its history and then eventually turn to the scientific apparatus relevant to 

this field. 

 

1.1 Polymers and Polymer Science 

A polymer is defined as any chain-like molecule that is composed of a large number of 

repeated units (monomers).  The restriction to carry only repeated units is not essential.  More 

broadly, polymers need not be composed of a single type of monomer. It follows that there is not 

necessarily a clear or regular order to the units of a polymer; some are well ordered, others are 

randomly configured.  We find polymers in a variety of settings: both natural and synthetic. 

 

1.1.1 A Short History 

Natural polymers have existed for a few billion years on Earth and are ubiquitous within 

the natural (i.e., living) world.  Materials such as wood, cotton and starch are just a few familiar 

polymer based materials found in nature.1 People have found practical uses for many of these 

materials over hundreds of millennia. Of course, their forerunners were using these same 

substances over much longer spans of time. Despite the inadvertent use of natural polymers by 

humans and their hominid predecessors2, the manipulations that led to the development of 

synthetic polymers did not emerge until the time of the Industrial Revolution.  One of the first 

significant achievements in this period was the classification of cellulose derivative compounds 

in the early 19th century by Henri Braconnot.  The by-products developed by Bracannot and his 

contemporaries are the first semi-synthetic polymers on record—celluloid and cellulose acetate 

among them.  One other early example is found less than a decade later when Charles Goodyear 

received a patent for the vulcanization of natural rubber through the addition of sulfur and heat. 
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(This example is also regarded as the first successful commercial development to come from 

polymer research.3) 

In any case, the first purely synthetic polymer was not developed until the early 20th 

century with the formation of Bakelite: a plastic formed by phenol and formaldehyde resin.  

Bakelite found widespread uses in the consumer goods industry up into the 1920s, allowing the 

formation of casings for phones, radios, and clocks.  Beyond this, western industrialized 

countries saw a culminating explosion in the demand for plastics—polyvinyl chloride and 

polystyrene, among others—leading into to the Second World War.  The United States, in 

particular, saw spurred economic growth with the development of plastics (among other 

industries).  The plastics industry has continued to thrive to present day, while a variety of 

environmental and economic factors threaten its sustainability.3 

It is evident from this brief historical outline, that synthetic polymers are a fairly recent 

form of invention.  For perspective, consider that both the radio and the airplane made their first 

appearances prior to the development of the first synthetic polymers.1 Despite this late arrival, 

within the span of a mere hundred years, the science and industry born from these materials has 

grown to fit a ubiquitous role in modern life.  Familiar examples remain in widespread use 

today—particularly in plastics with products such as polyethylene, Teflon®, and Plexiglas®; 

synthetic fibers such as nylon, Orlon®, and Dacron® are other well-known examples.6 

The commercial and industrial uses for synthetic polymers are much more diverse than 

their natural counterparts.  Just some of the forms and properties on hand include: soft and 

resilient foams, clear glass-like sheets, strong solid articles, smooth and fine fibers, flexible 

rubber-like materials, and jelly-like food substances.  These structural utilities have allowed 

technological advancements for: filling cavities, sealing joints, bearing loads, stitching defective 



4 

organs, protecting documents from damage, and improving the yields of high-performance 

microprocessors.1,6 

 

1.1.2 Stimuli-Sensitive Polymers 

There is a special class of synthetic polymers that has emerged since around the 1950s.  

These species undergo dramatic changes in their physical properties in response to changes in 

environmental stimuli and, for this reason, are called stimuli-sensitive polymers.  External 

stimuli which fit this category include: temperature, acidity, ionic strength, light exposure, 

electric and magnetic fields.  Just a few of the physical properties which may vary in response to 

these external changes are: volume, color, transparency (opacity), elastic modulus, etc.  It is even 

possible for a polymer to display sensitivity to more than one of the stimuli listed above, thus 

allowing even richer variation in physical properties.1,4 

Stimuli-sensitive polymers have received the greatest attention for their potential in 

biomedical applications. This field has incorporated physical response to changes in shape, 

surface characteristics, solubility, and self-assembly. These responses have been fruitful as a 

means of developing various technological feats including: biomimetic actuators, drug delivery 

systems, and tissue engineering applications.1,5 

 

1.1.3 Gel Formation 

 A gel is a material which displays both solid and liquid-like properties.  Gels are formed 

when polymers within a suitable solvent organize into a three-dimensional cross-linked network.  

This cross-linking is facilitated by chemical bonds—ionic or covalent—between neighboring 

polymer chains.  A chemically cross-linked network of polymers alone does not constitute a gel. 
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Formally defined, a gel is a cross-linked polymer network which is fully immersed in a fluid 

(usually a liquid).  The three-dimensional network spans throughout the fluid’s volume while the 

fluid itself is fully entrapped at the boundaries of the gel by surface tension.  Interestingly, 

though, the majority of a gel’s composition is typically not the enclosing polymer network, but 

rather the immersing fluid. 

 There are various classifications for gels, but they may be categorized based on the type 

of fluid which permeates the polymer network.  The most common forms are hydrogels, 

organogels and aerogels.  With hydrogels, the dispersing medium is water while organogels 

contain an organic solvent.  Aerogels are distinct in that the network is not filled by a liquid, but 

rather by a gas (usually air).4 

 

1.1.4 Poly(N-Isopropylacrylamide) 

Among the stimuli-sensitive polymers, the greatest attention for biomedical applications 

has been focused on a species known as Poly(N-isopropylacrylamide).  In the scientific 

literature, there are various abbreviations used in designating this polymer—among them 

PNIPA, PNIPAm, PNIPAA, PNIPAAm—but, for this dissertation, PNIPA will suffice.  The 

structural unit for PNIPA is indicated in Figure 1.1, below.  PNIPA is a thermo-responsive 

polymer, meaning it has the ability to change its effective volume in response to changes in 

temperature.  What is exceptional about PNIPA, in contrast with similar thermo-responsive 

polymers, is (1) its phase transition into the collapsed state (i.e. lowered volume state) occurs 

very near the temperature of the human body and (2) it undergoes a much greater change in 

volume than any other known species can attain. 

The collapse of PNIPA in response to temperature is sometimes called a coil-to-globule 
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transition.  Here, the terms “coil” and “globule” refer to the endpoints of this transition; these are 

depicted in Figure 1.2.  The polymer is initially in an expanded coiled state at lower temperatures 

and, upon heating through its so-called lower critical solution temperature (about 32○ C), passes 

through an ideal coil state and further on into a collapsed globule state.  From a thermodynamic 

point of view, this transition is driven by the unfavorable entropy of mixing with increased 

temperature6.  At the microscopic level, the physical basis for the coil-to-globule transition is 

facilitated by the increased hydrophobicity—lack of affinity for water—of PNIPA at these 

elevated temperatures; the exclusion of water brings the polymer to its collapsed state. 

 

Figure 1.1 The chemical composition for the structural units of Poly(N-isopropylacrylamide). 

 

 

 

 

 

 

Figure 1.2  The endpoints of the coil-to-globule transition are depicted above.  At lower 
temperatures, the polymer is in an expanded coiled state which resembles a random walk (left).  
At higher temperatures, the polymer becomes increasingly hydrophobic and expels water, 
decreasing its effective volume (right). 

 

Temperature 
increase 
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It is possible to form a hydrogel from PNIPA, where the cross-linking is normally 

facilitated by N,N’-methelene-bis-acrylamide(MBAm).  The PNIPA hydrogel carries the same 

temperature sensitivity as its individual polymer constituents.  Hydrogel formation from PNIPA 

thus results in a three-dimensional cross-linked network which can exclude water (and thus 

collapse in volume) in response to raised temperatures.5 

 

1.2 Experimental Techniques 

The following pages provide details necessary in understanding the various experimental 

apparati used in this dissertation. While many of the more esoteric and theoretical explanations 

are overlooked, this basic overview should suffice in equipping the reader with the essential 

concepts.   The concern is solely in detailing how the technology works and what type of 

information is gathered in each case. 

 

1.2.1 Dynamic Light Scattering 

The most common technique for characterizing a given dispersion of microgels in 

solution is through dynamic light scattering (DLS).  This technique is based, in part, on a 

phenomenon in which electromagnetic waves are scattered by a spherical dielectric—A.K.A. 

Mie scattering.  With DLS, the incident light is provided by a laser (a coherent, monochromatic 

source) and the intensity of the resulting scattered waves fluctuates in time.  This time-dependent 

fluctuation holds statistical information about both the mean size of the scattering spheres and 

their standard deviation about this mean. 
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Figure 1.3  A schematic setup is shown for a dynamic light scattering (DLS) experiment.  The 
particles are undergoing random, thermal motion in response to the random collisions with the 
much smaller molecules in the surrounding fluid.  The scale of the particles in this graphic is 
exaggerated for clarity. 
 

Consider a more detailed account of this method.  Electromagnetic waves are scattered by 

the particles within a solution, as depicted in Figure 1.3.  The particles undergo Brownian motion 

as a result of the random collisions with the surrounding molecules of the solution.  This erratic 

motion yields a situation in which the distances between the multiple scattering sources are 

constantly changing—by well-known statistics.   

Through measurement of the scattered light, one observes an intensity signal which 

fluctuates in time.  This stochastic signal is a direct result of the randomly-moving scatterers 

within the sample.  The assumption employed here is that the source’s field strength is not 

sufficiently strong—linear response theory may be utilized as a means of describing the weak 

coupling between the light source and the particles.  Once a full signal has been collected, these 

data are analyzed by generating a time correlation function 

𝐼2(𝜏) =
〈𝐼(𝑡)𝐼(𝑡 + 𝜏)〉

〈𝐼(𝑡)〉2
 ,         (1.1) 

In
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Laser 
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where 𝐼(𝑡) is the intensity of the signal at time 𝑡.  The variable 𝜏 represents a delay time from a 

given 𝑡 and the triangular brackets 〈… 〉 denote a time average of the enclosed quantity.  For an 

arbitrary function, 𝐴(𝑡), its time average is defined in the usual sense: 

〈𝐴〉 ≡ lim
𝑇→∞

1
𝑇
� 𝐴(𝑡)𝑑𝑡
𝑇

0
 ,           (1.2) 

where the time 𝑇 is called the averaging time.  In practice, 𝑇 is finite, but large in comparison to 

the period of fluctuations.  It is quite often the case that the correlation function,𝐼2 in Eq.(1.1), 

will have the following form: 

𝐼2(𝜏) = 1 + 𝑓𝑒−2𝜏/𝜏𝑞        (1.3) 

where the constant 𝑓 is called the spatial coherence factor (related to the geometry of the 

scattering experiment) and the time constant 𝜏𝑞 is the characteristic time for the intensity 

correlation function, defined by 

𝜏𝑞 =
1

𝑞2𝐷𝑡
  .           (1.4) 

Here the magnitude of the scattering vector 𝑞 is given by 

𝑞 =
4𝜋𝑛
𝜆

sin
𝜃
2

                  (1.5) 

where  𝑛, 𝜆, and 𝜃 are the index of refraction, the wavelength of the incident light, and the 

scattering angle, respectively.  The parameter, 𝐷𝑡 , appearing in eq. (1.4), is the translational 

diffusion coefficient of the scatterers, from the well-known Stokes-Einstein relation 

𝐷𝑡 =
𝑘𝐵𝑇

6𝜋𝜂𝑟
                (1.6) 

where 𝑘𝐵 is Boltzman’s constant,  𝑇 is the absolute temperature,  𝜂 is the dynamic viscosity of 

the surrounding fluid, and 𝑟 is the scattering sphere’s radius. 
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The above equations describe all that is needed to find the radius (or radii) of a 

distribution of spheres suspended within a fluid.  Provided we can measure the correlation 

function 𝐼2(𝜏) appearing in Eq. (1.1), it is only necessary to fit this to Eq. (1.3). All the 

experimental parameters are either known a priori or easily measureable.  The best fit values 

obtained for 𝑓 and 𝜏𝑞 allow calculation of the sphere radius 𝑟. 

 

1.2.2 Ultraviolet-Visible Absorption Spectroscopy 

 The phenomenon of absorption is a familiar one.  Electrons within an atom (or molecule) 

are brought to an exited state via thermal or electrical stimulation.  These electrons reside in their 

higher-energy state for a short time and then drop to the ground state with the accompanied 

emission of a photon.  The photon’s energy is given by the difference in the energy of the 

transitioning states9. 

 Molecules absorb radiation at only discrete energy values, and hence only specific 

wavelengths.  This discrete energy value is determined not only by the arrangement of atoms 

within the molecule, but also by the rotational and vibrational states it takes on.  If every one of 

the molecules within a substance is in the same state, we would observe a set of absorption 

lines—discrete, isolated absorption wavelengths.  However, because multiple rotational and 

vibrational states are available, each differing only slightly in energy, there will be a multitude of 

neighboring frequencies absorbed—a frequency band. 

A spectrometer provides absorption information for a given substance as expressed in a 

plot of absorption vs. wavelength (see Figure 1.4).  The relevant information one obtains from 

such a plot is the wavelength of maximum absorption λmax and the intensity of absorption.  To 

obtain this information, the material of interest must first be dissolved within a suitable solvent 
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which does not also absorb strongly within the range of interest.  The solution must be placed 

within a container which also does not interfere; a quartz cell is commonly used since glass 

absorbs strongly in the ultraviolet. Prior to measurement, a reference spectrum is obtained using 

the solvent and quartz cell alone.  This baseline spectrum is then subtracted during the 

measurement of the sample. 

 

 

 

 

 

 

 
Figure 1.4 Schematic of a typical absorption spectrum.  The absorbance reading is related to the 
intensity of absorbed light at a given wavelength.  The wavelength of greatest absorbance λmax is 
the relevant characteristic one tracks for a material. 

 

An ultraviolet-visible spectrometer (see Figure 1.5) measures spectra within the 

ultraviolet (200-400 nm) and visible (400-700 nm) ranges.  Two source lamps are provided for 

such a spectrometer: a hydrogen-discharge lamp provides a range in the ultraviolet and a 

tungsten-filament lamp covers the visible spectrum.  This source is narrowed through a slit  

and then comes in contact with a dispersing medium, allowing separation of wavelengths (see 

Figure 1.5).  An individual wavelength is then selected by an exit slit, which then illuminates the 

sample. Absorbance information is then gathered by the detector.  

 The absorbance reading A at a given wavelength is calculated in terms of the transmitted 

intensity I and the intensity of the incident light I0 logarithmically by 

Wavelength 

A
bs

or
ba

nc
e λmax 
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𝐴 = log
𝐼0
𝐼

 .                      (1.7) 

The range of the absorbance reading is normally between the values of zero (0) and two (2). 

 The absorbance is directly proportional to the concentration of the solute (i.e. the material 

of interest) within the solution.  This proportionality is expressed directly as 

𝐴 = 𝜀𝑐𝑙 ,                     (1.8) 

where c is the molar concentration of the solute, 𝑙 is the path length through the sample—usually 

1 cm—and 𝜀 is the molar extinction coefficient—a quantity that is directly proportional to the 

probability of a given electron transition within the molecule10. 

 Monitoring of concentration is what one is principally concerned with when doing a 

controlled release study.  Thus, the above proportionality between absorbance and concentration 

is useful for drug release studies.  For the experimenter, calibration points are obtained by taking 

a series of known concentrations and mapping these to their respective absorbance readings.  

Unknown concentrations can then be measured on the basis of this information. 

 

 

 

 

 

Figure 1.5 Basic setup for an absorption spectroscope.  White light is dispersed allowing 
selection of individual wavelengths for interaction with the sample. The absorption curve is 
calculated through the detector’s analysis of transmitted wavelengths. 
 
 
1.2.3 Microfluidics 

 Microfluidics, as the name implies, is simply the study of fluids at the micro scale.  A 

Sourc

 

Entrance 

 
Dispersing 

 
Exit 

 

Sample Detector 
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typical microfluidic device is created through channels fashioned around the scales of hundreds 

of nanometers to hundreds of microns.  At this low-volume domain, fluids behave differently 

than at the macro-scale.  This difference in behavior is partly due to a lowered Reynolds 

number—i.e., the ratio of the inertia of the fluid to its internal viscous forces11.  At the micro-

scale the distinguishing effects of laminar flow, surface tension and electrical surface charge 

become more dominant12. 

Traditionally, the so-called micro-channels that facilitate microfluidics are made 

available through lithographic etching techniques applied to glass or silicon.  This allows for a 

two-dimensional array of channels developed on the surface of a given material13.  These types 

of channels are typically used in molecular biology to facilitate analysis of DNA, proteins and 

cell separation14. 

For this dissertation, a more recent technique is incorporated to allow flow in three 

dimensions.  This novel form of microfluidic channels is created by fashioning together two 

coaxial micro-capillaries, much in the same way that a round peg fits to a square hole, provided 

the appropriate dimensions.  This technique has the added advantage of controlled wettability of 

channel surfaces, which is much harder to control in the devices developed via lithography15—

see Figure 1.6.  This allows the flow of two distinct fluids within separate channels which may 

then be combined. The motivation for this form of apparatus is to incorporate precision in digital 

(droplet based) microfluidics. Precisely controlled flow rates (~ 102 µL/h) for the inner and outer 

fluids are achieved through this design, allowing the formation of droplets.   The size of the 

droplets—ranging from 10 to 100 µm in radius—can be adjusted through fine-tuning of these 

flow rates.  Drop production rates typically stand near several thousand per second. 
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Figure 1.6 Schematic of a coaxial flow micro-capillary device.  The inner fluid flows parallel 
with the outer fluid.  Tapering of the inner capillary allows the formation of drops provided the 
flow rates for each capillary are tuned appropriately. 
 

Successful application of this technology to an industrial setting requires that production 

rates be scaled up.  This can, of course, be achieved by running multiple microfluidic devices in 

parallel on a single device.  Once this is done, the microcapillary design may play an important 

role in the development of materials at the micro-scale. While this technology is, admittedly, still 

in its infancy, the practical purposes may indeed become relevant in the years to come.   
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CHAPTER 2  

SWELLING KINETICS OF A MICROGEL SHELL 

2.1 Introduction 

Polymer gels have been studied extensively because of their ability to simulate biological 

tissues and to swell or collapse reversibly in response to external stimuli.1-8 Swelling of polymer 

gels is one of the classical problems in both macromolecular science and technology.9-12 Flory 

and Rehner developed an equilibrium swelling theory by considering the balance between the 

mixing of polymer chains with solvent and the elasticity of the polymer chains.9 Ritger and 

Peppas presented mathematical models for drug diffusion from hydrogels.10 Tanaka and Fillmore 

have studied the swelling kinetics of spherical gels 11 by using an equation of motion of the gel 

network.12 

The study of swelling kinetics has been further extended to different geometries: long 

solid gel cylinders and thin solid disks.13-15  In these cases a theoretical analysis of the kinetics of 

gel swelling and solvent motion is based on the solution of coupled equations of motion for a 

network and solvent.16  Urayama et al. studied the kinetics of shrinking for polymer gels induced 

by ultracentrifugal fields.17 The swelling dynamics of a long solid cylindrical gel were analyzed 

by the stress diffusion coupling model, where the swelling is caused by an elongation force 

applied to the gel.18 A continuum mechanical model was proposed for dynamical processes in 

swelling gels, in which solvent permeation causes deformation.19 Furthermore, a model for 

transient deformation of neutral hydrogels which accounts for conservation of momentum, 

energy and mass for the solid polymer and fluid phase was derived.20 

Most of these previous theoretical studies have focused on the swelling kinetics for solid 

gel structures, i.e. structures without internal cavities. The theory of gel shells is still missing. At 
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the same time, experimental work on hollow polymer gels is making rapid progress. For 

example, a positively thermo-sensitive drug-release microcapsule was designed and its 

preparation was carried out by using an air suspension coating technique for controlled drug 

release.21 Mammalian cells were encapsulated in cylindrical hydrogel microstructures or in cubic 

hydrogel structures in microfluidic channels.22 Sub-micrometer hydrogel cages have been 

prepared as drug carriers.23  Hollow capsules composed of microgel particles have been 

synthesized with the microgel particles assembling on the surfaces of water droplets in oil.24 

What actually motivates this work is the current synthesis of monodisperse (i.e., 

uniformly sized) polymer gel shells by microfluidic devices.25-26 The gel shells in these studies 

have radii of about 60 microns and have characteristic swelling times which range around several 

tens of seconds.  The kinetics of these shells are easily measurable but there is a lack of 

theoretical description.  The study of the swelling kinetics of gels with shell structure will not 

only enhance our deep-seated understanding of swelling kinetics for polymer networks but may 

also aid in the development of applications ranging from controlled drug release to cell 

encapsulations. 

Here we propose a theoretical model of swelling kinetics for a polymer gel shell.  This 

work is an extension of Tanaka’s work on a solid gel to a shell gel.  Just as with Tanaka’s 

formulation for a solid gel, our model for a gel shell is based on the motion of the gel network.  

In each case, the motion of the gel network is determined by considering the mechanical stress 

within the gel network.  The solution for a solid sphere requires a single boundary condition at 

the outer surface.  Usually this is a stress-free boundary condition.  For a shell with an internal 

cavity one has to formulate the boundary condition at the inner surface as well. Assuming that 

swelling is a slow process with instantaneous relaxation of any mechanical fluctuations leading 
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to the increase of shear elastic energy, the principle of minimization of shear energy can be 

formulated in a general form. 15 The missing boundary condition at the inner surface can be 

obtained from this principle.  Since this new boundary condition is neither of the Dirichlet nor of 

the Neumann type, it breaks the Hermiticity of the eigenvalue problem for the diffusion equation.  

As a result, the solution of this equation is expanded over a non-orthogonal set of eigenfunctions.  

Because of this difficulty, the Gram-Schmidt orthogonalization procedure is the necessary step 

on the way to the final solution.  To test this solution, we have prepared thermally responsive 

poly-N-isopropylacrylamide (PNIPAM) shells using the microfluidic method.  Experimental data 

fit well with the proposed theoretical model and also lead to values of the diffusion constant 

which are close to those known from the previous experiments. 

 

2.2 Theory 

2.2.1 Solid Sphere—Tanaka’s Model 

In Tanaka’s et al. model11 for a solid gel sphere, the kinetics of swelling is described by a 

vector 𝒖(𝒓, 𝑡).  This vector is defined as the displacement of a point in the network from its 

equilibrium location 𝒓 after the gel is fully swollen.  That is, 𝒖 = 0 in the limit where 𝑡 → ∞.  

Note that this concept is generalized as interchangeable with respect to the cases of both 

shrinking and swelling provided the conventions  𝑢 > 0 (for shrinking) and  𝑢 < 0 (for 

swelling), where u is one of the projections of the vector u.  Newton’s second law can be 

expressed as: 

𝜌
𝜕2𝒖
𝜕𝑡2

= ∇ ∙ 𝜎� − 𝑓
𝜕𝒖
𝜕𝑡

 ,                     (2.1) 

where 𝜌 is the density of the medium, 𝜎� is the stress tensor whose component 𝜎𝑖𝑘  gives the force 

along the xi direction on a unit plane perpendicular to the xk axis, and 𝑓 is the friction constant 
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that reflects the drag force between a liquid and a gel.  The stress tensor components 𝜎𝑖𝑘 are 

given explicitly in terms of the strain tensor components 𝑢𝑖𝑘 by the following formulae:  

𝜎𝑖𝑘 = 𝐾∇ ∙ 𝒖 𝛿𝑖𝑘 + 2𝜇 �𝑢𝑖𝑘 −
1
3∇ ∙ 𝒖 𝛿𝑖𝑘�             (2.2) 

𝑢𝑖𝑘 =
1
2
�
𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

�                                 (2.3) 

where K and µ are the bulk and shear moduli of the gel network, respectively.  In the steady 

stage of swelling the acceleration term  𝜕
2𝒖
𝜕𝑡2

 can be taken as equal to zero.  With the aid of Eqns. 

(2.2) and (2.3), Eq. (2.1) now reads  

𝜕𝒖
𝜕𝑡

= 𝐷0∇2𝒖 +
𝐾 + 𝜇/3

𝑓
 ∇ × (∇ × 𝒖)            (2.4) 

with 𝐷0 =
𝐾+43𝜇

𝑓
.  In the case of a swelling sphere, 𝒖 is isotropic [i.e., 𝒖 = (𝑢, 0,0) in spherical 

coordinates] and so the second term in Eq. (2.4) vanishes.  The kinetics may then be analyzed 

solely in terms of the radial displacement 𝑢.  For a sphere of equilibrium radius 𝑎, the swelling 

equation then reads as 

𝜕𝑢
𝜕𝑡

= 𝐷�𝑢     (0 < 𝑟 < 𝑎) ,          (2.5) 

where we have introduced 𝐷�, the diffusion operator in spherical coordinates: 

𝐷� =  𝐷0
𝑑
𝑑𝑟

�
1
𝑟2

𝑑
𝑑𝑟

(𝑟2 … )�  .                     (2.6) 

Based on the form of Eq. (2.5), 𝐷0 is referred to as the collective diffusion constant of the 

gel network.  Noting that Eq.(2.5) is a second-order differential equation, there are necessarily 

two independent sets of basis vectors which may express 𝑢(𝑟, 𝑡) in the form of an eigenfunction 

decomposition:   
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𝑢(𝑟, 𝑡) = �[𝐴𝑛𝑥𝑛(𝑟) + 𝐵𝑛𝑦𝑛(𝑟)]𝑒−𝐷0𝜆𝑛2𝑡
∞

𝑛=1

       (2.7) 

with 

𝑥𝑛(𝑟) =
𝜆𝑛𝑟cos(𝜆𝑛𝑟) − sin (𝜆𝑛𝑟)

(𝜆𝑛𝑟)2
  , 

𝑦𝑛(𝑟) =
𝜆𝑛𝑟sin(𝜆𝑛𝑟) + cos (𝜆𝑛𝑟)

(𝜆𝑛𝑟)2
 , 

and where the values for 𝜆𝑛, 𝐴𝑛 and 𝐵𝑛 are to be determined by the appropriate initial and 

boundary conditions. 

For Tanaka’s gel sphere, the displacement is taken to be finite at the origin, i.e., 𝑢(𝑟 =

0) < ∞.  The eigenfunctions 𝑦𝑛 diverge near the origin, so the coefficients 𝐵𝑛 are identically 

zero in this case. 

Tanaka imposes a free surface boundary condition at r = a. That is, there is no normal 

stress at the outer surface. Equivalently, this is the observation that the osmotic pressure 

difference vanishes at the outside surface.  By use of Eqs.(2.2) and (2.3) we have the radial stress 

given by the explicit form 

𝜎𝑟𝑟 =
𝐾
𝑟2

𝜕
𝜕𝑟

(𝑟2𝑢) +  
4𝜇
3
�
𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
�  .         (2.8) 

However, for typical gels, the bulk modulus 𝐾 is much larger than the shear modulus 𝜇 and so 

one can ignore the second term in Eq.(2.8) as an approximation (see the Appendix for details on 

the more general treatment).  Thus, the stress-free boundary condition at the surface may be 

written as 

𝜎𝑟𝑟|𝑟=𝑎 =
𝐾
𝑟2
�
𝜕
𝜕𝑟

(𝑟2𝑢)��
𝑟=𝑎

= 0            (2.9) 
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The initial condition at 𝑡 = 0 requires a uniform radial stress throughout the volume of 

the sphere.  We can see from the left-hand side of Eq. (2.9) that this condition requires, in 

general, that the initial displacement has the form 

𝑢(𝑟 , 𝑡 = 0) = 𝐴𝑟 +
𝐵
𝑟2

        (2.10) 

where A and B are selected as appropriate constants.  To maintain a finite solution near the 

origin, we must neglect the second term in Eq.(2.10) and require only a simple linear 

deformation which may be expressed as 

𝑢(𝑟 , 𝑡 = 0) = ∆𝑎
𝑟
𝑎

 ,        (2.11) 

where a is the final radius of the gel sphere in equilibrium with the surrounding fluid, and ∆a 

denotes the total increase in the radius of the sphere in the entire process of swelling, i.e., a-∆a  is 

the radius of the sphere before swelling.  

Using the initial and boundary conditions above, the solution to Eq. (2.5) is found as11 

𝑢(𝑟, 𝑡) = −6∆𝑎�
(−1)𝑛

𝜆𝑛𝑎
�
𝜆𝑛𝑟 cos(𝜆𝑛𝑟) − sin( 𝜆𝑛𝑟)

(𝜆𝑛𝑟)2
� 𝑒−𝐷0𝜆𝑛2𝑡

∞

𝑛=1

 ,       (2.12) 

where  

𝜆𝑛 =
𝑛𝜋
𝑎

             (2.13) 

is the spectrum obtained from Eq. (2.9). 

 

2.2.2 Generalization of Tanaka’s Model to Shell Geometry 

2.2.2.1 Boundary Conditions 

Here we consider the swelling of a shell having outer and inner radii values a, and b, 

respectively.   For the outer layer, there is the same stress-free boundary as described by Eq. 
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(2.9).  The boundary condition at the inner surface is obtained from the minimization of shear 

elastic energy.  The total elastic energy of a gel can be separated into bulk and shear components.  

The bulk elastic energy of the gel is related to the volume change, which is controlled by 

diffusion of the network.  The shear elastic energy can be minimized by readjusting the shape of 

the gel, without changing its volume.  This means physically, that although the shear modulus of 

the gel is much less than the bulk modulus and, therefore, it can be neglected in the dynamical 

equation, the shear modulus still plays an important role preserving the shape of the gel.15 For a 

shell, any change in diameter is coupled to a change in its thickness.  The shear elastic energy for 

a gel of arbitrary shape is given by the following integral 

𝐹𝑠ℎ = 𝜇� �𝑢𝑖𝑘 −
1
3
𝛿𝑖𝑘𝑢𝑙𝑙�

2

𝑉
𝑑𝑉 ,         (2.14) 

where we have adopted the summation convention over the repeated indices 𝑖,𝑘, 𝑙.  The 

minimum of this functional is reached if the variation of the total shear elastic energy in response 

to any small change in shape, which maintains constant volume elements within the gel vanishes, 

i.e., 

𝛿𝐹𝑠ℎ = 0 .    (2.15) 

For a spherical shell, 𝒖 = (𝑢 , 0 , 0 ) and the non-vanishing strain tensor components are 

given by 𝑢𝑟𝑟 = 𝜕𝑢
𝜕𝑟

  , 𝑢𝜃𝜃 = 𝑢𝜑𝜑 = 𝑢
𝑟
.  Eq. (2.14) then becomes 

𝐹𝑠ℎ = 4𝜋𝜇
2
3
�𝑟2 �

𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
�
2𝑎

𝑏

𝑑𝑟  .                   (2.16) 

This integral must be minimized.  If the variations of the radii are 𝛿𝑎 and 𝛿𝑏, the variation of the 

volume is 𝛿𝑉 = 4𝜋(𝑎2𝛿𝑎 − 𝑏2𝛿𝑏).  Since for shear deformations, 𝛿𝑉 = 0 we have the 

following from combining Eqs. (2.15) and (2.16): 
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𝛿𝐹𝑠ℎ =
8
3
𝜋𝜇 � � 𝑟2 �

𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
�
2𝑎+𝛿𝑎

𝑏+𝛿𝑏

𝑑𝑟 − �𝑟2 �
𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
�
2𝑎

𝑏

𝑑𝑟�

=
8
3
𝜋𝜇 ��

𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
�
2

�
𝑟=𝑎

− �
𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
�
2

�
𝑟=𝑏

� 𝑎2𝛿𝑎 = 0 .              (2.17) 

Since 𝛿𝑎 is an independent variation, the following boundary condition must be imposed: 

𝑢(𝑏, 𝑡)
𝑏

−
𝜕𝑢(𝑟, 𝑡)
𝜕𝑟

�
𝑟=𝑏

=  
𝑢(𝑎, 𝑡)
𝑎

−
𝜕𝑢(𝑟, 𝑡)
𝜕𝑟

�
𝑟=𝑎

 .                  (2.18) 

The solution of the diffusion equation (2.5) with the boundary conditions Eqs. (2.9) and (2.18) 

and the initial condition Eq. (2.11) define the kinetics of swelling.   

 

2.2.2.2 Solution to the Diffusion Equation 

A solution of the diffusion equation (2.5) satisfying the boundary condition Eq. (2.9) is 

written as a superposition of eigenfunctions:  

𝑢(𝑟, 𝑡) =  �𝐴𝑛𝑍𝑛(𝑟)𝑒−𝜆𝑛2𝐷0𝑡
∞

𝑛=1

 ,                                       (2.19) 

𝑍𝑛(𝑟) =  
cos[𝜆𝑛(𝑟 − 𝑎)]

𝜆𝑛𝑟
−  

sin[𝜆𝑛(𝑟 − 𝑎)]
(𝜆𝑛𝑟)2  .                       (2.20) 

From the boundary condition at the inner surface (2.18), we obtain 

𝑍𝑛(𝑏)
𝑏

− 𝑍𝑛′ ′(𝑏) =  
𝑍𝑛(𝑎)
𝑎

− 𝑍𝑛′ ′(𝑎).                      (2.21) 

This relation gives the equation for the spectrum of the eigenvalues 𝜆𝑛: 

3 cos[𝜆𝑛(𝑎 − 𝑏)] − (𝑏2𝜆𝑛2 − 3)
sin[𝜆𝑛(𝑎 − 𝑏)]

𝜆𝑛𝑏
=  3

𝑏2

𝑎2
 .            (2.22) 

The unknown coefficients 𝐴𝑛 are calculated using the initial condition Eq. (2.11).  For 𝑡 = 0 we 

have from Eqns. (2.19) and (2.11), 
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∆𝑎
𝑎
𝑟 = �𝐴𝑛𝑍𝑛(𝑟)

∞

𝑛=1

                     (2.23) 

The coefficients 𝐴𝑛 cannot be calculated directly from this expansion because the 

eigenfunctions 𝑍𝑛(𝑟) are not orthogonal.  This comes from the fact that the boundary condition 

at r = b breaks the Hermiticity of the diffusion operator 

𝐷� =  𝐷0
𝑑
𝑑𝑟
�

1
𝑟2

𝑑
𝑑𝑟

(𝑟2 … )� .                       (2.24)  

It is easy to show that the Hermiticity condition 〈𝑢,𝐷�𝑣〉 =  〈𝑣,𝐷�𝑢〉 is not satisfied because of the 

non-zero boundary condition Eq. (2.18): 

〈𝑢,𝐷�𝑣〉 =  〈𝑣,𝐷�𝑢〉 + 𝐷0𝑣(𝑏)
𝑑
𝑑𝑟

(𝑟2𝑢) � 𝑟=𝑏 − 𝐷0𝑢(𝑏)
𝑑
𝑑𝑟

(𝑟2𝑣) � 𝑟=𝑏
 
 
 .         (2.25) 

Although the eigenfunctions 𝑍𝑛(𝑟) for this eigenvalue problem are not orthogonal— 

〈𝑍𝑛,𝑍𝑚〉 = �𝑟2
𝑎

𝑏

𝑍𝑛(𝑟)𝑍𝑚(𝑟)𝑑𝑟

=
sin[𝜆𝑛(𝑎 − 𝑏)] sin[𝜆𝑚(𝑎 − 𝑏)]

𝑏𝜆𝑚2 𝜆𝑛2

+
1

𝜆𝑚𝜆𝑛(𝜆𝑚2 − 𝜆𝑛2)
{𝜆𝑚 sin[𝜆𝑚(𝑎 − 𝑏)] cos[𝜆𝑛(𝑎 − 𝑏)] – 𝜆𝑛 sin[𝜆𝑛(𝑎

− 𝑏)] cos[𝜆𝑚(𝑎 − 𝑏)]}  ≠ 0 ,                                               (2.26) 

—they are linearly independent since the corresponding Wronskian does not vanish: 

𝑊�𝑍𝑛(𝑟),  𝑍𝑚(𝑟)� = �
𝑍𝑛′ (𝑟) ,  𝑍𝑚′ (𝑟)
𝑍𝑛(𝑟) , 𝑍𝑚(𝑟)� =  𝑍𝑚𝑍𝑛′ −  𝑍𝑛𝑍𝑚′

=
1
𝑟2
�

1
𝜆𝑛

cos[𝜆𝑛(𝑟 − 𝑎)] sin[𝜆𝑚(𝑟 − 𝑎)] −
1
𝜆𝑚

cos[𝜆𝑚(𝑟 − 𝑎)] sin[ 𝜆𝑛(𝑟 − 𝑎)]�  

≠ 0.                 (2.27) 
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Thus, the functions 𝑍𝑛(𝑟) form a non-orthogonal basis and the orthogonalization procedure is 

the necessary step. 

 

2.2.2.3 Gram-Schmidt Orthogonalization Procedure 

We apply the Gram-Schmidt orthogonalization procedure to form an orthonormal basis27.  

The ith vector of the orthonormal basis is calculated as follows: 

𝑛𝑖(𝑟) =  𝛼𝑖 �𝑍𝑖(𝑟) −��𝑍𝑖�𝑛𝑗�𝑛𝑗

𝑖−1

𝑗=1

�  ,     (2.28) 

�𝑍𝑖�𝑛𝑗� ≡ � 𝑍𝑖
𝑎

𝑏
𝑛𝑗𝑟2 𝑑𝑟 .       (2.29) 

Here the coefficients 𝛼𝑖 are calculated from the normalization condition 

�𝑛𝑖2(𝑟)𝑟2𝑑𝑟 =  𝛼𝑖2 � 𝑟2 �𝑍𝑖(𝑥) −��𝑍𝑖�𝑛𝑗�𝑛𝑗

𝑖−1

𝑗=1

�

2

𝑑𝑟
𝑎

𝑏

= 1 .
𝑎

𝑏

    (2.30) 

Thus, each basis vector 𝑛𝑖(𝑟) is a linear combination of the vectors 𝑍𝑖(𝑟).  For example, 

𝑛1 = 𝛼1𝑍1(𝑟),   𝑛2 = 𝛼2{𝑍2(𝑟) − ⟨𝑍2|𝑛1⟩𝑛1} = 𝛼2{𝑍2(𝑟) − ⟨𝑍2|𝑛1⟩𝛼1𝑍1(𝑟)}.  Here we give the 

first three basis vectors: 

𝑛1(𝑟) =  
𝑍1(𝑟)
𝑉1

 ,   𝑉𝑛2 =  �𝑟2
𝑎

𝑏

𝑍𝑛2(𝑟)𝑑𝑟 ,           (2.31) 

𝑛2(𝑟) =  
1

𝑉1�𝑉12𝑉22 − 𝛾122
{𝑉12𝑍2(𝑟) −  𝛾12𝑍1(𝑟)},         (2.32) 

𝑛3(𝑟) =  
𝑉12𝑉22𝑍3(𝑟) − 𝑉22𝛾13𝑍1(𝑟) − 𝑉12𝛾23𝑍2(𝑟)

𝑉1𝑉2�𝑉12𝑉22𝑉32 − 𝑉22𝛾132 − 𝑉12𝛾232
 ,       (2.33) 

𝛾𝑚𝑛 =  �𝑟2
𝑎

𝑏

𝑍𝑚(𝑟)𝑍𝑛(𝑟)𝑑𝑟 .               (2.34) 
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Once we have calculated the (infinite) number of orthonormal vectors 𝑛𝑖(𝑟), we can expand the 

left-hand side of Eq. (2.23) over the basis of 𝑛𝑖(𝑟), 

𝑢(𝑟, 0) =  
Δa
a
𝑟 =  �C𝑖𝑛𝑖(𝑟)

∞

𝑖=1

 .             (2.35) 

Now, owing to the orthonormality of the unit vectors 𝑛𝑖(𝑟), the coefficients 𝐶𝑖 can be 

calculated in a standard form  

 𝐶𝑖 =  
Δa
a
�𝑟3𝑛𝑖(𝑟)𝑑𝑟
𝑎

𝑏

.               (2.36) 

Each 𝑛𝑖(𝑟) is a linear combination of eigenfunctions 𝑍𝑖(𝑟)  (see Eq. (2.28)). Substituting these 

linear combinations in Eq. (2.35) we can now calculate the unknown coefficients 𝐴𝑖 by equating 

the coefficients of the 𝑍𝑖(𝑟) on both sides of the following equation: 

�𝐶𝑖𝑛𝑖(𝑟) =  �𝐴𝑖𝑍𝑖(𝑟)
∞

𝑖=1

∞

𝑖=1

 .              (2.37) 

Once we know the coefficients 𝐴𝑖 we can substitute them into the solution Eq. (2.19).  Since in 

practice one can keep only a finite number of terms, the accuracy of the obtained solution 

increases with time while the terms with larger 𝜆𝑖 are dying off exponentially. 

 

2.2.2.4 Two Limiting Cases 

Tanaka’s solution for a solid gel becomes a special case of our shell model: as the inner 

radius 𝑏 → 0 (left panel in Figure 2.1), the general solution of a gel shell is reduced to Tanaka’s 

solid sphere solution. This is easily demonstrated by first considering the eigenvalue spectrum 

Eq. (2.22).  In the limit where b approaches zero, this equation reduces directly to the previous 

spectrum, Eq. (2.13).   
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Figure 2.1 A schematic depicting the present model for spherical shell geometries.  As the inner 
radius approaches zero we retrieve Tanaka’s solution for a solid sphere.  In the opposing limit 
where the inner radius approaches the outer radius, the model describes a thin film “balloon.” 
 
The eigenfunctions from Eq. (2.20) are then simplified considerably.  Most importantly, the 

Hermiticity of the diffusion operator Eq. (2.6) is no longer broken and so the eigenfunctions 

𝑍𝑛(𝑟) are orthogonal.  They are given by the following formula 

𝑍𝑛(𝑟) = (−1)𝑛 �
𝜆𝑛𝑟 cos 𝜆𝑛𝑟 − sin 𝜆𝑛𝑟

(𝜆𝑛𝑟)2 �  .        (2.38) 

With this set of eigenfunctions, the solution to Tanaka’s sphere Eq. (2.12) is recovered by 

substitution of Eq. (2.38) into Eq. (2.7) with the implementation of the initial condition Eq. 

(2.11). 

In the opposing limit, where the shell becomes very thin (i.e., 𝑏 → 𝑎, right panel in 

Figure 2.1), our solution reduces to a thin shell solution.  Again, beginning with the eigenvalue 

spectrum from Eq. (2.22) and taking the limit where 𝑎 − 𝑏 ≪ 𝑏, we obtain 

𝜆 =
3
𝑎

.             (2.39) 

Thus, the spectrum is reduced to a single eigenvalue.  All higher order contributions over 

(𝑎 − 𝑏)/𝑏 can be neglected in this limit as the separation between neighboring eigenvalues 
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increases dramatically, i.e. 𝜆1 ≪ 𝜆2 ≪ 𝜆3 ≪. .. .  With exponential accuracy, one can leave only 

the first term in Eq. (2.19) to obtain the solution for a balloon 

𝑢(𝑟, 𝑡) ≅ Δa 𝑒−
9𝐷0𝑡
𝑎2  .          (2.40) 

 

2.3 Experimental  

2.3.1 Synthesis of Microgel Shells 

The microgel shells were synthesized using a capillary-based microfluidic device25 that 

was made of three separate capillary tubes as shown in Figure 2.2(a).  The two internal 

cylindrical tubes served as injection and collection tubes and were coaxially aligned.  In the 

region near both tips, the outer fluid focuses both the middle and inner fluids through the 

collection tube to form a fluid thread that then breaks into drops due to hydrodynamic 

instabilities. 

 

 

 

 

 

 

 

 

 

Figure 2.2  (a) A scheme for making pre-microgel double emulsions in a capillary microfluidic 
device. (b) Formation of pre-microgel double emulsion drops.  These drops were prepared under 
the following flow conditions: QIF=100 μL⋅h-1, QMF=300 μL⋅h-1, and QOF=2000 μL⋅h-1. (c) 
Uniform microgel shells formed after solidifying the emulsion by the redox reaction. 
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When generating the microgel shell structure, we used silicone oil (DC #550, 

density=1.06 g⋅mL-1)) with viscosity ηOF=125 mPa⋅s as the inner fluid, which was immiscible 

with the aqueous middle fluid.  The inner fluid consisted of DC#550 and a reaction accelerator 

(N,N,N′,N′-tetramethylethylenediamine, 2 vol %).  The drops pinched-off to produce uniform 

double emulsions, where each aqueous pre-microgel drop contained a single oil droplet.  The 

outer fluid (OF) was DC #550.  The middle fluid (MF) for Batch 1 sample was an aqueous  

monomer solution that contained the N-isopropylacrylamide (NIPAm, 15.5% w/v), a crosslinker 

(N,N′-methylenebisacrylamide, BIS, 1.5% w/v), and two co-monomers [2-(methacryloyloxy) 

ethyl trimethyl ammonium chloride (METAC, 2 vol %), allylamine (1 vol%)], and an initiator 

(ammonium persulfate, APS, 3% w/v).  The initiator was located in the middle fluid while the 

accelerator was dissolved in the inner oil.  The molar ratio of METAC to NIPAM was 5.6%.  

The middle fluid (MF) for Batch 2 sample was the same as Batch 1 except that it contained less 

crosslinker (0.64 % w/v BIS) and did not contain METAC, which provided positive charges to 

the gel shell (Batch 1). Upon forming the double emulsion drops, the acclerator diffused from the 

internal oil droplet into the surrounding aqueous monomer solution layer, initiating the 

polymerization.   

The density of water phase was matched to 1.05 g⋅ml-1 by mixing glycerol (10 vol %) and 

deuterium oxide (22 vol %).  The flow rate (Q) conditions were 𝑄𝐼𝐹 = 100 μL⋅h-1, 𝑄𝐼𝐹 = 300 

μL⋅h-1, and 𝑄𝐼𝐹 = 2000 μL⋅h-1.  By tuning the flow rates of the three fluid streams, we were able 

to produce microgel particles at rates of ~103 Hz.  After we collected the particles, they were 

washed repeatedly with large amounts of isopropyl alcohol, which removed the silicon oil, and 

were transferred to deionized water. Swelling measurements were carried out in water.  Figure 

2b shows the formation of pre-microgel double emulsion drops.  Uniform microgel shells were 
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obtained after solidifying the emulsion by the redox reaction (Figure 2.2(c)).  It is noted that 

when the inner and outer oils of the shells in Figures 2.2(b) and 2.2(c) were removed and the 

shells were placed in water, the sizes of the shells should approximately double due to 

hydrophilic nature of the polymer network.   

 

2.3.2 Observation of the Volume Phase Transition and Swelling Kinetics 

The volume phase transition of the microgel shells was monitored by using a bright field 

microscope (Leica) equipped with a digital camera (Hamamatsu, C4742-95) and Simple PCI 

acquisition software (Compix).  For this, we completely sealed the microgel shells in flat glass 

capillaries (inner diameters ~300µm, VitroCom).  Figure 3 shows temperature dependent inner 

(solid circles) and outer (solid squares) radii for sample Batch 1 in water. The sharp volume 

change at about 44o C is determined to be the transition temperature.  This temperature is higher 

than 34o C for neutral PNIPAM gel due to incorporating ionic groups from MATEC into the 

polymer network. 

The PNIPAM microgel shells in pure water were put in a transparent holder on a glass slide, 

which was placed on a microscope-mounted heating and cooling stage (Physitemp Instruments, 

TS-4ER) to examine the thermo-sensitive behavior.  Several microgel shells with the same 

structures were measured to obtain data with better statistics for the thermo-responsive 

characteristics.  The temperature of the liquid inside the sample holder was confirmed using an 

infrared thermometer (VWR).26  
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Figure 2.3 Temperature dependence of the inner (solid circles) and outer (solid squares) radii of 
the ionic microgel shell (Batch 1).  All swelling measurements were carried out in pure water. 
 
 

2.4 Results and Discussion 

2.4.1 Basic Theoretical Calculations 

In Figure 2.4, we show an arbitrary solution to the radial displacement vector 𝑢(𝑟, 𝑡) at 

various times as calculated by our model.  The solution is calculated up to tenth order and the 

parameters are selected as: 𝑎 = 2,   𝑏 = 1,   Δ𝑎 = 2.  Each of the curves is plotted as a function 

of the radius in the interval 𝑏 < 𝑟 < 𝑎.  The times have been normalized to the first order time 

constant in Eq. (2.19), 𝜏 = 1/(𝐷0𝜆12).  At the initial time 𝑡/𝜏 = 0, the displacement 𝑢(𝑟, 𝑡) is 

expressed as a nearly straight line as a function of 𝑟.  The wiggles are caused by the finite 

number of terms in the series in Eq. (2.19).  As 𝑡/𝜏 increases, the wiggles disappear because the 

higher order terms are dying off exponentially. 
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Figure 2.4 The displacement vector 𝑢(𝑟, 𝑡) is plotted as a function of r from b to a, at different 
values of the scaled time 𝑡 𝜏⁄ .  For these curves the parameters are selected as a= 2, b= 1 
and ∆𝑎= 2.  
 

Figure 2.5 displays a set of curves for the radial component of the stress tensor 𝜎𝑟𝑟(𝑟, 𝑡) 

which is calculated by taking the solution Eq. (2.19) and applying the differential operator 

described by Eq. (2.9).  Since differentiation emphasizes any non-monotonic features, the 

oscillations in Fig. 2.5 are more pronounced as compared with those in Fig. 2.4.   

We used the same values for 𝑎, 𝑏,   Δ𝑎 as in Figure 4 and set 𝐾 = 1 for the bulk 

modulus.  According to the initial condition Eq. (2.11) swelling starts from uniform radial stress 

𝜎𝑟𝑟(𝑟, 𝑡 = 0) = 3𝐾Δ𝑎
𝑎

, while the eigenfunctions 𝑍𝑛(𝑟) satisfy the stress-free boundary condition 

Eq. (2.9).  A transition from uniform stress to zero stress occurs at the very initial stage of the 

evolution when the acceleration term cannot be neglected in Eq. (2.1).  The length of this 

transient stage depends on the liquid viscosity and usually it is very short as compared to the 
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typical relaxation time 𝜏.  Since we neglect the length of the transient stage, the numerical curve 

𝑡 = 0 in Fig. 2.5 obtained for a finite number of terms 𝑛 = 10 tends to zero near the outer 

surface at 𝑟 = 𝑎.  

 

Figure 2.5 The radial stress tensor 𝜎𝑟𝑟(𝑟, 𝑡) is plotted as a function of r for different values of the 
scaled time 𝑡 𝜏⁄ .  For this set of curves we have set a= 2, b= 1 and ∆𝑎= 2. 

 

Li and Tanaka found the isotropic condition 𝑢𝑟/𝑟 = 𝑢𝑧/𝑧 for a thin disk or a long 

cylinder gel, where 𝑢𝑟/𝑟 and 𝑢𝑧/𝑧 are the relative swelling along the radial and longitudinal 

directions, respectively.15 By minimizing shear elastic energy, we obtain the boundary condition, 

Eq. (2.18).  At 𝑡/𝜏 → ∞, the radial stress 𝜎𝑟𝑟 → 0 at both 𝑟 = 𝑎 and 𝑟 = 𝑏 and the isotropic 

condition 𝑢(𝑎,∞)/𝑎 = 𝑢(𝑏,∞)/𝑏 is satisfied, as expected.  
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2.4.2 Comparison with Experimental Data 

A typical series of photos of shrinking kinetics for an ionic microgel shell (Batch 1) is 

shown in Fig. 2.6(a).  The experimental data for outer (○) and inner (∆) radii are plotted in Fig. 

2.6(b).  Solid lines represent the evolution obtained for the outer radius ℛ(𝑟 = 𝑎, 𝑡) = 𝑎 ±

𝑢(𝑎, 𝑡) and the inner radius ℛ(𝑏, 𝑡) = 𝑏 ± 𝑢(𝑏, 𝑡) of the swelling (-) or shrinking (+) shell. To 

plot the displacements 𝑢(𝑎, 𝑡) and 𝑢(𝑏, 𝑡) we keep only the first term (𝑛 = 1) in Eq. (2.19), i.e. 

ℛ(𝑟, 𝑡) = 𝑟 ± �𝐴𝑛𝑍𝑛(𝑟)𝑒−𝜆𝑛2𝐷0𝑡
∞

𝑛=1

≅ 𝑟 ± 𝐴1𝑍1(𝑟)𝑒−𝑡/𝜏.             (2.41) 

This approximation is valid at 𝑡 > 𝜏 when the terms with 𝑛 > 1 are exponentially small.  

We present further comparison of swelling and shrinking results for a neutral microgel 

shell (Batch 2) that appear in Figures 2.7 and 2.8.  Notice that some of the shells analyzed in this 

study have a noticeable asymmetry (see Figure 2.7(a)).  Since there is a good agreement between 

the theory and experiment, we may assume that this slight asymmetry does not have much effect 

on the evolution of the gel shells.  

For each of the fits performed here, we begin by identifying the necessary parameters 

from the experiment: the equilibrium shell radii (a and b) and the total change of the outer radius 

∆a.  These parameters are then substituted into Eq. (2.41).  A non-linear fit is employed to find 

the appropriate value for the collective diffusion coefficient 𝐷0.  The starting time for the 

solution is selected on the basis of the temperature measurements within the sample holder.  We 

can see from the temperature curves in Figs. 2.7(c) and 2.8(c) that the change of temperature 

within the sample holder occurs on a time scale which is comparable to that of the swelling (or 

shrinking) time scales.  In the ideal situation, this comparison is done such that the heating time 

for the sample holder is much smaller than that of the swelling time.  Since the diffusion 
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coefficient is temperature dependent, the start time must be selected appropriately to ensure that 

the fit is done within the time scale where the temperature gradient is negligible.  Start times are 

selected by inspection of the data and are chosen by the point where the temperature stabilizes. 

 

 

 
Figure 2.6.  (a) The shrinking of the ionic gel shell (Batch 1) was recorded with a digital camera 
with a time lapse of 1 s.  A typical microgel shell was allowed to equilibrate at room temperature 
for 24 h.  Then, the temperature of the sample was quickly raised from room temperature to 60 
°C.  (b) Plots of the experimental data as outer (○) and inner (∆) radii, respectively.  The solid 
curves are calculated using Eq.(2.41). 
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Using the data shown in Fig. 2.6 we have found the collective diffusion coefficient 

 𝐷0 = 5.7 ×  10−8𝑐𝑚2 𝑠−1 for the shrinking experiment for the ionic microgel shell (Batch 1) at 

60oC in Figure 2.6.  The shrinking kinetics for sub-millimeter ionic solid gel spheres have been 

previously studied with three characteristic processes: initially the gel shrinks and maintains its 

spherical shape, then the shrinking stops—(known as a plateau period), and finally bubbles 

appear on the surface of the gel.28 As shown in Figure 2.6(a), our shell uniformly shrank from the 

beginning to the end without the development of the transient surface pattern.  This suggests that 

for a very small gel such as a microgel shell there appears no mechanical instability due to a 

large volume change in the shrinking process that can cause surface patterns. 

For the neutral microgel shell (Batch 2), we found that 𝐷0 = 2.0 ×  10−7𝑐𝑚2 𝑠−1 for 

swelling at 23oC (Figure 2.7) and 𝐷0 = 1.1 ×  10−7𝑐𝑚2 𝑠−1 for shrinking at 47oC (Figure 2.8).  

These values are in excellent agreement with the previous measurements made for neutral 

PNIPAM submillimeter solid gel spheres that did not have a transient surface pattern during 

shrinking at each of the respective temperatures.  These previous measurements showed that 

𝐷0 = 2.0 ×  10−7𝑐𝑚2 𝑠−1 at 23 oC and 𝐷0 = 1.5 ×  10−7𝑐𝑚2 𝑠−1 at 47 oC. 29  
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Figure 2.7.  (a) Progress of swelling for the neutral microgel shell (Batch 2) as the temperature 
jump was taken from 47 to 23 oC.  Scale bar = 100 µm.  (b) The graph shows the inner (triangles) 
and outer (circles) radii of the gel shell radii versus elapsed time for a swelling process.  The 
solid curves are calculated by our model.  (c) The temperature for the sample holder of this 
experiment vs. time. 
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Figure 2.8.  (a) Progress of shrinking for the neutral microgel shell (Batch 2) as the temperature 
jump was taken from 23 to 47 oC.  Scale bar = 100 µm.  (b) The graph shows the inner (triangles) 
and outer (circles) radii of the gel shell radii versus elapsed time for a shrinking process.  The 
solid curves are calculated by our model.  (c) The temperature for the sample holder of this 
experiment vs. time. 
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2.4.3 Comparison of a Solid Sphere with a Shell 

For a diffusion process the time required for matter to diffuse at some distance changes 

quadratically with the distance.  In particular, the solution obtained for a solid sphere gives11  

τ ∝ 𝑎2/𝐷0.           (2.42) 

For a shell, one can expect that τshell ∝ (𝑎 − 𝑏)2.  However, our results show that 

τshell ∝ 𝑎2.  That is, the characteristic time of a gel shell should be proportional to the square of 

the outer radius, not to the squared thickness of the shell.  Indeed, for a thin shell (balloon) when 

𝑎 − 𝑏 → 0 the characteristic time remains finite and according to Eq. (2.39)  

𝜏𝑠ℎ𝑒𝑙𝑙 =
1

𝜆2𝐷0
=

𝑎2

9𝐷0
 .                   (2.43) 

For a solid sphere (𝑏 = 0) the characteristic time is given by the lowest eigenvalue in the 

spectrum Eq. (2.13), 𝜆1 = 𝜋/𝑎   

𝜏𝑠𝑜𝑙𝑖𝑑 =
1

𝜆12𝐷0
=

𝑎2

𝜋2𝐷𝑜
                  (2.44) 

In the intermediate case, when 0 < 𝑎 − 𝑏 < 𝑎 the lowest eigenvalue 𝜆1 obtained from 

Eq. (2.22) lies between 2.92/𝑎 and 𝜋/𝑎 as it is plotted in Fig. 2.9. Since the relative variation of  

𝜆1 vs 𝑎 − 𝑏 does not exceed 7%, we may conclude that for a shell the characteristic time is 

approximately proportional to 𝑎2.  We suggest that the relationship of 𝜏 ∝ 𝑎2   is caused by the 

constraint imposed at the inner boundary Eq. (2.18).  
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Figure 2.9.  The first eigenvalue solution to Eq. (2.22) plotted as 𝑎𝜆1 vs. the ratio (b/a) of the 
inner radius (b) to the outer radius (a).  The dashed lines show two limiting cases: as 𝑏 →  0 (a 
solid sphere), 𝜆1 → 𝜋 ; as 𝑏 →  𝑎 (a balloon), 𝑎𝜆1 → 3. 
 

In contrast to the outer shell, which is always stress-free, there is a large increase in the 

stress at the inner surface soon after the shell starts to swell. This stress constrains the gel shell to 

swell slower for the readjustment of shape necessary to minimize the shear energy integral 

Eq.(2.14). 

From the plot in Fig. 2.9 and the relation 𝜏 ∝ 1/𝜆12 one can conclude that the solid sphere 

swells a bit faster than a shell.  However, the difference in the characteristic times is less than 

0.01𝑎2/𝐷0.  Such a small difference is hard to detect experimentally. 

To further investigate the above results, we have re-examined the swelling and shrinking 

kinetics data that were published in Ref. [26] and adapted in Figure 2.10.  Here swelling (Figure 

2.10(a)) and shrinking kinetics (Figure 2.10 (b) between a solid microgel (series A) and a gel 

shell (series B) are compared.  There is no discernable difference between the solid sphere and a 
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gel shell just by visual inspection. 

 

Figure 2.10.  Comparison of swelling kinetics between a solid microgel (A) and a microgel shell 
(B) upon (a) heating from 23 to 47 oC, and (b) cooling from 47 to 23 oC.  Scale bar = 100 μm. 

 

A comparison of the relative displacements for the sphere and the shell as a function of 

time are shown in Figure 2.11.  As an approximation, we have used the first time exponential 

term 𝑒−
𝑡
𝜏 to fit both curves.  We find that the values of τ in the shrinking process are 10.1 ± 1.2 

sec and 12.2 ± 1.2 sec for the solid sphere and the shell, respectively, as shown in Figure 2.11 
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(a).  In the case of swelling, Figure 2.11 (b), the characteristic times are calculated as 52 ± 2 sec 

and 56 ± 4 sec for the solid sphere and shell, respectively.  These characteristic times are very 

close to one another.  It may appear that the shell swells slower than the solid sphere, but with 

the experimental error taken into account we cannot conclude any quantitative difference 

between the two. 

 

Figure 2.11.  Comparison of the relative displacements for the solid microgel sphere (∆) and the 
microgel shell (○) as a function of time: for the shrinking (a) and swelling (b) processes, 
respectively. 
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2.5 Conclusion 

We have built a theoretical model for swelling kinetics of a polymer gel shell by 

considering the shell with outer and inner radii a and b, respectively.  For the outer layer, there is 

the same free surface boundary condition as for a solid gel sphere.  The boundary condition at 

the inner surface is obtained from the minimization of shear elastic energy.  We solved the 

diffusion equation for the displacement vector 𝑢(𝑟, 𝑡) with two boundary conditions and with the 

initial condition of uniform stress at 𝑡 = 0.  Our results recover the solution to Tanaka and 

Fillmore’s solid sphere solution as 𝑏 → 0.  In the opposite limiting case, 𝑏 → 𝑎, we find that the 

swelling of a thin shell like a balloon is described simply by a single exponential term.  

To test our theoretical model, we have made monodisperse PNIPAM polymer gel shells 

using a microfluidic device.  These gels typically have an inner radius of about 40 µm and an 

outer radius of about 60 µm.  By switching temperatures, we have measured the inner and outer 

radii of the shell as a function of time and have found the collective diffusion coefficient for the 

shrinking experiment for the ionic microgel shell (Batch 1) at 60 oC as 𝐷0 = 5.7 ×

 10−8𝑐𝑚2 𝑠−1.  The shell uniformly shrank from the beginning to the end without the 

development of the transient surface pattern.  For the neutral microgel shell (Batch 2), the 

diffusion coefficients are found as  𝐷0 = 2.0 ×  10−7𝑐𝑚2 𝑠−1 for swelling at 23oC and 𝐷0 =

1.1 ×  10−7𝑐𝑚2 𝑠−1 for shrinking at 47oC. These values are in agreement with the previous 

measurements made for neutral PNIPAM submillimeter solid gel spheres at each of the 

respective temperatures: 𝐷0 = 2.0 × 10−7𝑐𝑚2 𝑠−1 at 23 oC and 𝐷0 = 1.5 ×  10−7𝑐𝑚2 𝑠−1 at 

47 oC 29  

Our model shows that the characteristic time of a gel shell is proportional to the square of 

the outer radius, not to the square of the thickness of the shell. This is because both boundaries 
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are coupled via the boundary condition that originates from the minimization of shear elastic 

energy. This conclusion is confirmed by experimental observation of swelling kinetics. Our 

model further predicts that the solid sphere swells slightly faster than the gel shell if they have 

the same outer radius. The experiments suggest this tendency, although the lack of experimental 

accuracy does not allow for a reasonable quantitative comparison. 
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Appendix A: Tanaka’s Sphere for Non-Zero Shear Modulus 

The solution to Tanaka’s sphere may be generalized to the case where the shear modulus 

μ may not be ignored.  The theory follows suit exactly as above with one alteration: the boundary 

condition described by Eq.(2.9) is slightly generalized.  As discussed above, the full form of the 

radial stress is given by Eq.(2.8), and so the boundary condition, in its most complete form, 

should appear as, 

𝜎𝑟𝑟|𝑟=𝑎 =
𝐾
𝑟2
�
𝜕
𝜕𝑟

(𝑟2𝑢)��
𝑟=𝑎

+  
4𝜇
3
�
𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
��
𝑟=𝑎

= 0                     (A. 2.1) 

With some manipulation and upon introducing the ratio ≡ 𝜇
𝐾+43𝜇

 , this equation can be simplified 

as 

𝜕𝑢
𝜕𝑟
�
𝑟=𝑎

= 2(2𝑅 − 1)
𝑢(𝑎)
𝑎

                         (A. 2.2) 

Substitution of equation (2.7) into this result yields the eigenvalue equation 

𝑅 =
(𝜆𝑛𝑎)2 sin (𝜆𝑛𝑎)

4[sin(𝜆𝑛𝑎) − 𝜆𝑛𝑎 cos(𝜆𝑛𝑎)]  .          (A. 2.3) 

Note that as µ → 0 , 𝑅 → 0 and the above equation reduces to the original eigenvalue 

spectrum described by Eq.(2.13).  Figure 2.12 shows the first eigenvalue as it varies with 𝑅.  For 

the plot shown, the sphere’s equilibrium radius is selected as a=1.  One can see from its 

definition that 𝑅 ranges from 0 to 3/4, depending on the relative strength of the elastic moduli.  

The figure indicates that as 𝑅 approaches zero, the first eigenvalue 𝜆1 approaches π.  This is just 

as one would expect in the limiting case of Eq.(2.13). 

We make use of the same initial condition as described by Eq.(2.11).  From this, the 

coefficients 𝐴𝑛 may be calculated directly: 
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𝐴𝑛 = 4∆𝑎
3𝜆𝑛𝑎 cos(𝜆𝑛𝑎) + �𝜆𝑛

2𝑎2 − 3�sin (𝜆𝑛𝑎)
𝜆𝑛𝑎 sin(2𝜆𝑛𝑎) + 2 cos(2𝜆𝑛𝑎) + 2𝜆𝑛

2𝑎2 − 2
  .       (A. 2.4) 

Provided all the necessary definitions—namely equations (2.7), (A.2.3) and (A.2.4)—the 

final solution may then be written as 

𝑢(𝑟, 𝑡) = �𝐴𝑛𝑥𝑛(𝑟)𝑒−𝐷0𝜆𝑛2𝑡
∞

𝑛=1

 .      (A. 2.5) 

 

 

 

 

 

 

 

 

 

Figure A.2.1. The first eigenvalue for Tanaka’s sphere plotted against the relative modulus 

𝑅 ≡ 𝜇
𝐾+43𝜇

.  The sphere’s equilibrium radius is selected as a=1. 

Appendix B: Spherical Shell with a Generalized Initial Condition 

Figure 2.12. The first eigenvalue for Tanaka’s sphere plotted against the relative modulus 
𝑅 ≡ 𝜇

𝐾+43𝜇
.  The sphere’s equilibrium radius is selected as a=1. 
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Appendix B: Spherical Shell with a Generalized Initial Condition 

In the preceding sections regarding the solution to the spherical shell, two simplifying 

assumptions were employed: (i) for the spherical shell, as with the solid sphere, the shear 

modulus may be neglected in the stress-free boundary condition derived from Eq.(2.8) and, (ii) 

the initial condition may be treated as a simple, linear deformation. 

We seek to generalize the solution to the spherical shell just as we have with the solid 

sphere.  The resulting solution that follows has a disadvantage in that it requires additional fitting 

parameters which must be determined empirically.  Despite this, we will show that a complete 

solution is possible for which one does not need the simplifying assumptions described above.  

Let us begin by returning to Eq.(2.5), the swelling equation: 

𝜕𝑢
𝜕𝑡

= 𝐷0
𝑑
𝑑𝑟

�
1
𝑟2

𝑑
𝑑𝑟

(𝑟2𝑢)�      (𝑏 < 𝑟 < 𝑎).          (B. 2.1) 

This is a second-order ordinary differential equation and therefore it allows for to linearly 

independent solutions as described by Eq.(2.7) above: 

𝑢(𝑟, 𝑡) = �[𝐴𝑛𝑥𝑛(𝑟) + 𝐵𝑛𝑦𝑛(𝑟)]𝑒−𝐷0𝜆𝑛2𝑡
∞

𝑛=1

 ,      (B. 2.2) 

with 

𝑥𝑛(𝑟) =
𝜆𝑛𝑟cos(𝜆𝑛𝑟) − sin (𝜆𝑛𝑟)

(𝜆𝑛𝑟)2
  , 

𝑦𝑛(𝑟) =
𝜆𝑛𝑟sin(𝜆𝑛𝑟) + cos (𝜆𝑛𝑟)

(𝜆𝑛𝑟)2
 . 

In the case of a solid spherical gel, the second set of solutions 𝑦𝑛 can be ignored 

altogether due to their divergence to infinity near the origin.  However, in the case of a spherical 

shell gel, this set of solutions may not be ignored since the origin is now excluded. 
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From this point, the procedure follows similarly as with the case in Appendix A.  We first 

implement the outside boundary condition as described by Eq.(2.8) while assuming a non-zero 

shear modulus. 

𝜎𝑟𝑟|𝑟=𝑎 =
𝐾
𝑟2
�
𝜕
𝜕𝑟

(𝑟2𝑢)��
𝑟=𝑎

+  
4𝜇
3
�
𝜕𝑢
𝜕𝑟

−
𝑢
𝑟
��
𝑟=𝑎

= 0            (B. 2.3) 

which again, with 𝑅 ≡ 𝜇
𝐾+43𝜇

, yields 

𝜕𝑢
𝜕𝑟
�
𝑟=𝑎

= 2(2𝑅 − 1)
𝑢(𝑎)
𝑎

                         (B. 2.4) 

Combining equations (B.2.2) and (B.2.4), one can rewrite the solution as 

𝑢(𝑟, 𝑡) = �𝐴𝑛𝑧𝑛(𝑟)𝑒−𝐷0𝜆𝑛2𝑡
∞

𝑛=1

          (B. 2.5) 

with the eigenfunctions written as 

𝑧𝑛(𝑟) =
1

𝑎3𝜆𝑛
4𝑟2

��4𝜆𝑛(𝑎 − 𝑟)𝑅 + 𝑎𝑟𝑟𝜆𝑛
3� cos[𝜆𝑛(𝑟 − 𝑎)]

− �𝑎2𝜆𝑛
2 − 4𝑅�𝑟𝑎𝜆𝑛

2 + 1�� sin[𝜆𝑛(𝑟 − 𝑎)]� .                        (B. 2.6) 

The remaining boundary condition (at the inner surface) follows the same form as 

described by Eq.(2.18). 

𝑢(𝑏, 𝑡)
𝑏

−
𝜕𝑢(𝑟, 𝑡)
𝜕𝑟

�
𝑟=𝑏

=  
𝑢(𝑎, 𝑡)
𝑎

−
𝜕𝑢(𝑟, 𝑡)
𝜕𝑟

�
𝑟=𝑎

                   (B. 2.7) 

Owing to the linear independence of the exponentials in (B.2.5), the boundary condition is then 

expressed in terms of the eigenfunctions. 

𝑧𝑛(𝑏)
𝑏

− 𝑧𝑛′ (𝑏) =  
𝑧𝑛(𝑎)
𝑎

− 𝑧𝑛′ (𝑎)                      (B. 2.8) 

The resulting eigenvalue spectrum may be written as follows: 
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𝑅

=
𝜆𝑛2 (3𝑎2sin[(𝑎 − 𝑏)𝜆𝑛] − 3𝑏𝜆𝑛(𝑏2 − 𝑎2cos[(𝑎 − 𝑏)𝜆𝑛]) − 𝑎2𝑏2𝜆𝑛2sin[(𝑎 − 𝑏)𝜆𝑛])

4�3 sin[(𝑎 − 𝑏)𝜆𝑛] − 3(𝑎 − 𝑏)𝜆𝑛cos[(𝑎 − 𝑏)𝜆𝑛] + (3𝑎 − 𝑏)𝑏𝜆𝑛2 sin[(𝑎 − 𝑏)𝜆𝑛] − 𝑏2𝜆𝑛3 (𝑏 − 𝑎 cos[(𝑎 − 𝑏)𝜆𝑛])�
              

                                                                                                                                                      (B. 2.9) 

Note that in the limit 𝑏 → 0, this spectrum reduces directly to that of Tanaka’s sphere with non-

zero shear modulus Eq.(A.2.3) as one expects. 

Thus far we have only employed the first of our simplifying assumptions (i.e. non-zero shear 

modulus).  The next assumption for removal is that the initial condition may simply suffice as a 

linear deformation as seen in Eq.(2.11).  Recall that the physical meaning of the initial condition 

is that the radial stress of the gel is initially uniform throughout its entire volume. 

𝜎𝑟𝑟|𝑡=0 = 𝑐𝑜𝑛𝑠𝑡                      (B. 2.10) 

Noting the form of 𝜎𝑟𝑟 in Eq.(B.2.3) we may recast the initial condition as 

𝜕𝑢
𝜕𝑟
�
𝑡=0

− 2(2𝑅 − 1)
𝑢(𝑟, 0)
𝑟

= 𝑐𝑜𝑛𝑠𝑡                        (B. 2.11) 

from which it follows that 𝑢(𝑟, 0) must have the following form: 

𝑢(𝑟 , 𝑡 = 0) = 𝐴𝑟 + 𝐵𝑟2(2𝑅−1)                        (B. 2.12) 

In the earlier discussion, we employed the definition: ∆𝑎 ≡ 𝑢(𝑟 = 𝑎, 𝑡 = 0).  It follows that for a 

shell, we may similarly define: ∆𝑏 ≡ 𝑢(𝑟 = 𝑏, 𝑡 = 0).  With each of these definitions in hand, 

the constants A and B in Eq.(B.2.11) can be solved for directly to give 

𝑢(𝑟 , 𝑡 = 0) =
∆𝑏 − ∆𝑎(𝑏𝑎)2(2𝑅−1)

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) 𝑟 +
𝑏∆𝑎 − 𝑎∆𝑏

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) �
𝑟
𝑎
�
2(2𝑅−1)

  .               (B. 2.13) 

It can be shown that in the limit where 𝑏 → 0 𝑎𝑛𝑑 ∆𝑏 → 0, the initial condition for Tanaka’s 

sphere is recovered.  In implementing this initial condition one has 

�𝐴𝑛𝑧𝑛(𝑟)
∞

𝑛=1

=
∆𝑏 − ∆𝑎(𝑏𝑎)2(2𝑅−1)

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) 𝑟 +
𝑏∆𝑎 − 𝑎∆𝑏

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) �
𝑟
𝑎
�
2(2𝑅−1)

  .           (B. 2.14) 
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The 𝐴𝑛’s cannot be solved for directly just as in the case of the simplified solution.  This is again 

due to the inner boundary condition Eq.(B.2.7) breaking the Hermiticity of the boundary-value 

problem.  One must again use the Gram-Shmit orthonormalization procedure to retrieve an 

orthonormal basis 𝑛𝑖(𝑟).  Once this is done, we may rewrite the initial condition as 

𝑢(𝑟, 0) =  
∆𝑏 − ∆𝑎(𝑏𝑎)2(2𝑅−1)

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) 𝑟 +
𝑏∆𝑎 − 𝑎∆𝑏

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) �
𝑟
𝑎
�
2(2𝑅−1)

=  �C𝑖𝑛𝑖(𝑟)
∞

𝑖=1

 . ,            (B. 2.15) 

From which it follows that the C𝑖’s may be calculated directly: 

C𝑖 =
∆𝑏 − ∆𝑎(𝑏𝑎)2(2𝑅−1)

𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) � 𝑛𝑖(𝑟)𝑟3𝑑𝑟
𝑎

𝑏

+ 𝑎−2(2𝑅−1) 𝑏∆𝑎 − 𝑎∆𝑏
𝑏 − 𝑎(𝑏𝑎)2(2𝑅−1) � 𝑛𝑖(𝑟)𝑟4𝑅𝑑𝑟

𝑎

𝑏
   .          (B. 2.16) 

We are then able to calculate the coefficients 𝐴𝑖 directly from 

�A𝑖𝑧𝑖(𝑟)
∞

𝑖=1

= �C𝑖𝑛𝑖(𝑟)
∞

𝑖=1

  .                      (B. 2.17) 

We then have the completed solution provided the equations (B.2.9) and (B.2.5).  Again, this full 

treatment of the swelling problem is much less concise in mathematical form as compared to the 

simplified one presented earlier.  However, let us again stress that this treatment is the most 

complete analytical understanding available and, as such, one anticipates that the subsequent 

equations will be necessarily less elegant. 
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CHAPTER 3  

CORE VS. CORE-SHELL RELEASE SYSTEMS 

3.1 Introduction 

There are various ways of administering drugs and other chemicals to the body for 

pharmaceutical applications.  The most obvious method is by direct injection of a substance to a 

patient.  While this direct form of treatment may seem appealing in its simplicity, it has the 

drawback of non-allowance for sustained drug concentration within the body.  This leads to the 

necessity of repeated dosages over the course of several hours or days, which can decrease 

patient reliability in re-administration of prescriptions.  In addition to the uneconomical nature of 

this method, there is the further necessity for large initial doses which can lead to potential health 

risks. 

In recent years, the focus of this field has shifted toward providing a continual, sustained 

drug release system that can be triggered in a controlled fashion.  This is usually accomplished 

by embedding a drug within a polymer matrix.  The principle mechanism in slowing the release 

is then provided by the slower mobility of the drugs within these polymer systems.  This field of 

controlled release has made rapid advancement within the past two decades and has found 

applications in the pharmaceutical, agricultural, and cosmetic industries. 

This range of applications is made even more promising with the advent of so-called 

“smart” hydrogels.  In general, a smart material is a substance that undergoes dramatic changes 

in its physical properties (i.e. conductivity, viscosity) in response to changes in environmental 

stimuli (i.e. salt concentration, acidity, electric field strength).  Smart hydrogels are a class of 

water-soluble polymer matrices that can be tailored to undergo reversible swelling or shrinking 

in response to changes in external stimuli.  This has obvious potential within the field of 
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controlled release in that, depending on how sophisticated the design of the hydrogel, the release 

may be triggered, halted, accelerated, or decelerated in a well-prescribed manner. 

In this chapter, we provide details on the controlled drug release profiles associated with 

a novel structure of nano-scaled core-with-shell (core-shell) gel particles; see Figure 3.1 below.  

The engineering of these particles allows for a shell having the unique ability to shrink along 

with an increase in hydrophobicity due to changes in external temperature.  This tendency is 

reduced within the core. 

 

 

 

 

 

 

 

 

As with the other studies in this dissertation, we have selected Poly-N-

isopropylacrylamide (PNIPA) as the polymer of interest, mainly for its ability to undergo 

reversible shrinking in response to temperature changes about the human body temperature.  As 

mentioned in Chapter 1, this polymer is unique among other temperature-responsive polymers in 

that the degree of shrinkage is significantly high.  For these reasons, we incorporate PNIPA into 

the design of the core-shell particle to provide a shell with the ability to shrink when heated 

above 33 ○C.  We have fashioned a core composed of PNIPA copolymerized with Acrylic Acid 

(AAc).  This core is then used to seed the formation of a temperature-responsive shell made of 

 

 

 

 

 

 

Figure 3.1 Schematic of hydrogel core and core-shell nano-particles.  The core is composed 
of PNIPA copolymerized with acrylic acid (AAc).  The shell is formed purely by PNIPA. 
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pure PNIPA.  While PNIPA alone is temperature responsive, its copolymer derivative with AAc 

is much less responsive1.  Thus, the core is unresponsive to temperature changes while the shell 

alone is; any compression of the core within the core-shell structure is due only to the shell. 

Our interest is in the release kinetics of the encapsulated agent within the core and to find 

how this compares with a similar release from the core-shell.  Emphasis on the core-shell 

structure of the nanogels is essential to how this structure can potentially alter the release kinetics 

for the encapsulated agent.  Our approach is to examine the effect of altering the particle core 

composition.  The goal, as with most drug release studies2-4, is to maximize the release time of 

the encapsulating system such that the adjusted parameters still provide for a stable and 

reproducible structure. 

Various studies have pursued the development of microgels for the purposes of drug 

delivery3-9.  While the core-shell structure is not unique among these studies, there are no studies 

focused on the release kinetics for the system of interest in the present proposal.  Many of the 

previous works were focused on core-shells with both responsive and nonresponsive 

components.  These investigations also suggested the potential for applications outside the realm 

of drug release such as chemical separation, sensor technology, and catalysis.  For the sake of 

simplicity, we propose to narrow our approach to release applications only.  No previous authors 

have studied the release kinetics from systems in which the core and shell are both composed of 

hydrogel and as such may both imbibe the release agent. 

The current study is inspired by a previous development by Andrew Lyon et. al 10 of a 

synthetic hydrogel composed of Poly-N-Isopropylacrylamide (PNIPA), a thermosensitive 

polymer, and Poly-acrylic acid(PAA), a pH-sensitive polymer.  Lyon et. al synthesized a 

nanoparticle having a core-shell structure which allows for shrinking responses to both 
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temperature and pH.  The core was developed from PNIPA and PAA reacted together to form a 

copolymer.  This core was then used as a seed from which a shell of pure PNIPA is polymerized 

as an outer layer.  Lyon’s study focused on the equilibrium swelling volumes across different 

ranges of temperature and pH.  An important feature of this study was its uncovering of the 

effect produced by the addition of AAc as a copolymer with NIPA.  The authors found that 

NIPA copolymerized with AAc (NIPA-co-AAc) shows a negligible level of collapse in response 

to rising temperatures.  Our interest is to extend the study of this system by focusing on the 

application for controlled release. We intend to investigate the drug release kinetics associated 

with this novel system of nanoparticle gels having core-shell structure.  We focus on gels which 

have chemical composition very similar those developed by Lyon.  We alter the percent 

composition of AAc in the core for this study.  By altering this parameter, we look for any 

alteration in the release response under the physical conditions of the human body.  That is, 

while this parameter for the microgels is varied, the environmental conditions will be held 

constant at a temperature of 37 ○C and pH 7.4 in a phosphate-buffered saline solution. 

 

3.2 Experiment 

3.2.1 Synthesis 

The formation of gel particles is accomplished through a standard method of synthesis 

through aqueous free-radical, precipitation polymerization which is detailed in other studies 

[1,2].  PNIPA forms a hydrogel when cross-linked with N,N’-methylbisisacrylamide under a 

nitrogen atmosphere.  All core and core-shell particles for this study were developed through this 

method.  We used Rhodamine 6G (R6G), a chemical dye, as a drug model for the release studies.  
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All experiments were carried out in identical physical conditions in a phosphate-buffered saline 

solution. 

 

3.2.1.1 Materials 

 All reagents were purchased through Sigma-Aldrich. N-Isopropylacrylamide (NIPA), 

Acrylic Acid (AAc), N,N’-methylbisacrylamide (BIS), sodium dodecyl sulfate (SDS) and 

ammonium persulfate (APS) were used as-received for development of nanoparticles.  NaCl, 

KCl, Na2HPO4, KH2PO4 were used as-received for mixing the buffer solution.  Water used for 

all reactions and prepared solutions was distilled to a resistance of 18.2 MΩ·m at 25 ○C using a 

milipore distillation unit (Mili-Q®). 

 

3.2.1.2 Core Nanoparticles 

 NIPA (1.4 g), AAc (0.6 g), BIS (0.04 g) and SDS (0.08 g) were dissolved in 200 g of 

H2O in a flask.  The solution was then heated to 70 ○C while purging with nitrogen gas for ~1 

hour.  After stabilizing these conditions, polymerization was initiated with the addition of APS 

(0.05 g) solution dissolved in H2O (3 g).  We then allowed the free radical polymerization 

reaction to proceed for 5 hours at 70 ○C. 

 

3.2.1.3 Core-Shell Nanoparticles 

 Core nanoparticles were first synthesized using the method described above.  After core 

formation was finalized, these cores were used as seeds for shell growth.  In a separate flask, we 

dissolved NIPA (2 g), BIS (0.04 g), SDS (0.08 g) and APS (0.05 g) in 200 g of DI water.  The 
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dissolved solution was then added to the core dispersion and allowed to react for an additional 3 

hours at 70 ○C. 

 

3.2.1.4 Dialysis, Concentration and Freezing 

 Each sample was purified for one week in dialysis tubing in DI water.  The particle 

dispersions were then concentrated by evaporating a majority of the solvent.  The concentrated 

dispersions were then transferred to a round bottle which was, in turn placed within a bath of 

liquid nitrogen for about 30 min to ensure freezing of sample. 

 

3.2.1.5 Freeze Drying 

 The frozen particle dispersions were placed under a low vacuum achieved through a 

conventional roughing pump for 2 days to remove all ice.  The freeze-dried particles were then 

removed with a spatula and transferred to glass bottles. 

 

3.2.1.6 Phosphate-Buffered Saline (PBS) 

 One liter of phosphate-buffered saline (PBS) solution was prepared by dissolving NaCl (8 

g), KCl (0.2 g), Na2HPO4 (1.44 g), KH2PO4 (0.24 g) in 800 mL of distilled H2O.  The solution 

was then adjusted to a pH of 7.4 with the addition of NaOH.  This pH adjusted solution was then 

dissolved to one liter with further addition of distilled water.  This completed solution was then 

used for the size characterization of the particles as well as the preparation of the drug loading 

solution.  
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3.2.2 Characterization, Loading and Release Experiments  

3.2.2.1 Dynamic Light Scattering 

 A temperature controlled photon correlation spectrometer was used to measure the 

particle size distribution—within the PBS solution described above—for each of the prepared 

samples.  In the data presented, every point is the average of four separate measurements, each 

with a 60 s integration time at a count rate of ~200 kHz.  The solution was allowed to reach 

equilibrium at each temperature for 15 min prior to measurement.  Each of the autocorrelation 

functions fitted allows for the conversion to a distribution of translational diffusion coefficients.  

The Stokes-Einstein equation is then employed to convert these values and obtain the desired 

particle size distribution.  Fitting is accomplished via a regularization algorithm accompanied 

with the correlation software within the computer program (ALV5000E). 

 

3.2.2.2 Rhodamine 6G Solution 

 We poured out 400 mL of the PBS solution described above to prepare a dissolved 

solution of 1.25 x 10-5 M rhodamine 6G (R6G).  From this, we produced successive dilutions of 

R6G.  Each dilution’s absorption spectrum was then measured for the purposes of calibration.  

The prepared solution was isolated from light sources in a dark, temperature-controlled chamber.  

This ensures that the dye does not extinguish at its characteristic absorption peak of 525 nm. 

 

3.2.2.3 Ultraviolet-Visible (UV-VIS ) Absorption Spectroscopy 

 We used a UV-VIS spectrometer which allowed for the measurement of R6G’s 

absorption peak at 525 nm.  This absorption is detectable over a few orders of magnitude in 

concentration (from ~10-5 M to 10-7 M).  At lower concentrations, a linear relation is observed 
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between the absorption maximum and the concentration of the solution.  This proportionality 

allows for a reliable calibration to the measured absorption spectra. 

 

3.2.2.4 Loading Dried Particles 

 For each of the dried particle samples, we took 0.08 g of dried particle and 5 g of R6G 

solution mixed together in a glass bottle.  The particles were then allowed to imbibe the dye 

solution over the course of one week in a dark and isolated, temperature-controlled chamber. 

 

3.2.2.5 Centrifugation 

 After the appropriated loading time, the samples were transferred to centrifuge tubing.  

Samples were then centrifuged at 30,000 rpm for 2 hours in an ultracentrifuge.  After the 

centrifugation was complete, a pellet of loaded particles appeared along the bottom of the 

centrifuge tubes with a supernatant of R6G occupying the remaining volume.  The supernatant 

was removed and placed in a separate glass bottle to be weighed and measured for concentration.  

This measured information then allowed us to calculate the loading efficiency for each sample.  

The remaining pellet was then allowed to air dry in isolation for a few days.  This allowed for the 

assurance that the loaded sample had very little remaining R6G solution that was external to the 

particles. 

 

3.2.2.6 Release Profiles 

 For the release measurements, we began by preparing a 50 mL release medium of PBS 

solution within a small beaker.  The top of the beaker was sealed with plastic wrap secured by a 

rubber band.  The solution was then immersed in a temperature controlled water bath set to 37 
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○C.  Once the medium reached thermal equilibrium, we retrieved the loaded particles from the 

centrifuge tubing by adding 5 mL of PBS solution to the pellet.  A frequency-controlled vibration 

plate stirrer was then used to shake the particles into a homogeneous solution.  This solution was 

then transferred into a short length of dialysis tubing which was then transferred into the 

temperature controlled PBS release medium.  As the dye released into the surrounding medium, 

a magnetic stirrer—held within the beaker—was used to maintain a relatively even distribution 

of dye molecules.   

 

 

 

 

 

 

Figure 3.2 Simplified schematic of the release experiment.  The dye releasing material (in 
center) is contained within dialysis tubing (not pictured).  Concentration is monitored within the 
surrounding liquid via spectroscopy.  The entire release system is embedded in a temperature-
controlled heat bath. 
 
Measurements were made by removing a small volume (~4 mL) of the release medium from the 

beaker at various times and then checking the absorption of the R6G dye at 525 nm with the 

ultraviolet-visible spectrometer.  The sample taken from the release medium was then 

replenished to the apparatus to ensure the beaker solution would maintain constant volume 

throughout the release experiment.  In this way, the diffusive release of the dye from the particles 

was tracked over the course of a few days for each sample.  This process allowed us to obtain the 

release concentration vs. time profile for each of the release experiments. 

Heat 

 

Release Medium 

Release 
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3.3 Results and Discussion 

3.3.1 Equilibrium Swelling 

 Figures 3.3 and 3.4 show the measurements taken of the average equilibrium particle size 

vs. temperature for both recipes of the core (circles) and the core-shell (squares) particles.  For 

each sample, the temperature was varied between 25 ○C and 41 ○C.  We can clearly see that, as 

expected, the core particles lack any strong temperature sensitivity due to the addition of the 

AAc co-polymers.  Measurements were chosen at two degree intervals for the core system in 

anticipation that no dramatic changes in size would be detected.  We also see the equilibrium 

swelling curves for the core-shell particles.  The first few points are taken at intervals of two 

degrees.  Above 29 ○C, we increase our temperature resolution by one gradation.  This was done 

to develop a clear picture of how the volume phase transition occurs in this regime.  The addition 

of the NIPA shell to the core yields a much more dramatic shrinking effect, as anticipated.  

 The samples in Figure 3.3 were developed with 20% AAc within the core component.  

As discussed earlier, the core samples do show some slight temperature dependence from the 

thermo-sensitive NIPA co-polymers, although the overall change in radius is only about 10 nm.  

This change is hardly substantial.  The uncertainty within these size measurements is on the same 

order of magnitude.  In contrast to the cores, the core-shell particles change radius by about 45 

nm. The relevant temperature domains for the experiment are those between room temperature, 

25 ○C, and the human body temperature, 37 ○C. Comparing the volume change between these 

points, we find that the core changes by about 5.5 aL (1 aL =106 nm3) while the core-shell 

changes by roughly 17.5 aL—greater by a factor of 3.2. 
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Figure 3.3 Equilibrium swelling measurements taken for the core (circles) and core-shell 
(squares) particles at 20% AAc core composition.  The core alone displays little temperature 
dependence of its size as compared with the core-shell counterpart. 
 
 In Figure 3.4, we find similar results on the equillibrium swelling for both core (circles) 

and core-shell (squares) particles created with a variant composition of 30% AAc.  In this case 

we observe that each sample is larger in comparison to the 20% AAc counterparts found in 

Figure 3.3.  This effect can be accounted for by the increased pH-sensitivity introduced by the 

particles with the addition of acrylic acid within the cores’ composition.  This component is 

known to introduce increased swelling behavior in response to pH. Comparing the 20% AAc 

core to its 30% counterpart, we see the size alters by about a facor of two.  However, we can see 

a similar behavior in that there is a weak temperature dependence for the particle radius for core 
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particles. However, the sample’s size change is much larger, with a range of 75 nm in the total 

change of radius. Similar results are obtained with the core-shell sample. These particles show a 

much stronger size dependence, changing by about 200 nm overall.  We again compare the 

volume changes occurring between 25○C and 37○C.  The core undergoes a volume decrease of 

about 54 aL while the core-shell goes through about 295 aL.  A factor of 5.4 accounts for these 

samples’ differences in volume change. 
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Figure 3.4 Equilibrium swelling measurements taken for the core (circles) and core-shell 
(squares) particles at 30% AAc core composition.  The temperature dependence of size for these 
samples is similar to that of Fig. 3.3, but enhanced. 
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3.3.2 Release Kinetics 

In Figures 3.6 and 3.7, we have plotted profiles for the release kinetics of both the core 

and the core-shell particles.  Below is a plot of the release curves for rhodamine 6G core (circles) 

and core-shell structures (squares).  The samples were prepared identically, using the same mass 

of dried particles (0.2 g) and loaded with the same mass of rhodamine solution (10g).  Each of 

the release experiments lasted over a period of a few dozen hours.  In each case, the timing was 

calibrated with respect to the first measurement.  About 20 minutes of lag time was allotted 

between the initial release and the first measurement.  We observe both similarities and 

differences within these release profiles.  In both cases, the shell appears to reduce the dye’s 

release rate. 

 

 

 

Figure 3.5 Schematic of the swelling behavior of the two nanoparticle systems. An increase in 
temperature is envisioned going left to right. (a) Even with increased temperature, the core 
system does not exhibit a dramatic change in size. (b) With the addition of the thermosensitive 
shell, a greater change of volume can be produced through the same change of temperature. 
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Further comparison can also be noted between these two cases.  Note from the 20% AAc 

systems in Figure 3.6 that at times between about five (5) and seven (7) hours, while the core is 

continuing in its steady stage of release, the core-shell has nearly reached its asymptotic limit.  

This behavior is mirrored in the case of the 30% AAc system in Figure 3.7. The deviation in the 

release rates appears in nearly the same window of time.   

There are no obvious differences observed between the overall time scales for these 

systems’ release profiles.  The 20% AAc systems each appear to reach completion by about 20 

hours; the 30% AAc systems display the same behavior. Within the first few hours of each 
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Figure 3.6 Release profile for the core (circles) and core-shell (squares) systems with 20% 
acrylic acid (AAc) cores.  Each system requires about one day of release to reach its asymptotic 
value. However, for the same loading, the core-shell shows a reduced effect.   
 



66 

experiment, the dye release occurs at nearly the same rate.  Beyond this, we observe that the 

departure of the concentrations at later times appear to be slightly different. 

 

 

 

 

 

 

 

 

 

 

 

We can plainly see that in both cases, the core-shell release rates are lowered early on 

when compared to their core counterparts. Comparing at the release concentrations at 25 hours, 

for example, we see that the magnitude of the differences in concentration between the core and 

samples is roughly 0.25 x 10-6 mol/L for the 20% sample and 0.35 x 10-6 mol/L for the 30% 

sample.  It is difficult to interpret exactly what this difference means in relation to the variation 

of chemical composition selected for these particles. However, in both cases we may interpret 
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Figure 3.7 Release kinetics for core (circle) and core-shell (square) release systems each 
carrying 30% AAc within their cores. For this variation of composition we observe similar 
behavior as with the 20% AAc counterparts. 
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that the shell’s effect on the release kinetics as a kind of shielding phenomenon. In Figure 3.8, 

below, we present a qualitative illustration to account for the observed phenomena. The dye 

molecules initially held within the core can freely navigate out from the particle as the 

hydrophobicity of the core is relatively unaffected with the rise in temperature. For the core-shell 

particle, the situation is slightly more complicated.   

 

 

 

 

 

` 

 

 

 

 

Figure 3.8 A qualitative model accounting for the difference in the observed release profiles.  (a) 
Dye molecules within the core move freely outside of the particle.  (b) In the core-shell situation, 
some dye molecules move out due to the exclusion of water while others remain due to the 
increased hydrophobicity of the surrounding shell. 
 

Once the temperature is raised, the shell shrinks significantly.  As described earlier, this 

shrinking is caused by the exclusion of water molecules due to significantly increased 

hydrophobicity.  The displacement of water that accompanies this phase transition is also likely 

to draw out a significant number of dye molecules within the shell.  However, for the dye 
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molecules closer to the center of the core-shell particles, the situation is slightly different.  The 

shell is now increasingly hydrophobic and so these molecules are much more likely to stay 

within the inner region. 

As further evidence of this model, we carried out a separate release experiment under 

these same conditions for the core-shell particles.  In Figure 3.9 we have plotted the observed 

release pattern for this experiment. The data points are connected for visual aid. After waiting for 

over two days of release, the sample reaches a nearly asymptotic limit.  The temperature within 

the heat bath is then shifted from 37 ○C to 27 ○C over the course of roughly two hours.  We 

observe a dramatic increase in the release rate of the dye after the sample has been cooled in this 

way. 

 

 

 

 

 

 

 

 

 

 

 

 

  

 
Figure 3.9 Evidence that dye molecules remain captured even within the asymptotic time 
limits by the cores of the core-shell particles.  Temperature is decreased near the asymptotic 
limit as indicated by the dashed line.  We observe an increased diffusion of dye molecules 
after this decrease of temperature.  The line connecting the data points is inserted as a visual 
aid. This phenomenon was not observed with the core particles. 
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We will also note that for each of the release experiments involving the core-shell 

particles (listed in Figures 3.6 and 3.7) we could easily observe the dye remaining encased by the 

particles.  In other words, the core-shell samples remained the color of the dye for a matter of 

days, whereas the cores lost their color within this same span of time. This, yet again, implies 

that the cores are less likely to hold on to the dye once placed within the release apparatus. The 

core-shells tend to hold on to the dye while at elevated temperatures—above about 32 ○C. 

 

3.4 Chapter Conclusions 

 From the evidence presented, it appears that we have a consistent picture of what causes 

the observed differences in the release profiles of the core and core-shell nanoparticles.  At this 

point, however, it is too soon to give as full an account of this qualitative picture as we might 

wish.  In particular, we have no known way of accurately testing the shell thickness as a function 

of temperature as the present methods only allow for measurement of a particles’ outer radius.  

Knowledge of this information could allow for a more revealing study of how the release 

kinetics is affected by not only the presence of a PNIPA shell, but also its thickness.   

 We have revealed that there are minor changes in the release from these particles as we 

vary the chemical composition of the cores. For a more detailed study, we might wish to reverse 

the chemical compositions: i.e. allow the copolymer to occupy the shell with PNIPA acting as 

the core.  Also, addressing the combination of effects including the shell thickness may allow for 

greater understanding of the release kinetics for this structure.  These results suggest some 

indication that there is potential to explore how the release kinetics may be further modified 

through alterations in these nanoparticles’ design features. 
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CHAPTER 4  

THE INCLUSION OF SURFACE ENERGY FOR MICROGELS 

4.1 Introduction 

Within the past few decades, there have been a number of efforts devoted to the phase 

transitions of polymer gels.  This body of work is almost exclusively associated with the volume 

changes which accompany such transitions.  The most prominent advancement within this range 

of studies is the mean field theory of swelling equilibrium which was first proposed by Flory and 

Huggins in the early 1940s.  Since its inception, the theory has provided a thermodynamic 

description of the swelling of gel network structures on the basis of: (1) the changes in energy 

and entropy associated with the mixing of the pure polymer and pure solvent components and (2) 

the entropic contributions associated with the stretching of polymer chains. 

Additional contributions were later introduced by Vermaas and Hermans in order to 

extend this model to account for the swelling of ionic gel networks.  Since that time there have 

been a number of attempts to supplement this formulation so as to reconcile the gaps observed 

between theory and experiment.  These efforts have included, but are not limited to: non-

Gaussian chain distributions, series expansions of the Flory solubility parameter, polydispersity 

of chain lengths, effects due to loops or free branches within the polymer network, and 

electrostatic energy contributions.  All of these attempts have rested on the treatment of the bulk 

of the gel network.  To our knowledge, there has not been an effort to account for the network 

structure’s surface interfacial contribution to the total energy.  Meanwhile, with the advance of 

nanotechnology, microgel systems have reached limiting scales on the order of tens of 

nanometers.  Naturally, the surface area to volume ratio becomes larger as we approach these 
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proportions.  It is reasonable then to suspect that surface energy may play an important role in 

equilibrium swelling as gel formation is limited to smaller and smaller scales. 

 

4.2 Theory 

4.2.1 Mean Field Theory of Flory and Huggins: A Review 

Before giving explicit consideration to the inclusion of surface energy to a gel system, 

some book-keeping is necessary.  Let us first review the accepted theory of polymer network 

swelling as it is commonly presented.  This section is not intended as an exhaustive treatment of 

the mean-field theory, but should guide the reader through the essential concepts necessary in 

understanding its content.  Once a sufficient level of detail is in hand, our discussion will 

continue onto the proposed hypothesis. 

According to the statistical approach for polymer solutions, the thermodynamics of gel 

swelling is understood as the integration of two basic processes:  Firstly, the mixing of polymer 

and solvent; secondly, the network elasticity induced by the presence of cross-links.  The 

following paragraphs give detail to each of these processes. 

 

4.2.1.1 Liquid Lattice Theory 

In understanding the thermodynamics of polymer solutions, one relies partly on a model 

derived from liquid lattice theory.  As a matter of simplicity, we imagine each of the individual 

monomer and solvent molecules residing on separate lattice points—see Figure 4.1 below as an 

illustration. For the situation where the monomer units are perfectly individuated—as with any 

ordinary solution—there is no restriction on where a single monomer is placed in relation to any 

other.  As such, the monomers and solvent molecules can allow for a large number of 
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arrangements; see Figure 4.1 (a) for example.  In contrast, if each monomer unit is part of a 

single polymer chain, then it follows that there is a much heavier restriction on the set of possible 

arrangements of these units; see Figure 4.1 (b) for example. 

 

 

 

 

 

 

 
 
 
Figure 4.1 (a) The lattice on the left depicts one possible arrangement of individual monomer 
units (   ) within a bath of solvent molecules (   ). (b) If the same monomer units are joined to 
make a polymer, the number of possible configurations is restricted by this arrangement. 
 
 
4.2.1.2 The Mixing Process 

From this model, we can obtain the change in entropy due to this set of configurations. 

The reference state is taken as that of separated pure solvent and pure polymer—in a perfectly 

crystalline arrangement. We first find the total number of arrangements Ω possible within a grid 

containing n0= n1 + xn2 lattice sites, where n1 is the number of solvent molecules, n2 is the 

number of polymer molecules and x is the number of monomers within each polymer molecule. 

Supposing that i molecules have already been placed within the lattice, the number of lattice sites 

available to the first monomer of the i +1st molecule will be (n0-xi). There will be a certain 

number of cells neighboring this first monomer; we define this as the coordination number, z.  

Not each of these sites are available to the second monomer, however, as some of them have 

(a) (b) 
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likely been occupied by monomers within the previous i polymers. To address this concern, we 

define fi as the probability that a given neighboring cell is occupied.  The number of available 

cells must then be z (1- fi). For the second monomer, the coordination number has decreased by 

one by placement of the previous monomer, and so the number cells available to this unit must 

be (z -1)(1- fi).  For the remaining units of the polymer, the number of available sites is most 

likely to remain as that given by the second monomer unit.  Therefore, the number of 

combinations possible for x contiguous sites available to the i +1st molecule must be given by 

𝜐𝑖+1 = (𝑛0 − 𝑥𝑖)𝑧(𝑧 − 1)𝑥−2(1 − 𝑓𝑖)𝑥−1.        (4.1) 

The number of ways in which all 𝑛2 polymers could be arranged in this way will be given 

simply by the product of the combinations available to each of these polymers.  However, 

because the polymers are identical, the number of permutations between differing polymers 

creates a redundancy in this counting scheme.  It follows that the number of unique arrangements 

will be given by 

Ω =
1
𝑛2!

�𝜐𝑖

𝑛2

𝑖=1

.       (4.2) 

Some approximations remain.  The probability of occupation fi is replaced by its average in the 

expression1 − 𝑓𝚤� = (𝑛0 − 𝑥𝑖)/𝑛0 .  The lone factor of z occurring in equation (4.1) is replaced 

with z-1. Also, for convenience, we can approximate (𝑛0 − 𝑥𝑖)𝑥 ≅ (𝑛0 − 𝑥𝑖)!/(𝑛0 − 𝑥𝑖 − 𝑥)! 

while allowing for some level of error.  The number of arrangements then becomes 

Ω =
𝑛0!

(𝑛0 − 𝑥𝑛2)!𝑛2!
�
𝑧 − 1
𝑛0

�
𝑛2(𝑥−1)

.      (4.3) 

By way of the Boltzmann relation S = kB ln Ω—with kB as Boltzmann’s constant—and with the 

aid of Stirling’s approximation, we arrive at the change in entropy associated with set of 

configurations: 



75 

𝑆𝑐 = −𝑘𝐵 �ln �
𝑛1

𝑛1 + 𝑥𝑛2
� + ln �

𝑥𝑛2
𝑛1 + 𝑥𝑛2

� − 𝑛2(𝑥 − 1) ln �
𝑧 − 1
𝑒

�� .        (4.4) 

From this expression, we can obtain the entropy of mixing.  To do this, first note that 

when we allow 𝑛1= 0, we would have only the entropy introduced due to the disorientation of 𝑛2 

polymers each having 𝑥 monomer units. We will ignore this contribution for now and simply 

note that the remaining terms provide us with the entropy of mixing the disoriented chains with 

solvent. 

Δ𝑆𝑚𝑖𝑥𝑖𝑛𝑔 = −𝑘𝐵(𝑛1 ln𝑣1 + 𝑛2 ln 𝑣2),          (4.5) 

where the volume fractions of the solvent and polymer are given by 𝑣1 and 𝑣2, respectively, as 

𝑣1 =
𝑛1

𝑛1 + 𝑥𝑛2
   ,    𝑣2 =

𝑥𝑛2
𝑛1 + 𝑥𝑛2

 .         (4.6) 

The lack of accounting for individual chain contributions is rectified later. 

Alongside the change in entropy for the mixing process, there is also an associated 

change in the intermolecular forces which arises due to the interchange of monomer-monomer 

and solvent-solvent interactions for monomer-solvent interactions.  Remembering that we have 

taken the reference state as that of separated pure solvent and pure polymer, only the difference 

in total energy from this state is relevant to our analysis.  The change of interaction in this picture 

is what defines the heat of mixing, Δ𝐻𝑀. From the liquid lattice model, we see that each site 

accommodates only a single monomer unit or a single solvent molecule. It follows that there are 

three possible interactions available: solvent-solvent [1,1], monomer-monomer [2,2], or solvent-

monomer [1,2]. The law of proportions establishes that the number of nearest neighbor solvent-

monomer interactions created is made at the expense of the number of solvent-solvent and 

monomer-monomer interactions according to 

1
2
[1,1] + 1

2
[2,2] = [1,2].             (4.7) 
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Denoting the associated energies for each of these neighboring contacts as 𝑤1,𝑤2, and 

𝑤12, it follows that the change in energy in creating a contact between unlike species must be 

Δ𝑤12 = 𝑤12 −
1
2
(𝑤1 + 𝑤2).             (4.8) 

For a given arrangement of polymers within a solvent, we define the number of contacts 

between unlike neighbor pairs as 𝑝12.  From this definition, the heat of mixing must be given by 

Δ𝐻𝑚𝑖𝑥𝑖𝑛𝑔 = Δ𝑤12𝑝12.            (4.9) 

It is assumed that the probability of finding a solvent in contact with a polymer segment 

is proportional to the solvent volume fraction, 𝑣1. With this assumption, and to a rough 

approximation, the number of contacts can then be estimated as 

𝑝12 = 𝑧𝑥𝑛2𝑣1 = 𝑧𝑛1𝑣2.           (4.10) 

Thus, this may be recast into the so-called van Laar expression, which is the standard 

heat of mixing for any two component system: 

Δ𝐻𝑚𝑖𝑥𝑖𝑛𝑔 = zΔ𝑤12𝑛1𝑣2.      (4.11) 

However, because several of the parameters listed in Eq. (4.11) are not available 

empirically, the heat of mixing is further rewritten to express this statement in phenomenological 

form 

Δ𝐻𝑚𝑖𝑥𝑖𝑛𝑔 = 𝑘𝑏𝑇𝜒𝑛1𝑣2,     (4.12) 

where the parameter 𝜒—the polymer-solvent interaction parameter—describes the ratio of the 

electrostatic energy per solvent molecule to the characteristic thermal energy 𝑘𝑏𝑇. 

A close inspection of the available literature reveals that there are various approaches to 

expressing the polymer-solvent interaction parameter—i.e., as a constant, as a function of 

temperature, as a function of polymer concentration, etc. The most common treatment found is 

that based on an argument given by Flory.  The claim is that there is no “a priori justification” for 
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considering that the entropy may not also be affected by “a contribution…from first neighbor 

interactions.”  In other words, our earlier calculation for the entropy of mixing is incomplete in 

that we have only calculated configurations due the external arrangement of chains; we have 

neglected to account for any potential contributions due to the addition of solvent.  On the basis 

of this assertion, the interaction parameter may be expressed in a standard form 

𝜒 =
𝛿ℎ − 𝑇𝛿𝑠

2𝑘𝐵𝑇
 ,       (4.13) 

where δh and δs are the respective changes in enthalpy and entropy associated with the 

interchange of polymer segment-segment and segment-solvent interactions.  (The term δs will 

rectify our neglect for the detailed arrangement of monomers within a chain.) 

 By the standard thermodynamic equation, we can now finally write the Gibbs free energy 

change associated with the mixing process 

Δ𝐺𝑚𝑖𝑥𝑖𝑛𝑔 = Δ𝐻𝑚𝑖𝑥𝑖𝑛𝑔 − 𝑇Δ𝑆𝑚𝑖𝑥𝑖𝑛𝑔                       

                                        = 𝑘𝑏𝑇{𝑛1 ln 𝑣1 + 𝑛2 ln 𝑣2 + 𝜒𝑛1𝑣2}          (4.14) 

 

4.2.1.3 The Cross-Linking Process and Elasticity 

The introduction of cross-linkages within the polymer solution is represented in Figure 

4.2.  We begin with a solution of polymers which have random orientations described by a 

probability distribution.  The introduction of cross-links is assumed to be supplied randomly, as 

their locations are only determined by the intersection from the units of neighboring chains. 
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Figure 4.2 The panels above provide a schematic representation of the cross-linking process. A 
solution of polymers (left panel) is distributed with random configurations for each individual 
polymer. As the cross-links are introduced (right panel), limitations arise on any future 
configurations for the developed network. 
 
 

It is instructive to provide a brief review on the statistical distribution for polymer 

configurations. We begin with a hypothetical chain having an arbitrary number, n, of units 

having a fixed step size l. The individual monomer units are represented by a collection of 

vectors having a fixed magnitude but varying directions—this is the random flight model; see 

Figure 4.3.  It is evident that the end-to-end displacement for the polymer chain, r, is given 

simply by the vector sum of the individual steps. The objective is to find a probability 

distribution describing this set of possible chain configurations.  To find this, we first restrict our 

attention to only a single component of the displacement vector: the x-direction.  
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Figure 4.3 The illustration depicts a typical random flight of fixed step size in three dimensions. 

 

Provided that the number of steps, n, is chosen to be exceedingly large then the probability, 

W(x)dx, that the x component of the displacement resides between the values x and x+dx is given 

by a Gaussian distribution 

𝑊(𝑥)𝑑𝑥 =
𝛽
√𝜋

𝑒−𝛽2𝑥2𝑑𝑥           (4.15) 

where 

𝛽 =
1
𝑙
� 3

2𝑛
  .            (4.16) 

The remaining components of the displacement vector, y and z, must follow the same 

form by symmetry considerations. To a good approximation, none of the components’ 

distribution functions will interfere with one another—W(y) depends only on y, W(z) depends 

r 

z 

y 

x 
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only on z, etc.  From this, the full distribution function expressing each of the components of r is 

given by 

𝑊(𝑥,𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 = 𝑊(𝑥)𝑊(𝑦)𝑊(𝑧)𝑑𝑥𝑑𝑦𝑑𝑧                        

                         =
𝛽3

𝜋3/2 𝑒
−𝛽2𝑟2𝑑𝑥𝑑𝑦𝑑𝑧,          (4.17) 

where r is the magnitude of the displacement vector. 

 Returning now to the cross-linked network, we assume that each individual chain can, to 

an adequate approximation, be treated by the Gaussian distribution above.  We now introduce a 

homogeneous strain with components αx, αy and αz in the corresponding Cartesian directions. An 

individual chain vector ri, beginning with components xi/αx, yi/αy, and zi/αz will be transformed 

via strain into the components xi, yi and zi , respectively.  We can now express the number of 

chains υi having end-to-end components in the ranges xi + Δx, yi + Δy, and zi + Δz after the 

presented deformation as 

𝜐𝑖 =
𝜐𝑊 �𝑥𝑖𝛼𝑥

, 𝑦𝑖𝛼𝑦
, 𝑧𝑖𝛼𝑧

�𝛥𝑥𝛥𝑦𝛥𝑧

𝛼𝑥𝛼𝑦𝛼𝑧
=
𝜐𝛽3𝑒

−𝛽2��𝑥𝑖𝛼𝑥
�
2
+�𝑦𝑖𝛼𝑦

�
2
+�𝑧𝑖𝛼𝑧

�
2
�
𝛥𝑥𝛥𝑦𝛥𝑧

𝜋3/2𝛼𝑥𝛼𝑦𝛼𝑧
,       (4.18) 

where 𝜐 is the total number of chains. Likewise, we can define the probability 𝜔𝑖 that a chain has 

components xi, yi, and zi within the respective ranges 𝛥𝑥,𝛥𝑦, and 𝛥𝑧 as 

𝜔𝑖 = 𝑊(𝑥𝑖,𝑦𝑖, 𝑧𝑖)𝛥𝑥𝛥𝑦𝛥𝑧.           (4.19) 

Provided we have the number of chains 𝜐𝑖 of specified end-to-end spatial components 

along with respective probabilities,𝜔𝑖, we can find the combined probability that the entire 

network fulfills this set of coordinates.  Noting that the order of chains is not of importance, this 

probability must be given by 

𝜐!�
𝜔𝑖

𝜐𝑖

𝜐𝑖!𝑖

             (4.20) 
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This probability alone is not sufficient, however. We further require that the monomer 

units that have conspired to create each cross-linkage all fall within appropriate proximity to one 

another.  Of the units participating in cross-linkage, 𝜐, the probability that two such units are 

situated within the same local volume region δV within a total volume V is given by (𝜐 -1) δV/V; 

for the next two units to link, the probability will be (𝜐 -3) δV/V, and so on.  Continuing in this 

way, the overall probability for all such intersections to be made is given by 

(𝜐 − 1)(𝜐 − 1) … (1)
δ𝑉
𝑉
≅ �

𝜐
2
� ! �

2δ𝑉
𝑉
�
𝜐
2

.        (4.21) 

And so, the combined probability for the formation of a cross-linked network having the 

specified chain coordinates noted earlier, we have 

𝛺 = 𝜐! �
𝜐
2
� ! �

2δ𝑉
𝑉
�
𝜐/2

�
𝜔𝑖

𝜐𝑖

𝜐𝑖!𝑖

.           (4.22) 

The entropy change in going from the unstrained 𝑉0 to the deformed 𝑉 = 𝛼𝑥𝛼𝑦𝛼𝑧𝑉0 state is then 

calculated, with use of the Boltzmann relation S = kB ln Ω  and the equations listed earlier, as 

∆𝑆𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = −
𝑘𝐵𝜐𝑒

2
�𝛼𝑥2+𝛼𝑦2 + 𝛼𝑧2 − 3 − ln (𝛼𝑥𝛼𝑦𝛼𝑧)�,        (4.23) 

where the number of chains 𝜐 is now replaced by the effective number of chains 𝜐𝑒.  It is 

assumed that the network deformation does not produce any substantial changes in the internal 

energy when taken in comparison with the mixing process. We can then safely write the free 

energy change associated with this change in entropy by the standard thermodynamic relation 

∆𝐺𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = −𝑇∆𝑆𝑒𝑙 = −
𝑘𝐵𝑇𝜐𝑒

2
�𝛼𝑥2+𝛼𝑦2 + 𝛼𝑧2 − 3 − ln (𝛼𝑥𝛼𝑦𝛼𝑧)�.       (4.24) 
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4.2.1.4 Swelling of the Network 

The free energy change describing the development of a three-dimensional polymer 

network, such as a gel, is expressed by the sum of the mixing and elastic free energy 

contributions.  Combining these terms, from Eq. (4.14) and (4.24), we have 

∆𝐺 = ∆𝐺𝑚𝑖𝑥𝑖𝑛𝑔 + ∆𝐺𝑒𝑙𝑎𝑠𝑡𝑖𝑐                                                                                                                          

= 𝑘𝑏𝑇[𝑛1 ln 𝑣1 + 𝑛2 ln 𝑣2 + 𝜒𝑛1𝑣2] −
𝑘𝐵𝑇𝜐𝑒

2
�𝛼𝑥2+𝛼𝑦2 + 𝛼𝑧2 − 3 − ln (𝛼𝑥𝛼𝑦𝛼𝑧)�      (4.25) 

In the case of a perfect network, the number of chains 𝑛2 can be treated as effectively zero. Also, 

since we are interested in swelling, the strain may be treated as isotropic, i.e. 𝛼𝑥 = 𝛼𝑦 = 𝛼𝑧 = 𝛼. 

The free energy simplifies to read 

∆𝐺 = 𝑘𝑏𝑇[𝑛1 ln𝑣1 + 𝜒𝑛1𝑣2] −
𝑘𝐵𝑇𝜐𝑒

2
[3𝛼2 − 3 − ln (𝛼3)]       (4.26) 

We can again take the un-swollen network volume 𝑉0 as our reference state, where 𝑉 = 𝛼3𝑉0.  

Also, this allows us to write 

𝛼3 =
1
𝑣2

=
𝑉0 + 𝑛1v1

𝑉0
         (4.27) 

where v1 is the volume of one solvent molecule.   

The swelling of the gel network is guided by the chemical potential gradient between the 

gel network and the pure solvent, 

∆𝜇 = µ𝑔𝑒𝑙 − µ𝑝𝑢𝑟𝑒 𝑠𝑜𝑙𝑣𝑒𝑛𝑡 .          (4.28) 

This can be expressed in terms of the free energy by the standard thermodynamic relation, 

∆𝜇 = 𝑁 �
𝜕(∆𝐺)
𝜕𝑛1

�
𝑇,𝑃

= ∆𝜇𝑚𝑖𝑥𝑖𝑛𝑔 + ∆𝜇𝑒𝑙𝑎𝑠𝑡𝑖𝑐 .         (4.29) 

where 𝑁 is Avogadro’s number. The terms on the right-hand side of Eq. (4.29) are then 

expressed as 
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∆𝜇𝑚𝑖𝑥𝑖𝑛𝑔 = 𝑁�
𝜕(∆𝐺𝑚𝑖𝑥𝑖𝑛𝑔)

𝜕𝑛1
�
𝑇,𝑃

= 𝑁𝑘𝑏𝑇 [𝑣2 + ln(1 − 𝑣2) + 𝜒𝑣22],                               (4.30) 

∆𝜇𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = 𝑁 �
𝜕(∆𝐺𝑒𝑙𝑎𝑠𝑡𝑖𝑐)

𝜕𝑛1
�
𝑇,𝑃

= 𝑁v1𝑘𝑏𝑇𝜌 ��
𝑣2
𝑣20

�
1/3

−
𝑣2

2𝑣20
� ,                                       (4.31) 

where we have inroduced 𝑣20, the volume fraction of the polymer within the un-swollen network 

and 𝜌, the cross-link density of the network in the un-swollen state.  Swelling equilibrium is 

defined as the point where the difference in chemical potential between the gel and the pure 

solvent reaches zero (∆𝜇 = 0).  This condition provides the equation of state for the gel, i.e., the 

volume (or swelling ratio) of the gel as a function of temperature: 

1
𝑇

=
2𝑘𝐵
𝛿ℎ𝑣22

 �
𝛿𝑠𝑣22

2𝑘𝐵
+ 𝜌v1 �

𝑣2
2𝑣20

− �
𝑣2
𝑣20

�
1/3
� − 𝑣2 − ln(1 − 𝑣2)� .              (4.32) 

 

4.2.2 The Inclusion of Surface Energy  

Within the formalism presented thus far, the thermodynamic potential’s change has only 

been considered within the bulk of the gel; no regard has been allotted to any terms proportional 

to surface area.  Let us now turn our attention to the inclusion of surface energy to the existing 

model.  We begin by recasting Eq.(4.25) in differential form along with the addition of a surface 

energy term defined in the usual sense 

𝑑𝐺 = 𝑑𝐺𝑚𝑖𝑥𝑖𝑛𝑔 + 𝑑𝐺𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝑑𝐺𝑠𝑢𝑟𝑓𝑎𝑐𝑒    ,      𝑑𝐺𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = −𝛾𝑑𝒮                        (4.33) 

where, 𝛾 is the surface tension coefficient and 𝑑𝒮 is a differential increase in the total surface 

area.  The minus sign reflects the fact that the surface tension tends to increase the chemical 

potential in the neighborhood of the surrounding solvent. For simplicity, let us limit the 

discussion to the most ubiquitous case of spherical gels, i.e. 

𝑉 = 4𝜋
3
𝑟3  →  𝑟 = �3𝑉

4𝜋
�
1/3

,          (4.34) 
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where, 𝑉 and 𝑟 denote the volume and radius of the sphere, respectively. With this change of 

variables, we now have 

𝑑𝒮 = 8𝜋𝑟𝑑𝑟 = 2 �
4𝜋
3
�
1/3

𝑉−1/3𝑑𝑉.       (4.35) 

Upon integration of the surface term in Eq. (4.33), we then have 

𝛥𝐺𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = −𝛾� 𝑑𝒮′
𝒮

𝒮0
= −2𝛾 �

4𝜋
3
�
1
3
� 𝑉′−1/3𝑑𝑉′
𝑉

𝑉0

= −32/3(4𝜋)1/3𝛾 �𝑉2/3 − 𝑉0
2/3�.     (4.36) 

Adding this to the total free energy change permits Eq. (4.25) to be rewritten as 

∆𝐺 = ∆𝐺𝑚𝑖𝑥𝑖𝑛𝑔 + ∆𝐺𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + ∆𝐺𝑠𝑢𝑟𝑓𝑎𝑐𝑒

= 𝑘𝑏𝑇[𝑛1 ln𝑣1 + 𝜒𝑛1𝑣2] −
𝑘𝐵𝑇𝜐𝑒

2
[3𝛼2 − 3 − ln (𝛼3)]

− 32/3(4𝜋)1/3𝛾 �𝑉2/3 − 𝑉0
2/3�                                              (4.37) 

The volume terms may be replaced by the identity 

𝑣20
𝑣2

=
𝑉
𝑉0

=
𝑟3

𝑟03
   →    𝑟 = 𝑟0 �

𝑣20
𝑣2
�
1/3

                    (4.38) 

and so, the chemical potential difference produced by the surface energy is given by 

∆𝜇𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = 𝑁 �
𝜕(∆𝐺𝑠𝑢𝑟𝑓𝑎𝑐𝑒)

𝜕𝑛1
�
𝑇,𝑃

= −
2𝛾v1
𝑟0

�
𝑣2
𝑣20

�
1/3

.                                 (4.39) 

At thermodynamic equilibrium, the analog to Eq.(4.29) must hold similarly, as 

∆𝜇 = ∆𝜇𝑚𝑖𝑥𝑖𝑛𝑔 + ∆𝜇𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + ∆𝜇𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = 0.             (4.40) 

The equation of state is similarly derived from this condition 

1
𝑇

=
2𝑘𝐵

𝛿ℎ𝑣22 −
4𝛾v1
𝑟0

� 𝑣2𝑣20
�
1/3  �

𝛿𝑠𝑣22

2𝑘𝐵
+ 𝜌v1 �

𝑣2
2𝑣20

− �
𝑣2
𝑣20

�
1/3
� − 𝑣2 − ln(1 − 𝑣2)� .       (4.41) 
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Notice that Eq.(4.41) taken in the limiting case where 𝛾 → 0 allows us to retrieve the original 

equation of state described by Eq.(4.32). 

1
𝑇

=
2𝑘𝐵
𝛿ℎ𝑣22

 �
𝛿𝑠𝑣22

2𝑘𝐵
+ 𝜌v1 �

𝑣2
2𝑣20

− �
𝑣2
𝑣20

�
1/3
� − 𝑣2 − ln(1 − 𝑣2)� .              (4.42) 

Note that this is alternatively true in the limit when 𝑟0 → ∞.  It is clear then, that the denominator 

of Eq.(4.41) characterizes the importance of the surface energy. 

 

4.3 Experiment 

4.3.1 Synthesis 

4.3.1.1 Materials 

Poly(N-isopropylacrylamide) (PNIPA) was purchased from Polysciences Inc. and 

recrystallized from hexane prior to use. N,N'-methylenebis(acrylamide) (BIS) was purchased 

from Bio-Rad Co. Potassium persulfate (KPS), Sodium chloride and Sodium dodecyl sulfate 

(SDS ) were purchased from Aldrich Co. and used as received. Distilled and deionized water was 

used throughout all the experiments. 

 

4.3.1.2 Preparation of PNIPAM Microgels 

PNIPAM dispersions were synthesized via precipitation polymerization.  For each of the 

samples in this study, the total monomer concentration was set to 137 mM in 245 ml of aqueous 

solution. The cross-linking density was held constant at 2.5 mol% for all samples.  The SDS 

content varied from sample to sample for control of particle size and polydispersity.  The 

solution was stirred for 30 minutes under N2 gas purging while the solution temperature was set 

to 70○C.  Polymerization was initiated with the addition of 0.17 g of KPS dissolved in 20 ml of 

deionized water.  All reactions were carried out at 70○C for 5 hours under N2 atmosphere.  The 
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compositions varied only in the amount of SDS added to the solutions.  This content varied 

between 0.02 g to 1.5 g.  The microgel samples of low to moderate SDS content—0.02 to 0.6 

grams—were purified by dialysis for one week while changing water twice per day. For those 

samples containing higher amounts—greater than 1.0 grams—of SDS, the dialysis was carried 

out over the course of two weeks.  In the subsequent section, each datum is labeled by its 

approximate radius at the transition temperature (32 ○C).  For example, R0-37 is the name 

assigned to the gels that were about 37 nm at the transition temperature. 

 

4.3.2 Particle Size Measurements 

4.3.2.1 Dynamic Light Scattering 

The hydrodynamic radius and size distribution of the PNIPAM particles were measured 

using a dynamic light scattering spectrometer (ALV, Germany), equipped with an ALV-5000 

digital time correlator and a helium-neon laser (Uniphase 1145P, output power of 22 mW and 

wavelength of 632.8 nm).  All the measurements were performed at a scattering angle of 90°.  A 

temperature-controlled circulating water bath allowed for equilibrium swelling measurements. 

Figure 4.4, displayed within the following few pages, shows each of the data sets 

obtained via dynamic light scattering.  We have selected the reference size r0 for each of the 

samples by the radius of the gel at the critical point—i.e., the size at 32 ○C.  Note that each of the 

data points plotted on these graphs is calculated by averaging ten consecutive measurements.  

Each individual measurement by itself follows a Gaussian size distribution.  We have not 

included the distributions obtained for each individual measurement as these details add little 

insight into our study.  The uncertainty shown in the swelling curves below are calculated by the 

standard deviation of the set of averages from these sets of measurements. 
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Figure 4.4 These swelling curves depict the radii of the microgels prepared in this study as they 
varied with temperature.  The samples were prepared so as to allow a variety of size ranges.  The 
radii at the critical temperature for each of the plots are measured as (a) 180 nm, (b) 121 nm, (c) 
90 nm, (d) 47 nm, (e) 37 nm, (f) 35 nm, (g) 34 nm, (h) 29 nm, (i) and (j) both 27 nm. 

 

4.4 Results and Discussion 

We now compare the experimental data with the theoretical picture developed above.  

For the purposes of analysis, it is preferred to express the equation of state in terms of the 

swelling ratio, defined by 
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.       (4.43) 

We can easily employ this substitution to the raw data listed in Fig. 4.4 with the assumption that 

each particle may be modeled as a perfect sphere when calculating its volume. Also with this 

substitution, Eq. (4.41) may be expressed as: 
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Similarly, in the large gel limit, 𝑟0 → ∞, described by Eq. (4.42), we now have: 
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1
𝑇
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2𝑘𝐵𝑞2

𝛿ℎ𝑣202
 �
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𝑣2
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�
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We begin the analysis by first calibrating to the large gel limit. The largest sample among 

the data in Fig 4.4 has a reference radius of 180 nm.  We will assume that this scale may be 

counted as “macroscopic” for the sake of this model; that is, surface energy plays no relevant 

role for this sample.  We have analyzed the swelling curve of this sample using Eq. (4.45) above.  

Standard values may be used for the Boltzman constant, 𝑘𝐵 = 1.38 x 10-23 J/K, as well as the unit 

volume of the solvent (water in this case), v1 = 2.99 x 10-29 m3. We have selected the remaining 

parameters as 𝛿ℎ = -5.57 x 10-18 J, 𝛿𝑠 = -1.813 x 10-20 J/K, 𝜌 = 1.1 x 1028 m-3 and 𝑣20 = 0.145. 

The above parameters scale within the ranges found previously2.  It should be noted, 

however, that the authors in this reference found substantial disagreement—by several orders of 

magnitude—between these parameters’ values as obtained through curve fitting using the above 

equation as opposed to those same values found by independent measurement.  For example, the 

independently determined enthalpy value was estimated at 𝛿ℎ = -8.7 x 10-21 J for NIPA in water.  

This value is off by a factor of one thousand compared to the curve fitting value.  Similar 

discrepancies are found for the parameters 𝛿𝑠 and 𝜌. Attempts have been made to explain away 

this discrepancy by pointing to the over-simplified nature of Flory’s model.  This is particularly 

true with regard to the form chosen for the solubility parameter 𝜒 in Eq. (4.13) and the 

phenomenological expression for Δ𝐻𝑚𝑖𝑥𝑖𝑛𝑔 in Eq. (4.12) above.  Other phenomenological forms 

may be used to reconcile this particular simplification, such as a series expansion. The 

unfortunate disadvantage comes with the additional parameters that must be stipulated when 

taking this approach.  With these complications in mind, we do not attempt to reconcile previous 

discrepancies in any one of these parameters.  The calculated curve in Fig. 4.5 is in reasonable 

agreement with the experimental data for this sample. 
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Figure 4.5 Swelling data for the 180 nm gel expressed as T (in degrees Kelvin) vs. the swelling 
ratio q.  This sample has the largest average radius among all the data sets and has been used to 
calibrate the parameters found in Eq. (4.45). 
 
With the same parameters found in Fig. 4.5, we now calculate in Figure 4.6 (below) a set of 

curves created with the aid of Eq. (4.44).  For simplicity, we have chosen the values for 𝑟0 to 

scale by the orders of magnitude accessible to experimental reach: a maximum of 1 micron and a 

minimum of 10 nm.  The surface tension coefficient was selected as 𝛾 = 67 mJ/m2.  It is clear 

from visual inspection of Fig. 4.5 that the predicted affect of the surface term is to increase the 

swelling ratio at lower temperatures. It is worth noting from the form of Eq (4.44) that we may 

alternatively consider the analysis of these swelling curves by varying only the surface tension 

coefficient γ and maintaining a fixed value for  𝑟0.  The role of these two terms is basically 

interchangeable; i.e. the ratio γ/𝑟0 plays the critical role in defining the value of the swelling ratio 

in Eq. (4.44) for our purposes. 
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Figure 4.6 A set of swelling curves calculated using Eq. (4.44).  This figure illustrates the effect 
of surface energy on increasingly smaller microgels. These curves predict an increase in the 
swelling ratio q as we approach ever smaller scales. 
 

From the experimental point of view, our main interest is in the initial (or reference) size 

𝑟0 of the gel and how this relates to the swelling ratio q between fixed temperatures.  We are able 

to compute this relationship directly.  Returning to Eq. (4.44), and rearranging terms, we may 

solve for 𝑟0 as, 
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We have plotted the relationship set by Eq. (4.46) in Figure 4.7 below for alternating 

values of the surface tension coefficient, 𝛾. The remaining parameters are selected as before 
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while the temperature is held fixed at T= 293 K (= 20 ○C).  Much like in Fig. 4.6, these values 

have been selected to cover three orders of magnitude: 1, 10 and 100 mJ/m2. This range covers 

most known substances (a variety of solids and liquids).  It must be said that a gel is often 

classified as being between a solid and a liquid—it displays properties which are commensurate 

with each of these phases. Although there is no known experimental measurement of the surface 

tension coefficient for gels, we can make the assumption that it must lie within these orders of 

magnitude. 

We see from the set of curves in Figure 4.7 that as we increase the value of the surface 

tension coefficient, the swelling ratio tends to increase more dramatically as we approach the 

small gel limit.  The shape of the curves follows a “shoulder” shape which is highly pronounced 

near this limit.  Also, the curvature of this “shouldering” is dependent on the value of the surface 

tension coefficient.  The range of 20-30 nm appears to be the approximate size range where the 

swelling ratio is altered for larger values of 𝛾.  Beyond this threshold, the limiting case seems to 

be that of an infinitely small gel that has an infinite swelling ratio.  This limit is, of course, not 

realizeable in practice, as a gel’s size is limited by the scale of its constituent polymers—on the 

order of ten nanometers.  In the opposing limit, while approaching the scale of larger gels, the 

curves display an asymptotic behavior limiting toward the swelling ratio observed for 

macroscopic gels.  This limit is described by Eq. (4.44), as discussed earlier. 
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Figure 4.7 The displayed curves describe the size dependence of the swelling ratio as expressed 
by Eq. (4.46).  Similarly to Fig.4.5, for each of the curves displayed we have held all parameters 
fixed while changing only the value of the surface tension coefficient 𝛾 for each successive plot. 
 

In Figure 4.8, depicted within the next few pages, we have used the data from Fig. 4.4 to 

generate the corresponding swelling curves for each of the temperatures selected in our study.  

This set of data begins with the swelling ratio q measured for each sample at 20 ○C against the 

reference state size r0 at 32○C.  Note that the axes are flipped with respect to Fig. 4.7, but the 

same “shoulder” shape appears due to symmetry.  Each successive plot shows the same set of 

samples with their swelling ratios at the indicated temperatures.  The highest temperature among 

these is 40 ○C.  Exception is given to the measurements at 32 ○C for the obvious reason that the 

swelling ratio’s value is set to one at the reference state.  In each case, we see a similar tendency 

toward higher swelling ratios for smaller-sized samples—the plot in Fig. 4.8 (a) is a good 
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example of this.  However, we should point out that this trend does not hold true for every point 

in every plot.  For example, in Fig. 4.8 (d), the swelling ratios show some tendency toward 

increase for smaller samples, but this is not a universal trend. Some of the smaller samples even 

have swelling ratios quite comparable to their larger gel counterparts.  With these exceptions in 

mind, we can note that the curves in Fig. 4.7 reflect the general qualitative trends observed in the 

data sets of Fig. 4.8. But, given the form of these curves, we may not expect to find a perfect 

quantitative fit to every data point.  One limitation has become obvious in looking at the data: the 

swelling ratio is predicted, on the basis of Fig. 4.6, only to increase for low temperatures and for 

smaller gels. We note that for the higher temperature data in Figs. 4.8 (f)-(i) the swelling ratio for 

the smaller gels maintains its higher values at high temperatures. It is obvious from the data, that 

the model must have a limitation in this regime. 
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Figure 4.8 A series of graphs depicting the swelling ratio for each of the samples as plotted 
 against their size at the critical temperature r0 for various temperatures. For all of the plots, (a) 
 through (i), the temperatures are noted within their areas. 
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In Figures 4.9 and 4.10, we have performed a fitting of these data to Eq. (4.46).  In 

general, we find qualitative agreement for the low temperature values, as expected.  The data 

point in Fig. 4.9, are taken from Fig. 4.8 (a).  We have plotted the same data with a best-fit curve 

detailing this behavior.  Almost all the parameters are held at the values mentioned earlier in Fig. 

4.4, with the exception of 𝛿ℎ = -5.52 x 10-18 J.  This variation in the enthalpy is not substantial—

accounting for a relative difference of only ~ 0.9%.  The surface tension coefficient was selected 

as 𝛾 = 100 mJ/m2.  This value is at the higher end of the selected orders of magnitude in Fig. 4.7.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.9 Best fit to the data presented in Fig. 4.8 (a) at T = 20 ○C, using Eq. (4.46).  Overall, 
the trend toward higher swelling ratios for ever smaller gels is in agreement. 
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Figure 4.10 Data from Fig. 4.8 (c), for T = 28 ○C, fitted to Eq. (4.46).  We see the same level of 
agreement between theory and experiment as observed in Fig. 4.9. 
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to those used by others—though these values are known to differ from experiment by several 

orders of magnitude.  Just as with how these parameters’ measurements (as made by independent 

experiments) do not agree with established parameters in the model, it is possible that the surface 

tension coefficient we have determined may be off for the similar reasons.  Despite this, we can 
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be confident that the value of 𝛾 is likely within the bounds of the orders ~ 10-100 mJ/m2.  Given 

the existing data on all other solid and liquid materials.  This should be viewed as an encouraging 

result. 

Similar results are found with the other temperatures as in Fig. 4.9, at T = 28 ○C.  For this 

plot, we have the same set of parameters listed in Fig. 4.4 with, again, the exception lying with 

the enthalpy which is now set to 𝛿ℎ = -5.565 x 10-18 J.  This value has little difference with the 

calibration value—the relative difference amounting to a mere ~ 0.09% error.  We again find that 

the surface tension coefficient may be treated as 𝛾 = 100 mJ/m2.  In comparing Fig. 4.9 to Fig. 

4.10, we see that the vertical asymptote (describing the larger gel limit) has shifted toward 

smaller values, mirroring the behavior within the data from Fig. 4.8. 

In the three-dimensional plot in Figure 4.11, below, we have placed the full range of the 

data—i.e. every data point from Fig. 4.8—against the curve described by Eq. (4.46).  The axes 

chosen for this three-dimensional plot, in the respective Cartesian order of x, y and z, are 

selected as the variables q, r0 and T.  The curve thus expresses the reference radius as a function 

of q and T, that is r0 = r0 (q, T), as Eq. (4.46) would have it. Implicitly though, we are assuming 

the swelling ratio is a function of the reference radius and temperature, since these are the 

independent variables available for experiment.  As noted above, universal agreement is not 

observed and also not expected.  This is particularly true at higher temperatures for exceedingly 

small gels.  Whereas the theory predicts that all the samples should maintain the macroscopic 

swelling limit at high temperatures, we do not observe this for the samples where r0 ~ 25 nm.  At 

this moment, we have no explanation for this discrepancy.  The level of agreement seen at the 

lower temperature regime is acceptable given the very sensitive variations brought by the value 

of 𝛿ℎ. Recall that in Figs. 4.9 and 4.10, the values selected for this parameter varied within ~ 



104 

0.8% from one another.  The level of disagreement in the low temperature domain may be 

attributed to the difficulty in synthesizing these particles such that they have the same cross-

linking density.  One can speculate that other parameters may be affected by the absolute scale of 

the gels. For example, the solubility parameter may have a scaling property that appears upon 

approaching the nanometer scale. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.11 A three dimensional plot of Eq. (4.46) using the variables q and T within the ranges 
suitable to these experiments. The data points are the same as those presented in Fig. 4.8.  Fair 
agreement is observed when comparing this curve with the data points. 
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4.5 Chapter Conclusions 

We have demonstrated that the Flory-Huggins solutions theory may be extended to analyze 

differences in the equilibrium swelling behavior between various sizes of microgel. The 

established theoretical model has been modified to include a surface energy term in the Gibbs’ 

free energy.  This modification provides a scaling dependence in swelling behavior where 

smaller gels display an increased swelling ratio.  The surface area to volume ratio carries the 

importance in this analysis. 

To test this idea, we have prepared samples ranging over an order of magnitude within the 

nanometer scale.  We have carried out a series of swelling experiments on each of our samples 

within a fixed temperature range.  The preparation of these samples is carried out under identical 

physical conditions and chemical concentrations.  Sizes of the samples are controlled by the 

addition of varying amounts of surfactant (SDS).  We observe a change in swelling behavior as 

we approach the limit of increasingly smaller sized gels; similar to the model’s prediction. 

We have compared our data with the model directly in the large scale regime to first calibrate 

the necessary parameters. All the samples are then compared on the basis of their equilibrium 

size and swelling ratio against temperature.  In the low-temperature regime, we observe strong 

agreement with the model.  The higher-temperature limit for smaller size gels represents a 

challenge to this model.  There are perhaps other effects which may be necessary to incorporate 

in this size-scale and temperature domain. 

The parameters obtained from our analysis reveal that the samples all have an enthalpy of 

mixing of approximately 𝛿ℎ = -5.565 x 10-18 J, in excellent agreement with previous analyses 

using this model. The remaining parameters are chosen as 𝛿𝑠 = -1.813 x 10-20 J/K, 𝜌 = 1.1 x 1028 

m-3 and 𝑣20 = 0.145, in good agreement with previous studies.  The analysis also shows that the 
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surface tension coefficient is 𝛾 ~ 100 mJ/m2.  This value is perfectly reasonable in comparison 

with existing data on solids and liquids.  Although, no previous studies are available for 

comparing with the value we have obtained, we still view this as an encouraging result. 
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CHAPTER 5  

CONCLUSION 

Let us summarize what has been presented in this dissertation.  The presented work 

focuses on both theoretical and experimental studies of a special class of materials—hydrogels.  

The importance of these materials is in (among other things) their capability to mimic natural 

tissues found in higher organisms; to be sure, many parts within the body are naturally occurring 

hydrogels: mucus, cartilage, tendons to name a few.  Much attention has been devoted to the 

advancement and study of synthetic hydrogel systems.  This is particularly true in the field of 

biomedical applications.  Hydrogels are currently used as scaffolds in the development of 

artificial tissues, sustained-release drug delivery systems and applications as dressings for burns 

or other hard-to-heal wounds.  The diversity of applications in this field is further enriched 

through the incorporation of so-called “smart gels”.  Such “smart” hydrogels respond to changes 

in their environment by swelling or collapsing their structure.  These systems are mainly of 

interest in enhancing drug-release applications to allow targeting toward specific regions of the 

body. 

For the purposes of research, each of the projects is centered on hydrogels formed via a 

thermo-sensitive polymer called Poly-(N-Isopropylacrylamide) or PNIPA.  This polymer has 

become very popular in recent years by the fact that its swelling transition takes place very near 

the human body temperature and that it displays a high degree of swelling as this transition 

progresses.  These are very attractive qualities for biomedical applications and for this reason 

PNIPA is an ideal candidate for the purposes of study. 

The aim of the dissertation has been basically two-fold: 
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1. To compliment the developments found in existing drug-release applications.  This is 

done by incorporating a novel core/shell structure of PNIPA nanoparticles as a 

practical means of diversifying the applications in controlled drug release. 

2.  To further advance the theoretical understanding of the fundamental physics 

associated with the swelling properties of hydrogels.  PNIPA is a model system for 

investigating specialized cases involved in (a) the kinetics of the swelling process and 

(b) the equilibrium thermodynamics of swelling. 

In keeping with our summary, let us clarify each of these points.  The following 

paragraphs provide the essential aspects of each of the topics and the significant findings therein.  

The specific details are not mentioned for the sake of brevity; only the points of strongest 

significance are included. 

The drug release investigation (1), presented in Chapter 3, centers on a nano-scaled 

hydrogel composed of PNIPA and Poly-acrylic acid (PAA), a pH-sensitive polymer.  These 

nanoparticles are fashioned in both core and core-with-shell (i.e. core/shell) structures.  The core 

is developed from PNIPA and PAA forming a copolymer.  To create the core/shell particles, this 

core is then used as a seed from which a shell of pure PNIPA is polymerized as an outer layer.  

The net effect is a core which has strong sensitivity to pH and a shell which has high sensitivity 

to temperature. 

The data documenting the temperature and pH response of this system aew in agreement 

with previous efforts.  Studies of this system’s controlled release kinetics suggest a positive 

result: the core/shell system provides a prolonged release as compared with its core counterpart. 

Further studies must be conducted on this system to incorporate the effect of shell thickness.  

There is, however, no known way of measuring this. But, in principle, by fine-tuning the shell 
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thickness, one may find optimum design parameters which can allow for practical up-scaling of 

this process to the pharmaceutical industry. 

The kinetics of gel swelling (2,a) work, in Chapter 2, involves the use of a microfluidic 

device with a fabricated design for creating microgel shells.  These devices are intended for 

possible applications in the pharmaceutical, food and cosmetics industries.  For our purpose, the 

shells are used as a model system for testing a theoretical development provided by Toyoichi 

Tanaka and Yong Li.  The model describes the swelling process for a gel shell as a function of 

time and allows for comparison of swelling between shells and solid spheres on theoretical 

grounds.  This work may serve as an enhancement to the existing theory as it allows further 

extension in accounting for multiple geometries of microgels. 

The final study, in Chapter 4, relates to the thermodynamics of swelling (2,b).  The aim is 

to explain an observed phenomenon from the data: we observe an altered swelling behavior as 

the absolute scale of a gel is decreased; for larger gels (~ 100 nm size), the degree of swelling 

appears to be less dramatic in comparison to their smaller gel counterparts (~10 nm size).  The 

basic hypothesis proposed in this work is that, upon approaching the nano-scale, it is necessary 

to incorporate a surface energy contribution to the swelling process.  This contribution can be 

ignored at larger scales owing to the fact that ratio of surface area to volume is much smaller at 

these scales.  The results of the calculations drawn from this hypothesis have been documented.  

These results are consistent with the experimental observation: gels of exceedingly small size 

demonstrate a reduced swelling capacity.  This result provides further guidance on the relevant 

properties which must be traced as nanotechnology progresses toward ever-smaller scales. 
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5.1 Some Criticisms and Skeptical Inquiries 

There are various caveats and simplifying assumptions noted throughout this work.  If 

even one step of a given theoretical outline is found to be unreasonable, then it is necessary to 

reexamine the entire construction. 

 The swelling kinetics work presented in Chapter 2 builds on a myriad of simplifying 

assumptions—some of which are known to be invalid in certain cases. A strong effort has been 

taken to note where each of these assumptions may not hold.  Otherwise, the model appears to 

work in the case of the experiments undertaken here. 

Some incongruity has been noted between experiment and theory for the size-dependant 

swelling presented in Chapter 4. This has been attributed, in part, to the large number of 

variables involved.  Most of these variables are quite difficult to control between samples and 

some may in fact be temperature-dependant (i.e. changing between measurements).  

Furthermore, a great number of simplifications have been introduced from previous models.  The 

shortcomings of these models have also been noted. 

With each of the concerns listed above, the potential shortcomings are made available for 

the purposes of posterity.  This work represents a sound account of the observed phenomena 

until any further improvements to these models are made available. 
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