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Many social, biological and technological systems can be viewed as complex 

networks with a large number of interacting components. However despite recent 

advancements in network theory, a satisfactory description of dynamic processes 

arising in such cooperative systems is a subject of ongoing research. In this dissertation 

the emergence of dynamical complexity in networks of interacting stochastic oscillators 

is investigated.  

In particular I demonstrate that networks of two and three state stochastic 

oscillators present a second-order phase transition with respect to the strength of 

coupling between individual units. I show that at the critical point fluctuations of the 

global order parameter are characterized by an inverse-power law distribution and I 

asses their renewal properties. Additionally, I study the effect that different types of 

perturbation have on dynamical properties of the model. I discuss the relevance of 

those observations for the transmission of information between complex systems.  
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CHAPTER 1  

INTRODUCTION 

 

Systems that can be represented as networks, collections of large number of 

interacting components, are abundant in the world. Examples extend from the Internet, 

the World Wide Web, power grids to social networks of friends, networks of business 

ties between companies, collaboration networks between researchers, metabolic 

networks, neural networks and chemical reaction pathways [1].  

 An increase in capacity and performance of modern computers in recent years 

has allowed for collection of data concerning large systems on a scale much larger than 

previously possible. This lead to the emergence of new discipline: network science. This 

field examines the interconnections among systems and seeks to discover common 

principles that govern network behavior.  

 The information on system architecture, represented by the interconnections 

between individual elements, is a necessary first step towards understanding its 

properties. While mentioned examples of networks have different nature, current 

research has shown that their structure shares similar building blocks [1-3], what 

suggests universal principles governing the organization of complex networks. 

Simultaneously, the understanding of complex systems extends beyond their structure 

to the knowledge of dynamical processes that take place between their elements. 

However, this issue is a subject of ongoing research, since one can distinguish as many 

different dynamical phenomena as there are complex systems. For example, 
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epidemiologists study the spread of viruses in populations when sociologists explore the 

spread of ideas in social systems, biologists are interested in reactions occurring in 

metabolic networks and engineers monitor the flow of electricity in power grids. Even 

despite this diversity, one would expect that these dynamic processes share some 

common properties. Those combined with the universality of network structure may 

form the foundation of a theory of complexity [4].  

Phenomena such as synchronization [5], percolation [6] or diffusion models of 

spreading dynamics [7-9] have been extensively studied. For example, authors of [10] 

demonstrated that removal of links can be used to systematically improve and optimize 

synchronization in networks. In [11] the authors presented a simple model of cascading 

failures that can be described as a percolation process and [12, 13] showed the 

connection between epidemic thresholds and network topology. Recently Barabasi et al 

[14] argued that the issue of network controllability can be solved solely by investigating 

its structure. Despite its originality, referred work is based on tools of equilibrium 

statistical physics. On the contrary, since most of the real world systems are found in 

constant out-of–equilibrium condition, the processes that arise from dynamic interaction 

of network elements, discussed in this dissertation, are considered to be non-stationary 

and non-ergodic. Concurrently, the attention is focused on dynamics defined by the 

existence of events, such as jumps of the luminescence recorded from an ensemble of 

quantum dots [15, 16] or changes in ionic current following activity of ion channels [17]. 

It is demonstrated that complex event-driven dynamics can arise from a set of very 

simple rules and it does not necessarily have to be connected with complex topology. 

Simultaneously, it is shown that this behavior corresponds to the onset of phase  



3 
 

transition in the system.  

This dissertation is organized as follows. Chapter 2 serves the purpose of 

introducing basic terminology of network theory. In chapter 3 discusses the approaches 

used to describe the response of systems to perturbation. The linear response theory 

for processes based on Hamiltonian description is introduced and it is shown how this 

approach can be extended to event-driven dynamics. Additionally, it is demonstrated 

that, in particular conditions, it is impossible to transfer perturbation through a system, 

and simultaneously, there exist conditions under which system adapts perfectly to the 

dynamics of perturbation. Next, in chapter 4 the model of two-state stochastic oscillators 

is introduced and its temporal properties in a topology of fully connected system are 

discussed. In chapter 5 the same model is being considered on two-dimensional regular 

lattice. It is shown that the cooperation between units in the network generates a non-

Poissonian renewal process with inverse power law distribution of time intervals 

between events. Chapter 6 is devoted to illustrate how the complex topology influences 

properties of global order parameter and changes the exponent of the power law 

distribution. Chapter 7 presents the three-state model, which statistical properties 

combine complex behavior observed in two-state case with periodic oscillation. Chapter 

8 contains main conclusions and directions for future work. 
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CHAPTER 2 

FUNDAMENTALS OF NETWORK THEORY 

 

This section serves as a brief overview of the most basic concepts related to the 

network science. In the first part introduces a set of measures that characterize the 

topological properties of networks. Next fundamental models of networks, which are 

adopted later in this work, are defined. Third part of this section is devoted to the 

discussion of the dynamic properties of networks. The Ising model is used as an 

illustration of a process which behavior depends on the adopted topology.  

 

2.1. Basic Definitions  

A network [1, 18-20], also called a graph in mathematical nomenclature, is a 

collection of points, called vertices (nodes) with connections between them, called 

edges (links) (Fig. 2.1). The presence of an edge between two nodes indicates some 

kind of interaction or connection between them. The adjacency matrix   is a 

representation of the graph that contains full information about its connectivity structure. 

In the case of simple unweighted network the elements of adjacency matrix     are such 

that       if there is an edge between vertices   and  ; and       otherwise. When 

the network is undirected, its adjacency matrix is symmetric, meaning that if there is an 

edge between   and  , then there is an edge between   and  .  

The degree of a vertex in a network is defined as the number of edges connected 

to it. For a graph of   vertices, the degree of vertex   can be written in terms of the  
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Figure 2.1. A simple graph having no multiedges or self-edges.  

 

adjacency matrix as 

 
   ∑   

 

   

 (2.1) 

The average degree for a vertex in a graph is then  

 
〈 〉  

 

 
∑  

 

   

 
  

 
 (2.2) 

where   is the number of edges in the network.  

The most fundamental of network properties is given by the degree distribution 

 ( ), defined as the fraction of nodes in a network having degree  . It allows for an 

alternative definition of the average degree of the network, expressed as a first moment 

of the degree distribution: 

 〈 〉  ∑  ( )

 

 (2.3) 

A path between two nodes in a network is any sequence of vertices such that 

every consecutive pair of vertices is connected by an edge in the network. The length of 

a path in a network is the number of edges traversed along the path. A geodesic path, 
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also called a shortest path, is a path between two vertices   and   such that no shorter 

path exists. The length of a geodesic path    , often called shortest distance, is the 

shortest distance between considered vertices. It should be mentioned that it is possible 

that there be no geodesic path between two vertices, if the vertices are not connected 

by any path in the network. In this case one traditionally assumes that the geodesic path 

between those vertices is infinite,      .  

Having the definition of a shortest path, we can define a global network measure, 

an average geodesic distance: 

 
  

 

 (   )
∑   

   

 (2.4) 

Simultaneously, a closely related measure called global efficiency was proposed [21, 

22] 

 
  

 

 (   )
∑

 

   
   

 (2.5) 

This measure aims at quantifying the efficiency of the network in sending information 

between vertices, assuming that the efficiency of the information transfer process 

between vertices   and   is inversely proportional to their distance. The Eq. 2.5 does not 

present problems that Eq. 2.4 possesses when a network with unconnected vertices is 

considered and the average path becomes divergent. In that case, it is customary to 

limit the summation in Eq. 2.4 to the largest connected component.  

Another important measure is the clustering coefficient   [23]. It quantifies the 

probability that two neighbors of a node are directly connected between each other. (A 

vertex is called a neighbor of   is it is directly connected to it by an edge; the path 

between the vertex and node   is equal to one). The local clustering coefficient    of a  
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Figure 2.2. Topological representation of one- and two-dimensional regular graphs. 

 

vertex   with degree    is defined as a ratio of the number of existing edges    between 

neighbors of  , and the maximum possible number of edges between neighbors of  .  

 
   

   
  (    )

 (2.6) 

Usually    is averaged over all nodes to obtain an average clustering coefficient of the 

graph: 

 
  〈 〉  

 

 
∑  

 

   

 (2.7) 

The clustering coefficient is an index of local properties of the structure and reflects the 

resilience of the network to random error (of a vertex   is lost, its neighbors still remain 

connected). 

 

2.2. Network Models 

As mentioned earlier a network is a set of nodes connected among themselves 

by links that represent interactions between the elements of the network. The fact that  
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systems taking form of networks are abound in nature (examples include: the Internet 

[24], the World Wide Web [25], friendship networks [26], transportation networks [27, 

28], metabolic networks [29, 30]) lead to an enormous increase of interest in the 

network science during last decade. Especially, an increase in the availability and 

capacity of computers allowed for collection and analysis of data on a scale larger than 

previously possible. The application of basic graph measures defined in previous 

section allowed for discovery that the real networks, despite having very different origin 

and function, could be categorized based on common properties that they share, such 

as the shape of the degree distribution or the value of the clustering coefficient. This 

lead to the development of basic models of networks. These models play crucial role in 

the network science. First, they allow for investigation into how particular properties of 

networks affect the behavior of the system as a whole. And secondly, they introduce the 

mathematical tools of statistical physics into the field of network science.  

 

2.2.1. Regular Graph 

Probably the simplest type of network is a regular graph (Fig. 2.2). It is a network 

in which each vertex has the same number of neighbors; therefore each vertex has the 

same degree  . This leads to a degree distribution which has a form of a Dirac delta 

function localized at  .  

 

2.2.2. Random Graph 

A random graph is a network in which one defines specific set of parameters, but 

the network is random in other aspects. One of the simplest examples of a random  
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Figure 2.3. Illustration of the graph evolution process for the Erdős-Rényi model. We 

start with      isolated nodes, then connect every pair with probability  . The figure in 
the middle and on the right show different stages in the graph’s development, 

corresponding to        and       . 
 

graph is a network in which the number of vertices   and number of edges   are fixed, 

but the specific location of edges is established randomly. In general this prescription 

can lead to generation of an ensemble of graphs characterized by an arbitrary degree 

distribution, but traditionally one refers to random graphs as to graphs having a 

Poissonian degree distribution. Also, since the mathematical theory of random graphs 

was originally introduced by P. Erdős and A. Rényi [31, 32] those graphs are often 

referred to as the “Erdős-Rényi” graphs.  

The generation of a random graph starts with   disconnected vertices (Fig. 2.3). 

Next, randomly selected couple of nodes is connected with probability  . In the limit of 

large    , the graph has fixed average degree 

 〈 〉   (   ) (2.8) 

and the degree distribution is well approximated by a Poissonian distribution [33]: 

 
 ( ) 

  〈 〉〈 〉 

  
 (2.9) 

The topological properties of a random graph change as a function of the  
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probability   and they present a critical phase transition at      ⁄ , corresponding to a 

critical average degree 〈  〉   . When      only small clusters of nodes connected 

by edges are present in the system and the graph has no component larger than 

 (   ). Then in the critical stage,     , a largest component of size  (    ) emerges. 

Finally, for the supercritical phase      the graph has a component of size  ( ). This 

phase transition is of second order and belongs to mean field percolation universality 

class.  

The average shortest path [33-35] varies as        〈 〉 ⁄  and the clustering 

coefficient [23] is equal to     〈 〉  ⁄ . Therefore random graphs are characterized 

by vanishing clustering coefficient   in the limit of large system size.  

 

2.2.3. Small-World Networks 

The concept of small world originated from a famous sociological experiment made by 

Milgram [36, 37], who found that two inhabitants of United States chosen at random 

were connected by an average of six acquaintances. This observation was confirmed in 

many real world networks, in particular in the infrastructure networks, where the fact that 

any pair of vertices can be reached through a very small number of intermediate 

vertices is crucially important to speed of the communication. Another property of many 

networks is the high presence of loops of size three, meaning that the average 

clustering coefficient of the network is high. For example, in a friendship network, if A 

and B are friends of C, there is a high probability that A and B are also friends.  

The most popular model with both small-world characteristics and high clustering 

was proposed by Watts and Strogatz [23], and is called Watts-Strogatz small-world 
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0.00p   0.05p   0.20p   

Figure 2.4. The construction of a small-world network according to Watts and Strogatz 

algorithm. A regular network (left) has its edges rewired with probability   (middle). For 
    it becomes a random network (right). 
 

model. The construction of the small-world network starts with a regular network of   

nodes in which each node is connected to   nearest neighbors in each direction, 

realizing    connections (Fig. 2.4). Next, each edge is randomly rewired with probability 

 . When     one have an ordered lattice with high number of loops but large 

distances between vertices. When     the network becomes a random graph with 

short distances but small clustering coefficient. In the intermediate regime [38-40], 

       , networks sharing both small-world properties and high clustering 

coefficient are present (Fig. 2.5). Notably, in the case of very large graphs,    ,  

even a very small amount of randomness is sufficient to produce small-world effect.  

 

2.2.4. Scale-Free Model 

 As mentioned before, the degree distribution is a fundamental measure that 

characterizes the structure of a network. Network models discussed above are often 

called statistically homogeneous, since their degree distributions have functional forms  
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Figure 2.5. The clustering coefficient   and the average shortest path   in the small-
world model of Watts and Strogatz as a function of the rewiring probability  . 
 

with fast decaying tails. However, many networks observed in nature are characterized 

by heavy-tailed distributions [41] that approximately follow inverse power laws: 

  ( )     (2.10) 

These networks are called scale-free networks. The Internet, the World Wide Web, 

citation networks and some biological networks are just a few examples of networks that 

share this property.  

 Since the power law is somewhat unusual distribution it is natural to ask 

what the mechanism that leads to its formation is. The solution was based on the 

observation that in most real networks, nodes and links do not appear all at once and 

are connected at random. Rather new links tend to connect to vertices which already 

have a large number of edges [42, 43]. For example, a person with a large number of 

social relations is more likely to acquire new friends than somebody who has just a 

close and small circle of friends.  
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Figure 2.6. The scale-free network constructed with the Barabasi-Albert algorithm. An 
example of network layout (left panel) and the corresponding degree distribution (right 
panel). 
 

 Barabasi and Albert [3] have combined the two aspects of evolving networks: the 

preferential attachment and the growing structure by defining a simple model based on 

following two rules: 

 growth: the network starts with a small core of    connected nodes. At every 

time step one new node is added with   connections to vertices already present 

in the system 

 preferential attachment: new link is created with a node that is already part of the 

network with a probability proportional to the degree of that node. 

The average degree for the Barabasi-Albert model is 〈 〉    . In the time limit    , 

the model produces an inverse power law degree distribution with the exponent     

(Fig. 2.6). The average shortest path [44] for the model increases as 

         (    )⁄  and the clustering coefficient vanishes with the system size as 

        .  
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2.3. Dynamical Processes on Networks 

As discussed in the introduction, the ultimate goal of the network science is to 

understand the processes that happen on those networks [2]. Recently, some important 

advances have been made, particularly in the study of synchronization phenomena [45], 

epidemic processes on networks [8, 9, 46] and searching on networks [47, 48]. As an 

illustration of this direction of research, this section discusses how the network structure 

affects the behavior of simple spin model, widely known as the Ising model. The 

motivation behind studies of such model on networks is usually either that it can be 

regarded as a simple model of opinion formation in social networks or that it provide 

general insight into the effects of network topology on critical phenomena.  

The Ising model [49] is a simple model of a ferromagnetic material defined by the 

following Hamiltonian: 

    ∑          
   

 (2.11) 

where    denotes the spin that can take only two possible orientations (      or 

     ), 
ijA  is an element of the adjacency matrix of the network on which the model 

is considered and     represents the coupling between spins (       if   and   are 

neighbors in the network and       otherwise).  

Originally the Ising model was considered for a regular lattice of increasing dimension. 

With the global order parameter defined as the average over the values of all spins, 

  ∑    , it was shown by the E. Ising himself that for the one-dimensional lattice the 

magnetization   is zero, thus no critical point is observed. The Ising model on two- 

dimensional regular lattice shows more interesting behavior. L. Onsager [50] derived the 

expression for the magnetization:   
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Table 1. Analytical expressions for some basic graph measures for the Erdos-Renyi, Watts-Strogatz and Barabasi-Albert 
network models.  

Measure Erdos-Renyi Watts-Strogatz Barabasi-Albert 

Degree distribution  ( )  
   〈 〉 

  
  ( )  ∑ (

 
 
)

    (     )

   

(   )     
(  )     

(     )
      ( )     

    

Average degree 
〈 〉   (   ) 〈 〉       〈 〉     

    

Clustering coefficient      
 ( ) 

 (   )

 (    )
(      )           

    

Average path length 
  

   

  〈 〉
 

 (   )  
 

 
 (   ) 

  
  (   )

   
  for        

  
    

   (    )
 

*In the Erdos-Renyi network,   is the probability of finding a connection between two randomly selected nodes. 

**In the Watts-Strogatz network the value   represents the number of neighbors of each vertex in the initial regular network. 
***In the Watts-Strogatz network,   is the probability of rewiring a link that originally is part of regular network.  
&In the Watts-Strogatz network,     is twice the number of shortcuts in the network.  
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  (  [    (   (  √ )
  
 
)]

  

)

 
 

 (2.12) 

that shows second order phase transition with respect to the temperature, where the 

critical temperature is 

 
   

  

   (  √ )
 (2.13) 

For a three-dimensional cube, the phase transition is also found to occur, 

although the result is based on the empirical observation derived from the numerical 

simulations. In higher dimensions it is possible to show that the behavior of the system 

is well approximated by the mean-field theory. In this approach the contribution of a 

given spin    to the total energy of the system is   〈 〉    where 〈 〉 is the average 

number of neighbors of each spin. Then the magnetizations is  

 
      (

 〈 〉

 
 ) (2.14) 

The solution to this self-consistent equation leads expression for critical temperature, 

below which an organized phase exists: 

  〈 〉

  
   (2.15) 

Since complex networks can be generally mapped into infinite-dimensional objects, 

mean field techniques are particularly useful when critical phenomena in complex 

networks are considered.  

The case of the Ising model on the small-world network is particularly interesting, 

since this configuration is an interpolation from the one-dimensional lattice topology, for 

which no phase transition is observed, to a random graph, for which a finite critical 

temperature    exists, with a mean-field behavior describing the transition [51]. Barrat 
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and Weigt [39] showed that at high temperature, a stable paramagnetic phase is 

observed for any rewiring probability  . However, for small  , the stability of the 

magnetic phase depends on temperature and the value of  . At fixed temperature, 

   ( ) determines the transition from one-dimensional system to regime dominated by 

random topology: 

    ( )     [   (   )  ] (2.16) 

Simultaneously, at fixed  , lowering the temperature below 

        (   )      (2.17) 

brings the system into a regime in which the network disorder dominates and the phase 

 transition of the mean-field kind is expected. . 

The mean-field approach can be extended to any given degree distribution [52-

54], leading to an expression for the critical temperature  

  

  
 

 

  
  (

〈  〉

〈  〉   〈 〉
) (2.18) 

In particular, the above expression indicate that for the inverse power law degree 

distribution  ( )    , where the second moment 〈  〉 diverge in the limit     and 

〈  〉  〈 〉, the critical temperature    is infinite. The phase transition is of mean-field 

character if    , while non-trivial critical points are found for      . As   

decreases towards    , the critical temperature diverges and only the ferromagnetic 

phase [53] exists for    .  

Above results show how the topological structure of network strongly influences 

the behavior of the phase transitions. In particular they define the relation between the 

second movement 〈  〉 of the distribution and the occurrence of phase transition at a 

finite value of the control parameter (temperature).  
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CHAPTER 3 

LINEAR RESPONSE THEORY 

 

This chapter introduces formalism developed to describe a response of complex 

systems to external perturbation. The discussion is focused on the role played by the 

dynamic correlation in the definition of linear response theory. First, the simplest 

dynamical system of damped harmonic oscillator is being investigated. By introducing 

stochastic external forces, systems of increasing complexity are being considered. 

Finally, the discussion focuses on the description of dynamics that considers only 

specific events occurring in the system, rather than its continuous evolution. It is shown 

how the shape of distribution that characterizes those events influences the 

transmission of information between interacting systems. 

 

3.1. Harmonic Oscillator 

Due to the fact that many phenomena observed in nature are dominated by 

periodic-like behavior, the harmonic oscillator is one of the most omnipresent models in 

theoretical physics. Examples include waves in fluids, phonons in solids and spin waves 

in magnets. The well-known equation of motion for an oscillator with damping is: 

  ̈     ̇    
     (3.1) 

where x  is the position of the oscillating body,    is the natural frequency of the system 

and   is the damping coefficient arising from nonconservative forces such as friction 

acting on the system. The solution to Eq. 3.1 depends on the relation between the  
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natural frequency    and the damping coefficient   and is: 

 

 ( )  {

        (     )

(      ) 
   

   
        

    

    for    

  
    

  
    

  
    

 (3.2) 

where      
    , and      √   

 . The constants  ,  ,    and    define 

particular solutions for given initial conditions. The first case corresponds to low 

dumping and gives oscillating decay to the stable equilibrium; the third case 

corresponds to strong dumping and gives fast monotone decay, while the second case 

is a critical one when system, once released from some nonequilibrium position 

approaches but never reaches stable equilibrium.  

Most systems allowing a description as harmonic oscillators are well modeled by 

Eq. 3.2, however, in practical cases, these systems are usually not isolated. A relatively 

simple case is when the oscillator is subjected to periodic external driving force: 

  ̈     ̇    
       (   ) (3.3) 

which has a frequency    and whose strength is expressed by the amplitude  . The 

general solution is: 

 
  ( )   ( )  

    (     )

√(  
    

 )  (    )
 
 (3.4) 

with          [(    ) (  
    

 )⁄ ] and  ( ) given by Eq. 3.2. After a transient time, 

during which the first term of Eq. 3.4 decays exponentially, the solution is given by a 

harmonic oscillation, which has the frequency of the driving force: 

   ( )      (     ) (3.5) 

It is easy to realize that the change in frequency of external force,   , has significant 

effect on the amplitude of resulting oscillations,  . Once       the amplitude    

reaches maximum, which phenomenon is known as resonance.  
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The problem of driven harmonic oscillator can be solved for an arbitrary force 

with the help of the Green’s function approach. First, the solution in a case of perturbing 

force being a Dirac delta function  

  ̈     ̇    
    (    ) (3.6) 

is 

 
 (    )   ( )  

 

√  
    

   (    )   (√  
    (    )) (3.7) 

and then one can represent an arbitrary force as a sum of delta functions with different 

amplitudes 

 
 ( )  ∫ (  ) (    )    (3.8) 

 Since Eq. 3.7 is the Green function being a particular solution to Eq. 3.6, it is 

possible to construct the solution to general force  ( ) by summing  (    ) with different 

weights 

 
  ( )  ∫ (    ) (  )    (3.9) 

The Green function method is widely used both theoretically and experimentally. Under 

the assumption that the system is linear, meaning that it can be represented as a 

superposition of Eq. 3.9 type, one can study its response to very simple signals and 

having the response function  (    )  deduce the response to much more complex 

perturbations.  

 

3.2. Brownian Motion 

 Here a type of motion which is not deterministic, but random is being considered. 

For example, once a heavy particle is embedded in a fluid it is subjected to collisions 
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with lighter particles of the environment what results in an erratic motion through the 

space. This motion is called Brownian motion, after the botanist Robert Brown who in 

1828 made first observations of this type of dynamics. Since the heavy particle is pulling 

surrounding fluid once its moves, the average force acting on it is proportional to the 

velocity of the particle, 〈 ( )〉     ( ) , where   is related to fluid viscosity. The 

equation of motion becomes: 

  ̇     ( )   ( ) (3.10) 

and  ( ) is a random force that mimics the collisions between heavy particle and liquid. 

The formal solution to this equation, called Langevin equation, when the initial velocity is 

zero, is:  

 

 ( )  ∫   (    ) (  )   

 

 

 (3.11) 

 Since each realization of the stochastic force  ( ) generates a new trajectory the 

properties of the system are discussed in terms of averages. The  ( )  is a zero-

centered force, thus the average velocity vanishes 〈 ( )〉   . First non-vanishing 

moment of the velocity is the autocovariance function: 

 

〈 (  ) (  )〉  ∫    (     
 )

  

 

∫    (     
 )〈 (  

 ) (  
 )〉

  

 

   
    

  (3.12) 

where 〈 〉 denotes an average over an ensemble of realizations of the dynamics.  

The equilibrium autocorrelation function for the stochastic force is given by 

 
  (     )  

〈 (  ) (  )〉

〈  〉
 (3.13) 

where 〈  〉 is a time-independent quantity. Now assume that the correlation for the 

random force decays as a delta-function 
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 〈 (  ) (  )〉   〈  〉   (     ) (3.14) 

where    is the correlation time of the noise. Thus the stationary autocorrelation function 

becomes 

 
  ( )  

〈 ( ) ( )〉

〈  〉
     ( ) (3.15) 

Then Eq. 3.12 reduces to 

 

〈 (  ) (  )〉  ∫    (         
 )〈  〉     

  
〈  〉 

 
[   (     )     (     )]

  

 

 (3.16) 

and in the equilibrium condition above becomes: 

 
〈 (  ) (  )〉   

〈  〉  
 

   (     ) (3.17) 

The equilibrium value of the second moment of the velocity becomes 

 
〈  〉   

〈  〉  
 

 (3.18) 

and the stationary autocorrelation function for the velocity, with      , is 

   (     )    (|     |)     |     | (3.19) 

Now a perturbation  ( )  applied to the system described by the Langevin 

equation (Eq. 3.10) is considered: 

  ̇     ( )   ( )   ( ) (3.20) 

The solution, when  ( )   , is given by: 

 

 ( )  ∫   (    )[ (  )  (  )]   

 

 

 (3.21) 

Since the average of the stochastic force is zero, the average velocity becomes: 

 

〈 ( )〉  ∫   (    ) (  )   

 

 

 (3.22) 
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Now the average velocity can be expressed with the help of the stationary 

autocorrelation function of velocity (Eq. 3.19) what leads to well-known Green-Kubo 

relation [55]: 

 

〈 ( )〉  ∫  (    ) (  )   
 

 

 (3.23) 

This formula is an example of linear response theory, where the response of the system 

to a perturbation is defined in terms of stationary autocorrelation function in the absence 

of perturbation.  

 

3.3. Event-Dominated Dynamics 

Many natural processes, like counts in a Geiger counter, photons produced by 

luminescence or customers arriving at a serving window can be viewed as events 

localized in time scale. Their dynamics is described in an alternative way to the 

continuous Hamiltonian approach in terms of probability of event occurrence. In this 

thesis a renewal condition is being considered, in which system is rejuvenated 

instantaneously after occurrence of an event and has no memory of previous instances 

in which they occurred. Thus rather than being interested in trajectory of the system or 

probability of its location in phase space at a given time, one asks the question of how 

long one needs to wait for an event to happen when starting to observe the process at 

some time   .  

The probability distribution density  ( ) for the first event to occur in the time 

interval (      ) is defined as: 

  ( )     (        ) (3.24) 
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and consecutively the survival probability  ( ) as a probability that no event occurs up 

to time   can be written as: 

 

 ( )  ∫  ( )     (   )

 

 

 (3.25) 

As a consequence of this integral equation the probability distribution density  ( ) can 

be written as 

 ( )
( )

d t
t

dt



   (3.26) 

The probability density  ( ) is a properly normalized function, ∫  ( )    
 

 
, since it is 

assumed that an event is going to occur somewhere in the interval   (   ). At the 

same time no event occurs at time    , which means that the survival probability 

 ( )   .  

The frequency of an even occurring in a time interval (      ) with the condition 

that no event occurred before time   is called the age-specific failure rate: 

 
 ( )     

    

  (        |   )

  
 (3.27) 

which using the calculus of conditional probabilities can be written in terms of probability 

distribution density  ( ) and survival probability  ( ) as 

 
 ( )  

 ( )

 ( )
  

 

  
   ( ) (3.28) 

Above equation can be solved to express the survival probability in terms of failure rate: 

 

0

( ) exp ( )
t

t g d 
 

   
 
  (3.29) 

Now one can wonder how a choice of the failure rate function  ( ) influences 

properties of corresponding probabilities,  ( ) and  ( ). Time-independent failure rate, 
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 ( )   , is the simplest option. Corresponding survival probability function is a pure 

exponential 

  ( )       (3.30) 

and, from Eq. 3.26, the probability density is: 

  ( )        (3.31) 

The general case of the rate,  ( )    [     ]
 , provides much more interesting 

statistics. The integration of Eq. 3.29 leads to 

  ( )     [ 
  
  

  (     )] (3.32) 

which, with parameters         ⁄  and      ⁄ , simplifies to hyperbolic distribution: 

 
 ( )  (

 

   
)
   

 (3.33) 

The corresponding distribution density is  

 
 ( )  (   )

    

(   ) 
 (3.34) 

The events described by Eq. 3.34 are called crucial if the exponent  falls in the 

interval      . Then first moment of the distribution is 〈 〉      ⁄  and second 

moment is 

 
〈  〉  

   

(   )(   )
 (3.35) 

It follows then that the width of the distribution  ( ),     〈  〉  〈 〉 , diverges when 

     . Additionally, when    , the mean value of the distribution diverges. The 

processes that generate crucial events falling into this category are non-ergodic and 

consequently form a special class.  
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3.4. Generalized Linear Response Theory 

In previous section process defined by probability of certain events occurring in 

time was introduced. Here the discussion focused on a process which is composed of a 

  number of discrete states and its dynamics is defined by probabilities   

(          ) of being in a given state. The evolution of those probabilities is defined by 

the master equation 

   ( )

  
   ( ) (3.36) 

where   is an     matrix of time-independent transfer coefficients.  

To illustrate master equation approach one can consider a discrete process of 

coin tossing. It is possible to write the Eq. 3.36 in form of an iterative equation 

  (   )  (   ) ( ) (3.37) 

where   is     unit matrix. The vector of probabilities has two-states  ( )  

(  ( )   ( ))  and the equilibrium solution is  ( )  (  ⁄    ⁄ ) . Consequently, the 

transition matrix becomes: 

 
  (

       
       

) (3.38) 

Now the action of coin tossing is associated with occurrence of an event. 

Additionally, one makes an assumption that those events do not occur at regular times. 

Instead the time interval  ( )   (   )   ( )  between consecutive coin tossing 

actions is derived from distribution density  ( ) of Eq. 3.34. Then the probability  ( ) 

could be expressed in terms of  ( ) and  ( ): 

 

 ( )  ∑ ∫  (  ) (    )(   )  ( )   

 

 

 

   

 (3.39) 
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The occurrence of   events corresponds to iterating Eq. 3.37   times, starting from 

initial condition  ( ) , which results in (   )  ( )  term. Next,   (  )  denotes the 

probability that   events have occurred, last one being at time   , and then  (    ) 

denotes that no event took place in the time interval between    and  . Since the coin 

tossing procedure that is considered is a renewal process, it is possible to express the 

probability of  -th event in terms of probabilities of earlier events: 

 
  ( )  ∫     (  )  (    )   

 

 

 (3.40) 

Next one makes an assumption that at time     an event certainly occurs,   ( )  

 ( ), and that the first event occurring at time     takes place with probability   ( )  

 ( ). 

Then, using the convolution theorem, the Laplace transform of Eq. 3.39 is 

 
 ̂( )  

   ̂( )

 
∑[ ̂( )(   )]

 
 ( )

 

   

 (3.41) 

Next, the geometric sum is evaluated 

 
∑[ ̂( )(   )]

 
 

 

   ̂( )(   )

 

   

 (3.42) 

and the Eq. 3.41 reduces to 

 
 ̂( )  

 

   ̂( ) 
 ( ) (3.43) 

where the memory kernel is determined by waiting time distribution density: 

 
 ̂( )  

  ̂( )

   ̂( )
 (3.44) 

Finally, the Eq. 3.34 can be rewritten as 

   ̂( )   ( )   ̂( )  ̂( ) (3.45) 
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and the inverse Laplace transform of Eq. 3.45 leads to the generalized master equation: 

   ( )

  
 ∫  (    )  (  )   

 

 

 (3.46) 

To illustrate the role played by the memory kernel  ( ) one can consider the 

waiting time distribution density  ( )  of Eq. 3.34, that is used to determine times 

between consecutive events described by Eq. 3.46, to be an exponential function, 

 ( )       . Then its Laplace transform is  ̂( )      ⁄  and using Eq. 3.44 

corresponding memory kernel is 

  ̂( )    (3.47) 

Through properties of the Laplace transform, Eq. 3.47 implies that the memory kernel 

expressed in time domain is a Dirac delta function 

  ( )    ( ) (3.48) 

Now the generalized master equation defined by Eq. 3.46 reduces to 

   ( )

  
    ( ) (3.49) 

which has the same form as original master equation (Eq.3.36) with the elements of the 

transition matrix rescaled by a constant factor  .  

Now it is discussed how a perturbation affects the dynamics of a process where 

events occur at times specified by distribution  ( ). One considers two-state system, 

 ( )  (  ( )   ( )), where the transition matrix is time dependent [56]: 

   ( )

  
 ∫  (    ) ( ) (  )   

 

 

 (3.50) 

and the perturbation weakly influences its elements after the last event occurs 
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 ( )  (
 

 

 
[     ( )]      

 

 
[     ( )]

    
 

 
[     ( )]  

 

 
[     ( )]

) (3.51) 

The difference variable,  ( )    ( )    ( ) is defined, and it reduces set of master 

equations in Eq. 3.50 into a perturbed generalized master equation: 

   ( )

  
    ( )∫  (  )   

 

 

 ∫  (    ) (  )   
 

 

 (3.52) 

where  ( )  ∫  (  )    ∑   ( )
 
   

 

 
 is event-generation function. This term modifies 

the perturbation strength   in a time-dependent fashion that is proportional to the 

number of events that occur in the time interval (   ). If one considers the memory 

kernel of Eq. 3.48 the perturbed generalized master equation (Eq. 3.52) reduces to 

   ( )

  
     ( )    ( ) (3.53) 

and it solution is 

 
 ( )       ( )    ∫    (    )  (  )   

 

 

 (3.54) 

Next one assumes that  ( )    and defines dichotomous variable   ( ) , which 

assumes state    with probability    and state    with probability   . It follows that the 

average value of   ( ) is equal to the differential variable  ( ) and Eq. 3.54 can be 

written as 

 

〈  ( )〉   ∫ (    )  ( 
 )   

 

 

 (3.55) 

where the response function is 

  (    )      (    ) (3.56) 

Process   ( ), which in the absence of perturbation vanishes, as a result of weak  
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perturbation has a non-zero average 〈  ( )〉.  

According to Onsager system prepared in an out of equilibrium condition decays 

to the equilibrium state in a manner determined by the equilibrium correlation function. 

Therefore  

 〈  ( )  ( 
 )〉    (    )    (    )     (    ) (3.57) 

By comparing Eq. 3.56 and Eq. 3.57 one obtains that the response function is the time 

derivative of the stationary autocorrelation function 

 
 (    )  

 

  
  (    ) (3.58) 

The Eq. 3.55 defines the general form of linear response theory of Kubo [57] 

when the response function (Eq. 3.58) is defined in terms of unperturbed autocorrelation 

function of the event-dominated process   ( ). 

 

3.5. Transfer of Information 

The linear response theory introduced in previous section is limited to the 

stationary equilibrium condition. However, there are processes that violate this 

condition; two examples being blinking quantum dots [58] and liquid crystals [59]. In the 

stationary case the correlation function depends only on the time difference,   (   
 )  

  (    ) and as a consequence the derivative in Eq. 3.58 can be defined with respect 

to both indices 

  

  
  (   

 )   
 

   
  (   

 ) (3.59) 

However, when a non-stationary process is concerned, above relation is no 

longer valid and one faces two choices when defining the linear response function: 
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 (    )   

 

  
  (    ) (3.60) 

and  

 
 (    )  

 

   
  (    ) (3.61) 

Here the linear response theory in a case when both perturbation   and the 

perturbed system   are non-stationary event-driven renewal processes is being 

discussed. First, it is assumed that the fluctuations   ( ) and   ( ) are dichotomous 

variables, and intervals of single state correspond to times generating by distribution 

density of Eq. 3.34 with exponents    and   , respectively. Additionally, the survival 

probability constructed for observed events depends on the time    at which the 

observation started 

 

 (    )  ∫  (   ) (     )    

  

 

 (3.62) 

where  ( ) is defined by Eq. 3.33 and  ( ) is an event-generation function. Here one 

considers the response function defined by Eq. 3.61. In this case the autocorrelation 

function reduces to the age-dependent survival probability 

 
〈 ( ) (  )〉  ∫  (    )  

 

 

  (    ) (3.63) 

and the response function becomes 

 
 (    )  

 

   
〈 ( ) (  )〉  

 

   
 (    )   (  ) (    ) (3.64) 

In this approach perturbation introduces a bias when the dichotomous signal   ( ) is 

being constructed, but it does not influence the time-intervals between events. Then one 

can show that for events generated by distribution density of Eq. 3.34, in the limit    ,  
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Figure 3.1. The asymptotic limit of the correlation function as a function of indices    

and   . Figure reprinted with permission from [60]: G. Aquino et al, Phys. Rev. Lett., 
105, 040601, 2010. Copyright (2010) by the American Physical Society. 

 

the rate of event production becomes [60, 61] 

 
 ( )   

   [  ]

 
(
 

 
)
   

     for         

 ( )  
 

〈 〉
[  (

 

 
)
   

]   for         

(3.65) 

For     the rate   tends to vanish in the limit     and creates out-of-equilibrium 

nonstationary condition. On the contrary, for       the rate of event production 

becomes stationary and evolves towards constant value of a Poisson process.  

Now one considers a situation when process   ( ) serves as a perturbation of 

process   ( ). To construct the response first one creates an ensemble of responses of 

  to an the same perturbation   and next this construction is repeated for all possible 

realizations of  . Thus the Eq. 3.55 becomes 

 
〈 ( )〉  〈〈  ( )〉〉   ∫  (    )〈  ( 

 )〉   
 

 

 (3.66) 
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Table 2.The asymptotic values of the cross-correlation function. Adapted from [60]. 

               

           (     )      

               
    

       
 

 

and using relation Eq. 3.64 the average response is 

 

〈 ( )〉  〈〈  ( )〉〉   ∫  ( 
 )  (    )  ( 

 )   

 

 

 (3.67) 

The asymptotic values of 〈 ( )〉  are dependent on the exponents    and   . 

When       , two possible scenarios arise. First if        and        , the 

average response is 〈 ( )〉      , which signifies that perturbed system adopts the 

relaxation properties of the perturbation [60, 61]. Next, if        , the relaxation to 

the equilibrium follows the behavior of unperturbed system  , 〈 ( )〉      . In the 

nonstationary regime,       , similar two cases take place. When      or if 

        then 〈 ( )〉      . When         we have 〈 ( )〉       and again we 

observe a case when perturbation forces its dynamics onto perturbed system.  

Next the cross-correlation function between the system   and applied 

perturbation   [60, 61] is studied: 

 

 ( )  〈〈  ( )  ( )〉〉   ∫  ( 
 )  (    )  (   

 )   

 

 

 (3.68) 

The asymptotic values of normalized correlation  ( )   ( )   are presented in Table 2 

and illustrated on Fig. 3.1. First, one observes a singularity when         where the 

value of correlation abruptly increases from vanishing to maximal correlation. This point 
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represents a    -noise system being under influence of identical    -noise perturbation. 

When the perturbing system is in nonstationary regime and the perturbed process is 

stationary, the response is maximally correlated with the perturbation. In an opposite 

situation, when stationary perturbation is applied to a nonstationary system, the 

perturbation has no influence and the correlation is zero. Finally, when both perturbation 

and system are stationary or nonstationary, partial correlation between them is 

observed.  

Above observations conclude the discussion of event-dominated processes. 

They describe a powerful approach to the problem of information transmission between 

complex systems and underlie the importance of the nonstationary properties of both 

the medium and the transmitted signal to the final effect of the perturbation.  
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CHAPTER 4 

MEAN FIELD BEHAVIOR OF TWO-STATE STOCHASTIC OSCILLATORS 

 

This chapter introduces a model of stochastic two-state units as a suitable 

theoretical approach illustrating cooperative phenomenon such as group decision 

making. In the first section the model is defined and its behavior is analyzed in the 

thermodynamic limit, one in which each unit of the model is coupled to an infinite 

number of other units, to solve analytically for a stable condition. In the second section it 

is discussed how the departure from this condition introduces fluctuations of the global 

order parameter. Observed intermittent fluctuations are characterized by an inverse 

power law behavior with index        and are exponentially truncated. The Kramer’s 

theory of a motion of a particle in a double well potential is used to describe the 

dynamics of the global variable. Next tests for renewal and ergodic properties of 

observed fluctuations are performed. Finally the effect that a complex perturbation has 

on the process is investigated. 

 

4.1. Social Networks and Collective Behavior 

The study of collective behavior in social systems is very similar in spirit to the 

statistical physics approach [62]. In the agent-based models each individual node is 

assumed to be in one of several possible states. The agents update their internal state 

by interacting with their neighbors and as a result of a large number of those 

interactions a macroscopic behavior of the system emerges. A vast number of agent-
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based models consider attributes of agents that have binary character as in the case of 

the Voter model [63], the majority rule model [64] and the Sznajd model [65]. Common 

property of those models is that for majority of update rules and topologies mentioned 

models lead to a consensus (all units have the same opinion and system as a whole 

reaches a fixed point after finite simulation time). Consecutively, those models do not 

possess a distinctive parameter that determines the cooperation between individual 

units. As a consequence, even if one observes a phase transition, it is with respect to 

initial configuration of the model, rather than a function of cooperation imposed on the 

system.  

The model proposed here is a two-state version of the one proposed by the 

authors of Ref. [66, 67]. The three-state oscillator of Ref. [66, 67] is reduced to allow for 

two accessible states and the analysis focuses on the impact of finite number of units 

on the behavior of the global order parameter. The main reason for this choice is that 

the two-state version of this model provides a description of a simple decision-making 

process. The single units correspond then to individuals who have to choose between 

two possibilities. 

 

4.2. The Model 

The starting point is a two-state unit governed by transition rate     (Fig. 4.1.). 

The state designation | ⟩ and | ⟩ could be interpret a generalized, discrete phase, when 

allowed states are | ⟩    and | ⟩    or simply as a choice between two possibilities, 

setting | ⟩     and | ⟩    . The corresponding two-state master equation for the unit 

has the form: 
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Fig. 4.1. Schematic illustration of a two-state stochastic unit (left panel). Evolution of the 

state of an exemplary unit in time is shown (right panel). Consecutive times   during 
which unit stays in a single state are marked. 
 

  

  
    (     )

 

  
    (     )

 (4.1) 

where    is the probability of being in the state | ⟩ and        . One can show that 

the master equation above can be derived by assuming that the decision between two 

alternative states is made by a fair coin tossing procedure, where the time interval   

between two consecutive coin tossing actions is derived from the exponential waiting 

time distribution density 

  ( )        (4.2) 

This result can be easily recovered if one considers flipping a non-fair coin, where a 

side with heads appears with probability  . Then the probability of obtaining tails is 

   . Consequently, the survival probability of obtaining tails in   consecutive tossing 

is: 

  ( )  (   )       (4.3) 

where the second equality is valid for     due to the small value of  . Then using the 

relation between distribution density and the survival probability,  ( )   
 

  
 ( ), the 

exponential waiting time distribution density is recovered. Therefore, we conclude that 
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Figure 4.2. The survival probability function for the sequence of waiting times obtained 
for a single two-state stochastic unit is characterized by an exponential decrease with 

the rate corresponding to the unperturbed transition rate  . 
 

an individual unit of the model is Poissonian (Fig. 4.1, Fig. 4.2). In this simple case once 

a decision is made, it is kept for an average time    given by the inverse of the transition 

rate 

 

   ∫   ( )  

 

 

 
 

 
 (4.4) 

Next step is to consider certain configuration of units, where the probability    

depends on modified transition rates. It is assumed that each unit interacts with all the 

other units to which it is directly connected, what leads to modified master equation, 

  

  
               

 

  
               

 (4.5) 

where the transition rates between states,    and    , are time dependent variables  

 
   ( )    

 
 

(     )

   ( )     
 
 

(     )
 (4.6) 
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Here   denotes the number of nodes connected to the unit that we are considering and 

   is the number of nearest-neighbor nodes that are in the state | ⟩. The parameter   is 

main control parameter of the model and it defines the strength of the coupling between 

interacting units.  

Introduced modification of the simple Eq. 4.1 modifies the average time during 

which single node remains in a given state. If exactly half of its neighbors are in the 

state | ⟩ and half in state | ⟩, the single unit remains in its state as it would in isolation. 

However, if the majority of its neighbors are in opposite state, the single unit makes on 

average a decision of switching to that state faster than it would happen in isolation. In 

the opposite case, when most of the neighbors are in the same state as considered unit, 

it keeps its state for longer time than   . 

The second consequence of changes introduced to Eq. 4.1 is that its modified 

version (Eq. 4.5) is now a fluctuating master equation. The fact that the transition rates 

   (   ) depend on the ratios    ⁄ , which are random variables generated by the 

stochastic time evolution of the neighborhood of a specific site, leads directly to the 

stochasticity in Eq. 4.5. Here another frequency       ⁄  is defined, where   denotes 

the total number of the units in the network, and    is the number of units in the network 

in the state | ⟩. It is evident that the quantity    is also fluctuating function of time, even if 

it is expected to be smoother than    ⁄ , since it is derived from the observation of the 

entire network, when the ratio    ⁄  is evaluated locally. Finally the global stochastic 

variable is written as 

  ( )    ( )    ( ) (4.7) 

whose variability characterizes the dynamic behavior of the entire network.  
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Figure 4.3. The double well potential  ( ) as a function of the difference variable   for 
three increasing values of the coupling constant  . Numerical integration of Eq.4.11 
was performed with the unperturbed rate       . Arrow marks the intensity   of the 
barrier created between wells.  
 

4.3. Mean-field Approach in the Thermodynamic Limit 

This section considers a mean field approximation for the described system, in 

which all units are directly connected with each other. Additionally it is assumed that the 

total number of nodes   becomes infinite. In this limiting case the frequency    ⁄  

becomes equal to the exact probability   : 

 
   

  

 
    (4.8) 

and the transition rates    (   ) become defined as functions of those probabilities: 

    ( )     (     )

   ( )      (     )
 (4.9) 
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Figure 4.4. The equilibrium value of the difference variable,     as a function of the 

coupling constant  . A distinctive phase transition occurs at     . Blue line is the 

theoretical solution derived solving Eq.4.11 for 
 

  
   . The red line correspond to the 

numerical evaluation of the system of Eq.4.6 for        nodes. 
 

Next the difference in the probabilities         is defined. Using the 

normalization condition         and subtracting the equations in Eq. 4.5 yields the 

equation for the time evolution of the difference variable: 

  

  
   (       )  (       ) (4.10) 

By inserting Eq. 4.9 into above expression one obtains 

  

  
    (        )   (        )   

  

  
 (4.11) 

Therefore the evolution of the difference variable   is formally equivalent to the 

problem of a motion of a particle (whose position is corresponds to the variable  ) within 

the potential  ( ). By analyzing Eq. 4.11 one finds that the potential  ( ) is symmetric 

and the values of is minima,     , which correspond to the equilibrium solutions    , 

depend only on the value of parameter  . For    , the potential  ( ) has only one  
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Figure 4.5. Time evolution of three selected units of the model in a system of         

units directly connected with each other. The coupling parameter was set to        
and unperturbed transition rate is       . 
 

minimum,       . At the critical value      a bifurcation occurs and the potential 

develops two wells separated by a barrier (Fig. 4.3). By the means of series expansion 

one can show that for    , but close to  , the barrier intensity is given by 

 
   (

   

 
)
 

 (4.12) 

and the two equilibrium values of   are: 

 
     (

 (   )

 
)

   

 (4.13) 

For    , a majority decision emerges. The condition of perfect consensus is reached 

for    , when      gets either the value of   or    and all nodes in the network are 

in the same state. When     but finite the consensus is partial, and corresponds to 

one of the equilibrium solutions     . Therefore it refers to the situation where there 

exists stable majority and minority in the system, with no change of global opinion.  
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Figure 4.6. The survival probability function for waiting times corresponding to the 
intervals during which a single unit of the model maintains specific state. Analyzed unit 

was selected from a system of        units directly connected with each other. The 
coupling parameter was varied from the case of isolated unit (“indep”), through values 

      ,        and       . The unperturbed transition rate is       . 
 

4.4. Case of the Finite Number of Nodes 

As mentioned earlier one of the consequences of the coupling between units is 

the change in average time that given node spends in a particular state. The definition 

of transition rates    (   ) that incorporates the influence of neighborhood nodes (Eq. 

4.6) causes the local majority state to become the preferred state for the unit (Fig. 4.5). 

As a consequence given unit is going stay, on average, longer in preferred state that it 

would happen when the unit would be independent. The survival probability function for 

single unit confirms that prediction (Fig. 4.6). With increasing cooperation strength, 

induced by increasing value of the coupling constant  , one observes the elongation of 

the survival probability function. However, one needs to point out that the difference is 

not very significant and that the single unit of the model, even being a part of larger  
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Figure 4.7. Fluctuation of the global order parameter  ( ) as a function of different size 
of the system (left panel) and increasing value of the coupling constant (right panel). 

With increasing size of the system, for        and       , intervals with clear 
majority become more extended. Similar situation takes place when the value of 

coupling constant is increased, for         and       . 
 

system, maintains its Poissonian characteristics. 

Described in the previous section condition for the existence of the stable 

solution can be violated once one considers finite number of nodes that compose the 

system, still preserving all-to-all coupling between units. The global behavior of the 

system is now properly described by the stochastic variable  ( ), which corresponds to 

the variable  ( )  in the limit of    . The evolution of  ( )  is described by the 

Langevin equation 

  

  
 ( )   

 

  
 ( )   ( ) (4.14) 

where  ( ) is a random fluctuation whose intensity is proportional to  √ ⁄ . Since Eq. 

4.11 is recovered in the limit of    , one can interpret the evolution of variable  ( )  
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Figure 4.8. Fluctuation of the global variable  ( ) with marked time intervals between 
crucial events. 
 

as transitions from one well to another that are caused by the presence of random 

fluctuations. Therefore, system with finite number of nodes lacks stable condition that 

was present for the infinite system. Fig.4.7 illustrates oscillatory behavior of the global 

variable  ( ), when for      process becomes essentially dichotomous. This behavior 

corresponds to the entire network keeping a decision for a longer and longer time as the 

size of the system of the coupling parameter increases.  

Now an event is defined as an abrupt change in the global majority, which 

corresponds to the change in the sign of the global variable  ( ) from the up (down) to 

the down (up) state, as illustrated by Fig. 4.8. It needs to be pointed out that the 

illustration provided by Fig. 4.8 could be slightly misleading, due to the time scale for 

which the global variable is presented. There exist transitions from  ( )    to  ( )    

and  ( )    to  ( )    that are characterized by very short intervals of residence in 

state up (down). Those events are localized in large number in the transition region 

between two distinctive majority states. Here transitions between both long and short-

time durations of global choices are classified as events. the time interval   between two  
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Figure 4.9. Survival probability function  ( ) for the coupling constant value        
and the unperturbed transition rate       , and increasing network size  .  
 

 

Figure 4.10. Survival probability function  ( ) for the network of        units and the 
unperturbed transition rate       , and increasing value of the coupling constant  . 
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consecutive events is defined as time duration of a choice (waiting time). 

The remaining discussion in this section is devoted to the statistical properties of 

the sequence of those waiting times. First the survival probability function  ( )  is 

defined as an integral of the probability distribution  ( )  constructed for a given 

sequence of waiting times {  }: 

 

 ( )  ∫  ( )

 

 

   (4.15) 

A set of survival probability functions estimated for a given value of coupling constant   

and increasing size of the network  ; and ones calculated for constant size of the 

network   and increasing value of coupling constant  , are respectively plotted on Fig. 

4.9 and Fig. 4.10.  

For values of the network size on the order of     , the survival probability is 

similar to the exponential function obtained for single unit in the isolation condition (Eq. 

4.3). For larger values of network size   the time region of the Poissonian process is 

turned into an inverse power law with exponent          (Fig. 4.11). Even further 

increase in network size does not affect the time region occupied by the power law that 

is approximately defined by     ⁄ . It has the effect of producing more and more 

extended exponential shoulder (Fig. 4.11). This feature is referred to as the Kramers 

shoulder due to the theoretical interpretation that will be presented later.  

The theoretical prediction concerning the waiting-time distribution density  ( ) 

starts by imaging situation when infinite number of realizations of the decision making 

process, all with the same initial condition  ( )   , are produced. The probability 

distribution density  (   ) evolves, like in the case of regular diffusion, from the initial  
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Figure 4.11. Illustration of two distinctive time regimes that characterize survival 

probability  ( ) obtained for network of large size. Here, network size is       , the 
unperturbed transition rate is        and the coupling constant       .  
 

Dirac delta function  ( ) to the final exponential equilibrium density distribution: 

 
   ( )     ( 

 ( )

 
) (4.16) 

The parameter   is the diffusion coefficient determined by the strength of the random 

noise  ( ) and here is defined as 

   
 

 
 (4.17) 

The equilibrium distribution defined in Eq.4.16 is realized in the time that 

corresponds to the appearance of the Kramers shoulder, which is defined as Kramers 

time   . The decision-making process is expected to be ergodic in this time scale. 

However, since the observation rests on numerical calculations of specific time length, 

one can conclude that if the observation process is on the order of Kramers time   , the 

decision-making process can be interpreted as being out of equilibrium.  
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Next the probability distribution density for the decision making process  ( ) to 

return to its initial condition,  (     ), is related to the number of the returns to the 

origin per unit of time,  ( ) [68] : 

 
 (     )   ( )  ∑   ( )

 

   

 (4.18) 

Here   ( ) denotes the probability density for the process  ( ) to return to the origin for 

the   th time, given that it was at the origin at    .  

One assumes that the process  ( ) is renewal and uses the renewal condition to 

connect   ( ) to     ( ) by means of 

 

  ( )  ∫  (    )    ( 
 )   

 

 

 (4.19) 

with   ( )   ( ), the decision –time distribution density. Using the Laplace transform 

method and the notation  ̂( )  ∫  ( )   (   )  
 

 
 leads to: 

 
 ̂( )  

 ̂( )

   ̂( )
 (4.20) 

Now it is assumed that the investigated process is in free-diffusion condition, 

corresponding to  ( )        and one disregards the fact that it is regressing towards 

equilibrium condition. In this case the distribution density function  (     ) decays as 

   ⁄ , as defined by the rescaling property of a diffusion process with     . Therefore 

one obtains: 

 
 ( )  

 

  
(
  
 
)
 

 (4.21) 

where    is time necessary to depart from the discrete time regime evolution to a 

scaling regime, where the exponent   can be evaluated. Based on numerical  
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calculations this time is evaluated to be      .  

It is evident that the regression to the origin is independent on  , which 

influences the intensity of the fluctuations but not the regression times. A trajectory 

leaving the origin axis     at time    and coming back at time      may depart from the 

origin in between these two times by quantity proportional to  , but the time interval 

|       | is determined by the scaling coefficient   alone. Then, using the Tauberian 

theorem, 

  

  
 

 (   )

    
 (4.22) 

Eq. 4.21 is converted into  

  ̂( )  (   )
    (   ) (4.23) 

Above is next compared with Eq. 3.20 and solved for  ̂( ): 

 
 ̂( )    

 

 ̂( )
   

(   )
   

 (   )
 (4.24) 

Now it is assumed that the waiting time distribution has the form: 

 
 ( )  (   )

    

(   ) 
 (4.25) 

The parameter   determines the size of time interval within the distribution density  ( ) 

is not yet an inverse power law. Then the Laplace transform of Eq. 4.25 is  

  ̂( )     (   )(  )    (4.26) 

By comparing the power exponents in Eq. 4.26 and Eq. 4.24 one obtains: 

       (4.27) 

Since the diffusion process generated by the random fluctuation  ( )  is ordinary, 

thereby setting       , one gets 

        (4.28) 
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what agrees with the exponent estimated numerically from Fig. 4.11. 

Now the extension of the out-of-equilibrium process which leads to the power law 

behavior of the survival probability is determined. Suzuki in 1978 [69] established the 

theory that defines the time scale necessary to produce macroscopic order in the 

system on the basis of weak fluctuations. This time corresponds to the time the global 

variable  ( ) spends at the top of the barrier separating the two potential wells. When 

considered diffusion trajectory departs sufficiently from the origin, it is attracted by one 

of the well potentials and reaches its bottom through fast deterministic motion. 

Consequently, the variable  ( )  fluctuates around the bottom of the well until it 

eventually returns to the top of the barrier. The Suzuki time that corresponds to the 

oscillations at the top of the barrier is  

 
   

 

 
  (

 

 
)  

 

 
  (

 

 
) (4.29) 

The Suzuki time value tends to increase with the increase in   and this produces a time 

scale that has weak logarithmic dependence on  . Distinctive dependence on the 

unperturbed transition rate   is illustrated on Fig. 4.12. 

Next, one considers a departure from the condition of process persisting in the 

free-diffusion and out-of-equilibrium state and assumes complete thermodynamic 

equilibrium. In this situation the quantity  ( )  of Eq. 4.18 is time independent and 

constant: 

 
  ∑  ( )

 

   

 (4.30) 

where a  is the constant rate of the returns to the origin. This rate is defined by the 

barrier intensity   and the diffusion coefficient  : 
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Figure 4.12. The extend of the inverse power law region depends mainly on the value of 

the unperturbed transition rate  . Both panels present survival probability functions 
obtained for systems of        nodes, where the coupling constant is        and 
       for top and bottom panel, respectively.  
 

 
      ( 

 

 
) (4.31) 

where   is a constant factor. In this case  ̂( )    ⁄  and from Eq. 4.20 one obtains 

  ( )      (   ) (4.32) 

This theoretical prediction is confirmed by means of fitting procedure applied to the 

Kramers shoulder. Simultaneously, the Kramers [70] time scale    is defined as  

        (4.33) 

The relation       explains the exponential dependence of the Kramers time on   

       (       ) (4.34) 
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Figure 4.13. Mean waiting time 〈 〉 dependence on the size of the network   and the 

coupling parameter  . Three regions can be defined, with respect to the critical value of 
the coupling constant: (top left) subcritical zone, where mean waiting time is 

independent on  ; (top right) critical zone with 〈 〉being linear function of   and (bottom 
left) supercritical zone characterized by exponential dependence on    
 

The properties of the waiting time distribution  ( ) , and consequently the survival 

probability  ( ) can be also discussed by the means of the average waiting time 〈 〉 that 

characterizes the process. Following the definition of an average, 〈 〉 is defined as  

 
〈 〉  ∫   ( )   ∫  [ 

 

  
 ( )]    ∫  ( )  

 

 

 

 

 

 

 (4.35) 

Figure 4.13 illustrates the dependence of the mean waiting time 〈 〉 on the size of the 

network   and the value of the coupling constant  . One can clearly realize that three 

types of functional dependence, directly connected with the phase transition behavior of 

the system, can be defined. First, for the values of the coupling constant   that are in 

the subcritical region we observe no dependence of the mean waiting time on the size 

of the network. Secondly, in the supercritical region the mean waiting time is an 

exponential function of the size of the system, what is in agreement with the Eq. 4.34. 

Since the Kramers time scale is an exponential function of the size of the network, it is 

expected that the average waiting time will share this property. Finally, in the critical  
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Figure 4.14. The aging experiment. The top panel illustrates the original sequence of 

waiting times {  }. Horizontal bars on the middle panel represent aging time   . Gray 

arrows on the bottom panel represent obtained aged times {    }. 
 

region, where     , the average waiting time 〈 〉 is a linear function of the number of 

the units in the system. It is worth pointing out that identified functional dependences 

are valid for systems of large size. Similar to the survival probability behavior presented 

on Fig. 4.9, systems of small size on the order of      will tend to behave more like 

single nodes, leading to the average waiting time being independent on the system size 

and related to the unperturbed transition rate.  

 

4.5. Renewal and Ergodic Properties of the Model 

This section is devoted to establish if the sequence of the decision-making times 

is renewal. The ergodic properties of the global fluctuation  ( ) are also discussed.  

One assesses the renewal properties of a time sequence that originates from 

numerical experiment with the help of the aging experiment, which was originally 

proposed by Alllegrini et al [71]. The procedure is illustrated on Fig. 4.14. First the 

window size    is selected, which length corresponds to the age of the process that one 
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wants to examine. Next the beginning of that window is located on the time of 

occurrence of an event, which corresponds to the start of a new waiting time interval. A 

sequence of aged times {  } is constructed by recording the time intervals between the 

end of the window and the incident of the next visible event that is not overlaid by the 

applied window. This procedure generates a sequence of aged times {  } that differ 

from the original one, thus the survival probability constructed from {  }  will be 

distinctively different from that of the ordinary waiting times. A nonergodic renewal 

process is expected to generate a survival probability that becomes slower and slower 

as the aging time    increases. A process is characterized by aging if there exist an 

aging time    such that  

  ( )   (  ) (4.36) 

To test for renewal aging one needs to construct a survival probability for an 

aged time sequence that is characterized by the renewal property, which means has no 

memory. Thus, first one randomly shuffles the sequence of the original waiting times, in 

order to destroy any correlations between times. This step ensures that the new time 

series {  
 }  is renewal. Next described aging procedure is applied to the shuffled 

sequence. It is concluded that the process is renewal, if for any aging time   , the aged 

survival probability and its renewal version coincide: 

   (  )   (  ) (4.37) 

and the property of Eq. 4.36 is valid. The results presented on Fig. 4.15 show that the 

decision-making process is renewal with very good accuracy even in the case when the 

survival probability is characterized by very well pronounced Kramers shoulder.  

The renewal nature of the process can be demonstrated by means of an  
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Figure 4.15. Testing for renewal property. The survival probability  ( ) for the original 
waiting time sequence {  }  obtained for the system of        elements, coupling 
parameter        and the unperturbed transition rate        is compared with 

function aged by time       ,  (  )  and the survival probability constructed for 
shuffled aged times   (  ), what corresponds to the renewal case.  
 

additional numerical experiment. First a large number of single realizations of the 

decision making process with       time steps in single simulation is generated. Next, 

this time interval is divided into three parts. The first subinterval spans from the initial 

time     to           . The second runs from        to               , and the last 

one runs from                 to      . Then the survival probability is calculated 

only from the realizations observed in the first and last subinterval. Additionally, one 

constructs the survival probability from the whole length of single realizations,      . 

The results are presented on Fig. 4.16. It can be seen that there is no significant 

difference between the observations made after a time interval on the order of    . 

Thus, this confirms the renewal property of the process.  

Now the discussion focuses on the ergodic properties of the time series  ( ). 

Traditionally ergodicity breakdown [72, 73] is being related to the emergence of an 

inverse  power law distribution density with the exponent    . Simultaneously, a 
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Figure 4.16. Average over an ensemble of      independent single realizations of the 

decision making process confirms its renewal property. The survival probability  
   
     ( ) 

is obtained from realizations evolving from initial condition at     to            single 

time steps of simulation. Next, the survival probability     
    ( )  is derived from 

realizations of the process recorded on the interval from               to      . 
Last survival probability function,     ( ) was evaluated for realizations spanning from 

the initial condition     to time      .  
 

Poisson process is considered to be ergodic. This approach however does not take into 

the account the time scale on which analyzed process is investigated. If    , the  

average waiting time 〈 〉 diverges and the process is not ergodic regardless the time 

scale used to prove the ergodicity breakdown. It needs to be pointed out that in the case 

of investigated decision-making process there exists an upper limit for the scale of the 

system, which is given by the Kramers time   . 

Here the numerical experiment proposed by Ref.[72, 73] is adopted to test for the 

ergodicity breakdown for the time scales shorter than   . First realizations of the 

process  ( ) for the systems of different size   are generated, what leads to processes 

with different time scale. Next the sequences of  ( ) are transformed into binary signals, 

setting    when     and    when    . Then one considers a window of size   that  
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Figure 4.17. The probability density distribution for variable   assessed with the window 
of size         . From left to right, adopted network size was       ,       and 
     . The decision making process was simulated for the coupling parameter 

       and the unperturbed transition rate       . 
 

is shifted along the symbolic time sequence. For each position of the window the 

occurrence of values “  ” and “  ” is count, generating a ratio 

 
  

     

     
 (4.38) 

whose range is        . In the ergodic case the probability distribution density of 

the variable   is bell shaped and centered at    . In the non-ergodic situation the 

distribution is U-shaped. Fig. 4.17 shows the results of this procedure for a fixed value 

of window size         . One sees that the shape of the probability distribution for 

variable   changes from U-shaped for the system of size        to bell curve for 

     . It is evident therefore that decreasing   has the effect of weakening the 

ergodicity breakdown of the process. Simultaneously, since the bell shaped distribution 

density obtained for       departs significantly from the Dirac delta function centered 

at     that characterizes fully ergodic case, it is valid to conclude that processes 

obtained from systems of       and larger are non ergodic.  
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Figure 4.18. Perturbation of system   is realized by connecting a fraction of its nodes to 

all nodes of system  . 
 

4.6. Perturbation 

In Section 4.5 it was shown that investigated two-state model generates a non-

ergodic renewal process. Consequently, following the discussion presented in Chapter 

3, one would expect that once perturbed, considered process is not going to be 

responsive to an external influence that does not share its complexity. Thus, here this 

hypothesis is tested by using comparable system of fully connected network as a 

perturbation signal generator.  

The condition of weak perturbation is realized by letting only a small fraction of all 

nodes of system  ,    
, to be linked to all nodes of perturbing system   (Fig. 4.18). 

Additionally, one-directional coupling is imposed, where selected nodes of system   that 

are connected to the nodes of system   are not influenced by their dynamics. In 

summary one can distinguish three sets of transition rates in the system. All    nodes of 

system   evolve according to: 
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Figure 4.19. The result of the perturbation of system   with comparable system   
depends on values of their coupling constants,    and   . The number of nodes in both 
networks was            and the unperturbed transition rate was       . A 
fraction of    

    nodes of network   were subjected to the influence from network   

with perturbation coupling being         . Top panel illustrates the evolution of mean 
field in a case when there is no coupling between two systems;         and        . 
(Left, bottom) Introduction of coupling leads to synchronization in terms of mean field 

evolution;          and        . (Middle, bottom) The influence of the perturbation 
is significantly reduced when system   is not in complex regime;         and    
    . (Right, bottom) Perturbation that is not complex does not exert an influence on 
system  ;         and        . 
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where    is the coupling constant for system  . Next,   
        

 nodes of system   

evolve following identical set of equations,  
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 (4.40) 

where    is the coupling selected for system  , and in general      . Remaining    
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nodes of system   perceive the influence of    nodes of system   and    nodes of 

system  : 
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 (4.41) 

where     denotes the perturbation coupling constant.  

Fig. 4.19 illustrates how the relation between coupling constants,    and   , 

affect the outcome of perturbation experiment. The cases when both networks are in 

temporal complexity regime and when only one of them is complex are considered. 

Since it has been established already that the length of majority states increases with 

an increase in coupling, the mismatch between consecutive laminar regions observed 

on top panel of Fig. 4.19 is to be expected. Simultaneously, when the coupling is 

switched on, one observes that weak perturbation is sufficient to extend the length of 

the laminar regions of   to synchronize with laminar regions of system  . This behavior 

is observed only when both systems are in temporal complexity regime.  

The asymptotic behavior of the correlation function is evaluated to quantify the 

influence of perturbation on system  : 

      
   

〈  ( )  ( )〉 (4.42) 

where 〈 〉 denotes an ensemble average. One observes that when one network is in 

organized, supercritical state and the other is not, the correlation between systems 

vanishes. When both systems are in supercritical regime with values of coupling 

parameter   well above the phase-transition threshold, the correlation increases and 

tends to its maximal value of one (Fig. 4.20).  
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Figure 4.20. Asymptotical behavior of the correlation function between perturbing 

system   and responding system   as a function of parameters of the system. (Left) 
Network   perturbs    

   nodes of network   with the perturbation coupling     

    . (Right) The coupling constant for the system   and   is           . In both 
cases sizes of systems are           nodes. 
 

As explained in Chapter 3, linear response theory (LRT) defines the response of 

a system to a perturbation in a case of a weak perturbation strength  . Therefore it 

follows that the correlation between the perturbation and response is on the order of  . 

However, in the case of the process    generated by perturbed two-state model that fits 

the non-Poissonian renewal conditions necessary for the event-dominated LRT to be 

valid, one observes much higher correlation. Even for only   of nodes of system   

being perturbed one obtains maximal values of correlation (Fig. 4.20), what is 

incompatible with the LRT. Additionally, since according to the LRT the changes in 

properties of perturbed system can be detected only once an ensemble average is 

performed, the observed change in the length of laminar regions of   is another 

indication that the LRT may not be an applicable formalism to explain the response in 

whole domain of perturbation parameters.  
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Numerical results of Fig. 4.20 indicate that system   partially correlates with 

perturbation in almost all range of tested values of     and    
. The correlation reaches 

maximum in the region of          and    
  , while it diminishes when     or    

 

are decreasing. Since one expects the LRT to hold true when the correlation is low, it is 

concluded that the LRT may be valid in latter region of the phase space of Fig. 4.20. 

 

4.7. Summary 

Fully connected network of interacting two-state stochastic units shows a phase 

transition with respect to the coupling parameter at a critical value     . Single unit of 

the system in isolation generates a Poisson process with rate  . When the number of 

elements of the network is finite, the global variable   becomes intermittent. The 

distribution density for times in which majority state is present is characterized by an 

inverse power-law behavior with index       . The condition of a stable majority, 

present for a system of infinite size, is recovered by means of an exponential tail that 

becomes more and more extended with increasing size of the system. The bistable 

dynamics of the global variable is explained by the application of the Kramers theory. 

This sequence of transitions between consecutive majority states obeys renewal theory 

and is non ergodic. 

The system of Poissonian oscillators presented in this section can serve as an 

illustration of a complex collective behavior that arises from interaction between units 

that themselves are characterized by very simple dynamics. Simultaneously, it proves 

that for the macroscopic dynamics of a set of identities to be complex and characterized 

by inverse power-laws one does not necessary need to impose a complex topology of 
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connections between the individual elements. The structure of the network considered 

here was the simplest possible, where all units were directly connected to each other. 

The complex global decision-making process arose directly from the dynamical 

prescriptions for the interaction between individual units, rather than by an external 

factor like specific configuration of the units or some external control parameter, such as 

temperature in physical systems. 

The system of two-state oscillators can be influenced by a perturbation if both of 

them are processes that arise from networks in supercritical condition. There is no 

significant transfer of perturbation if one of the networks is not in an organized state. 

This suggests that the approach of the complexity matching principle can be extended 

beyond the conditions of the event-driven LRT, since one observes the synchronization 

between the response and perturbation much higher than value expected from the 

theory.  
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CHAPTER 5 

TWO-STATE OSCILLATOR MODEL ON 2D LATTICE 

 

In this chapter the model introduced in previous section is studied in a condition 

of a regular two-dimensional lattice. First, it is shown that for certain values of model 

parameters the Onsager solution for the phase transition in the two-dimensional Ising 

model can be recovered. Next, the temporal properties of the mean field fluctuations are 

studied. Observed temporal complexity at the critical point of the phase transition is 

argued to be a general property of critical systems. Finally, the correlations between the 

units of the lattice are discussed and their relation to the effect of a perturbation on the 

investigated process is assessed.  

 

5.1. Properties of the Phase Transition 

Since phase transitions and critical phenomena occur frequently in nature [74] 

they become widely studied field of physics [75]. Recently the notion of systems existing 

in a critical state started to influence other disciplines, with the Ising model being used in 

neuroscience to support the hypothesis that the brain works at the criticality [76], the 

biological observation of correlation lengths in flocks of birds that are comparable with 

the size of the flock [77] and models of cooperative economical interactions [78], which 

show a phase transition behavior.  

These studies emphasize complexity that characterizes spatial correlations 

emerging from the cooperative interaction of the lattice’s units. However, they overlook  
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Figure 5.1. Configuration of a two-dimensional lattice on which the model of two-state 
oscillators is imposed. Single node and four of its nearest neighbors with whom it 
interacts are marked.  
 

temporal complexity that is present in the fluctuations of the order parameter. This 

chapter is devoted to show that this temporal complexity emerges at the criticality and 

could be treated as a signature of a phase transition point.  

Therefore, a system of   discrete units located at the nodes of a two-dimensional 

square lattice (Fig. 5.1) is being considered. Each unit is a two-state stochastic oscillator 

introduced in Section 4.2. Like before, the change of state of a single unit    is related to 

the transition probability  : 

 
 (  

     
  )       [

 

 
(       )]

 (  
     

  )       [
 

 
(       )]

 (5.1) 

where   denotes the number of nearest neighbors, which in the case of a lattice is 

   ;     and     are the numbers of nearest neighbors in state    and   , 

respectively.  

All numerical calculations are performed on a square lattice of       nodes, 

where   ranges from    to    . Periodic boundary conditions were applied. In a single  
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Figure 5.2. Temporal evolution of the global order parameter  ( )  for the two-state 
model realized on a square lattice of         nodes, with         and the 
coupling constant increasing from        (top panel), through        and       , 

to        (bottom panel). Notice that consecutive plots differ in time scale.  
 

time step a run over whole lattice is performed in a type-writer manner. For every unit   , 

depending on its state, the transition rate of Eq. 5.1 is calculated, according to which a 

node is given possibility to change its state. In the case of missing coupling,    , 

single units fluctuates with the transition rate     . When coupling constant is non-

zero,    , a unit makes a transition to an opposite state with an average transition 

rate that is smaller than   .  

The global order parameter is defined as: 

 
 ( )  

 

 
∑  ( )

 

   

 (5.2) 
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Figure 5.3. (Left) The phase diagram for global variable    ( ) realized for systems of 

increasing size. The unperturbed transition rate was        . The dashed line 

corresponds to the Onsager solution for 2D lattice and    . (Right) Investigated 
system follows Ising universality class scaling relations. 
 

Fig. 5.2. shows exemplary temporal evolution of this variable as a function of 

increasing value of the coupling constant  . The dichotomous character of the global 

variable is not as pronounced as it is in the case of fully connected network (compare 

with Fig. 4.7), but it becomes more visible with increasing coupling. Also the amplitude 

of variable  ( ) depends on the value of  . When    , all units in the system are 

independent Poisson processes and thus an average taken at any moment of time over 

all of them is zero. Once the value of the coupling increases, single units are less and 

less independent, resulting in a non-zero average. As in the case of fully connected 

network, there exists a critical vale of the control parameter   , at which point a 

transition to a global majority state occurs. In numerical calculations the time average 

over    
 consecutive time steps of the simulation, defined by     〈| ( )|〉 is used as 

an estimate for the equilibrium value of the order parameter. In the special case when 

0
1g  , one finds that discussed model generates the phase transition curve (Fig. 5.3) 
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Figure 5.4. The phase diagram for global variable    ( ) realized for increasing values 

of the unperturbed transition rate   . Lattice size was           nodes.  
 

that agrees with the Onsager solution of the two-dimensional Ising model [79].  

The equivalence between two models can be obtained by discussing the 

equilibrium situation. There, the probability for the system to be in configuration   and 

change into configuration   must be equal to the probability of an opposite event. It 

follows that since the equilibrium distribution for the Ising model is described by the 

Boltzmann statistics, the ratio of transition probabilities between configuration   and  ; 

and reverse; must be proportional to the change in the energy between those two 

configurations: 

  (   )

 (   )
 

 ( )

 ( )
    (  [     ]) (5.3) 

If one considers a change in the state of only one node, it gives for the Ising model: 

  (     )

 (     )
    (  [       ]) (5.4) 
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Figure 5.5. The two-dimensional phase diagram of the global variable     evaluated for 

a range of model parameters,    and  , on a two-dimensional regular lattice of size 

          nodes. The color value denotes the value of the global variable.  
 

and for the model of two-state oscillators: 

  (     )

 (     )
    ( 

 

 
[       ]) (5.5) 

By simple comparison one obtains      
 

   
, where    is the Boltzmann constant 

and   is the temperature at which the Ising model is being considered. Now, using the 

expression for the critical temperature of the Ising model (Eq. 2.13) one obtains the 

critical value of the coupling parameter: 

       (  √ )         (5.6) 

and following Eq. 2.12 the equilibrium solution for the global order parameter in the case 

of lattice of infinite size,    , becomes: 

    ( )  (  [    (   )]  )    (5.7) 
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Figure 5.6. The evolution of the state of the lattice for large value of the transition rate 

       . Lattice size is           and coupling constant is       . Initial 
configuration (left panel) corresponds to random assignment of states    (black square) 
and    (white square). Intermediate configuration with large domains of the same value 

(middle panel) arises very quickly, only after about     time steps of simulation. Finally, 
after time on the order of      time steps, a perfect chess-board pattern emerges, 
which corresponds to the global parameter     being perfectly zero at all later times. 

 

 Fig. 5.3 shows the phase transition curves for the lattice of increasing size. One 

sees that with increasing number of nodes the numerical evaluation of    ( ) evolves 

toward the theoretical prediction of Onsager, Additionally, it is shown that those phase 

transition curves obey scaling relations for the Ising universality class, thus confirming 

that the two-state model is equivalent to the Ising model in the limiting case of     . 

Here it needs to be pointed out that the equivalence between the Ising model and the 

two-state stochastic oscillator model is only formal, since the later has no Hamiltonian 

origin and does not require a notion of temperature to be introduced in order to establish 

dynamics.  

 Now when the condition      is released, the equivalence between the two-

state model and the Ising model is lost. Fig. 5.4 shows that for increasing value of the 

transition rate    the phase transition emerges at values of the coupling parameter that 
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are lower than the critical value    obtained theoretically (Eq. 5.6). Simultaneously, 

further increase of the transition rate    leads to a new regime, which initially is 

characterized by an increase of the critical coupling parameter. Further increase of    

(       ) causes the system to evolve into a state in which every unit is surrounded 

by nearest neighbors in the opposite state (Fig. 5.6). This configuration becomes 

permanent, yielding update of states of all nodes in the lattice at every time step and 

generating a condition in which the order parameter  ( ) is exactly zero at all times (Fig. 

5.5). It should be noted that this case differs from zero or close to zero value of the 

global order parameter that is present for small values of the coupling constant, below 

its critical value. In this case vanishing global variable is a signature of very specific 

configuration imposed by cooperation, where in the former case it is a sign of a lack of 

cooperation. Additionally, when the effective transition rate   is on the order of one 

(either as an effect of a large value    or large value of the coupling  ) the lattice shows 

sensitivity to the initial random configuration. In a limited number of cases the order 

parameter evolves to a global majority state rather than in condition  ( )       . 

Thus one may consider a bifurcation in the phase space of the model parameters in this 

regime.  

 

5.2. Temporal Complexity of Order Parameter Reversal Times 

This section is devoted to study of the temporal complexity of the order 

parameter  ( ). It is assumed that the crossings of the origin, namely the times at which 

variable  ( ) changes sign are the significant events to observe. The time interval   

between two consecutive crossings is interpreted as the time duration of a given  
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Figure 5.7. Survival probability function  ( ) for the order parameter  ( )  evaluated on 

a two-dimensional lattice of increasing size:         (top left),         (top 
right) and           (bottom left) and for increasing value of coupling constant  . 
The unperturbed transition rate was        . The dashed line on all three plots 
corresponds to an inverse power law function with exponent      . On bottom right 

panel the survival probability for the global order parameter (lattice of           
nodes) is compared with the statistics for the transition times between two states for 
single units in the lattice (dashed curves).  
 

majority state, even if this majority is not significant and fluctuates (see second plot of 

Fig. 5.2 for illustration). 

Following the steps presented in Ch. 4.4, the distribution density of the majority 

time durations  ( ) is first evaluated, together with corresponding survival probability 

 ( ). Fig. 5.7 shows, that although emerging from a simple regular lattice, the survival 

probability curves show an inverse power law property which span clearly depends on 

the system size   and the value of the coupling constant  . While the number of the 

nodes in the lattice introduces simple scaling effects, the change in the coupling causes 

a transition from a scale-free region to a region with more and more extended  



74 
 

 

Figure 5.8. Properties of the exponential shoulder. Left panel presents the rate of the 

exponential shoulder as a function of the coupling constant. Lattice size is         
and transition rate        . Right panel shows the rate of the shoulder as a function of 
the lattice size, evaluated for        and        .  
 

exponential shoulder. The transition point is interpreted as a signature of criticality, 

where the fluctuations of the order parameter are related to the most extended inverse 

power law. Simultaneously, the subcritical region is being characterized by faster 

decaying survival probability and the organization arising in the supercritical region 

produces the exponential shoulder. With further increase of the coupling,    , the 

shoulder is expected to become predominant, corresponding to a system frozen in a 

given state. 

As mentioned earlier, a single unit in isolation fluctuates between two states with 

the transition rate     . The corresponding survival probability function is an 

exponential function  ( )     (    ). At the same time, as illustrated on Fig. 5.7, a 

coupled unit tends to update its state with a transition rate smaller than   . This is a 

property of criticality that is lost completely for very large values of the control parameter 

 . Although it is a computational challenge to explore the dynamics corresponding to 

extremely large values of  , our numerical results suggest that when   is very close to 

the critical value, and only a slight majority is present, the single units have a dynamics  
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Figure 5.9. The dependence of the cross-over time to the exponential regime on the 

system size, evaluated for         and        .  
 

similar to the Poisson dynamic that they would have in isolation. As the control 

parameter   is increased and the majority becomes larger single units keep their 

Poisson dynamics with a smaller rate. With further increase of coupling Poisson 

dynamics of single units should becomes infinitely slow and their behavior becomes 

identical with that of the global parameter.  

To support this argument the properties of observed exponential shoulder are 

considered. Since it appears in an organized supercritical phase, one can perceive 

exponential shoulder as a signature of an equilibrium regime. Therefore, similar to the 

discussion of a fully connected network, it is assumed that the global variable follows 

the dynamics of a particle diffusing in a double potential well. It is expected that the 

survival time of staying in one well to be  ( )     (   ) , where the rate of the 

exponential is defined by Eq. 4.31. The height of the potential barrier separating the 

wells,  , and  , the diffusion coefficient, are considered to be a functions of the 

coupling constant   and number of nodes in the lattice  , respectively. By fitting the 

exponential shoulder, once for a case where   is kept constant, and   varies, and 
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secondly for an opposite condition, the above hypothesis is assessed. The results of the 

fitting procedure are presented on Fig. 5.8. They reveal that the barrier height   is a 

linear function of   (   ) and that the diffusion coefficient   is inversely proportional to 

the logarithm of the system size  (       ). Therefore, for    , the transition rate 

becomes indefinitely small making the exponential shoulder predominant and having 

the same time scale as the Poisson dynamics of single units.  

As mentioned earlier the increase in the system size   has an effect of 

determining the region in which power-law behavior of the survival probability dominates. 

In the all-to-all condition, it was found that the scale-free region was defined by the time 

scale of the single unit         and was virtually independent on the system size (Eq. 

4.29). However, this is not the case when the two-state model is considered on a 

regular two-dimensional lattice. Here, once the time at which the inverse power law 

region changes into exponential shoulder is evaluated, it shows a tendency to increase 

with the system size as 1.50~C N . Therefore, for N  , the inverse power law 

character of the survival probability at the criticality becomes infinitely large. Also, this 

condition is a kind of a singularity in the temporal properties of the global variable, 

emerging as a complex dynamics between two regions dominated by Poissonian 

evolution: one corresponding to the subcritical state and second of the organized state.  

 

5.3. Testing Renewal Properties 

As pointed out earlier, the global variable  ( ) is not distinctively dichotomous. 

Especially at the phase transition point, it is characterized by fluctuations that are not 

characterized by well pronounced majority states. Therefore, to asses renewal  
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Figure 5.10. Testing for renewal property. Survival probability function  ( ) of the order 

parameter  ( ) evaluated on a lattice of size         and        ,        was 
aged by time       ,          and          , respectively. Those aged survival 
probabilities  (  ) are compares with the aged renewal prediction   (  ). 
 

properties of  ( ) at criticality this variable is converted to an ideal dichotomous signal 

by replacing positive values of  ( ) with    and negative ones with   . Next, with the 

help of the aging procedure described in section 4.5 one tests if the correlation function 

 (    ) [15] fulfills the renewal property: 

  (    )   (       )   (    ) (5.8) 

If the renewal process is exponential, the correlation function is stationary and there is 

no aging. On the contrary, in the case of an infinitely extended inverse power law, with 

power index     aging is perennial [15]. Here finite size of the system that is being 

considered influences the span of the inverse power law and therefore sets a limit on 

the aging time   .  

Fig. 5.10 illustrates the results of the aging experiment for the global variable at 

the critical point of the phase transition. One can observe that the process shows 

renewal aging, which becomes very large in the inverse power law region, with the  
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Figure 5.11.Correlation between units of the two-state model in a function of distance   

between nodes. In both cases lattice consists of           nodes and the transition 
rate is (left)         and (right)        . Selected values of coupling constant 
correspond to system in a subcritical region (       and       ), critical state 
(       and       ) and supercritical state (       and       ). 
 

survival probability being almost constant. At the time scale of the exponential shoulder 

aging is suppressed, in accordance with the Poissonian dynamics that dominates the 

system at larger times.  

 

5.4. Correlation Function 

In a recent paper [80], authors discuss how a periodic perturbation affects the 

dynamics of two-state model placed on 2D lattice. They show that a small number of 

nodes in the lattice that changes independently from their neighbors are able to 

significantly influence the evolution of the whole system. When a network in a subcritical 

condition is subjected to a rectangular perturbing signal created by independent nodes 

the global order parameter was changed only partially. Also when the cooperation 

between units is strong enough to create global organization, the system does not 
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depart from its unperturbed behavior. The critical value of coupling creates a singularity, 

where the network synchronizes highly with the perturbation.  

In their work authors [80] discuss the role that the correlation function and the 

temporal complexity of the model play in the transmission of perturbation through the 

entire system. Correlation function is a widely studied property of systems presenting 

with a phase transition behavior [75]. Commonly it is defined as a function of spatial 

distance between nodes  

  ( )  〈    〉  〈  〉〈  〉 (5.9) 

where 〈 〉stands for an average over all nodes separate by distance  , and it describes 

how microscopic variables of the system at different positions are correlated.  

For a regular lattice the distance    is defined in terms of simple Euclidean 

measure: 

 
  √(     )

 
 (     )

 
 (5.10) 

Here indices (     ) denote the location of a node    in the system. Since a change in 

the coupling parameter leads to an increase in cooperation between units as the system 

passes from subcritical to organized phase, the correlation changes accordingly. In a 

disordered phase only spins at close proximity are correlated, what corresponds to a 

very small correlation length. Supercritical phase is also characterized by low values of 

correlation that are caused by high order and the fact that all units are most often found 

in the same state. However, at the critical point correlation length becomes as extended 

as the size of the system and it diverges once lattice becomes infinite [75]. 

Fig. 5.11 shows that the behavior of correlation function described above is 

recovered in studied two-state model. Since a system with two different values of  
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Figure 5.12. Color-codded correlation function  (   ) between units of the two-state 
model as a function of distance r  between nodes and time evolution of the system. 

Lattice consists of           nodes and the transition rate is        . The 
coupling constant is (top)       , (middle)        and (bottom)       . Panels 

below each color map present corresponding temporal evolution of global variable  ( ). 
 

transition rate    is considered, that corresponds to a phase transition occurring at 

different values of the coupling constant  , as illustrated by Fig. 5.4. In both cases a  
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value of coupling constant below the critical point, one corresponding to criticality and 

last one leading to an organized system is considered. One can observe that the 

correlation as a function of the distance between nodes increases significantly at a 

critical point and is  characterized by slower decline when   increases than it occurs 

both in organized and disorganized phase.  

The authors of [80] argue that this large correlation is responsible for the fact that 

the strongest response to the perturbation is observed at criticality. Additionally, they 

call the events studied in section 5.2 the organizational collapses and assume that 

those times in the evolution of the system are related with a momentary disruption of the 

order. Consecutively, single units are thought to be independent and free to select new 

global direction. Thus, the critical state that combines frequent events with long range 

correlations would be more sensitive to perturbation than an organized state where the 

events are less frequent and correlation length is smaller.  

Here the correlation function of Eq. 5.9 is investigated, as it changes with the 

temporal dynamical evolution of the model. As illustrated in Fig. 5.12, when considered 

as a time dependent measure, correlation  (   ) shows variability that strongly depends 

on the value of the coupling constant  . One sees that system in disorganized state is 

characterized by correlation function  (   ) that does not show significant variability in 

time. However, once critical and supercritical state are considered one perceives much 

stronger fluctuations. Especially in the organized state, the changes in  (   )  vary 

between low value intervals and spikes of higher amplitude. Careful comparison with 

the temporal evolution of the global order parameter  ( )  allows realizing that low 

values of correlation function correspond to intervals when the system is highly 
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organized and the mean field has large absolute value. On the contrary, spikes arise 

when the global variable changes sign or when the organization of the system becomes 

somehow disrupted.  

Therefore, this proves that the organizational collapses of [80] should be seen 

not as disruption of system organization and a state where all units act independently, 

but rather as temporary transitions into a critical state. This interpretation seems to be is 

more appropriate, since it is the critical point that is characterized with extended 

correlation length while the transition to a disorganized state would signify only close-

range correlations. Additionally, with this point of view, not only previously defined 

events (moments when  ( ) changes sing) could be used as most effective perturbation 

times. Since deviations from organized state that are not strong enough to cause a 

change in the sign of global variable are characterized by very similar behavior as large 

scale changes in the global state of the system, one might consider all those points as 

events that are relevant for system dynamics and its response to external influences.  

 

5.5. Summary 

In this chapter the model of two-state stochastic oscillators imposed on a two-

dimensional regular lattice is considered. It is shown that this model in the phase space 

of its parameters incorporates the characteristic behavior of the two-dimensional Ising 

model. Consecutively, it is established that the onset of phase transition corresponds to 

the fluctuations of global order parameter being characterized by extended temporal 

complexity. This result reveals potential new approach for defining a critical point in 

systems with finite size. Additionally, it creates a new path for the transport of 
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information from one system to another. The temporal complexity is shown to be is 

accompanied by long-range correlations and the role those play in the response to 

external perturbation is discussed. Finally, the transitions between organized states that 

are observed when coupling parameter is slightly above critical value are demonstrated 

to occur through intermediate critical state rather than a disorganized phase.  
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CHAPTER 6 

TWO-STATE MODEL ON COMPLEX TOPOLOGIES 

 

This chapter presents how the dynamical properties of the two-state model are 

affected by the topology of underlying network. Four fundamental types of complex 

networks: random, regular, scale-free and small world, are being investigated. It is 

shown that contrary to ones expectations, high value of clustering coefficient that 

characterizes regular and small world networks does not facilitate the cooperation 

process. Those observations are confirmed by the temporal properties of corresponding 

survival probabilities.  

 

6.1. Phase Transition on Complex Topologies 

When introducing small-world properties of real networks in section 2.2.3 it was 

noted that the presence of connections between distant parts of the network facilitates 

transfer of information between nodes [48]. Consecutively, this property of small-world 

networks leads to the appearance of triangle motifs in the structure of the graph. Since 

such motifs improve the communication process through the network, it is expected that 

they positively influence the cooperation between dynamical units located at the nodes 

of such network. One can imagine long range connections acting as “mediators” 

between parts of the network and facilitating the rise of global majority state.  

In order to test this hypothesis the two-state model is being evaluated on 

networks that represent four basic categories of graphs: scale-free network, random  
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Figure 6.1. Phase transition diagram for the two-state model evaluated on complex 

networks. All networks had        nodes and mean degree was set to 〈 〉    . 
Transition probability was        . Abbreviations in legend captions are: BA - 
Barabasi-Albert scale-free network, RD – Erdos-Renyi random graph, WS – Watts-

Strogatz small world network generated with the rewiring probability   and RG – one-
dimensional regular graph.  
 

graph, regular network and small-world network. In previous two chapters the equations 

for transition rates    ( ) and    ( )  were considered to be fluctuating variables due to 

the difference that exists between the notion of a frequency and probability. Since in the 

most general case each node    that is a part of a complex topology has different 

number of neighbors   , once two-state model on a complex network is considered, not 

only local fluctuations of frequencies   
   ⁄  are observed but additionally their amplitude 

changes from node to node and it depends on the degree    of that node.  

Thus one can write the equations for transition rates (Eq. 4.6) in terms of the 

degree of each node in the complex network: 
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Figure 6.2. Phase transition diagram for the two-state model evaluated on complex 
networks. Dynamics on scale-free (BA), random (RD), regular (RG) and small-word 

(WS) networks was investigated as a function of the mean degree 〈 〉 for each of those 

systems. In all cases the size of the network was        nodes and transition rate 
was        .  
 

 
   

 ( )       [
 

  
(  

    
 )]

   
 ( )       [

 

  
(  

    
 )]

 (6.1) 

Additionally the global order parameter is defined as an average over the states of all 

nodes at a given moment of time;  ( )     ∑   , where   is the size of the network. 

The time average of  ( ),     〈| ( )|〉, is used to define the properties of the system in 

the limit of large time.  

Fig. 6.1 shows how adopted topologies affect the dependence of this equilibrium 
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property on the value of the coupling   between nodes. Contrary to ones expectations, 

the phase transition point is delayed in networks with high clustering coefficient. 

However one observes that small rewiring of links leading to small-world topology 

improves the coupling between nodes when compare with the result for a regular graph. 

Additionally it can be seen that there is almost no significant difference in phase 

transition curves for scale free and random networks that are comparable in size and 

average number of links per node. This is another unexpected result since both those 

topologies differ significantly, especially in the value of the second moment of the 

degree distribution 〈  〉.  

In the previous section it was found that the two-state model on a two-

dimensional lattice provided behavior comparable to the two-dimensional Ising model in 

the limit of small transition rate     . Thus one could expect that the correspondence 

between the behavior of the Ising model on complex networks (Eq. 2.18) and discussed 

model would be recovered. In order to test this hypothesis the critical value of the 

coupling constant    is evaluated for Barabasi-Albert scale-free network with increasing 

value of its mean degree. It is found that the relationship between    and 

〈  〉 (〈  〉   〈 〉)⁄  ratio of Eq. 2.18 is linear rather than logarithmic (one assumea that 

   is inversely proportional to temperature). The dependence of   C
K  on 〈 〉  itself 

follows an inverse power law with the exponent 0.87 0.22  . Thus it is concluded that 

studied two-state model does not share the behavior of Ising model when complex 

topology is considered.  

One can associate an economical-like cost [21] with number of links in a given 

topology, assuming that an expense has to be made to establish any of those links.  
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Figure 6.3. The survival probability function for global order parameter evaluated on scale-free network (top, left), random 
network (top, right), small-world network (bottom, left) and regular network (bottom, right). All networks consisted of 

       nodes with an average degree of 〈 〉    . Transition rate was        . Small-world network was created with 
rewiring probability       .  
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Thus, fully connected graph is characterized by the highest cost, since there is no links 

that can be added to the structure. Any other network would correspond to smaller cost 

measure, and proportional to the number of links that structure lacks when compared 

with a fully connected network of the same size. With the help of Fig. 6.2 one observes 

that when the average degree is increased the phase transition point tends to the value 

      , obtained for an all-to-all system. Therefore, one could obtain a phase 

transition at a critical point very close to the all-to-all solution with a network that has 

less links, thus smaller cost associated with it. Consecutively, observed abundance of 

complex topologies in real world networks [4] may be a sign of some optimization 

mechanisms that leads to developing the most efficient structures for the performed 

function with the least effort.  

 

6.2. Temporal Properties of Global Order Parameter 

This section discusses the temporal properties of the global order parameter 

fluctuations. Times   during which variable  ( ) maintains positive or negative sign are 

detected. Corresponding survival probability curves are presented on Fig. 6.3.  

First one observes that the behavior of scale-free and random networks is similar 

with one obtained for a fully connected topology. Systems in subcritical regime are 

characterized by an exponential survival probability of waiting times, where processes 

evaluated in supercritical state show an inverse power law distribution followed by an 

exponential shoulder. Additionally, by comparing survival probability curves for all four 

types of networks it is noticed that the extension of the inverse power law region 

depends strongly on underlying topology, rather than on the total number of nodes in 
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the system. However, within one type of network, one still observes the same 

dependence of mean waiting time 〈 〉 on the system size as obtained for fully connected 

topology (Fig. 4.13). The value of 〈 〉 is evaluated for a scale-free network with mean 

degree 〈 〉     and increasing size  . As for all-to-all structure, in a region below 

phase transition, mean waiting time has constant value, independent on size of the 

network. Above phase transition, 〈 〉 scales exponentially with   and for the values of 

coupling parameter close to the critical point, the relationship between 〈 〉  and   is 

linear.  

Finally, one observes that in the case of scale-free and random network 

exponents of corresponding inverse power law distributions of waiting times differ from 

    value obtained for both fully connected network and two-dimensional lattice. Since 

the theoretical justification for exponent of     obtained in all-to-all system was based 

on comparison with normal diffusion process, similar arguments will be valid in the case 

of small-world and regular graphs. In both cases each node has the same degree, 

making the direction of diffusion from a given point of the network constant and equally 

probable. On the contrary, nodes in scale-free topology differ very strongly in number of 

links and diffusion process depends on the localization of the node of the origin in the 

lattice. Since most of the nodes in scale-free network have degree smaller than average 

effective diffusion rate would be slower than one observed for regular lattice.  
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CHAPTER 7 

MODEL OF THREE-STATE STOCHASTIC OSCILLATORS 

 

In this chapter a model of three-state stochastic oscillators is studied. It is shown 

that despite its simplicity, under sufficient coupling, it leads to synchronization of 

oscillators. The analysis of temporal properties of the mean-field fluctuations reveals 

inverse power law and periodic behavior that coexist at the phase transition point. 

Finally, the role of temporal complexity on the periodic perturbation of the process is 

discussed.  

 

7.1. Three-State Model 

Synchronization emerging in populations of coupled phase oscillators and 

corresponding macroscopic coherence appear in a great number of physical, chemical 

and biological systems [81]. As a result, this phenomenon continues to be studied 

intensely in physics and mathematics [5], with the Kuramoto model [82] being one of the 

most popular approaches. However, since Kuramoto-like description is typically based 

on a system of nonlinear differential equations, it becomes computationally intensive to 

solve, especially if a stochastic component is included. Recently, a simple model of 

discrete phase oscillators that exhibits global synchrony was proposed [67]. It main 

advantage is that it is more suitable for extensive numerical study. While the authors of 

[67, 83-85] concentrated their attention on presenting the analytical solution in the mean 

field limit and investigating local coupling in lattices of increasing dimension, the  
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Figure 7.1. Three-state units of the model with a constant transition rate   . 

 

discussion here focuses on the properties of fluctuations of the global order parameter 

that arise for a system of finite size. It is interesting to notice that while the single units 

of this model are three-state stochastic oscillators comparable to the two-state units 

discussed earlier, the emergence of global synchronization is lost in the latter case.  

The starting point is a three-state unit subjected to a constant probability of 

transition between allowed states   ,   and    (Fig. 7.1). Three states are interpreted 

as a discrete phase, what makes the unidirectional transitions act as a phase change 

and the whole unit can be regarded as an oscillator of sort. For an isolated unit, 

constant transition rate    defines intrinsic frequency of oscillations and the dynamics is 

defined by: 

  

  
             

 

  
             

 

  
             

 (7.1) 

where    are the probabilities of being in a state   at time  . The equilibrium solution of 

Eq. 7.1 is given by             .  
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Figure 7.2. Evolution of a state of single unit in the model of three-state oscillators.  

 

 Here, one studies the behavior that emerges when the transition probability of a 

given unit to the state ahead depends on the states of units connected to it in a 

structure of a network. In this case, the dynamics of an individual unit is described by a 

master equation: 
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 (7.2) 

where the transition rates from state   to state     are given by  
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 (7.3) 

The constant   is the coupling parameter,   is the number of nearest neighbors of 

given unit and    is the number of neighbors in state   at time  . Similar to the case of a 

two-state model, for a given topology of connections between units, one has to consider 

  equations of the same type as Eq. 7.2. In this chapter the discussion is restricted to  
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Figure 7.3. Schematic representation of three components of the mean field 
(          ) and their projections in orthogonal basis. 
 

the case of a fully connected network. Then,   is the number of nodes in the network, 

and      is a fraction of all nodes that are in state  . In general, if   is finite, the fraction 

       . 

To test for the emergence of global synchrony one first considers the model in 

thermodynamic limit of    . In this case      is replaced with    and set of   Eq. 7.2 

reduces to only one master equation:  
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 (7.4) 

Normalization of probability,           , allows to eliminate third equation and 

obtain a set of equations for    and   . Next Eq. 7.4 is linearized around the stable point 

      . The Jacobian is evaluated at the stable point and its eigenvalues are 

    
  

 
(      √ ) (8.5) 
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Figure 7.4. Phase transition diagram for a system of three-state oscillators. Mean field 
solution for system of infinite size is compared with average amplitudes of oscillations in 

system of        fully coupled units.  
 

Since both eigenvalues cross the imaginary axis at      , this indicates a transition of 

the mean field character from disorder for       to global oscillations for      . 

Imaginary part of the Eq. 7.5 provides additional information that is the frequency of the 

global field being 

 
  

√ 

 
   (7.6) 

Therefore the solution of the Eq. 7.4 can be written as 
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 (7.7) 

Described approximation left the amplitude of the mean field oscillation,  , which 

obviously depends on the coupling parameter  , unknown. Here, this variable is  
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Figure 7.5. Fluctuation of the global order parameter for a fully connected network with 

       nodes. Unperturbed transition rate is        . Consecutive panels 
correspond to systems evaluated with increasing value of coupling constant, from 

       (top), through        (middle) to        (bottom). 
 

determined by numerical solution of Eq. 7.4. Additionally, since the global field  ( ) is a 

complex variable 

 
 ( )    ( ) 

  
 
    ( ) 

  
 
 
    ( ) 

  
 
 
 
 (7.8) 

for simplicity we will restrict further discussion of this system to the projection of the 

global field on one of the axis in Cartesian basis (Fig. 7.3): 

   ( )    ( )     (
 

 
)  (  ( )    ( )) (7.9) 

Fig. 7.4 shows how the amplitude of the global field changes with increasing 

value of the coupling constant K . Also, a phase transition at evaluated value        

is clearly visible. One sees that no coherent behavior appears to       . At this 

critical value coherent oscillations arise, whose amplitude increases with an increase in 

coupling between units.  
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Figure 7.6. Comparison between fluctuations generated by a fully connected system of 

infinite size and one having        nodes. Coupling constant was        and 

transition rate was        , in both cases.  
 

7.2. The Case of a Finite Number of Nodes 

Here the system dynamics when the number of nodes   is finite and described 

by Eq. 7.3 is discussed. The behavior of the global variable in this case is presented on 

Fig. 7.5. One can see that as a consequence of limited size, the system dynamics 

departs from the regular coherent behavior obtained for    . At the critical value of 

coupling,       , in place of regular oscillation one observes quasi-periodic 

fluctuation, which amplitude seems to be modulated with even smaller frequency (Fig. 

7.5, middle panel). In other words, reducing the size of the system has an effect of 

turning regular oscillations of infinite time duration into bursts of oscillations, each of 

different size and different time span. The time average 〈|  ( )|〉 taken over     time 

steps of numerical simulation is defined as a proxy of the global field amplitude. Since it 

shows similar behavior to one observed for infinite size system (Fig. 7.4), it is assumed 

this definition to be valid. Simultaneously it can be seen that the amplitude of temporary 

bursts of oscillation is higher that the amplitude of the regular oscillation generated in  
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Figure 7.7. The waiting time distribution density  ( ) for the time intervals between two 

consecutive re-crossing of the zero axis for the global variable   ( ). Selected values of 
the coupling constant correspond to the evolution of   ( )  presented on Fig. 7.5. 
Unperturbed transition rate is        , which produces a fluctuation with a half-period 
of approximately        . 
 

the condition of    . Fig. 7.6 compares fluctuations obtained for both conditions, and 

one sees that the fluctuation generated for finite system is significantly larger than one 

corresponding to    . Further numerical calculations reveal that the fluctuations in 

finite size system tend to decrease with increasing  , while the amplitude of modulation 

frequency becomes smaller and smaller. Thus, regular oscillation in     case can be 

regarded as an osculation characterized by a modulation of infinitely small frequency.  

This interesting phenomenon can be explained by noticing that the ratios      in 

Eq. 7.3 fluctuate around corresponding probabilities   , due to the fact that   is finite. 

This athermal noise can be constructive in nature, since it contributes to an increase of 

cooperation, as denoted by modulation of fluctuations on Fig. 7.6. On the other hand 

one sees that those periods of higher requirement of cooperating units are finite, which  
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Figure 7.8. The waiting time distribution density  ( ) for the time intervals between two 

consecutive re-crossing of the zero axis for the global variable   ( ). (Left) Changing the 
unperturbed transition rate    has the effect of shifting the peak of the distribution. 
(Right) Increasing the size of the system affects the width of the quasi-periodic peak.  
 

means that noise introduced by variable rations      has also destructive influence. For 

increasing system size one expects that the amplitude of modulation will decrease, and 

simultaneously its time duration will increase. 

 

7.3. Temporal Properties of the Order Parameter 

This section is devoted to demonstrate that observed fluctuation of the global 

order parameter is a process that shares both coherent and complex properties. In 

order to do so the attention is focused on the sequence of times between moments at 

which the mean field   ( ) crosses zero-axis. The waiting time distribution density,  ( ), 

where   is the time distance between two consecutive re-crossings of the origin is 

plotted on Fig. 7.7. At the time of half of the period, which is       , a peak appears. 

It is a clear reminiscent of the theoretical frequency  . As stated earlier, with the 

increase of system size, its behavior tends towards a regular oscillation present in 

    case. This is reflected by a peak in the waiting time distribution becoming  
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Figure 7.9. The survival probability function  ( ) for the time intervals between two 

consecutive re-crossing of the zero axis for the global variable   ( ). We see that it 
drops abruptly to zero at the time corresponding to the frequency of a coherent 

oscillation present in the process. Aged survival probabilities  (  ) are compared with 
distributions obtained under renewal assumption   (  ) . System size is        

nodes, coupling constant        and transition rate        . 
 

sharper and shaper (Fig. 7.8) and becoming a Dirac delta distribution for    . 

Simultaneously, next to a peak preset in the waiting time distribution on Fig. 7.7 one can 

notice a region characterized by an inverse power law behavior. It reflects the complex 

properties of studied process, that at criticality coexist with the coherent oscillation.  

So far, in the case of two-state model, it was established that the complex 

temporal character of the statistics of waiting times between consecutive re-crossings of 

the origin showed renewal property for those events. Thus here also it is assessed if 

defined events are renewal or not. This question is even more interesting, since 

investigated process is one where complexity coexists with periodic behavior.  

As earlier the test for renewal properties is performed with the help of the aging 

experiment [15]. The results are illustrated on Fig. 7.9. First one observes that the 

survival probability  ( ) for the original sequence of waiting times drops abruptly to zero 

at time scale of the periodic oscillations, being a sign of coherent nature of the process. 
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Since the process of aging a waiting time distribution involves starting an observation of 

time interval to the next event after a time    after the previous one took place, it usually 

yields a survival probability  (  ) that decays slower than the original one. However, in 

the case of investigated process this property is lost, as clearly visible on the left panel 

of Fig. 7.9. One sees that the survival probability aged by time on the order of        

decays faster than one for     . Also the departure of curves evaluated for the aged 

system and the renewal assumption signal that the process is not renewal. Stronger 

breakdown of the renewal condition is even more visible when an aging time equal to 

the time scale of the process is adopted,       , (right panel of Fig. 7.9). In this case 

the deviation from the renewal state extends over wider time scale, leading to conclude 

that the time sequence of the origin re-crossings does not possess complex renewal 

properties.  

 

7.4. Periodic Perturbation in the System of Three-State Oscillators 

This section is devoted to study how a harmonic perturbation affects the behavior 

of a three-state model. In order to subject the model to an oscillatory signal the 

transition rates of Eq. 7.3 are modified to be: 

 
   ( )       ( [

  ( )    ( )

 
]       (   )) (7.10) 

where    is the angular frequency of perturbing signal,   is its amplitude and   is 

perturbation strength. Here it is investigated how changes in parameters   ,   and   

influence the dynamics of perturbed system. In all numerical calculations transition rate 

   is kept unchanged, setting constant internal frequency of perturbed system. 

Additionally, the amplitude of the perturbation is adjusted in order to match the  
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Figure 7.10. (Top, left) Power spectrum for the global variable   ( )  evaluated for 
increasing values of the coupling parameter. No perturbation is applied. (Bottom, left) 

Power spectrum for harmonic perturbing signal with given frequency         . 
(Right) Power spectra for system perturbed with sinusoidal oscillation. Values of 
coupling constant correspond to those used in the first panel. Length of the time series 

used for analysis was       time steps, transition rate was        , perturbation 
strength        and three-state model was evaluated on a fully connected network of 

       nodes.  
 

amplitude of the global order parameter   ( )  at the critical value of the coupling 

parameter.  

The Fourier transform is a method widely used in the field of signal processing 

that allows for representing processes in the frequency domain. The transform is based 

on decomposition into a series of sinusoidal functions, what makes it a perfect tool for 

visualization of periodic components in time signals. The complex Fourier coefficients of 

global variable   ( ) are defined as 

 

 ( )  ∫   ( ) 
        

 

  

 (7.11) 
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Figure 7.11. Normalized value of total power   for the response signal evaluated at 
increasing values of the perturbation strength  . Length of the time series used for 

Fourier analysis was       time steps, transition rate was        , and network size 

was        nodes. Frequency in x-axis is plotted in a logarithmic scale.  
 

Next, since observed signal   ( )  can be analyzed only in a finite time scale   

corresponding power spectrum is defined as: 

 
 ( )     

   

 

 
|  ( )|

  (7.12) 

The effect the perturbation has on the original system is illustrated on Fig. 7.10. 

On the top left power spectra for a system of three-state oscillators are presented when 

no perturbation is applied. For coupling constant   below critical value         one 

obtains spectrum that is characterized mostly by noisy fluctuations present in the whole 

range of frequencies. This is not surprising, since below phase transition point network 

is not organized and the global order parameter is just a sum of many independent 

components. At the coupling      one observes a wide peak in the power spectrum  
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Figure 7.12. Normalized value of total power   for the response signal evaluated at 
increasing values of the perturbation strength  , for (left) coupling constant        and 
(right) frequency of the perturbation         , which corresponds to the internal 
frequency of the perturbed system. 
 

of the variable   ( ). It corresponds to the maximum seen in the waiting time distribution 

(Fig. 7.7). Finally, when system in an organized state is analyzed,     , quasi-

periodic character of mean field is strongly pronounced. Secondary maxima of the 

power spectrum arise because variable   ( ) fluctuates periodically, but deviates from a 

simple sinusoidal oscillation, as can be seen on Fig. 7.5. Then, the comparison between 

spectra of original systems and those of perturbed systems shows new component, 

corresponding to the frequency of the perturbation, appearing. These results indicate 

that studied model, despite generating oscillatory motion, deviates from classical picture 

of harmonic oscillator, which adopts frequency of its perturbation.  

In order to quantify the influence of the perturbation the total power of the signal, 

  ∑  ( ) , is considered, and the ratio between the total power of the response (  , 

perturbed system) and the total power of the original system ( ) without perturbation is 

studied: 
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This normalization provides lover limit for the variable    , since if there would be no 

influence from the perturbation in the perturbed process, both power spectra would be 

equal. Value of   higher than one indicates then that there is an additional component 

in the perturbed process that was absent in the original system.  

Fig. 7.11 shows how this measure changes with increasing perturbation strength 

 , changes in frequency    and coupling parameter  . First, one clearly sees that once 

the amplitude of the perturbation increases system becomes more strongly affected. 

Simultaneously, observed increase in the index   is most pronounced in the region of 

subcritical values of the coupling constant. Fig. 7.12 illustrates this fact more clearly, 

being a cross-section of maps in Fig. 7.11 at frequency of the perturbation that matches 

the frequency of the system itself. One can see that the influence of the perturbation is 

sharply reduced once critical value of coupling is crossed. Therefore an effect opposite 

to one presented in Section 4.6 is observed, where perturbation of two-state model was 

discussed. Once in organized state, system of three-state oscillators is not responsive 

to perturbation of similar nature, where two-state system was adopting the behavior of 

perturbation once both were in supercritical phase. Additionally, the effect of 

perturbation is the strongest near the critical point, and it decreases with reduction of 

coupling. Thus, one can state that it is possible to perturb not-organized system of 

three-state units, given however that the perturbation is strong enough to dominate 

random behavior of weakly coupled nodes.  

Finally the index  , when analyzed as a function of the perturbation frequency, 

shows dependence similar to the resonance curve (Fig. 7.12), as it initially increases 
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when frequency    increases to reach the frequency of the system,    √     , and 

decreases with further increase in   . Thus it is showed that three-state model of 

stochastic oscillators shares some properties of a perturbed harmonic oscillator, such 

as stronger response to a signal that is close in frequency to the system itself, and at 

the same time it incorporates perturbing process into its dynamics rather than adopting 

itself to the stimulus.  

 

7.5. Summary 

In this chapter it has been shown that the model of three-state stochastic 

oscillators with finite number of units   is a source of temporal complexity similar to that 

presented in chapter 4 and 5. This behavior coexists however with a coherent oscillation 

that was not present in the two-state model. Consecutively observed temporal 

complexity is a direct consequence of finite size of the system. Once infinite network is 

considered,    , system of three-state oscillators generates perennial periodic signal 

and complexity is lost. Additionally, the presence of the periodic oscillation influences 

strongly renewal properties of the process and leads to a breakdown of renewal 

condition.  

Once the system is subjected to a harmonic perturbation it shows the strongest 

response at a perturbation frequency that matches the frequency of the system itself, 

thereby presenting resonance-like characteristics. However this property, typical of 

linear harmonic oscillator, is lost when the frequency spectrum of the response is 

analyzed. Rather than adopting the frequency of perturbation, system becomes a 

superposition of its own oscillation and of the perturbing process. Further studies of this 
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condition should include investigation of the behavior of single oscillators that compose 

the system. Recent work of [86], regarding a network of Kuramoto oscillators subjected 

to a harmonic perturbation had shown that, depending on perturbation strength, 

individual oscillators could be desynchronized both mutually and with the perturbation. 

Since this condition finds correspondence in observations of neuronal populations it 

would be interesting to asses if it is present in discussed model.  
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CHAPTER 8 

GENERAL CONCLUSION 

 

In this thesis different aspects of a model of discrete stochastic oscillators have 

been investigated. In the first stage, the analytic solution to the model is presented and 

it is demonstrated that this model is characterized by a second order phase transition 

with respect to the coupling parameter. The emergence of organization in topologies of 

increasing structural complexity is studied and it is showed that, contrary to common 

believe, networks characterized by high degree of clustering do not facilitate the 

cooperation process. Further, this work discusses the impact that finite size of the 

system has on the statistical properties of the global order parameter. Since presented 

model is not based on a Hamiltonian, observed fluctuations are a direct consequence of 

limited number of elements in studied system, and are not related to some external field. 

This approach seems to be more appropriate to describe dynamics of opinion formation 

in social systems, where classical notion of energy or temperature is irrelevant.  

It is showed that the critical point of the phase transition diagram corresponds to 

the generation of a non-Poisson renewal process that is characterized by an inverse 

power law distribution. The exponent of this distribution depends on adopted topology. 

Simultaneously, it is demonstrated that this temporal complexity is localized between 

two regions, subcritical and supercritical, driven by Poisson dynamics. This result 

implies that the discussion of critical phase transition phenomena is relevant in systems 

of finite size and it provides suitable algorithm for defining critical point.  
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Finally, model response to perturbation has been studied. Despite the fact that 

adopted approach produces response that is much stronger than expected from the 

linear response theory, it is shown that in general system of stochastic oscillators is the 

most sensitive to perturbation at criticality. This result is compatible with observations 

made by many researchers [76] who argue that complex systems such as brain or 

social networks exist in a permanent critical state, what allows them to adapt in the most 

efficient and effective way to external stimuli.  

This dissertation presents novel attempt at characterizing properties of phase 

transitions and for the first time links a non-Poisson renewal process to the critical point. 

However, there are still issues that remain unanswered. The most pressing one is 

assessing the theoretical prediction of linear response theory for event-driven processes. 

This work was motivated by the hypothesis that networks of different topology would 

influence dynamical properties of discussed model. This effect is observed to occur, but 

it lacks more quantitative expression describing the relation between properties of 

underlying topology and the behavior of dynamical process. Simultaneously, the 

approach used to apply the perturbation needs to be revised, in order to match weak 

perturbation strength required by the LRT. Despite those obstacles, presented work 

creates a strong foundation for this future research.  
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