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I. INTRODUCTION 

Magnetomorphic Oscillations (MMO) are sinusoidal 

variations in the electronic properties of certain materials 

which occur as the applied magnetic field is varied. These 

oscillations are periodic in magnetic field with a period 

determined by the geometry of the Fermi Surface (FS) and 

size of the sample. MMO were first predicted by Sondheimer^" 

to occur when the basic requirement is met that the electron 

mean-free-path be on the order of or larger than at least 

one dimension of the sample, thus requiring very pure, single-

crystal samples and very low temperatures. Sondheimer's 

original theory has been subsequently improved upon and 

2 3 
extended and MMO have been observed in several materials. 

The electrical properties of metals at low temperatures 

are due to those electrons (relatively few in number to the 

total number of electrons) located in momentum space at or 

very near the FS. The action of an applied magnetic field 

(H) is to require that these FS electrons occupy "orbits" 

defined by the intersections of the FS with planes perpen-

dicular to the magnetic field direction, each orbit having a 

characteristic cyclotron effective mass (m*) and cyclotron 

frequency (w^), defined as eH/m*c, and a characteristic 

momentum along the field direction. In real space the 

corresponding orbits are helices or quasi-helices characterized 

by the same w H and an average velocity vR along the H-direction 
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defined as the average over a full orbit of the instantaneous 

velocity. The effect of an applied electric field is to 

superimpose on this helical motion a small drift velocity. 

MMO are a result of the termination of these helical 

paths by the boundary surfaces of the sample, and are typically 

due to electrons on only a small fraction of the total number 

of FS orbits. The magnetic field period P of some particular 

MMO is just that increment in magnetic field which is required 

to cause the electrons on the FS orbits responsible for that 

MMO to execute one additional complete "turn" while spiraling 

between two sample boundaries a given distance apart. Figure 

1 illustrates this for the typical case of a plate-shaped sample 

of thickness a with a magnetic field H applied at an angle 9 

from the normal. The number of turns (not necessarily an 

integer) executed by an electron on some particular FS orbit 

is its total transit time (a/cose)v^(note that a/cos6 is 

the distance between surfaces along the H-direction) divided 

by the cyclotron period 2TT/O) =27rm*c/eH: 
n 

n = aeH/2ircm*vHcos0. (1) 

Inspection of this relation shows immediately that the incre-

ment in magnetic field necessary to increase n to n + 1 is 

( a e / 2 i r c m * v H c o s 0 ) ( 2 ) 

which is equal to the MMO period P, so finally 

P = (2TTC cos0/ae)m*vH> (3) 



From this it is seen that for a given sample thickness and 

field direction the MMO period depends upon the values of 

m* and vH which characterize the orbits of those electrons 

responsible for that particular MMO. The important question 

of which orbits contribute observable MMO will be answered, 

in the discussion of existing MMO theory. 

Altogether, MMO have been observed in at least seven 

3 

different metals but this effect to date has remained some-

thing of an interesting novelty without immediate consequence 

in the study of electron transport phenomena in solids. Be-

cause MMO give what is probably the most sensitive physical 

measurement of the detailed structure of certain strategic 

portions of the FS, it seems highly important to pursue a 

detailed study of the subject. 

In making this study it is important to search for ways 

to enhance and, if possible, make detection of MMO signals 

simpler in order that this technique for obtaining FS 

measurements may be extended to other materials. This 

attempt to improve measurement techniques has resulted in a 

significant discovery: the eddy-current techniques described 

in detail in a later section which should allow MMO to be 

observed and sensitively measured in many additional solids. 

The second major thrust of the study has been to use 

the newly discovered eddy-current technique in obtaining 

the first indisputable observation of MMO in zinc.4 Since 



4 

a study of the MMO period as a function of orientation pro-

vides a mapping of the differential geometry of the FS, it( 

is an unusually sensitive indicator of the accuracy of 

theoretical calculation* which •omatimeii deal with important 

but minute details of the FS. The experimental results will 

be interpreted in terms of the predictions of existing 

theoretical models for portions of the zinc FS and observations 

and conclusions will then be drawn by comparison. 



II. THEORY 

Munarin, Marcus, and Bloomfield5 have shown, through 

a Chamber's path integral solution to the linearized 

Boltzman equation which assumes termination of all orbits 

by surface scattering, that the oscillatory part of the 

electrical conductivity tensor is given by 

2e^ 2 —a 
°ij = ^ ' m* T v Hcos6exp( V H T c o s e) (4) 

v . U ) v . ( 1 ) 

1 1 / WH a 

x J cos ( + d>. .) dk 
(co„T) H C O ^ a KH, 
Jti 

where their result has been simplified slightly by elimination 

of terms associated with complicated orbits and by going . 

directly to the high magnetic field case (w„t>>1). In this 
H 

equation i and j correspond to axes attached to the magnetic 

field (i.e. H, vR and k H are parallel to one axis),T is the 

bulk scattering time, v i ^ denotes the amplitude of the 

projection on the i-axis of that part of the electron velocity 

which is periodic in the time 2tt/o)h necessary for an electron 

to complete a single turn on its helix, | is a phase factor 

( i ) m 

depending on V;L and V j
 vx; which is zero for i=j and 

approximately v/2 otherwise, and a, 0, v„, and k„ are as 
M H 

previously defined. 

For closed orbits 

fl $ iri 
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where e is energy and A is the cross-sectional area of the 

FS (which varies with k„). Continuing, 

ri » 

JL / 3 A. \ — tl * i t a\ 
m VH =" 2? < 3iC'e =~ 27A 16' 

H F 
where eF is the Fermi energy and where A' is introduced for 

simplicity (higher order derivatives will be denoted by additional 

eh 

primes). Noting that wH =
 o n e m aY substitute Eq. (6) 

into Eq. (4) with the result that 

2 v. ( 1 )v ( 1 ) 

* _ 2c cos0,.,h ^3 l j ,, n3 , -a ^ 
« " ( A 1 e x p ( v ^ ' 

* c o s (- - R r H r + •i j
, d kH. (7> 

By consideration of the argument of the cosine term it is 

apparent that one should expect dominating contributions to 

the integral for A* constant over some range of k„, at the 

end of the k R integration, or at some discontinuity in 

A1 (otherwise one would expect contributions to the integral 

to be continuously averaged out). 

5 

Munarin, Marcus, and Bloomfield have enumerated and 

made calculations for the four cases that can contribute: 

(i) regions where A1 is a constant over a finite 

k„ range Ak„, 
ri il 

(ii) values of kfl for which A' passes through an 

extremal, 

(iii) limiting points at which k H reaches a maximum 

value (end of k R integration) due to termination 

of the FS, 
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(iv) truncation points due to discontinuities in the 

FS or in A 1. 

Their results (also slightly simplified by assuming non-

complicated orbits) may be summarized as follows for a con-

tribution to by any one of the above cases: 

c—1 s 
~ / 0 \ 2 f ""9. \ ,ficos8\ / / 7̂  i \ 2S-1 
°ij * e P (V HTCOSe' ' — r ~ '

 (iH> <"A / 2"' 

* f 0 r b
C 0 S (8) 

where S=2, 2 1/4, 4, and 3 for cases (i) through (iv), res-

pectively. The MMO period P, defined in Eq. (3) and modified 

by Eq. (6) is equal to 

p _ _ch££S6 A, _ ( 9 ) 

Note that the period in magnetic field of contributions to 

from each of the four cases is equal to P which by Eq. (9) 

is always determined (for a given 0 and a) by the value of 

A' at the region of the FS making a particular contribution. 

Thus, information concerning the differential geometry of 

the FS may be obtained by analyzing the periods of the MMO 

observed for H directed in various directions. For case 

(iii) it can be shown that A' is proportional to the Gaussian 

radius of curvature of the FS at that point on the FS having 

6 
the maximum k„ value. 

rl 

The value for ijj in Eq. (5) is given by <Jk ̂  + -x/4 , 

<l>iy and <pij+ir/4 for cases (ii) through (iv) , respectively and 

by a rather complex average of <f>. . over Ak„ for case (i) . 
X j jti 



The remaining amplitude term in Eq. (8), depends upon 

various higher derivatives of A' and upon and v.. ̂  , 

being equal to 

(l/2)AkHvi
(X)v;.

 ( 1 ) , |A* ' /ir| " 1 / 2 v i
( 1 > v j ( 1 ) ' 

( A " / n ) ~ 2 W ~ (vi(1)v-i(1)) ' 2(A'»A)" 1v i
( 1 )v. ( 1 )

f (10) 
H 1 J 1 J 

for cases (i) through (iv), respectively. In each case in 

Eq. (10) the effect of the and "A — primed" terms is to 

increase f o r b for situations where A' changes more "slowly" 

with k„ as k„ passes through the region of the FS contributing. 
H n. 

This is reasonable since the "slower" A' changes at the 

critical point the "broader" the band of orbits contributing 

in each case. 

Also, noting in Eq. (8) that the amplitude of cL ̂  is 

proportional to a positive power of A' which by Eq. (6) is 

in turn proportional to P (for a given a and 0), one sees 

immediately the tendency for longer period MMO to be larger 

in amplitude. 

Equation (8) also provides the information that MMO in 
-2 -5/2 -4 -3 

cKj are damped in magnetic field by H , H ' , H , and H , 

respectively, for cases (i) through (iv). 

Noting that in Eq. (5) two amplitude factors depend on 

the sample thickness, one sees that while MMO in 5., of all 
ID 

types are exponentially dependent on sample thickness (i.e. 

the amplitude increases as thickness decreases), there is 

a relative enhancement factor due to the variable exponent 



of the term with exponent S-l (e.g. since S is largest for 

type (iii) the amplitude of a type (iii) MMO is relatively more 

"sensitive" to changes in sample thickness). Keeping in mind 

2S — 1 

that changes in (A1) and fQ b may occur as 6 is changed 

one may also note that increasing 0 has the same effect as 

increasing a in the two a-dependent amplitude terms. 

Also note that from Eq. (8) the amplitudes of all types 

of MMO in dij are dependent on temperature only through the 

temperature dependence of the bulk scattering time x. 
7 

Figure 3 (after Soule ) illustrates the origin of 

the first three types of MMO and displays some of the 

dependencies contained in Eq. (8). 

As will be shown in the next section, one measures 

experimentally certain elements of the inverse conductivity 

tensor; since these elements have oscillatory parts which 

are proportional to the cL ̂  the MMO observed experimentally 

will have periods still given by Eq. (9). 



III. EXPERIMENTAL TECHNIQUES 

DC Magnetic Field Techniques 

Conceptually, the simplest measurement technique for 

galvanomagnetic properties is the technique illustrated in 

Fig. 3. A dc current is passed through a sample of the 

material under study and variations in either transverse 

or longitudinal voltages are noted by a dc voltmeter as 

the magnetic field H applied as shown is varied. In this 

case the voltage measured is just given by 

V = jdp(H), (11) 

where j is the dc current density in the sample, and p 

and d are either the magnetoresistivity pii and longitudinal 

probe separation of the sample or its Hall resistivity P21 

and transverse probe separation. In the case for which p 

is made up of two parts, one non-oscillatory in magnetic 

field and the other oscillatory, 

p (H) = p°(H) +pcos (2ttH/P+<}>) , (12) 

where P and <j> represent the period and phase, respectively, 

of the oscillatory part. So then the oscillatory part of 

the voltage measured is just 

V = jdpcos (2ttH/P+<|)) . (13) 

8 

For the modification of this technique in which the 

dc current is replaced by an ac current and the dc volt-

meter by an ac voltmeter (e.g. a phase-sensitive detector 

operating in phase with the applied ac current) Eq.(13)still 

10 
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holds for j now equal to the amplitude of the ac current and 

V equal to the amplitude of the oscillatory "envelope" of 

the ac voltage signal. 

Both dc magnetic field techniques have no intrinsic way 

of separating non-oscillatory from oscillatory signals; this 

can be very disadvantageous when the oscillatory part is 

small with respect to variations in the non-oscillatory part 

(e.g. when the non-oscillatory part is quadratic in H and 

quite large). The ac current modification has an advantage 

in that ac detection frees it from very-low frequency noise 

which frequently makes dc detection difficult. 

Conventional Magnetic Field Modulation Techniques 

Conceptually more difficult are the magnetic field 

modulation techniques , which do possess the intrinsic capacity 

to separately monitor oscillatory parts of total signals. A 

very simple example will suffice to describe the basic idea 

of field modulation techniques. In Fig. 4 is illustrated 

a case in which the quantity measured (e.g. Hall voltage) 

is assumed to depend linearly on the magnetic field. If 

the magnetic field is varied ("modulated") sinusoidally 

at either of the two field values as indicated, it is 

clear that an ac voltage (of the same frequency as that 

of the modulation field) is superimposed on the original 

dc voltage, and that the amplitude of that ac voltage is 

proportional to the slope, or first derivative of the 

quantity measured with respect to magnetic field. As 
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will be shown below, for the general case in which the 

quantity measured depends upon the magnetic field in a 

more complicated way, the total output signal is composed 

of harmonics of the modulation frequency in addition to 

dc and fundamental (first harmonic) components. It will also 

be shown that for small modulation fields the amplitude of 

the nth harmonic component is directly proportional to the 

nth derivative of the quantity measured with respect to 

magnetic field; hence one may in effect take derivatives by 

using a tuneable ac voltmeter (e.g. a lock-in amplifier) to 

measure the amplitudes of the various frequency components. 

Differentiation is useful for the enhancement of the relative 

amplitude of small quickly varying signal components. 

Equations relating to the above discussion will now be 

derived. Using the same configuration as in Fig. 3 with the 

addition of a coil of wire wrapped on one pole face of the 

dc magnet through which an audio frequency current is passed 

to create an ac field component parallel to the dc field, 

the proper expression for the voltage measured would be 

V = jdp [H+ (h/2) coscot] , (14) 

where h is the peak-to-peak amplitude of the modulation 

field and where p has the argument H+ (h/2)coscot here since 

this now represents the actual instantaneous field. Obviously 

V will contain ac components. The expression for these 

components can be derived via a Taylor series expansion of V 

followed by a Fourier analysis as follows. 

A Taylor series expansion of Eq. (14) gives 
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V = jd ? (1/m!) [ (h/2) coscot]m
p
{m) , (15) 

m=0 

where p ̂  denotes the m***1 derivative of p(H) with respect 

to H. To facilitate Fourier analysis of this expression, 

coswt is replaced by its exponential equivalent (ex<at+e~ltot)/2 

and a binomial expansion is made of each resulting term. 

Then, by straightforward Fourier analysis, the n t h harmonic 

component of V is 

V11 = 2jd ? (h/4)n+2q[q! (q+n) !]"1p(2q+n)cosno)t. (16) 
q=Q 

For cases in which successively higher derivatives of p do 

not increase greatly in relative size, there will be a 

small enough h for which Vn is closely approximated by the 

first term in the series, in which case 

V11 = 2jd(h/4)n(l/n!)p(n)cosnwt. (17) 

"th 
So the n harmonic component of the signal is directly 

+• V* 

proportional in size to the n derivative of p(H). Hence 

the previous reference to small-field modulation techniques 

"differentiating" quantities measured. For cases in which 

p contains an oscillatory part characterized by a period P, 

the condition for applicability of Eq. (10) is that h<<P. 

Rather than extend Eq. (16) to cover the general case when 

h is not much smaller than P one may return to Eq. (14), 

substituting for p from Eq. (12) where here H is replaced 

by H+(h/2)coswt. Consideration of only the oscillatory part 

of the resulting expression (as in Eq. (13)) yields an 

expression which may be expanded first as the cosine of 
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the sum of two angles and second in Bessel functions of the 

first kind with the result that 

V = jdpcos [ (2-rr/P) (H+^coswt) +<f>] 

O nrr TLT U 

= jdp[cos(-^— +<|>) cos (ir^coswt) 

-sin^S +4>) sin (iT^coswt) ] 

jdp[cos(^2- +<{)) (Jq+2 ? (-l)mJ2mcos2ma)t) 
m=l 

-sin(2l£ +<j>) (2 ? (-l)mJ2m+1cos(2m+l)a)t) ] ,
9 

m=l 
(18) 

where the Bessel function argument irh/P has been omitted, 

th 

The n harmonic component appearing in the above ex-

pression is just 

V 
,n 

jdp 

, (n-l)/2 . ,2ttH. ... , -
-(-1) sin(-g—) +<J>) (n odd) 

, ,,n/2 ,2nE , ,. , , 
(-1) cos ( — — +<j>) (n even) (19) 

What would seem to be potentially a very useful modifi-

cation of the above involves the substitution for the dc 

current of an ac current of frequency considerably above 

the modulation above the modulation frequency/0 In this 

case the signal would be composed of a carrier of the higher 

frequency modulated at the lower, modulation frequency. 

Demodulation would then recover the modulation frequency 

signal which would correspond to that given in Eq. (18) 

above. The techniques used in the present work are in a 

sense related to this technique for the case of modulation 

and current frequencies being identical. 
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Eddy Current Field Modulation Techniques 

What will be referred to as eddy current modualtion 

techniques are a modification of the conventional field 

modulation techniques which essentially consists of utilizing 

modulation-field-induced eddy currents in the place of exter-

nally supplied currents. To do this advantage was taken of 

the cylindrical symmetry inherent in the inducing electric 

field by using disc shaped samples. Experimental signals 

are generated in two ways. In the first the angular eddy 

currents interact with the external dc magnetic field to 

produce a radial Hall voltage which can be measured by 

attaching radially separated probes to the sample. In 

the second the magnetic fields produced by the eddy currents 

can be measured by the use of a single loop of wire cemented 

to the face of the sample. As will be shown below, variations 

in the Hall resistivity and the magnetoresistivity of the 

sample are respectively reflected in variations of these two 

signals. 

Radial Hall Effect. The radial Hall field at a point 

on the surface of a disc a distance r from its center is 

given by 

E
R
 =p2ij<|) (2°) 

where is the angular eddy current density at that point, 

which is given by 

3<j> = Ecf/Pl1 = (-$>/2vr)/pn (21) 
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where E^ is the electric induction field and ^ is the time 

derivative of the magnetic flux through a circle of radius r 

centered on the surface of the disc, tJj being given by 

\p - / [H+ (h/2) cos (wt+<j)̂ ) ] 2ur " d r ( 2 2 ) 
o 

where here h is the peak-to-peak amplitude of the ac 

magnetic field at some particular point r* and varies radially 

by virtue of the presence of magnetic fields due to the eddy 

currents themselves (h is of course the resultant of the 

superposition of the eddy current magnetic field and the 

externally applied modulation field). Finding an explicit 

expression for h is a formidable problem which one fortunately 

is not required to solve.1"1'It is sufficient for present pur-

poses to define 

R 2 / (h/2) cos (wt+<j>) 2-rrr 'dr' = (h /2) cos («t+<f> )nr , (23) 

o e e 

so hg is defined as an "effective" average of h over the 

area bounded by the circle of radius r. Substituting this 

definition into Eg. (22) and performing time differentiation 

yields, ignoring variations of H in time, 

ijj = -(toh 7rr2/2) sin (wt+<j> ). (24) 

c 6 

Substituting this into Eq. (21) yields 

3^ = (wher/4pi i)sin(wt+<J>e) . (25) 

Finally, substituting this into Eq. (20) yields 

oorh sin(a)t+d> ) 
ER = — 1 4 pff ' (26) 

Now consider what useful approximations may be made for p2i 
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and pn. When they are composed of oscillatory and ndn-

oscillatory parts one may write 

O OSC / o *7\ 
P 2 1 _ P 2 1 4-P Z X • \ * i ) 
p " _ p?i+p?!e 

Since p?i is typically quadratic and becomes much larger 

than p?fc at small fields, it is useful to approximate P21/P11 

as 

o osc 
P2-L = P21 + P21 (28) 
P l 1 p?i 

which may be rewritten as 

o osc 
P2 ,1 _ P 2 1 + P 2 1 ^ (29) 

P11 P?1 P?1 

Noting that the first term is non-oscillatory, one sees that 

upon substitution into Eq. (16) the oscillatory part of 

E is given by 
R 

wrh sin (wt+<j> ) 
T-. / e e > „osc 
E = - ( ) P 2 1 . (30) 

4p x 1 

For convenience let one here define, taking into account 

field modulation, that 

p?f° = P2 1 cos [~p~~ + ^-cos (cot+c})̂ ) ] , (31) 
osc . r2frH , Trh , . 

p2 1 = P11 sin [ ̂  + p—cos (cot+<i>h) ] . (32) 

These definitions are reasonable in actual experimental 

terms and are not unduly restrictive since modifications 

of either relative or absolute phase of either expression 

may be accomplished quite easily in any future equations by 
_ TT O rrr TT 

the simple notational device of substituting +<j>. for 
P i P 
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where 4̂  is the phase term which one wishes to introduce. 

Using Eq. (21) in Eq. (20) one obtains 

~ wrh p2 i o t t w it h 

- ) COS (-s^ + s—̂ cos(ufc+(j)h) . (33) 
4 p i i 

er 

x sin (wt+(|>e). 

Expanding the cosine term as the sum of two angles yields 

uirh Pzi 
E = - ( )sin(wt+<j> ) (34) 

4pi l 

x {COS—g—COS [p—COS (lOt+tJ)̂ ) ] 

- sin-^^-sin cos (at +<j>k)]}. 

Next, making a series expansion in Bessel functions of the 

9 
first kind 

oorh p 2 i 
E = - ( )sin(o>t+<f> ) (35) 
J\ x O c 

4p 11 

x { c o s ^ ( J o (j£) +2^?^ (-1)
 k J 2 k (TTh/P) cos [2k (u>t+<|>h) ]) 

- sin^-(2k|0(-l)
kJ2k(Trh/P)cos[(2k+l) (urt+<j>h) ]) } . 

+1 

Absorbing the sin (ut+<j>e) term and omitting the argument of 

the Bessel functions, 

wrh p 2i 
E = -( ® ) x 

4p i i 

2 'JT *CJ QQ 1M 

{cos — — (JQsin (wt+<j>e) +2k£^ (-1), J2kcos [2k (wt+tj)̂ ) ] sin (a)t+<j>e)) 

2 t t H , 0 0 k 

-sin~i(2kE0(-l)
KJ2k+1cos[(2k+l) (cot+cf>h)]sin(wt+<J>e))}. (36) 
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Expanding the cosine-sine products 

~ wrh p 21 2TTH 
ER x {cos-p- JQsin (wt+(f)e) (37) 

4PI I 
00 

, 2TTH 2 , ,, k 
+ c o s — k - i 1 - 1 ' 

X ^ 2k ^ ̂  2k+l) <cot+*h)-*h+*e]-sin[(2k-l) («t+<{>h) +<l>h-<f>e]) 

. 2ttH , _.k 
" P (k=l){_1) 

X J2k+1 ̂ s i n ̂  ( 2 k + 2) (wt+<f>h) ~4
>j1

+<l,e] -sin [2k (wt+f})̂ ) +<l)j1~
(l>e]) } « 

Rearranging terms inside the summations to collect those having 

the same frequency and absorbing the JQ term in the process , 

wrh p2i 
ER = ~ T O OS) 

4pi I 

/ sin [ (2k+l) (wt+<j>, ) - (<J>. -<p ) ] 
, 2IRH ® , N K ^ H H E 

x{cos-p- JJ (-1) 

\ + J2k s i n I ( 2 k + 1 ) (wt+^h) + (<J>h~^e) 

sin [2k (a)t+<|>h) - (<{>,+<|> ) ] 
2k 1 1 }. 

+J2k+lsin''2k(wt+^h* + ̂ h~<'>e^ ̂  

Examination of this equation yields the information that the 

n t h harmonic component of ER will be given by 

~n w rh P21 I (-1) /^cos-^S (n odd)^ 
E R = ( O M I (39) 

4 p 11 \ t ,,n/2 . 2TTH . . 
\-(-l) sm-p— (n even) 

x* Jn-l s i n [n(Mt+4>h) " * 

+Jn+lsinIn(wt+<f,h) + (<J,h"(,)e)] } 
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At this point a major restriction will be made which, 

as will be explained below, is not as limiting as it seems: 

the ac magnetic field will be assumed to be uniform (both in 

amplitude and phase) throughout the disc. This is equivalent 

to the restriction that the penetration depth be large with 

respect to the disc's dimensions, which requires a large 

enough magnetic field H to produce a sufficiently large 

sample resistivity. Another way of viewing this restriction 

is that it requires that the eddy current magnetic field be 

negligible compared to ha- Note that for negligible eddy 

currents fields, h would be equal to h ; and since h is 
ci 

uniform he, being now an average of a constant, is also 

equal to h and ha» It follows that <f>h and <f> are equal also. 

Even before proceeding to implement this restriction, 

care should be taken to point out that one can reasonably 

expect to make valid experimental observations outside the 

range of rigorous applicability of this restriction (which 

can be most simple stated as that range of magnetic fields 

in which H is in excess of some roughly defined "threshold 

field", at which the penetration depth of the modulation field 

has grown to become equal to some length related to the 

dimensions of the disc). Examination of Eq. (46) shows that 

it represents a carrier of frequency nw (which is the sum 

of two weighted terms) modulated by the sine or cosine of 

2ttH/P. Note that the phase with respect to H of the modulation 

"envelope" is independent of h and hg and their phases. This 

means that, insofar as one is interested only in measuring 
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the period P of the envelope, one is concerned with the 

amplitude and phase of the carrier only as they limit the 

observability of the envelope. The lower range for data 

acquisition is then that point at which the carrier itself 

makes observation of the envelope impossible. This may 

happen in two ways. 

The signal actually is in the form of a voltage be-

tween two points along a radius of a face,which is given 

by the integral of E^ along the radial path between the 

two points. Consequently, even for the carrier part of 

E^ large along the path, its integral can be small because of 

cancellation due to time-phase changes in the carrier along 

the path; therefore the observability of the envelope is 

limited. This process would certainly place a low field 

limit on observability since at progressively smaller 

penetration depths one expects faster variations with respect 

to radius of <J)̂  and <f> (both relatively and absolutely) 

and consequently of the time phase of the carrier. The 

second possibility for a low field limit stems from the 

usage of phase-sensitive detection which optimally requires 

that the carrier signal be invariant in phase with respect 

to a convenient reference signal. 

The phase-sensitive detection process introduces a 

factor equal to the cosine of the difference in phase angle 

between the carrier signal and the reference signal; conse-

quently, if the phase of the carrier changes too greatly 
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first a zero then a negative factor can be introduced which 

experimentally will correspond to first a node and then an 

apparent 180° phase shift in a recording of the signal 

envelope versus H. This can be taken into account in data 

interpretation but nevertheless it is troublesome and, if re-

currence is too rapid, can lead to insurmountable difficulties 

in analysis. 

The most convenient reference is cj> , derived from a 
cl 

pick-up coil placed in the modulation field. Since the 

phase of the carrier depends on ^ and <j>e, which are close 

to 4> only for fields above the "threshold" field, one 

would expect troubles of the latter kind outlined above for 

this type reference at lower fields (indeed this was observed 

experimentally). The other reference possibility is <pe, 

which can be obtained for some particular radius by cementing 

a loop of wire having that radius symmetrically to a face of 

the sample disc. Although in general the phase of the carrier 

is also not <f>e, at least <j>e is one term and is a type of 

average over the other term, (f)̂. 

In particular, for n=l and h<.4P, Jn+1=J2
 mucl1 

smaller than Jn_^
=J

0
 an<^ consequently the phase of the 

carrier in Eq. (29) is <J> . As will be seen later, detection 

at n=l is optimized for ha~0.6P. Also, it is reasonable to 

assume that at low fields the effect of the eddy current is 

to make h considerable less than ha. Consequently the h<.4P 

condition can be assumed to hold at low fields, making 4> 
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a good reference there. Since at higher fields cj>e is the 

same as d> , d> is also an adequate reference in that case, a e 

In fact, for general n and especially at n=l, <j>e is 

such an adequate reference that the lower field limit for 

experimental observations of the envelope is in practice 

apparently determined by the cancellation of along its 

path of integration rather than by the difficulties associated 

with phase sensitive detection (i.e., experimentally, the 

oscillations of period P die off in amplitude as H decreases 

rather than become erratic due to phasing problems). 

Now, having qualified it in a detailed fashion one may 

proceed to the application of the "uniform ac magnetic field" 

restriction to Eq. (39). As stated before, this restriction 

implies that h, the actual ac field at some point on the disc, 

and h£, an average of h over a certain portion of the disc, 

be equal to h , the applied modulation field, in phase as well 

as amplitude. So one may write 

h = he = ha (40) 

and 

*h = *e = *a. (41) 

Applying these restrictions to Eq. (39) and using the 

Bessel function identity that 

Jn-l(z)+Jn+l
<2) = f- Jn ( z ) <42> 

one obtains the equation 

E 
n = { l )n (n0)rP^2 1 )f cos2nH/P (n odd) \ 
R o o l-sin2iTH/P (n even)/ 

ZD i i % / 2p x i 

•rrh 
x Jn(-p^)sin[n(wt+(j)a) ] . (43) 
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tin 

The n harmonic component of the oscillatory part of the 

radial Hall voltage between two points at radii r, and r0 
Ju £0 

is then given by 

~n r2~n n nw(r
 2-r 2)Pp 2 1 

Vj = / E^dr=(-l)n( f — i ) 

rl 4irp 11 

(cos 2ttH/P (n odd) \ _ .^^a. . r , 

\-sin 2ttH/P (n even)j J n ( — ) sin [n (wt+<j>a) ]. (44) 

The exhibited dependencies of on w, and p2i/p?i 
have been observed experimentally in the high-field region 

4 
m which the above expression should be valid. 

Eddy Current Induction Effect. The voltage induced 

around a loop of wire of radius R cemented in a symmetric 

position to one face of a disc is given by 

VL = "AL = "AT '<|)2™ar = -ft / ( V \ c
) i r r d r ( 4 5 ) ^ h d ^ 

/ (j) 2frrdr = f 

o o 

where, as indicated, ijj is the total magnetic flux through the 

loop, which is given by the integral over the area of the 

loop of the net ac magnetic field h, which as previously 

stated is composed of the superposition of the applied and 

eddy current fields h& and hQc, respectively. Note the 

introduction ofthe symbols h, h , and tt which will stand for 
d 6C 

h cos (wt+cjĵ ) , hacos (tot+<{>a) , and heccos (wt+^ec) , respectively. 

Note also that whereas previously hQ was introduced to 

represent the spatial integral of h, this will not be done 

now because one is interested in the h components of h. 
© c 
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Now h is determined by the superposition of the ac 
© c 

magnetic fields produced by the eddy currents at all radii 

of the sample. Since, as stated before, one does not have 

a solution to the general problem of a conducting disc in an 

ac magnetic field, one must approximate for h . In the 
© c 

previously described high field restriction it was assumed, 

in effect, that the total ac magnetic field was equal to 

ha and that the total eddy currents were those directly induced 
by h . Here it will in effect be assumed that h„„ is a •* a ec 

small order correction to h and that h is the magnetic 
a 0O 

field produced by those eddy currents directly induced by 

h Now the eddy current density at some radius r' directly 
cl ^ 
due to h is 

3. 

(r') = har'/4pn, (46) " 

where h denotes the first time-derivative of h„. Con-a a 

sequently the contribution to h at some point at a radius 
© c 

r due to eddy currents in a segment of the disc between r' 

. . , . . , 1 2 
and r'+dr1 is given by 

dhec(r) = iw(r,r') j^r'Jadr
1 , (47) 

where j^(r') is defined in Eq. (46) and where W(r,r") is a 

scaling factor taking into account the relative separation 

of the current segment at r' and the radius r, and where a 

is the thickness of the sample. Integrating over the disc 

yields ~ 
h a R° 

h
ec

(r> =4p~Y"c/ W(r,r')r'dr', (48) 
o 
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where R° is the assumed radius of the disc and where h denotes 
cL 

the time-derivative of ha. Defining a/4c times the integral 

above (which depends only on r) as K(r), one then has 

h 
*ec(r) = (49) 

Substituting this into Eq. (45), one obtains 

d ~ ^ _ R 
VL ==~dt(ha/ *rdr+F77 f K(r) ̂ rdr) . (50) 

o H11 o 

Defining the second integral as AK where A is the area of the 

loop of radius R,one has 

VL - -T at »a**.p7I*« 

- -ltSa+Kit fe->i 
• • • • 

A • ha ha p 1 1 

- - 7[h a+K— - K- — ] , {51) 

( p n ) 

where the implicit time—dependence of pii due to the presence 

of the ac magnetic field has been taken into account. For 

Pn composed of parts both oscillatory and non-oscillatory 

with respect to H,one may write 

_ o , osc 

PII — P11+P11. (52) 

Substituting into Eq. (51) gives 
V L = - | [fi + ^ K h a ( p ? I + p ? f c ) 
L 2 a

 n° x OSC . o oscv2 J • 
P11+P11 (pii + pii ) 

Since one is already restricted to high fields, where 
o .. osc 
Pii>>Pii , one may safely expand the denominators in 
osc , o 
Pii /Pii and retain only first order terms, yielding 
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, , J o ,•osc« 

.osc\ h (pn+pn ) 
• y i ^ , v A f - | P i l l " • (OSC\ 

1 - fiUL-)-
Pxx ' 

'L 2 K „o V 0 ; , o ,2 
(p l l) 

/ r r osc s • o 
AK / a a ha p 1 1 ha p 1 1 

*T" 2 \ K o , o N 2 , o * 2 v pil (pi l) (pi l) 

? •OSC *o osc •osc osc 
h pii 2h piipii 2h pii Pii \ 

+ _ _ a a \ ( 5 4 ) 

/ o * 2 / o \ 3 / o 13 J 
(Px x) (Px x) (p 1 x) ' . 

Now of these terms the first, second, and fourth are non-

oscillatory as a function of H and the last is of second 

order so one may write that the oscillatory part of V_ is 
J-! 

given by 
o£ X° „°sc 

V - A K (ft n O S C I £ n O S C
 aPXXPXX 

VL - " ,, o .2 a P l 1 + V 1 ' 5 »• < 5 5 ) 

2 (p i x) p i x 

One has the relations 

h = h cos (wt+<f> ) , (56) 
aL CL cL 

and 

O S C • »• 2 7F H TT h / j_ i i \ i . i. 
Pi x = Pxx s m [ — + ——cos (iot+<j>a) ] . (57) 

The later equation corresponds to Eq. (32) since <{1̂  is 

here equal to <p . For the sake of brevity <j> will be omitted 
a . c t 

and the argument of the sine called M. Time differentiation 

of Eq. (57) yields 
~ • WTTh 

•osc -v ,2ttH a , 
Pxx = Pxx (-p- + -p-= coswt) cosM. (58) 

Since experimentally H is several orders of magnitude smaller 
O *rr T T 

than ha,one may neglect the -p— term. Substituting these 

last three relations into Eq. (55),one obtains 
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AKU h p i i irh 2 
VT = * — t—k— sin wtcosM-coswtsinM 
L 0 , o s 2 P 

2(pi i) 

?A° 
+ • Pl1 sinwtsinM]. (59) 
w pi 1 

Assuming that p?i is quadratic in magnetic field 

p?i = a [H+(h/2) coscot] 2 , (60) 

then (again neglecting H) 
2 . 

h sxncot h sin2wt P 1 1 __ ^ __ ^ //TIN . (61) 
topii 4H 

Since j| is experimentally small in the high field case, one 

could neglect both terms as they appear in Eq. (59) ; but 

the larger first term will be retained because it contains 

potential error terms, as will be explained later. 

It follows that 
2 (62) 

AKw h p i 1 TTh 2 
VT = — [ — = — s i n wtcosM-cosootsinM-ry—sin wtsinMj. 

2 (p 11) 

Substituting l-c°s2a) ̂  for sin
2o)t yields 

2 
AKo) haP 1 1 TTh TTh 

VT = 7T- t—rn COSM - —7?=r cos2wtcosM 
JLi f O \ «P u P 2 (p i i) h h ct cl -coswtsinM-|j-sinM+|p-cos2u)tsinM] . (63) 

This equation is analogous to Eq. (33) but obviously much 

more complex. One may expect complicated results to be 

obtained for the second and last terms because of the 

cos2wt factor and for the third term because, in contrast 

to Eq. (33), the multiplying factor coswt is in phase with 

the coswt term inside M. Since the following steps have 

no essential differences from those applied to obtain Eq. 

(39) from Eq. (33) they will be omitted and the final result 
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for given immediately as 

> = AK"2ha'P11 

L 0 , o . 2 2 ( Pi 1) 

irh_ I (-l) ( n + 1 )/2 
x {. 

2P 

sin^^ (n odd) 

(-1)n/2 ~ 2wH - . 
Cos—p— (n even) 

(64) 

2J cosnout n 

Trh 
a 

2P 

, , » (n+1) /2 . 2trH . , 
(-1) sin—p— (n odd) 

, ,«n/2 2ttH . , 
(-1) ' c o s — ( n even) 

( Jn-2 + Jn+2 , c o s n" t 

, ,» (n+l)/20. 2TTH , . . . 
(-1) sin-y (n odd) 

, n/2 2ttH , 
(-1) cos-^— (n even) 

2J' cosnwt n 

h 

H~ 

, ,. (n-l)/2_2TrH , ... 
(-1) cos-p— (n odd) 

, ,»n/2 . 2TTH , 
(-1) sin—|p- (n even) 

2J cosnwt n 

h 

H~ 

, ,(n-l)/2„ 2uH , ... 
(-1 cos—p— (n odd) 

, ,»n/2 . 2itH , . 
(-1) ' s m — (n even) 

Trh 

(Jn_2+
J
n+2)cosnwt}, 

where the argument, of each Bessel function has been 

again omitted and J'n (equal to <Jn_!-Jn+1)/2) denotes the 

derivative of J n with respect to its argument. The last 

two terms are the error terms mentioned previously in that 

their H-oscillatory factors (referred to previously as the 

"envelope" part) are both shifted in phase by 90° (in H) 

and damped by H 1, relative to the others. This can lead 

to errors in the measurement of the period P; for example, 

a sine term added to a cosine term having the same 
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amplitude will shift all the original "peak" positions by 

45°, but if the sine terra were damped the peaks would be 

shifted by a varying amount (equal to the arctangent of the 

ratio of the amplitude of the sine term to that of the 

cosine near the peak in question) which obviously could 

lead to errors in the measurement of the period involved. 

Now consider Eq. (64) in view of how it was applied 

experimentally (see Section V); i.e., for n=5, h set so 
ct 

as to maximize J,-, and ha/H<0.2. Since J',. is zero for 

maximized, one may neglect the third term relative to the 

13 

first. Consulting a chart of Bessel functions one may 

see that for Jg a maximum, Jj+J-y is on the order (1/4)2J,_, 

so one may neglect the second and last terms relative to 

the first and fourth, respectively. This leaves only the 

dominant first term and the potentially error-producing 

fourth term; but since maximizing J- requires that frh /P be 
D cl 

approximately 6.5, the ratio of the first to the fourth term 

is great enough so that, coupled with the "slow" H relative 

damping factor of the fourth term, the error in period which 

would be introduced (see Section V) over ten 100 gauss-period 

oscillations between 1 and 2kG is only a small fraction of one 

per cent. For purposes of this work then, one may write to 

a good approximation 
2 2 ~ 

~ ttAKw h p x i Tth 
V L

3 1 — 2 ~ sin(^-)J (_£)cos5wt. (65) 
2P(pii) 
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Before proceeding, it should be noted that since many of the 

same considerations that were discussed following Eq. (39) 

enter in here, one may expect to make valid observations as 

to the periods of H-oscillatory envelopes down below fields 

for which Eq. (64) and (65) are strictly valid. 

The discussion of eddy current induction being completed, 

a case for which the radial signal involves an eddy current 

induction component will be mentioned. For the ideal case of 

radial symmetry one should expect that no net angular 

voltages should be present in the disc itself; when, however, 

symmetry is removed for a non-perfect disc (e.g. if the disc 

becomes damaged by cleavage or even by splitting off of an 

edge of a sample — as actually occurred) angular voltages may 

be picked up between leads attached to the sample. These 

angular voltages are due simply to the angular induction 

electric field which is, for radial symmetry, precisely 

cancelled out by resistive voltage drops. In other words, 

for a damaged disc the normal radial Hall voltage is joined 

by an induction signal. These two signals, as can be seen by 

comparing Eq. (65) to Eq. (44) (for n=5), should be out of 

phase by 90° both in H and in time; and indeed this is 

precisely what was observed on the damaged sample. By 

careful setting of the phase-sensitive detection phase one 

can minimize the effects of the eddy current contribution 

and thereby continue accurate period measurement despite 

the lack of symmetry. 
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Comparison of Techniques 

In this work the two eddy current techniques were used 

exclusively. Their primary advantage over the other technique 

listed stems from the simple fact that in certain cases 

(including this one) much larger currents may be induced than 

can be conventiently supplied externally, those larger currents 

of course resulting in larger experimental signals. Indeed, 

in conventional field modulation experiments care should be 

exercised in some cases in designing sample shape and making 

probe placement so as to minimize the effect of eddy currents 

induced by the modulation field. The primary disadvantage of 

the eddy current techniques is obviously their limitation to 

more or less high magnetic fields due to the requirement for 

fairly good penetration of the modulation field into the 

sample. One should note that in general careful attention to 

all terms in Eq. (65) should be made before attempting to 

use the eddy current induction technique. 

It may be noted here that preliminary studies of MMO 

in cadmium using eddy currents yielded results in agreement 

4 
with those obtained by more conventional techniques. 



IV. EXPERIMENTAL DETAILS 

Sample Preparation 

The samples used in this work were prepared from 

grade 69 zinc ingots obtained from Cominco Products. The 

Electrical Discharge Machining (EDM) procedures used in 

cutting out the samples were similar to those described by 

Fortmayer. In summary, a suitable piece of the ingot 

was cut from the whole ingot, mounted on a goniometer and 

x-ray oriented by the back-reflection Laue technique. 

Following this, the goniometer was transferred to the EDM 

apparatus and mounted there in such a way that a surface 

could be spark-planed normal to the crystalline direction 

selected by the x-ray orientation. Next the zinc piece was 

removed from the goniometer and mounted so that the prepared 

surface was parallel to the working surface of the planing 

wheel. The second surface was then spark-planed until the 

material remaining was of the desired thickness. Since the 

desired sample shape was that of a disc,a single cut was made 

perpendicularly to the prepared surfaces,using a hollow, 

cylindrically shaped tool to finish the shaping of the 

sample. The above procedure was sufficiently accurate to 

prepare samples within 1° of the desired orientation and 

within 1% uniformity in thickness. The samples were not 

chemically etched or polished,so that the planed surfaces 

were characteristic of a range 6 finish. Two zinc samples 

were used in this work. Sample A was oriented so that the 

33 
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hexagonal axis was perpendicular to the plane of the sample 

and the Sample B so that the hexagonal axis lay in the plane 

of the sample. The samples were of dimensions 17.1 and 12.9 

mm in diameter and 1.28 and .88 mm in thickness, respectively. 

No difficulty was experienced in preparing the first sample 

but since spark-planing produces cleavage along the (0001) 

planes in zinc it was necessary to increase the temperature 

of the spark-machine bath to 100°C. by usirig immersion heaters 

before a usable second sample could be prepared (zinc loses 

its brittleness and becomes malleable at this temperature). 

Sample discs were checked for uniformity of thickness 

and measured by the use of a Unitron Depthscope measuring 

microscope. The absolute mean thickness of the samples 

could be determined to within approximately 1 per cent. 

Sample Mounting 

Leads were attached to each sample by spot-welding, 

discharging a 60-micro-farad capacitor charged to 75 volts 

through sample leads of approximately 3" of number 34 

copper wire. Sample leads were attached to one face of 

each sample,with one lead being attached to the center 

and one lead near the edge along each of two perpendicular 

radii; in addition, on the larger sample two additional 

leads were attached midway along each of these two radii. 

The sample leads were trimmed to about 2" and soldered 

to twisted pairs of number 32 copper wire which were 
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brought to the sample inside a hollow braided shield. Care 

was taken to minimize pick-up loops between sample leads 

attached to each lead-wire pair. All copper wire was 

Formvar insulated. 

Each sample was mounted to a small, carefully machined 

block of phenolic by the use of Duco cement and/or 

Miccroshield. The orientation of the sample' body axes 

and crystal axes relative to the block could be measured 

very accurately by the use of microscopic examination and 

x-ray orientation, respectively, of the mounted sample. 

Attachment of the phenolic block to the conventionally 

designed sample holder with a single copper screw completed 

mounting of the sample. The orientation of the phenolic 

block relative to the applied magnetic could then be 

determined by cementing a single loop of wire to the face 

of the block and rotating the electromagnet until the pickup 

across the loop (either ac pickup due to the ac magnetic 

field, assumed parallel to the dc field; or pickup due to 

the dc field being switched off when at a large value) 

passes through a minimum. At 90° to the angle at which 

the minimum occurs,the magnetic field would then be normal 

to the phenolic block. With all this information,the 

orientation of the sample in the magnetic field may be 

determined to within a degree. 
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Cryogenics 

The liquid helium temperatures typically necessary fop 

the observation of MMO were provided by the submersion of 

the samples in liqued helium contained in a standard double-

dewar, helium-nitrogen glass system. While some MMO were 

observed at 4.2 K, all data used was taken at 1.3 K which 

was produced by pumping on the liquid helium through a 1-1/2" 

vacuum line with a Kinney vacuum pump. 

Electrical Measurements 

Dc magnetic fields were supplied by a PEM electro-

magnet, which was capable of being rotated a full 360° in 

the horizontal plane. The electromagnet received its 

electrical current from a Varian 20-kilowatt power supply 

which was field regulated. Ac magnetic fields of up to 

300 gauss peak-to-peak at 43 Hz were obtained by exciting 

a coil wound on one pole piece of the electromagnet with 

the output of a Hewlett-Packard 200CD oscillator amplified 

by a Mcintosh MC 275 power amplifier. A field regulator 

circuit was incorporated to insure stability of the ac 

modulation field. 

Fig. 5 shows a block diagram of the electrical circuitry. 

The signal voltage (chosen from among the 2 or 3 radial Hall 

voltages and the loop voltage available at a rotary switch— 

not shown) was fed to a Princeton Applied Research (PAR) HR-8 

lock-in amplifier (using a PAR Type-B preamp) after any 

unwanted pickup signal was "bucked-out" by the addition of 
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a signal derived from a pick-up coil situated near one magnet 

poleface (the pick-up coil also served as a sensing element 

for the field regulator circuit.) A reference voltage from 

the single loop of wire shown cemented to one face of the 

sample disc was derived by using a PAR CR-4 low noise pre-

amplifier in conjunction with a PAR AM-1 impedance matching 

transformer. To achieve a reference voltage of approximately 

constant amplitude it was necessary to induce self-saturation 

of the CR-4 by operating it at maximum gain. Reference 

voltages at odd harmonics of the fundamental could be easily 

generated by adjustment of the bandpass of the CR-4 so as 

to enrich higher harmonic content at its output. 



V. EXPERIMENTAL RESULTS 

The data contained in this work are composed of five 

groups, each corresponding to observation of MMO with the 

magnetic field confined to some crystallographie plan#. In 

each case one is interested only in the periods of the 

9A 
various MMO as they reflect some specific values of (-5̂ —) 

H eF 

Because of this one requires the reduction of the raw 

data for periods to the form of the reduced period, defined 

as 

PR = P(a/cos6). (66) 

By Eq. (9) this is equal to 
P = ̂ 1C f x _ he , 1 (67) 
R e l3kH' ~ e A * - (6/) 

£F 

Thus the reduced period is the experimental quantity which 

yields a specific value for A'. Note that P„ is just the 

period measured times the "effective thickness" of the 

sample along the H-direction (see Fig. 1). 

The reduced period data from each of five data groups 

are shown in Fig. 6 plotted versus angle. Fig. 7 should be 

consulted as an essential illustrated guide to much of the 
15 

following discussion. For four groups the reduced period 

is shown plotted against the angle between the magnetic 

field direction and the hexagonal axis; this was done since 

one expects a close approximation to cylindrical symmetry 

of MMO period dependence about the hexagonal axis. The 

remaining data group is plotted against the angle between 

38 
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the binary and bisectrix symmetry axes located in the "basal" 

plane defined by these axes. The vertical scales in Fig. 6 

apply to all points and give both PR and the equivalent A' 

values. In every case the value plotted for PR was calculated 

with the proper consideration taken of any misalignment of 

crystal axes with respect to the sample normal. All data 

shown were taken with the modulation frequency set to 43 Hz. 

Each data group will be discussed separately. 

The two data groups having ^>HEX values less than 25° 

were taken using sample A,whose face was perpendicular to 

the hexagonal axis. The first data group to be discussed 

(which will be called group hex-bin-A) consists of only 

those data points designated in Fig. 6 as referring to the 

hexagonal-binary plane which have <}>„„„ values less than 25°. In the 
JqJD A 

collection of this group of data the sample was rotated so 

that when in place its binary axis was in the horizontal 

plane along with the hexagonal axis. Since the electro-

magnet could be rotated in the horizontal plane, this meant 

that the magnetic field was confined to the binary-hexagonal 

plane of the sample and thus each MMO period measured was 

characteristic of the zinc FS as viewed from one particular 

angle in the binary-hexagonal plane. The data for this group 

were obtained at the second harmonic of the modulation frequency. 

Since it was difficult to obtain a second harmonic reference 

from the loop signal,the reference was obtained directly 

from the pickup coil(located in the magnetic field gap 
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outside the dewar) by half-wave rectifying its output. (All 

other groups were observed at odd harmonics of the modulation 

frequency and therefor© reference signals were easily ob-

tained from the loop signal.) The experimental signal 

for this group was the radial Hall voltage appearing between 

two probes, one attached near the edge of the disc and the 

other half-way between the center of the disc and the first 

probe. The data points for this group shown plotted in 

Fig. 6 represent the average of two values obtained for 

H directed at equal angles to each side of the hexagonal 

axis. The MMO periods for this and all other data groups 

were obtained by direct visual measurement over approximately 

ten oscillations. Since the amplitude of the MMO died off 

steadily as <J>HEX increased, and very rapidly between 20° and 

25° from the hexagonal axis (i.e., there was no trace of MMO 

a t ^HEX = 25°)/the accuracy (i.e., possible error) of the 

data point at 22 1/2° is on the order of three percent, with 

accuracy increasing as <i>HEX decreases until at 5° and 10° 

the accuracy is approximately one percent. It is actually 

rather difficult to arrive at meaningful error values. 

These just given were estimated by taking into account the 

inaccuracy inherent in period measurement due to the signal-

to-noise ratio, possible inaccuracies in angle 0, and 

percentage differences in the two numbers referred to above 

as being averaged. The percentage errors given do not 

include possible systematic errors in the sample thickness 
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value used due either to the possible one-percent micro-

scope measurement error (which may be added to the per-

centage errors given) or to the effect of damage layers, 

which will be discussed later. The percentage error values 

given in the remainder of this discussion were arrived at 

by similar considerations, and correspondingly should be 

treated as only rough estimates. The data point at 
rliliA 

equals zero is highly inaccurate (approximately five percent) 

due to the presence of large Shubnikov-de Haas oscillations. 

The effect of increasing <f>HEX on these Shubnikov-de Haas 

oscillations is illustrated in Fig. 8, which contains data 

taken using the same probes, with the magnetic field also 

in the hexagonal-binary plane, for <f>HEX equals zero and 

ten degrees—with detection at the first harmonic (i.e., the 

fundamental) of the modulation frequency. Note also the 

temperature and angular dependence of the MMO amplitude. 

This first harmonic data was taken using a loop reference. 

It was noted experimentally that to obtain the proper reference 

phase for the first few maxima it was necessary that the 

loop have a radius intermediate to those of the two probes 

used (rather than a radius larger than the outer probe). 

This is consistent with the discussion of the phasing problem 

discussed previously. 

The other data group (to be called group hex-bis) 

having large values of PR, designated in Fig. 6 as referring 

to the hexagonal-bisectrix plane, was also taken on sample A 
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for the sample rotated thirty degrees on its mounting block 

so that the bisectrix axis rather than the binary axis was 

contained in the horizontal plane. This data group was 

taken at the third harmonic and, corresponds to the radial 

Hall voltage between probes at the center and edge of the 

sample located along a radius perpendicular to the one — 

along which were located the probes used for the previous 

data group. Detection at the third harmonic rather than 

the second was used here for the same reason that the 

second was used rather than the first for data group hex-

bin-A: namely, that the harmonic used is dictated by 

the size of variations in the non-oscillatory component 

of the signal in the sense that the larger these variations 

the higher the harmonic number required to reduce their 

size to a level that permits accurate observation of the 

MMO. Since larger modulation fields are required to produce, 

comparable signal strengths at higher harmonics and since 

the MMO periods for both data groups hex-bin-A and hex-bis 

were large enough that they required the maximum modulation 

fields available for detection at even the first harmonic, 

the necessity for the use here of higher harmonic detection 

resulted in smaller signal amplitudes. The above mentioned change 

to probes spaced farther apart was made to enhance the signal 

strength. Even then, however, signal amplitudes (and con-

sequently signal-to-noise ratios also) were still considerably 

smaller than in the first data group. For this reason, and 
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also because data was only taken on one side of the hexag-

onal axis, the accuracy of each second group point in Fig. 6 

is considerably less than for corresponding first group 

points. 

If one neglects the data points at <f>HEX =0°, the general 

tendency of the data from groups hex-bin-A and hex-bis is 

for P_ to have a value of approximately 695 gauss-mm near 

the hexagonal axis, with the value of P„ gradually beginning 
K 

to decrease as <bTTT_,„ increases. THEX 

All three remaining data groups were obtained on 

sample B using a reference obtained from an induction 

loop of radius approximately 1/2 that of the disc with 

detection at the fifth harmonic and the modulation field 

amplitude set so as to approximately maximize the fifth 

order Bessel function J^. The orientation of sample B 

was such that the hexagonal axis was parallel to the surface 

and the binary axis was inclined approximately seven degrees 

to the sample normal. 

The data group designated as referring to the "diagonal 

plane" in Fig. 6 was taken with the magnetic field con-

fined to a non-symmetry plane (see Fig. 7) which inter-

sects the basal plane at an angle 21° from the normal and 

along a line located approximately seven degrees from the 

binary direction. To plot the reduced periods obtained in 

this plane versus <(>„„„ one uses the relation r THEX 
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^HEX = " S^"n ̂ (cos 21° sina), (68) 

where a is the magnetic field direction in the diagonal plane 

relative to its line of intersection with the basal plane. 

Fig. 9 is a reproduction of a sample field sweep from 

this data group. All data in this group were acquired 

from the radial Hall voltage between the center and one 

of the outer probes. The accuracy of the data points 

near <)>HEX = 90° is about one percent,with the percentage 

error increasing to approximately three percent for the 

points corresponding to smaller values of ({^v. 
riiljX 

To obtain information as to MMO periods in the hex-

agonal-binary plane for large <j>HEX it was necessary to 

"shim" the second sample by mounting it on a carefully-

prepared phenolic wedge having a pitch of approximately 

7° in such a way that when in place the sample binary 

axis was in the horizontal plane. By rotation of the sample 

and wedge,the hexagonal axis was also positioned in the 

horizontal plane, accomplishing the required sample 

orientation. From Fig. 6 it can be seen that the data 

points from this group (to be called group hex-bin-B) 

fall very closely along the same line as do the points 

frpm the diagonal plane group. This indicates a cylindrical 

symmetry of the part of the FS generating the observed 

MMO. Since the radial Hall signal was of lesser amplitude 

than for diagonal plane data group,it was possible to 

measure MMO periods only for <|>HEX greater than approximately 
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55°. This lessening of amplitude was probably due either 

to the fact that in the process of re-orientation a small 

part of the disc was broken off or to the gradual intro-

duction of cleavages along basal planes by the recycling 

of the sample from room temperature to liquid-helium 

temperatures. Fortunately, it had previously been noted 

that the fifth harmonic component of the inductive 

("loop") signal also contained MMO that were of larger 

amplitude than in the radial Hall signal. It was therefore 

possible to acquire the two data points in group hex-bin-B 

with values of $ H E X smaller than 55° by use of the loop 

signal. The percentage errors for the data points from 

group hex-bin-B are approximately the same as those for 

points plotted nearby from the diagonal plane group. 

The fifth and last group of data corresponds to MMO 

observed in the basal plane with the sample oriented 

in such a way that the hexagonal axis was vertical, 

leaving the binary and bisectrix axes in the horizontal 

plane. All points in this basal plane data group were 

taken using the loop signal, since by now recycling induced 

damage had apparently almost completely eliminated the 

radial Hall signal. A percentage error of approximately 

one percent seems appropriate for this group. The 

linearity of the reduced period versus angle between 

the two symmetry axes again strongly suggests cylindrical 

symmetry in the part of the FS responsible for these MMO. 
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Considering all reduced period data points for field 

directions very near or in the basal plane,the reduced 

period for all directions in this plane can be assigned 

a value of 82 +1 gauss-mm. 



VI. ANALYSIS OF DATA 

In this chapter the experimental data as displayed 

in Fig. 6 will be interpreted in terms of calculations 

based on several models of the so-called electron "lens" 

located in the third Brillouin zone. 

The first model is a purely theoretical one to be 

16 

referred to as the "nearly-free electron" (NFE) model 

(also commonly called the "single OPW" model) which in 

essence results from assuming that the shape of the FS 

is undistorted by the presence of the lattice (hence 

the FS has the free electron spherical shape) with the 

only effect of the lattice being to separate the FS 

into sections at each Brillouin zone boundary. In this 

model as applied to zinc the electron lens has a shape 

17 

defined as the boundary of the volume common to two 

intersecting spheres (Fig. 10), with the radius of each 

sphere defined by the requirement that its k-space volume 

be large enough to contain all the occupied electron 

states for divalent zinc (which in this case sets each 
0 -1 

radius at 1.585 A at liquid helium temperatures) 
and with the distance of separation of the centers for 
the two intersecting spheres defined as four times TA 

15 

(see Fig. 7). The calculations based on this model 

are discussed in Appendix A. 

47 
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In Fig. 11 the NFE values for = A' are plotted 
H EF 

versus (relative to the center of the lens) for sev-

eral different <)>HEX values. It is seen that the NFE 

model predicts limiting point MMO for less than a 
lUbiX 

certain value (approximately 35°) and extremal point MMO 

for <f>HEx greater than that value. The straight-line 

portions of the curves for small are characteristic 
nJcjA 

of A' for a spherical FS,with the limiting value of A1 

in each case being simply 2tt times the radius of curvature 

° -1 

1.585 A of the intersecting spheres. In Fig. 12 

are plotted the predicted values of A' versus 
HhA 

superimposed upon the data originally given in Fig. 6. 

In Fig. 13 the NFE model lens surface is illustrated 

for comparison with other results. 

The second model consists of fitting a theoretical 
18 _ 

expression given by Ziman for constant-energy surfaces 
in the neighborhood of a Brillouin zone boundary to 

15 

experimental values obtained by Goodrich, jet al, (see 

below) for the distances from the center of the zinc 

lens to its "apex" and to its "edge", with the results 

illustrated in Fig. 13. Appendix B contains a discus-

sion of both the model and the calculations based on it. 

The primary virtue of this model in our case is that it 

reflects the "rounding off" of sharp surfaces at Brillouin 

zone boundaries which one expects in the actual shape of " 

any FS. The calculations based on this model were limited 
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to obtaining values for the curvature of the FS and 

consequently provide predicted values only for limiting 

point MMO periods. These predicted values are indicated 

in Fig. 12. 

Also in Fig. 13 are illustrated data obtained by 
15 

Goodrich, et al. using the radio frequency size effect 

(RFSE) method which gives direct information as to the 

shape of the FS. By assuming cylindrical symmetry of 

the lens about the hexagonal axis and that the cross-

sectional areas in planes parallel to the hexagonal axis 

are elliptical, one may calculate very simply the magni-

tudes of these cross-sectional areas from this data 

and can proceed to roughly estimate a value for extremal 

point MMO period for H in the basal plane. 

From the obvious agreement of those data points 

for which cf>HEX is greater than 35° with the shape of the 

NFE curve (see Fig. 12), one may readily see that the 

MMO corresponding to these points are of the extremal 

value type, rather than the limiting point type whose 

value at <f>HEX = 90° and dependence on <f>HEX is shown to 

be markedly different. As previously stated, the value 

assigned to the MMO period for <j>HEX = 90° is 82±1 gauss-mm; 

the NFE predicted value is 79.7 gauss-mm. The small 

difference may be attributed to the fact that, as illustrated 

in Fig. 13, the NFE model fails to allow for the actual 

rounding off of the lens. The rough value of P obtained 
R. 

in the manner discussed above directly from the RFSE 
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data is between 82 and 93 gauss-ram (reflecting the scatter 

of the RFSE data) and is also in satisfactory agreement 

with the 82±1 gauss-mm value. The dying away of these 

MMO as decreases towards 35° can be explained in 
MJiA 

terms of the NFE model as follows: In Fig. 11 it is 

apparent that the sharpness of the extremum in A' increases 

as <1>HEX decreases towards 37° and consequently A' ' ' at the 

extremum becomes progressively larger. Since by Eq. (10) 

the amplitudes of extremal point MMO are proportional to 

-1/2 

(A1'") ' , this term would tend to cause the observed 

dying away of these particular MMO. Both the NFE and 

Zimap models of the FS predict limiting point oscillations 

near the hexagonal axis, with values of 655 G-mm and 

648 G-mm, respectively, predicted for d>„_v = 0°. Since 
xi xiiX 

the Ziman model yields a value for the surface curvature 

which takes into account rounding off of the FS, one natu-

rally would expect it to give a progressively better 

data fit as <I>HEX increases from 0°. The general trend 

of the data is such as to confirm this,since an apparent 
decrease of PD can be seen as increases. The dif-R THEX 

ference in magnitude between the observed and predicted 

values of PR (on the order of six to seven percent) 

appears to be too large to be accounted for by error 

in the observed value. Three alternative explanations 

may be suggested: the first that the actual lens is of 

greater size (and consequently has larger radius of 
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curvature) than suggested by either the RFSE, Ziman, 

or NFE results; the second that the lens is of the approxi-

mate size predicted by these three results but is "flattened" 

near its apex so that its radius of curvature is enlarged; 

or the third that the presence of damage layers remaining 

from the spark-planing process has resulted in larger 

values of MMO periods and consequent high values for 

P . The most likely explanation would seem to be that 
R 

a small flattening of the lens which is not resolved by 

the RFSE data is indeed present, since the RFSE data 

is consistent with other results (including those in 

this study for <(>„„„ = 90°) and since no dependence of MMO 

period on surface damage seems to have ever been reported. 

The sudden drop in amplitude of the MMO between 20° and 

25° in can be explained as being due to an increase in 
niliA 

A' ' at the limiting point on the FS as increases, 
niliA 

since by Eq. (10) limiting point MMO are proportional in 

amplitude to the inverse square of that quantity. The 

lack of observation in the basal plane of the limiting point 

MMO of the period predicted by the Ziman model can be 

explained on the basis of the extremely strong (seventh power) 

dependence of the amplitude of limiting point MMO on the 

value of A'. It can be noted from Fig. 12 that the predicted 

limiting point value for A' in the basal plane (43 G-mm) is 

roughly only l/16th of the value predicted for =0° 
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and consequently it is reasonable to expect that the 

limiting point MMO predicted by the Ziman model would be 

quite unobservable. 

In summary, MMO have been observed successfully in 

zinc by the use of two newly developed eddy-current field 

modulation techniques, neither of which require external 

current sources, with one requiring no electrical connections 

to the sample. These techniques thus show promise in ex-

tending measurement of MMO to new materials while at the 

same time simplifying experimental procedures. Two sets of 

MMO were observed,with both sets identified as being 

associated with orbits on the electron lens. 

Finally, it may be stated that the values for, and 

angular dependence of, all data are in satisfactory agreement 

with theoretical predictions with the exception of the values 

measured for the reduced period PR for H directed near the 

hexagonal axis,which are roughly six percent larger than 

expected, with the explanation of a flattening of the lens 

in this region being advanced. 



VII. Appendix A: NFE Lens Calculation 

The Harrison's construction for the NFE lens is shown 

in Fig. 10. The problem is the geometrical one of calculating 

the cross-sectional areas as a function of kH formed by the 

intersection with the lens of planes normal to a magnetic 

field directed at some arbitrary angle relative to the 

orientation of the lens. 

For k„ the distance from the center of the lens to a 

plane normal to the magnetic field, which is inclined at some 

angle 3 to the basal plane (i.e. 3 = 90°- r an^ the 

radii of the sphere in Fig. 10 the cross-sectional area A is 

given as follows. 

Let 

b = 2rA/kp, x = kH/kp, 

S = sin 3̂  C = cos 3f 

r, ,2 2 -2-, 1/2 „ 2, 2, 2,̂ ,-2 , v „ 
D = [1-b -x C ] ' , E = C b +x (C -l)-2bSx, 

" 9 9 (69) 

F = E+4bSx, G = 1-S b -x -2bSxf 

H = G+4bSx, I = [C2b2-2bSx+x2(c""2-l)]1/2, and 

J = 1-(bS+x)2. 

Then for 3 < tan 1 [b(l-b 2) ^/2] 

A = k2 A = k2 tD(-4bC+E1/'2+F1//2) 

r a r 

+G tan~1(DE1//2)+H tan"1(DF1/2)J (70) 

where 

0< x < C (1-b2)1//2 . 
For 3 > tan lb(l̂ -b2) there are three regions: 
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(i) 0<x<bC2S ^ where 

(ii) bC2S ^<x<C (1-b2) where 

(iii) C(1-b2) ̂ 2<x<l-bS where 

54 

A = k2 Aa, (71) 

A = KJ [A +TTJ-2DI-2J tan"1(DL"*1) ] , ( 7 2 ) 

Jc a, 

A = kpir II- (Sb+x) 2] . (73) 

°-l °-l The values for A with k =1.585 A and TA=.646 A were 
F 

computed on the NTSU IBM 360 using the above equations and 

numerically differentiated to obtain values for the derivative 

1 9 of A with respect to k„, 
ti 



VIII. Appendix B; Ziman Lens Pit 

As has been previously stated, the limiting point values 

for (9A/3k„) are directly related to the Gaussian radius H 

of curvature g of the FS at the limiting point. This relation-

ship is simply 

(9A/310 = 2-rrg. 

H £p 

For a surface of revolution (such as the lens is assumed to 

be) about the kz~axis whose profile is given by kz=f(k^) 

it can be shown that 
1/2 g = (R1R2)
j"/" (76) 

where 

and 

R"1 = f'1(1+f<2)"3/2, (77) 

R21 = f'k^d+f ,2)1/2 (78) 

are the so-called principal normal radii of curvature. 

Hence, given kz as a differentiable function of kr then g 

can be evaluated at any point on the surface of revolution. 

Since the limiting point on the lens FS for H at an 

angle <!>HEX is the point at which a plane normal to the 

H-direction is also normal to the surface of the lens the 

limiting point value for (9A/3kH)£ at <J>HEX corresponds to 
F 

g evaluated at the point where f' = tan To obtain a 
HEX 

relation for k and k an equation given by Ziman for constant 
& XT 

energy surfaces in the neighborhood of a Brillouin zone 

boundary is adapted for use in representing the lens FS by 

fitting it to values obtained by Goodrich, et al.for the 

distances from the center of the lens to its apex and to its 

55 
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18 

edge. The Ziman equation is 

e(2+ic) = (eG^+eG+)/2+fi
2k2/2m (79) 

+ (1/2) {(eG+ - eG_)
2+16[(ft2/2m)S-ic]2} 1 / 2 

where for the lens G= (0,0,2TA), representing the vector 

from the center of the first Brillouin zone to the center of 

the boundary between the second and third Brillouin zones; 

k is a vector drawn from the center of the lens to some 

point on the lens surface; e(G+k) is then the Fermi energy; 

and e_ and e_, represent the energies associated with the 

energy discontinuity at the zone boundary. 

Defining the energy discontinuity Ae as 
Ae=eG+~£G- (80) 

and assuming that 

(£G-+eG+^ /2 = e(G)=2iT 

and 

e (G+ic) =e (G) +Ae/2+e (k) , (82) 

one may rewrite Eq. (79) as 

e (Jc) =-Ae/2+h2k2/2m+ (1/2) { (Ae) 2+16 [ (fi2/2m) G'£] 2 } 1 / 2 

(83) 

where £ = (0,0,2TA) = (0,0,1.292A"1) (see Fig. 7). 

e(k) may be evaluated by insertion of the Goodrich 

°-l 
value (0,0,.8685 A ) for the distance to the lens' edge 

from its center to be 
2 

e(k)» (.8685 A™1)2 « 2.8708 ©v (84) 

2 °-l 2 
where the value for h /2m = 3,806 ev/(A ) has been used. 

Substituting this result into Eq. (83) Ae may then be 
°-l 

evaluated by using the other Goodrich value (.278 A , 0,0) 
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to be 

Ae=.3253ev. (85) 

It is then seen that Eq. (83) may be re-written as 

6 . 064=7 . 612(k2)+{ . 1058+(387 . 01) k2}1//2 . 
% 

=7.612(k2+k2)+{.1058+(387.01)k2}1/'2. (86) 
z r z 

Thus the required functional relationship of k z and k i s 

19 
supplied. 



IX. ILLUSTRATIONS 
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Fig. 4—AC signal generation by magnetic field modulation 
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